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NMpeauncnosue

Ipeparaemoe u3nanue yueOHUKA «J/[UCKpETHAST MaTeMAaTUKa JIJIST TIPOTPAMMUCTOBY SIB-
JIsIeTCsl Pe3yJIbTaTOM JIOCTaTOYHO JIJINTEIBbHOTO Pa3BUTHSI.

B 2000 romy mamarensctBo «IluTep» BBIMycTHIO B cBeT yyebHOe mocobue D. A. Ho-
BHUKOBa <«/lMCKpeTHasl MaTeMaTHKa JJIsI IIPOTPAaMMUCTOB». KHHTa oOKazajach yAadHOM,
0 4éM CBUETEJIBCTBOBAIN THUPAXKU M TMcbMa uutatesieil. [loatomy B 2004 romy tem
JKe M31aTelbCTBOM ObLIO BbimyleHo Bropoe, a B 2008 rogy — Tperbe u3jaHue, Ko-
TOPBIE TAKIKe TIOJb30BAIKMCH MUPOKUM CIIPOCOM. PE30HHO TIPEANONOKHUTH, YTO OOBEM,
CTUJIb ¥ COJIEPKAHUE KHUTH OTBEYAIOT BO3PACTAIOIINM TOTPEOHOCTSIM CTYAEHTOB, U3yYa-
IOIUX AUCKPETHYIO MATEMATUKY, U UH)KEHEPOB, IIPUMEHSIIONINX MAaTEMATHYECKIe MOJIETN
B cBoeil pabore. B To ke BpeMsi 3a JeCSITh JIeT M3MEHUINCHh TPEOOBAHUS B CUCTEME BbIC-
1mero mpodeccnoHaTbHOTO 06pasoBanust, mosTomy B 2010 roay GbLIO BBIMYIIEHO HOBOE
usganue, ya1eOHUK <«J/[UCKPETHAsT MaTeMaTHKa», CO3MAHHBIM HA OCHOBe y4eOHOTO MOCo-
6ust «/luckpeTHast MaTeMaTHKA JJisi TPOrPAMMUCTOB», HO CYIIECTBEHHO WCIPABJIEHHbIN
u pononHenusiit. Cozmepskanne ydyeGHUKA OBLIO MPUBEIECHO B COOTBETCTBUE C HOBBIM
(dbesepasbHBIM TOCYAaPCTBEHHBIM 00pPa3oBaTeIbHBIM CTAHAAPTOM BBICIIEr0 Ipodeccuo-
HAJIbHOTO 00pa3oBaHsl, BBEACHHBIM B jeiicTBre B 2009 roy. YueOGHUK MOIYYNIT PEKOMEH-
Iario Y4eOGHO-MeTOIIMIeCKOTO 0ObeTNHEHNST TI0 YHUBEPCUTETCKOMY MOJTUTEXHITIECKOMY
obpaszoBarmio. B 2012 romy BBINLIO B CBET BTOPOE U3aHue yueOHUKA «/[MCKpeTHAs Ma-
TEMATUKA», UCIIPABIEHHOE U JOIOJTHEHHOE 110 CPABHEHUIO C IePBbIM u3nanueM. Bece atu
KHUTH UMEIOT €IUHbIN IJIaH ¥ CTHJIb, HO KaK/bIi CIeAyIUil BapuaHT 6ojiee TOYEH B
JIeTaJIIX ¥ HOAPOOHOCTSX, a IIOTOMY MMEET HECKOJIbKO OOJIblInii 00bEM, KOHCEpBATUBHO
pacIupsisi U AOIOJHIS TIPENbIAYIINe U3AHUS.

Onwmpasice Ha TPUANIATUIIETHUH OTIBIT TPENOIaBaHus AUCKPeTHOW MaTeMaTuku B CaHKT-
ITetepbyprckoM mosMrexHUYecKoM yHuBepcutere Ilerpa Besmkoro m msrHagnaTuier-
HUI OTBIT pa3pabGOTKU U UCTIOJIb30BAHUS yYeOHWKA, B MaHHOM U3JIAHUU IPEAIPUHATA
MOTIBITKA CUHTE3UPOBATH OCHOBY, MOIEPKUBAIONIYIO0 H0Jiee MUPOKYI0 06JaCTh MpUMe-
HEHVsI, HesKeN TOJbKO uTeHre OyMakHOTO yaeOHmMKa. [IpenmaraeMprii yaeGHUK, HApSIY
CO CBOMM OCHOBHLIM IIpe/iHa3HaYeHUeM, CJIY>KUT TEKCTya/bHOM OCHOBOHM [JIs1 CO3ZaHUsd
HJIEKTPOHHBIX yUeOHBIX MATEPUAJIOB: CJIAUI0B U SJIEKTPOHHBIX KHHUT.

ITO 06CTOATENHCTBO OOBICHSIET MPUYMUHBI, [0 KOTOPHIM OBLIM COXPaHEHbI HEKOTOPHIE
0COOGEHHOCTH TIPEIBILYIIUX KHUT U 100ABJIEHBI HOBbIE OTJIUYUTEIHHBIE YEPTHI.

CoxpaHeHa mpejiejibHasi JaKOHUYHOCTb B M3JIOKEHUU MaTepHajia: 1Mo MHEHHIO aBTODa,
KaxJas cTpaHuua, (Ge3 KOTOPOil MOXKHO OOONTHCH, ABJISETCSA 3aMETHBIM HEIOCTATKOM.
DJIEKTPOHHbIE KHUTU He JOJIKHBI ObITh IIPOCTPAHHBIMMU.

ZIO621BJI€HO 3HAUYNTE/IbHOE KOJIMYECTBO I/UUIIOCTpa]_[I/II‘/JI, KOTOPBIE B 9JIECKTPOHHOM BapHaHTE
MOTYT OBITh O6OI‘8.H.[€HI)I LIBETOM U aHUMAal[A€eN.
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CoxpaHena MeJjikasi pyOpuKanus: maparpad HOMeNaercs Ha HEeCKOJIbKMX CTPaHUIaX U
MOKeT OBITh IIPOYTEH 3a OAUH IIPHCECT, He MOAHMUMAsI TOJI0BbI (MK He OTPhIBasl B3IJIALA
OT 2KpaHa).

JlobGaBJjieHbl MHOTOYKCJIEHHbIE MEPEKPECTHBIE CCHIJIKM M OTCTYIUIEHHS, a TaKKe CyIe-
CTBEHHO oborailleH CIIPaBOYHBIN almapar: IPeAMeTHbII yKasaTelb U yKasaTelb 0003Ha-
yeHui. B ajieKTpoHHOM BapuaHTe 3TO AaéT BO3MOKHOCTb OPraHM3alluK I'MIIEPTEKCTOBBIX
CBs3€l.

CoxpaHeHa OpUeHTallMsI Ha ITPaKTUYECKOe IIPUMEHeHHe: ONucaHne 0ObeKTOB AMCKPETHOI
MaTeMaTUKU B OOJIbLIIMHCTBE CIY4aeB JOBOAUTC A0 KOJAA aJrOPUTMOB PAabOTHI ¢ 9TUMU
0OBbeKTaMHU.

TaxuM 06pa3oM, TIpeisTaraeMoe M3IaHIe TPOOJIKAET U PA3BUBAET JUHUIO TPEIBIIYTINX
U3/IaHUI U B TO K€ BpeMs IPUBHOCUT HOBOE KAaueCTBO, OTBeYalollee, T0 MHCHUIO aBTOPA,
mOTPeGHOCTSM COBPEMEHHOTO 06Pa30BAHNSI.

@. A. Hosuxos
8 uronsa 2016 roxa
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BBeneHue

B aroli kHUTE paccMaTpPUBAIOTCA HEKOTOPBIE 3JIeMEHTAPHbBIE TOHATUS «IUCKPETHON», NI
«KOHEYHOI», MaTeMaTHKH, TO €CTb MaTeMaTHKH, IIPeX/e BCEro M3ydaiolleil KOHeUHbIe
MHOJKECTBA U Pa3jIMYHble CTPYKTYPHI Ha HUX. JTO O3HAYAET, YTO MOHATHs OGECKOHEY-
HOCTH, TIpefie/ia WM HETPEPBIBHOCTU He SIBJISIIOTCS MPEAMETOM HM3Y4YeHUS, XOTSI MOTYT
HCII0JIb30BAThCSl KaK BCIlOMOraTeJbHble cpejcTBa. /luckperHas mMaTeMaTuka UMeeT LIU-
POKHII CIIEKTP MPUJIOKEHHI, TIPEKIE BCETO B OOIACTSIX, CBSI3AHHBIX ¢ MH(MOPMAITHOHHBIMU
TEXHOJIOTUSIMU U KOMIIbIoOTepaMU. B caMoM IlepBOHayaIbHOM, HbIHE PEIKO UCII0Ib3YEeMOM
Ha3BaHWM KOMIIbIOTEPA — <«3JIeKTPOHHAs 1U(pPOoBask BLIYUCIUTENbHAS MAlIMHA» — CJIO-
BO «Iu(poBast» yKa3blBaeT HA MPUHIMITHAIBHO JUCKPETHDBIN XapakTep paboThl JaHHOTO
ycrpoiictBa. CoBpeMeHHbIe KOMIIBIOTEPBI HEOTAEIMMbBI OT COBPEMEHHBIX IIPOIPAMMUCTOB,
JUISL KOTOPBIX M HallMCaHa 9Ta KHUra.

HasHayeHue nu 0COOEHHOCTU KHUMMn

JlanHas KHWTa IIpejcTaBisieT coboi ydeOHMK 10 AMCKPETHOW MaTeMaTHKe, BKJIOYaio-
it B cebsl OMUCcAHUs BaXKHEHIINX alTOPUTMOB HaJ[ 0ObEKTaMHU JAUCKPETHON MaTeMaTH-
Ki. YueOHUK OPUEHTUPOBAH Ha CTYIEHTOB IPOTPAMMUCTCKUX CIEIMATBHOCTEN W MpaK-
TUKYIOIUAX TPOTPAMMUCTOB, KOTOPBIM TIO0 POJY WX 3aHATUN MPUXOAUTCS MMETDh JIEJI0
€ KOHCTPYUPOBAaHUEM U aHAJIU30M QJITOPUTMOB.

B Hacrosiee BpeMsl MMeETCsS Macca JOCTYIIHOW JIMTepaTypbl, MOKpPbIBaolleidl obe sTu
Tembl. C OZIHOI CTOPOHBI, CYIIECTBYIOT AECATKHU MPEKPACHBIX KHUT 110 AUCKPETHON Mare-
MaTHKe, HAYMHAS C 9JIEMEHTAPHBIX YUYeOHUKOB /TSI HAYMHAIONNX W 3aKAHYMBAS MCYEP-
[BIBAIOIIMME CITPABOYHUKAMK IS crieruaiucToB. C Apyroi cTOpoHbl, HOJIBIIOE KOJIU-
YeCcTBO MOHOTpaduil, MHOTHE U3 KOTOPBIX CTAJIU KJIACCHYECKUMHU, MOCBSIIEHO CIocobaM
KOHCTPYUPOBaHUs 3(hHEeKTUBHBIX aTOpUTMOB. Kak mpaBuiio, Takue MoHOTpaduu cozuep-
JKaT ZieTaJbHOe ONMUCAHWE W aHAJIN3 BOKHEUIINX W M3BECTHEUIINX ajiropuTMOB. OMHAKO
KHUTH, KOTOPbIE paccMaTpuBaiu Obl 00¢ 9TH TEMbl OJHOBPEMEHHO W BO B3aMMOCBSI-
3H, TPAKTUYECKU OTCYTCTBYIOT. B KauecTBe pe/KUX MCKIIOYEHWIH MOKHO HAa3BaTh KHUTY
B. JTunckoro «KoMOMHATOPUKA JIJIST TPOTPAMMHUCTOB> | 14], IepeBojI KOTOPOil BhIAEPIKAT
yiKe JiBa usganus B Poccun, u BceoObemionnyio auukiaoneanio . Kuyra «MckyccrBo
nporpammupoBanus A1t IBMy [10—-12]. [lepBas u3 yrmoMsaHyTbIX KHUT OY€Hb HEBEJU-
Ka 10 00BEMY U B 3HAUUTEILHON CTEMEHU MEePeCceKaeTcst Mo BHIOPAHHOMY MaTepuasy ¢
JaHHBIM yueOHIUKOM. Bropas oTinyaercss MakCUMaIbHOM TIyOUHOM M3JI0KEHUS U GOJIb-
muM 00BEMOM, HO HE 3aTParMBaeT HEKOTOPBIX BAJKHBIX JIJIST MPOTPAMMUCTOB Pas/IesioB
JVCKPETHON MaTeMaTuku. JlaHHBIA y4eOGHUK TPUHAJICKUT UMEHHO K TaKOMY SKaHpy
MaTeMaTUYeCKON JINTEPATypPhbl, B KOTOPOM MaTeMaTHYecKOe W3JIOXKEHWE TOBOIUTCS O
YPOBHST MTPAKTUUECKU UCTIOJHUMBIX mporpamMM. OH oTimdaercst GOJIbIel wupomot, Ho,
HOKaJIyH, MEHbINeH 24y6unoi oXBaTta MaTepuaIa.

YuebHUK OCHOBaH Ha JIEKIIMOHHOM Kypce, KOTOPBIH aBTOpP B TeYeHHE MHOTHUX JIET YUTAET
cryzentam Kadenpol «IIpuxnagnas Matemartuka» Cankr-IleTepOyprckoro mojuTexHu-
yeckoro yHuBepcutera [lerpa Bemnukoro, 4To HATOXWUIO OMPENESEHHBIA OTIEYATOK Ha
BbIOOp Marepuasa. Y4eOHUK OXBaTbiBaeT IIOYTH BCE OCHOBHBIE Pas3ielibl AUCKPETHON Ma-
TEMAaTUKU: TEOPUI0 MHOKECTB, MATEMAaTUYECKYIO JIOTHKY, 00TIyI0 aare6py, KOMOMHATOPHU-
Ky u teopuio rpados. Kpome Toro, mpeicTaBiieHbl U HEKOTOPbIE (oJiee CIIEIHaIbHbIE
paszesibl, HeOOXOAKMMBIE IIPOrPAMMUCTaM, TaKie KaK TeOpHusl KOAMPOBaHUS U OyJieBbl
dbyurumn. JaHHbI CIIHCOK MOXKHO GBLIO OBl IIPOAOJIKUTH, BKIIOUNB B HErO, HAIIPUMED,
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BBIUMCJIUTENBHYIO TEOMETPHIO, MATEMATHYECKOE IIPOrPAMMUPOBAHKE U T. [I., HO OCHOBHAS
1[eJIb COCTOsIIa B TOM, YTOObI HanucaTh 643066t y4eOHMK, OXBaTHIBAIONIMI Bech alllia-
part, MCHOJIb3YEMBI B MOCAEAYIONIMX CIENUANbHBIX KypcaxX, HO HE BBIXOIS 32 PaMKU
OTBEeJIEHHOT0 00bEMa yueOHOI HArpy3KH Ha CTYAEHTOB.

B nenom y’-Ie6HI/IK npecJjeayer Tpu OCHOBHbBIE II€JIN:

1. I1o3HaKOMUTD YUTATEJSA C MAKCUMAJBHO MMTUPOKUM KPYTOM MOHSATUN TUCKPETHON Ma-
TeMaTuku. KoJmuecTBO ompesiesigeMbIX M yIIOMUHAEMbIX MOHSATHNH M CHEIMaIbHBIX
TEPMUHOB HAMHOTO MPEBBINIAET KOJMYECTBO MOHATUH, 06CyKaaeMbIx GoJiee JeTanb-
HO. TeM caMbIM y cTyieHTa (hOPMUPYETCST TEPMUHOJOTHYECKII 3amac, HeoOGXOAUMBIi
JIJIST CAMOCTOSITEJIBHOTO M3YYeHUsT CIEeINaTIbHON MaTeMaTUYecKOH W TeOPeTHUKO-TIPO-
TPAMMUCTCKON JTUTEPATyPHI.

2. CoolIITh YUTATENIO HEOOXOANMbIE KOHKPETHBIE CBENEHUsI U3 MMCKPETHON MaTema-
THKH, TIPeycMaTpuBaeMble (heepanbHbIM TOCYIaPCTBEHHBIM 00Pa30BaTEIbHBIM CTAH-
naproM. Paz0op [0KasaTeIbCTB PUBEACHHBIX YTBEPIKICHMI W BBIIOJHEHUE YIIPaK-
HEHUU MO3BOJISAT CTYACHTY OBJAAETh METOAaMU JUCKPETHOW MaTeMaTHKH, Haubojee
YIIOTPeOUTENBHBIMU TIPU PENIEHUH TTPAKTUIECKUX 33j1a4.

3. IlonosHUTL 3amac MPUMEPOB HETPUBUAJIBHBIX AJITOPUTMOB. V3yuyeHue ajiroputMoB
PEIIeHNsT TUTIOBBIX 3324 J[UCKPETHON MATEMATHKK M CIIOCOOOB MPEICTABJIEHUST MaTe-
MaTHYeCKIX 0OBEKTOB B TIPOTPAMMax abCOMOTHO HEOOXOANMO TIPAKTHKYIONIEMY TTPO-
IPAMMUCTY, TOCKOJIBKY MTO3BOJISIET YMEHBIIUTD TPYA03aTPAThl Ha <«M300peTeHUE BEJIO-
CHIIE/Iay U CYNIECTBEHHO 06OTallaeT HABBIKU KOHCTPYUPOBAHUST AJITOPUTMOB.

CTpyKTypa KHUrM

Kawnra conepsxkut 10 riaB, KoTopble MOKHO pa3ziesuTh Ha Tpu rpynibl. [lepBas rpymma,
HECKOJIbKO GOibiiast o 00bémy (riaBbl 1, 2 U 5), COAEPKUT camble OOIINE CBEICHIS
13 OCHOBHBIX Pa3fIesIoB JAMCKPETHOW MareMaTnku. /losist anropuTMoB B TyiaBaxX IepBOU
IPYIIIIbI HECKOJIBKO MEHBIIE, a JI0JIsI ONPE/Ie/IEHUI HECKOJIBKO GOJIbIlie, YeM BO BTOPOM U
TpeTbeii rpymmax. Bo Bropoii rpynmne (riaBsi 3, 4 1 6) coOpaHbl pasjUYHbIE CIIEI[TATbHbIE
pasesibl, KOTOPbIe MOKHO BKJIIOUATh MJIN HE BKJIOYATh B yUeOHBINH KypC B 3aBUCUMOCTHU
OT KOHKPETHBIX 00cTostTebeTB. Tperbst rpymma riaB (riabl 7—10) mesnkoM mocssi-
mena teopuu rpacdoB (B YACTHOCTH, AJTOPUTMAM HaJ rpacdaMu), MOCKOJIBKY TEeOPHs
rpacoB HanGoJsee MIUPOKO TPUMEHSIETCSI TIPU TIOCTPOEHUY JIMCKPETHBIX MATEMATUYECKUX
Mojiesielt.

[naBwr esisiTCst Ha pasziesibl, KOTOPbIE, B CBOIO OY€EPelb, eyt Ha naparpadbl. Kaskmprii
pasziest MOCBAIIEH OHOMY KOHKPETHOMY aCIIeKTy TeMbI TJIaBbl U TI0 00BEMY COOTBETCTBY-
€T 9K3aMeHAIMOHHOMY Borpocy. [Taparpadbl Hy:KHBI JIJIsT BHYTPEHHUX CCBIIOK U GoJiee
JIeTaJIbHOM CTPYKTypu3aluu Marepuasa. Kak npasuso, B naparpade paccMarpuBaeTcs
KakKoe-HUOY/b OHO IOHATHE, TeopeMa Wau ajroputm. [laparpadsl B Ipeneaax pasie-
JIa YIOPSIIOYEHBI TT0 CJIOKHOCTU: CHAYajia MPUBOASTCS OCHOBHBIE ONpE/eIeHUs, a 3aTeM
paccMaTpuBaroTcst GoJiee CIOKHbIE BOMPOCHI, KOTOPbIE, B IPUHIIKIIE, TIPU TIEPBOM UTEHUU
MOKHO TIPOIYCTUTh 6e3 yiiepOa st IOHUMaHUsI OCTAJIbHOrO MaTepHaJia.

[aBbl KHUTH OoJiee WJIM MeHee He3aBUCHMBI, U MX MOKHO H3y4aThb B JIHOOOM HODSII-
Ke, 32 WUCKJIIOUEHNEM TIEPBON TJIaBBI, KOTOPAs COMEPKUT HAOOp GA3MCHBIX OmMperese-
HUW 771 AaJbHEHIeTo W3JI0XKEeHWs, W TJIaBbl 7, B KOTOPOW BBOAMTCS clenuduieckas
TEPMUHOJIOTUS Teopuu rpados.

Ucnonb3yembie 0003Ha4YeHUs

I[aHHaH KHHWTa NIpeiHa3HaveHa IJisd IPOrpaMMUCTOB, TO €CTb IIpeAIioaaraeTcsd, 4YTo YynTa-
TeJIb HE NCIIbITbIBAET SanyI[HeHI/Ifl B [IOHNMaHWHN TEKCTOB IIPOIrPaMM Ha A3bIKE€ BbICOKOTO
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ypoBHsL. VIMEHHO MO3TOMY B KaueCTBe HOTAIMH [IJis 3AIMCU AJTOPUTMOB UCIIOJIb3YETCsI
HexomopoLil HecrelUIMPOBAHHBIN alTOPUTMUYECKIIT A3bIK (716e600K00), NOX0KUN 110
cunrakcucy Ha Ilackanp (HO, xoHeuHo, Ilackanem He siBistiomuiicst). KioueBsie cioBa
MCEBIOKOIA BBIIEJICHBI TIOMYKUPHBIM MIPU(TOM, HAEHTUHUKATOPHI 0GHEKTOB 3aUChIBA-
IOTCSI KYPCUBOM U YacTO COCTOST W3 OAHOM GYKBDLI, KAK 9TO MPUHITO JJIST MaTeMaTH-
YeCKUX OOBEKTOB, UMEHA MPOIEAYP 3alUChIBAIOTCS TPSAMBIM MPU(TOM, KaK Ha3BaHUS
MaTeMaTnyeckuX (hyHKIUN, TPUMEYaHUs OTAESAIOTCS IBOMHON KOCOI 4epToii //.

B s3bIke UCTOMB3YIOTCS OOMIEYNOTPeOUTENbHBIE CTPYKTYPBI YIIPABJIEHUS: BETBIEHUS
B kpartkoil (if ... then ... end if) u monnoit (if ... then ... else ... end if) dopmax, mKIBI
co cuérunkom (for ... from ... to ... do .. end for), ¢ mocryciosuem (repeat ... until),

¢ npenycaoBuem (while ... do .. end while) u o muoxectsy (for ... do ... end for),
a Takske nepexozsl (go to ..)%.
st o6o3Hau€eHMsI TIPUCBAUBAHUS MCIOJIb3YETCS TPAAUIMOHHBIN 3HAK : =, BbI30B IIPOIE-

AYPbl Njin (l)yHKLII/II/I KJIIOYEBBIMU CJIOBAMU HE BBIJAEJISICTCA, BBIXO/ U3 IIPOLEAYPbI BMECTE
C BO3BPAaTOM 3HAY€HUA 00603HaYaeTCA KJIIOYEBBIM CJOBOM return.

ITonpasymeBaercs cTporas craruyeckast THIIM3alus, Jaxke [IPUBeJeHUs He UCII0JIb3YIOT-
€4, 32 UCKJIIOYEHUEM PasbIMEHOBAHMA, KOTOPOE MOAPA3yMEBACTCA BE3E, TIe OHO HYXK-
HO MO 3/[PaBOMY TPOTPAMMUCTCKOMY CMBICHTY. B TO ke BpeMst OObSIBIEHUS JIOKAIbHBIX
IIepEeMEeHHbBIX [TOUYTH BCEr/la OIyCKAIOTCsl, €CJU UX THUII SICEH U3 KOHTEKCTA.

W3 CcTpyKTYp JaHHBIX CYMTAIOTCS AOCTYIHBIMU MaccuBbl (array |..] of ...), crpykrypsr
(struct { ... }) u ykazaremu (1).

B IporpaMMax IMmruPpoOKO HCIIOJb3YIOTCSA MaTe€MaTU4€CKHe 0603H3.‘{GHI/IH, KOTOpbIE SABJIA-
I0TCA CaMOOY€BU/IHBIMM B KOHKPETHOM KOHTEKCTE. HaanMep, KOHCTPYKIIUA

for z € M do
P(x)
end for
O3HAYaeT MPUMEHEHNE IPOLEAYPEl P KO BCeM JeMeHTaM MHOXKecTBa M.
«JInHme» pa3feNInTeNn CUCTEMATHYECKN OIYCKAOTCs, (DYHKIIMI MOTYT BO3BpAIaTh He-
CKOJIBKO 3HA4YeHuil, 1 BOOOIIE, paspelanTcs J00ble BOJIbHOCTH, KOTOPBIE MO3BOJIIIOT
cllesIaTh TEeKCTEI IIPOrpaMM 0oJiee KPaTKUMK ¥ YNTa0eIbHBIMIL.

Oco60ro yIoMUHaHUSA 3aCIyKABAIOT TPU «€CTECTBEHHBIX» ONEPaTOPa, AaHAJIOTH KOTOPHIX
B ABHOM BHUZE PEIKO BCTPEYAIOTCS B HACTOSALIMX S3bIKaX Iporpamvuposanus. Omepa-
TOP

select m e M
03HA4YaeT BBHIOOP MPOU3BOLBHOZ0 DJIEMEHTA m U3 MHOKecTBa M. DTOT onepaTop 4acTo
HeoOXOoIUM B «I1epeOopHbIX» anropurMax. Oneparop

yield z
03HA4YaeT BO3BPAT 3HAYEHWUS T, HO IIPM ITOM BBbINOJHEHUE (DYHKIUHM HE IpeKpallaer-
s, a IPOJOJIKAETCS CO CJIEAYIONIEro olepaTopa. ITOT ONEPaTOP [O3BOJSET OYeHb IIPO-
CTO 3aIICATh «IE€HEPUPYIOLINE» AJITOPUTMBI, PE3YJIBTATOM KOTOPBIX SABJISAETCS HEKOTOPOE
3apaHee HEU3BECTHOE MHOKECTBO 3HaueHuil. Oneparop

next for z
03HAYAET IIPEKPAIlEeHNE BIIOIHEHM TEKyIero ¢hparMenTa IIPOrpaMMbl M IIPOLOJIKEHIE
BBIIIOJTHEHMS CO CJIEAYIOIIEro Iara MUKJa 0 IePEMEHHOI 2. DTOT oIepaTop AOJKeH Ha-
XOJUThCS B TeJIe IUKJIa 110 = (Ha JIIoOOM YPOBHE BJIOKEHHOCTH ). TAKOrO poja «CTPyKTyp-
HBIE TIEPEXO/IBI» MO3BOJISAIOT OMUCHIBATh 0GPAOOTKY UCKIIOUUTEIBHBIX CUTYAIUI B IIUKJIAX

1 «CTPYKTYPHBIX> [POrPAMMICTOB, COMHEBAIOIIMXCSA B JIOMYCTHMOCTH HCIOJIB30BaHUs orepatopa go to
B yueGHUKe, aBTOp oTchbltaer K crathe J[. Kuyra «Structured Programming with go to Statements».
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HEIoCpeaACTBEHHO, 6e3 BBeACHNA NCKYCCTBEHHBIX IMEPEMEHHDBIX, OTCJIEKNBAIOIINX COCTO-
STHUE BBIUMCJIEHUI B IUKJIE.

Oneparopsr select, yield u next for He ABAAOTCA YeM-TO HEOOBIYHBIM M HOBBIM: IEp-
BBl M3 HUX JIETKO MOJEJIMPYETCs MCIOJb30BAHUEM JATYMKA TMCEBAOCAYYAiHBIX YUCET,
BTOPON — NPUCOEITMHEHNEM JIEMEHTA K PE3yJBTUPYIOIEMY MHOKECTBY, a TPETUH — T1e-
pexonoM 1o mMeTke. ONHAKO yKa3aHHBIE OMEPaTOPbl COKPAIIAIOT 3alliCh U MOBBIIIAIOT €€
HATJISIHOCTb.

HOCKOJIbe 9Ta KHHTIa HallMCaHa Ha <IIPOIrpaMMHO-MAaTEMAaTUYE€CKOM» S3bIKE, B Hell He
TOJIBKO MaTeMaTHdecKue 0O603HAuYeHUs HCIIONB3YIOTCA B IIPOrpaMMax, HO M HEKOTOPbIE
IIPpOTPaMMUCTCKHE 0603HaYeHUA HCIIONBb3YIOTCA B MaTEMAaTUYECKOM TEKCTE.

[Ipexzpe Bcero obcyauM crocoObl BBeAeHUs 0003HaYeHUI 0OBEKTOB U omepanuii. Ec-
Jn 0bo3HayeHne oObeKTa WM ONepaluyl sBJISETCS TI00aNbHbIM (B Ipeneiax yueOHu-

Def .
Ka), TO UCIOJIb3YETCA 3HAK =, KOTOPbIU CJIEAYET UUTAThb «II0 OIIPEACJIEHUIO €CTb». HPI/I

Def
9TOM CJieBa OT 3HaKa = MOJKET CTOSITh 0OO3HaueHHe 0ObeKTa, a ClpaBa — BbIpakKeHHUE,
omnpejesioniee 3ToT oobekt. Harpumep,
Def
Ry = {zeR|z>0}.

B ciyuae omnpeznenenus omnepanuu B JIEBOU YacTU CTOUT @vipaixceHue. B aToMm ciydae
JIEBYIO YacTh cjenyerT HepopMaJIbHO MOHUMATh KaK 3ar0JIOBOK TMPOIEAYPhI BHITTOTHEHUS
OTIpe/IesIIeMOH oTlepaliii, a MpaByl0 YacTh — KakK TeJo 3TOW mporenypsl. Hampumep,
opmymna

Def

A=B=ACB&BCA

O3HAYaeT cjeyiolee: «4ToObl BBIYUCAUTD 3HaYeHUe BhIpaeHuss A = B, HyKHO BbIYKC-
JINTH 3HaUEeHWS BbIpaxkeHuiit A C B u B C A, a 3aTeM BBIUUCIUTb KOHBIOHKITUIO 9TUX
3HAUEHU >,

OTMeTHM MUPOKOE MCIOJIb30BAHNE CUMBOJIA MTPUCBAMBAHUS : =, KOTOPBI B MaTeMaTH-
YeCKOM KOHTEKCTE MOXKHO YUTATh KaK «II0JOXKUM». Eciii B JIeBOii YacTH TaKoTo IpUCBa-
MBaHUS CTOUT IIPOCTas llepeMeHHas, a B [IPaBOil YaCTU — BbIpa)keHUe, ollpeesIsaioniee
KOHKPETHBI OOBEKT, TO 9TO MMEET OYEeBMIHBII CMBICJI BBEIEHUS JIOKAJIbHOro (B IIpeje-
JIaX JIOKa3aTeJbCTBA, OTpelesieHusT U T. 1.) obo3Havenust. Hampumep, sanucy Z':= 7 U
Ze, \ {ex} 03HAUaeT: <«IIOJOKUM, YTO Z' COHAEPXKUT BCE DJIEMEHTBl Z U Z,, 32 HUCKIIO-
yeHneM ep». Hapsmy ¢ OOBIUHBIM /TSI MATEMATHKU <CTATHYECKMM» HCIOJIb30BAHUEM
3HaKa : =, KOI/la BBIPAKEHUIO B JIEBOW 4aCTH IIPUJAETCS TOCTOSIHHOE B JJAHHOM KOHTEKCTE
3HayeHue (onpejeseHre KOHCTAHTDI), 3HaK IPUCBAUBAHUS UCIIOJIb3YETCS U B «IUHAMUIYE-
CKOM», IIpOrpaMMUCTCKOM cMbliciie. Hanpumep, nmycrts B rpade G ects Bepunna v. Torzga
bopmyny G : =G — v caemyer YUTaTh U TIOHUMATh TaK: <yAIUM B Tpade G BEPUIUHY v>.

HexoTopbie 0603HaUEHUSA SABJISIOTCA TIOGATBHBIME, TO €CTh O3HAYAIOT OHO U TO Ke
B Ji06oM KoHTekcre (B »1oi KHure). Hanpumep, 6yksa R Bcerma obo3Havaer 1oJje Be-
I[IECTBEHHBIX YUCEJ, a Mapa BEPTUKAJIBHBIX YEPTOUEK CJIeBa U CIipaBa OT obbekra |X| —
KOJIMYECTBO 3JIeMEHTOB B 00bekTe X . Takux cTaHAapTHBIX 0003HAYEHUN He TaK YK MHO-
ro. Onn coGpanbl B ykaszaTesie 0603HAYEHUN B KOHIlE KHUTH U MCIOJB3YIOTCS B TEKCTe
yueGHMKa Ge3 NOTONHUTEIBHBIX TOSICHEHMH. Eci cMBICT Kakoro-to o6Go3HAYeHUs He
SICEH U He OIPEAEeNEH B JaHHOM KOHTEKCTE, TO CJIEAYeT MMOCMOTPETh 3TO 0003HAUYEHIEe
B yKaszaTesie 0003HaUCHUI.

OZIHOﬁ N3 3aJa4 KHUTH ABJIAETCA BI)Ipa6OTKa Y CTYAEHTOB HaBblKa YTECHHUA MaTe€eMaTu-
YECKHUX TEKCTOB. HO.':)TOMy, HaYMHasl C caMou HepBOﬁ CTpaHMUIIbI, 6e3 JIOITIOJIHUTEJIbHBIX
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00bsICHEHNIT MHTEHCUBHO KMCIIOJIb3YIOTCS SI3bIK MCYUCJIEHMS TIPEANKATOB M Apyrue oblie-
[IPUHSTHIE MaTeMaTnyeckue obo3Hadenust. [Ipu oToM cTrIIb 3ancK (QOPMYJI COBEPIIEHHO
cBOGOIHBIN U HedOPMaIbHBINA, HO COOTBETCTBYIOIIMIT OOIENPUHATON TIPAKTUKE 3aIHCU
(opmyn B MmaTemaTnueckux tekcrax. Hampumep, BMecTo hopMyITbl

Vk ((k<n)= P(k))
MOKeT OBITh HAIIMCAHO
Vk <n (P(k))
WU ake
Vk <n P(k)

B IIPEAITIOJIOKEHNH, UTO YUTATEb 3HAET WJIM JI0TalaeTcsl, KaKle CHHTaKCUYeCKHe yIIpole-
HUS WCTIOJTB3YIOTCS. B mepBhIX r1aBaxX KHUTHM OCHOBHBIE yTBEPsKIeHUs ((POpMyINpOBKU
TeopeM) LyOJUPYIOTCSI, TO €CTh IPUBOJSATCS HA €CTECTBEHHOM SI3bIKE U Ha A3BIKE (DOPMY.L.
Tem camMbiM Ha TIpEMepax OOBSICHSIETCS WMCIOJIb3yeMbill si3biK (hopmys. Ho B mocien-
HUX TJlaBaX KHUTHU U B JIOKa3aTesbCTBaX MCIIOJb30BaHME €CTECTBEHHOTO SI3bIKA CBE/IEHO
K MUHUMYMY. DTO CYIIECTBEHHO COKpAIaeT 00bEM TEKCTa, HO TpeGyeT BHUMAHUS TPU
YTEHUU.

JIJist KpaTKOCTH B TEKCTE KHUTH WHOT/IA WCTIOIB3YIOTCST 000POTHI, KOTOPBIE MOAPasyMeBa-
10T BOCCTAHOBJIEHIIE YNTATEJIEM OIIYIIEeHHBIX CIOB IT0 KOHTeKCTY. HampuMep, ecaim cuMBOJ
A 03HaYaeT MHOKECTBO, TO BMECTO aKKyPaTHOTO, HO JUIMHHOTO 000poTa «Tjie OOBEKT T
SIBJISIETCSI DJIEMEHTOM MHOKECTBA A» MOKeT OBITh MCIOJIb30BaHa (GoJiee KOPOTKast (hpasa
«rie x — ayeMeHT A» nwim fnaxke popmyna «rjie x € As.

B 11es10M ucHosIb3yeMble 0003HAYEHHST CTPOTO CJIEAYIOT KJIACCHYECKUM 0oGpasiaM, IpH-
HSATBIM B y4eOHOUW MaTeMaTUYeCKOW ¥ MPOrPaMMHUCTCKON juTeparype. HenpuBBIYHBIM
MOZKET I0Ka3aThCd TOJBKO COBMECTHOE MCIIOJIb30BaHUE 3TUX 0003HAYCHUI B OJ[HOM TEK-
cre. Ho Takoe B3aMMOIIPOHMKHOBEHME 000O3HAYEHUI IPOAMKTOBAHO OCHOBHOW 3ajadeil
KHUTU.

BbipeneHua B Tekcrte

B yue6HUKe UMEIOTCS CIIeAYIONINE OCHOBHbIE BUBI TEKCTOB: OIPE/IE/ICHHS, TEOPEMBL, JIeM-
MBI M CJIEJICTBHS, JOKA3aTelIbCTBA 1 000CHOBAHMSI, 3aMEYaHUS, OTCTYILIEHUS, aITOPUTMBbI
u npumepbl. DaxTryeckn, OOBIYHDBIA CBA3YIOIMUA TEKCT CBEJEH K MUHUMYMY B ILEJSX
coKpalleHus 00béMa KHUTH.

Onpedenenus HUKAK CHEUATBHO He BBIIEJSIOTCS, TOCKOJIBKY COCTABJISIIOT JIbBUHYIO J10-
JIIO OCHOBHOTO TEKCTa KHWTH. BMECTO 3TOTO KYpPCUBOM BBIIEJISIIOTCS ONpedensioulue
6X02C0eHUs. TEDMUHOB, a TEKCT, COCEJICTBYIOIIUI ¢ TEPMUHOM, U €CTh onpeeseHue. Bee
OTIpeiesISAIoNINe BXOKICHUS BBIHECEHDI B ITPEJIMETHBIN yKa3aTesb, TOMEIIEHHBIH B KOHITE
kuury. Takum 06pasoM, e IPU YTEHUH TIOMAIAeTCA HE3HAKOMBII TePMUH, CJIeIyeT Haii-
TH €0 OTIPE/IeJIEHHEe ¢ MOMOTIBIO YKasaTesst (MIH YOeAUThCs, 4TO ONpe/eeHrs B KHUTe
HeT). MaTemaTndeckue TepMUHBI B TIPEIMETHOM yKa3aTeJie TiepeBe/leHbl Ha aHTJINUCKUN
SI3BIK. ABTOD HafleeTcs, UTO TPeMETHBIN yKa3aTedb MOCTYKUT YNTATeTI0 KaKk KPaTKUil
MaTeMaTUYeCKUl PyCCKO-aHTJINMCKNN CI0Baphb.

QDopmyauposku TeopeM, JeMM U CJAEICTBUI B COOTBETCTBUU € OOLIENPUHATON B Ma-
TEMATUYECKOW JUTeparype MPaKTUKOW BbliesieHbl kypcusom. 1lpu atom ¢opMyaupos-
Ke TIPEIIIeCTBYET COOTBETCTBYIOIIEE KIIFOUEBOE CJIOBO: «TEOPEMAy, «JIeMMay WU «CJIe]l-
cTBUe». Kak mpaBuiio, yTBEpKIeHNs He HyMepPyIOTCs, 32 NCKII0YeHNEeM CIyJYaeB BXOXK/Ie-
HUS HECKOJbKUX OJTHOPOJHBIX yTBEPXKAeHUI B oiuH maparpad. [las ccbliok Ha yTBEp-
JKJAEHMS UCIIO0JIb3YI0TCs b0 HOMepa maparpadoB, B KOTOPLIX yTBEPKAEHUSA cPOpMyIn-
poBaHsl, 11060 COOCTBEHHbIE MMEHA YTBEPKAEHUN. [Ie10 B TOM, YTO B JaHHOM y4eOHUKe
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TeopeMaMu 0(hOPMJIEHBI KAaK TIPOCTbIE YTBEPIKAEHUS, SABJISIONINECS HETIOCPEICTBEHHBIMU
CIIEICTBUSAMU OIIpelleIeHNil, Tak 1 IyOokue (aKThl, AeHCTBUTENbHO 3aC/IyKUBAIOLINE
cTaTyca TeopeMbl. B mocienHeM ciydae IpUBOANTCS cOOCTBEHHOE nMs (HasBaHKe Teope-
MBI ), KOTOpoe JIMO0 BHIHOCUTCST B HazBaHue maparpada (in paszena), 1100 yKasblBaeTCs
B CKOOKaxX ITOCJIE CIOBA «T€OpPEMas.

Joxasamenvcmea OTHOCATCS K IIPEAIIECTBYIONIMM YTBEP/KACHUSIM, a 000CHOBAHUSL —
K IPEeAIIECTBYIONIMM aJropuT™MaM. B yueOHMKe IPaKTUIeCKU HET HeIOKA3aHHBIX YTBEPIK-
JIEHUIl U IPUBEJEHHBIX 6e3 10CTaTOYHOr0 0O0CHOBaHMS alropuT™MoB. V3 aTOr0 mpasuia
MMeeTCsT HeCKOJIBKO MCKJIIOUeHWH, TO eCTh YTBEPKIAEHWH, /0Ka3aTeJbCTBA KOTOPBIX He
TIPUBOJISITCS, TIOCKOJIBKY aBTOP CYMTAET UX TEXHUYECKU CJIHMIIKOM CJIOKHBIMU JIJIST BBI-
OpaHHOTO ypoBHA M3ioxeHuss. OTCYyTCTBHE TEXHUYECKU CJIOKHOIO JOKa3aTelbCTBa BCe-
rja SIBHO OTMeuaeTcsl B Tekcre. MHOr/a ke JI0KA3aTesNbCTBO OIYCKAETCs, TIOTOMY YTO
yTBepKIeHUe JIETKO MOKeT ObITh 060CHOBAHO YHUTATE/IEM CAMOCTOSITEIbHO. Takue ciaydau
He oTMevaroTcsl B Tekcre. JlokasaTebcTBA U 0OOCHOBAHMSI HAUMHAIOTCS C COOTBETCTBY-
OIIEr0 KJTIOUEBOTO CJI0BA («I0KA3aTENbCTBO» WU «00OCHOBAHME») W 3aKaHUUBAIOTCS
crenraibHbIM 3HaukoM . Eciu ¢hopMyInpoBKa TeOpeMbl COAEPKUAT HECKOJIBKO yTBEp-
JKJEHUN UJTU €CJIA JI0OKA3aTeJbCTBO COCTOUT U3 HECKOJbKUX MIaroB (Yacreii), TO /0Ka3a-
TEJIbCTBO JeJUTCs Ha ab3alibl, a B Havasle Kaskaoro ab3ala yKasblBaeTcs [B ckobkax], 4To
VMEHHO B HEM JIOKA3bIBAETCSI.

3ameuanus n omcemynjieHust TaKKE€ HAaUNMHAIOTCA C COOTBETCTBYIOUIECTO KJXOYEBOTIO CJIO-
Ba: «3aM€YaHUE» NJIN «OTCTYIIJIEHUE>. Hasnauenune atux a6saueB Pa3INM4IHO. 3amMeuaHue
COO6IlIa€T HEKOTOPbIE CIIEITUaJIbHBIC WMJIN JOIIOJTHUTEJIbHbIE CBEACHUA, IIPAMO OTHOCAII-
€CdA K OCHOBHOMY MaTepualy y‘-I€6HI/IKa. OTCTyl'UIeHI/Ie HE€ CBA3aHO HEIOCPEACTBEHHO C
OCHOBHBIM MaT€pUajiOM, €TI0 Ha3HAaYE€HUE — PACIIUPUTD KPYTO30p YUTATEJIA U IMOKa3aThb
CBA3b OCHOBHOTO MaTe€pHaJjia C BOITPOCAMMU, JIEKAITUMU 3a IIpeaeaMn Kypca.

3AMEYAHUE
B ouenb peaxux ciayyasx kKypcus UCIOJb3YeTCs He IS BBIAEJICHUS OIPEAESIONNX BXOXKACHUH
TEPMUHOB U (DOPMYIUPOBOK YTBEPIKACHUIA, a JIsI TOTO, YTOOBI C/ETaTh aMpamuueckoe yiapeHue
Ha KaKOM-TO CJIOBE B TEKCTE.

OTCTYINJIEHUE

Vicrionb3oBatue OTCTYILIEHHH HeoOX0ANMO, B IIPOTUBHOM CJIydae Y UMTATEeNs MOKET CJIOKUTHCS
omuboYHOe BIleYaTIEHUEe O 3aMKHYTOCTU U3y4aeMOro IpeMeTa M ero OTOPBAHHOCTU OT JAPYTUX
obJjacTeli 3HaHu4.

AJlZOpumel, KaK YiKe OBLIO CKa3aHO, 3allMCaHbl Ha IICEBAOKO/IE, CHMHTAKCHUC KOTOPOTO
KpaTKO OIIMCaH BbIIIIE. Kax IIpaBUJIO, IIEPE TEKCTOM aJTOPUTMa Ha €CTECTBEHHOM A3bIKE
YKa3bIBalOTCA €TI0 Ha3HaY€HUeE, a TaKKe BXOJAHbI€ 1 BbIXO/JIHbIE /TaHHBIEC. ITocie aJITOprUTMa
IIPpUBOJATCA €TI0 obocHOBaHME U HNHOI'la ITPpUMEP ITPOTOKOJIa BBIIIOJTHEHUA.

Mpumepsl

Kak mpaBujio, mprMepsl IPUBOJSTCST HEIOCPEACTBEHHO BCJIEA 32 OIpe/ieIeHIeM TTOHITI,
1I03TOMY HE HCIO0JIb3yeTCs] HUKAKUX CBSI3YIOIIUX CJIOB, MOSICHSIONINX, K YeMY OTHOCSTCS
npuMepsl. B caMux npriMepax MHTEHCUBHO UCTIOJNB3YIOTCS (PaKThl, KOTOPbIE TOJIKHBI OBITH
MU3BECTHBI YATATEJIIO N3 Kypca MaTeMaTUKH CPe/fHel IIKOJIbI, M IIOHSATHS, PACCMOTPEHHBIE
B [IpeJIIIECTBYIONIEM TEKCTe KHUTH.
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BbnaropapHocTu

Astop BbIpakaer OsarogapHocTb wieHy-koppectionsenty PAH CesitociaBy Cepreepudy
JlaBpOBY 3a COTHM IIEHHBIX 3aMEYaHUI 110 TEKCTY NE€PBOTO U3IAHUS KHUTH, MHOTOUNCJICH-
HBIM CTY/IeHTaM, HPOCJIYIIABIINM 9TOT KYPC, 32 BbISIBJIEHNE OIMHOOK B TEKCTE, HAYIHOMY
pemaxtopy, mpodeccopy Huknre IOpneBudy HerperaeBy, 3a orpoMHYI0 TOMOIIIb B paboTe
Hajl yueOHUKOM U cTyneHTKaM Asekcannpe Mensenesoit u Anacracuu [labanumoit 3a
TBOpUYECKOE COy4YacTHe B MOJTOTOBKE MOCTEAHETO M3aHUA.

OT nsparenbcrtea

Bamu 3ameuanus, peioxKeHusI, BOIIPOCH OTIIPABJAiiTe 110 aZipecy 3JeKTPOHHOMN I10YTHI
comp@piter.com (u3gareabeTBO «ITUTEp>, KOMIBIOTEPHAS PenaKis). MoKHO 06paTUTh-
Cs1 HETIOCPEICTBEHHO K aBTOPY 1O azapecy fedornovikovs1@gmail.com Mer Gynem pajbt
y3HaTh Baille MHeHue!

IMoapobuyio uHGOPMALMIO 0 HAIIMX KHUTAX Bbl Haiijere Ha BeG-caiiTe M31aTelbCTBa
http://www.piter.com.
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Naea 1 MHoXecTBa
N OTHOLLUEeHMnd

[ToHATUST «MHOKECTBO», «OTHOIIEHUE», «(DYHKIMA> U OJU3KHE K HUM COCTaBJAIOT OC-
HOBHOH CJIOBapb IUCKPETHON (PaBHO KaK M <«HeNPepbIBHOW» ) MareMaTHKU. VIMEeHHO 3aTh
6a30Bble TIOHATHUS PACCMATPUBAIOTCS B TIEPBOI IJIaBe, TEM CAMBIM 3aKJIA/[BIBAETCSA HEOOXO-
JIMMasi OCHOBA sl faibHeHmux moctpoeruit. OcoOeHHOCTh U3JI0KEHUST COCTOUT B TOM,
YTO 371eCb PACCMATPUBAIOTCS MOUYTH MCKJIOUUTENbHO KOHEeuHble MHOXKECTBA, a TOHKUE U
CJIOKHBIE BOIIPOCHI, CBSI3aHHbBIE C PACCMOTPEHHEM OECKOHEUHBIX MHOKECTB, M3JIaTal0TCsI
C «IPOTPAMMUCTCKOI» TOYKHU 3peHus. C APyroli CTOPOHDI, 3HAYUTEIbHOE BHUMAHKE y/ie-
JIFeTCS <IPe/ICTABIEHNIO» MHOKECTB B IIPOTPAMMax. JDTH BOIPOCHI He MUMEIOT MPSIMOTO
OTHOIIEHUST K COOCTBEHHO TEOPUH MHOXKECTB B €€ KJIaCCHYECKOM BHJE, HO OYE€Hb BasKHBI
JIUIST TIPAKTUKYIONIETO TTPOrPaMMUCTA.

1.1. MHoXxecTBa

[Ipu mocTpoeHnU AOCTYMHOM JIJISi PAIlMOHAILHOTO aHAIN3a KAPTUHBI MUPA YaCTO UCTIOJTh-
3yeTcs TeEPMUH «00bEKT»> JJIsi 0003HAYEHUST HEKOM CYLTHOCTH, OTJEJUMON OT OCTaIbHBIX.
Boigesenre 06beKTOB — 3TO He 0oJjiee 4eM [POM3BOJIbHBIN aKT HAlllero co3Hanus. B oj-
HOH W TOii ke cuTyaluu oObEKThl MOTYT OBbITh BBIAEJEHBI ITO-Pa3HOMY, B 3aBHCUMOCTH
OT TOYKM 3PeHus], LeJiell aHaausa 1 Apyrux odcrodreabeTs. Ho kak Obl TO HU ObLIO,
BbIe/leHe 00beKTOB U MX COBOKYIIHOCTE — ecTeCTBEHHBIN (WM Ja)ke eJUHCTBEHHO
BO3MOKHBII) CrocO6 OpraHM3alMy HAIIETO MBIILIEHUS, [IO3TOMY HeyIUBUTENbHO, YTO
OH JIEXKUT B OCHOBE TI'JIABHOTO MHCTPYMEHTA ONMUCAHUS TOYHOTO 3HAHUS — MAaTEMaTUKH.

1.1.1. BnemMmeHTbl U MHOXecCTBa

Muosxcecmso — 910 10628 onpeeséHHast COBOKYIHOCTh 00beKT0B. OOBEKThI, U3 KOTOPHIX
COCTaBJIEHO MHOKECTBO, HA3BIBAIOTCSI €T0 JAEMEHMAMU. DIEMEHTDI MHOKECTBA PA3JIUUHBI
1 OTJIMYUMBI APYT OT JpyTa. KaK MHOKeCTBaM, TaK U 3JjieMeHTaM MOJKHO /[aBaTb MME€Ha
WJIM IPUCBAUBaTh CUMBOJIbHBIE 0603HAYEHHMSI.

3AMEYAHUE
B COBpeMeHHOﬁ MaTeMaTUuKe OCHOBHbBIM CHOCO6OM onpejiesieHuA beH[IaMeHTaJTBHbIX MMOHATHHN SB-
JISIETCS aKCUOMamuueckuil memod. B paMkax aToro Meroja rpymia noHATHH, 00pasyoIuX 0CHOBY
HEKOTOPOU TEOPUH, OIPEIENSETCS IyTeM OCTYIMPOBaHust Habopa axcuom (yTBepKaeHuit 00 aTuX
TOHATUAX, IPMHUMAEMbIX 663 ][OKaSaTeJTbCTBa), TaK 9TO OCTaJIbHbIEC YTBEPIKIACHWA BbBIBOAATCA N3
AKCHOM C TIOMOIIBIO JIOTHUECKUX ZI0KA3aTeIbCTB. [IprMenenne akcnoMaTnieckoro MeTojia mpezo-
JlaraeT HaJIM4ye Pa3BUTOrO JIOTHYECKOTO SI3bIKA /IS (POPMYJIMPOBKU YTBEP:KIAEHUIT 1, KaK IPABUJIO,
TpC6yCT SHAYUTEJIbHBIX yCI/I]II/II71, BPEMEHU U MeECTa AJid IMOCTPOCHUA CTPOTUX (I)OpMaJII)HbIX JTOKa3a-
TeJIbCTB. Teopusl MHOKECTB He SIBJISIETCS] HCKJIIOUeHNneM — JIJIsI Heé MIPeJIOKEeHO HECKOIBKO CUCTEM
dAKCHUOM, B€CbMa IMOYUYUTEJbHBIX U OKa3aBIINX 3HAYUTEJIbHOE BJIUAHUE HAa PA3BUTHUE MATEMATHUKU B
I1eJIOM. AJIBTEPHATUBON aKCHOMATHYECKOMY METOJY SIBJISIETCS aleJUISaINs K WHTYHIINH, 37[PaBOMY
CMBICJIY M UCIIOJIb30BAHIE HeOIpe/iesisieMbIX TTOHATHi. [IpuMeHuTeIbHO K TEOPHH MHOKECTB TAKOi
MIOZIXO/] TIOJIYYUJI HA3BaHUe <HAUBHOI TEOPHH MHOXKECTB», 9JIEMEHTBI KOTOPOI 3/1eCh M3JIaraioTcsl.

Mpumepnl
MHuoskectBo S crpanull B janHoi kHuUre. MuOxecTtBO N namypanvuvix uucen {1, 2,
3, ...}. MuoxectBo P npocmowx uucen {2, 3, 5, 7, 11, ...}. MHOXecTBO Z LeJNbIX YUCE]
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{...,=2,-1,0,1, 2,...}. MuoxectBo R sewecmsennvix ancen. MHOKECTBO A Pa3IUIHbIX
CUMBOJIOB Ha 3TOU CTPaHUIIE.

Ecitit 00beKT T SIBJISIETCST 9JIEMEHTOM MHOKeCTBa M, TO TOBOPSIT, 4TO DJIEMEHT = NPUHAO-
qexcum MuoxkectBy M. Obosuauenue: € M. B mpoTHBHOM cirydae TOBOPST, 4TO & He
npunadrexcum M. Obosnauenue: x ¢ M.

3AMEYAHME

OO6BIYHO MHOKECTBA 0003HAYAIOT IIPONMCHBIMMN 6yKBaMI/I JIATUHCKOTO a]I(I)aBI/ITa, a JJIEMEHTBbI MHO-
KeCTB — CTPOYHbIMU 6yKBaMI/I.

1\/[H0>K€CTBOy HE co/eprKaliee 3JIEMEHTOB, Ha3bIBACTCA 1Y CMbiM 1 obo3HavaeTca 3.

3AMEYAHUE
BBeznenne B paccMoTpeHue MyCTOTO0 MHOXKECTBA SIBJISIETCA CUJIBHBIM omyiienrneM. Hanpumep, us-
BECTHO, YTO CHHUX JIOIaAeil B Ipupoje He ObiBaeT. TeM He MeHee MbI TI03BOJIsIeM cebe paccMaTpH-
BaTh «MHOKECTBO CHHHUX JIONIA[el» KaK MOJHOMPAaBHBIA OOBEKT, BBOAUTH JJIsI HErO 0O03HAYEHUS
uT. 1.

OTCTYMJIEHUE
IToHSITHST MHOKECTBA, SIEMEHTA U IIPUHAJIEXKHOCTH, KOTOPBIE HA MEPBBIN B3I/ IIPE/CTABIISIOTCS
WHTYUTUBHO SICHBIMHU, TIPU OJIMIKAiilieM PacCMOTPEHUH TaKyIO sICHOCTh yTPAauMBAaIOT. BO-TepBbIX,
Jiaske BO3MOKHOCTD Pa3JIMYUTD HJIEMEHTBI TP GoJiee TIyOOKOM PACCMOTPEHHHU MPEICTABISET HEKO-
Topyo npobsemy. Hanpumep, CHMBOJIBI «a» U «d», KOTOPbIE BCTPEYAIOTCS HA 9TON CTPAHUILIE, — 3TO
OJIVIH 9JIEMEHT MHOXKeCTBa A Min Ba pa3ubix asementa? Vmm ke, HAMpuMep, Ba BXOKIEHUS CUM-
BOJIA «O» B CJIOBO «MHOKECTBO» — TrpadmdecKu OHU HEPAZTUINMbI HEBOOPY/KEHHBIM TJIa30M, HO
3TO CUMBOJIBI OYKB, KOTOpPble 0003HAYAIOT 3BYKHU, & YNTAIOTCSI 3TU JIBE TJIACHDBIE T10-DA3HOMY: [IepBast
o/l yapeHueM, a Bropast — Gesyaaptast. Bo-BTopbIX, pobieMaTudHa BO3MOKHOCTD (6e3 fomo-
HUTEJBHBIX YCUJINI) yKa3aTh, IPUHAJIEKUT JIN TAHHbIN 3JIEMEHT JaHHOMY MHOKecTBY. Hanpumep,
siBJisieTcst i uncsio 86958476921537485067857467 mpocThiM?

MHO)KGCTBa, KaK O6'beKTbI, MOTyT OBITb 3JIEMEHTaMK APYIrux MHOJKECTB. MHO)KGCTBO,
9JIEMEHTAMU KOTOPOTO ABJIAIOTCA MHOXECTBa, NHOTla HAa3bIBAIOT CeMelcmaoM.

SAMEYAHME

CemeiicTBa MHOXKECTB 4acTO 0003HAYAIOT MPOMUCHBIMU <«PYKOIMCHBIMU» OYKBaMU JIATHHCKOTO
andasuTa.

COBOKYTHOCTh 0GBEKTOB, KOTOPAST He SIBISIETCS MHOKECTBOM, HA3bIBaeTCs kaaccom. He-
(hopmasibHO TOBOPS, HAa3bIBas COBOKYITHOCTD 3JIEMEHTOB KJIACCOM, & HE MHOKECTBOM, MBI
6epém Ha cebs1 CPABHUTENHHO MEHBINYIO OTBETCTBEHHOCTD 32 OIPEIeNEHHOCTD, OTINYU-
MOCTb ¥ 6ECIIOBTOPHOCTD 3JIEMEHTOB.

OTCTYINMJIEHUE

Tepmut «kjacc» B 00beKTo-opreHTHpoBaHHOM 1iporpammuposaruu (OOII) ynorpebisiercst npaBo-
MepHO. MoskHO 66110 GbI cKa3aTh, uTo Kiaace B OOII — 310 MHOKECTBO 0GHEKTOB, SIBISIONXCS K-
3eMIisipaMu kyacca. OHaKo Takoe orpejiesieHre He BIIOJIHE KOppeKTHO. Hanpumep, BO3MOXKHOCTD
JIMHAMUYECKOTO M3MEHEHUs Kiacca 00bEKTa, CYIIeCTBYIoMmas B HekoTopbix si3bikax OOII, craBut
HOJ[ COMHEHUE CTATUYECKYIO OIPENESEHHOCTh KJIACCA, & BO3MOXKHOCTh KJIOHMPOBAHUSI OOBEKTOB
CTaBUT I10/l COMHEHHe BO3MOKHOCTb Pa3JIMUUTh 9K3eMILISIPhI KaK 2JIEMEeHTHI Kacca.
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OO6BIYHO B KOHKPETHBIX PACCYKIEHUSX 3JIEMEHTHI BCEX PACCMATPUBAEMBIX MHOXKECTB
(u cemeiicTB) 6epyTCsi M3 HEKOTOPOTO OJHOTO, NOCTATOYHO IIUPOKOTO MHOXKecTBa U
(CBOETO ST KAXKAOTO CJIydast), KOTOPOe HA3bIBAETCS YHUBEPCANLHHIM MHOKECTBOM (WK
YHUBEPCYMOM).

1.1.2. 3apaHue MHOXecCTB

YTo6bl 3a/1aTh MHOKECTBO, HYXKHO YKAa3aTb, KaKWe 3JIEMEHThl €My MPHHAJIERAT. ITO
yKazaHWe 3aKJII04YaloT B Mapy GUTyPHBIX CKOOOK, OHO MOKET UMETh OJ[HY W3 CJIELYIONNX
OCHOBHBIX (hopMm:

nepevucienue 1eMeHmos: M:={a,b,c,...,z};
xapaxmepucmuyeckuti npeduxam: M :={x | P(z)};
noposxcoaowas npouedypa: M:={x|x:=f}.

IIpu 3azaHUM MHOKECTB IlepedrcjieHrieM 0003HaueHUs! 2JIEMEHTOB PaslelisioT 3alsaThl-
Mu. Xapaxmepucmuueckuil npeduxam — 9T0 HEKOTOPOE yCJIOBHE, BhIpakeHHOe B (popme
JIOTUYECKOTO YTBEPIKAEHUST WM TIPOIEAYPhl, BO3BPAIIAIONIEN JIOTUYECKOe 3HAYeHUe, U
[O3BOJISAOIIEE TIPOBEPUTD, TIPUHAMJIEKUT JIM JTI0O0N NAHHBIA 2JIeMeHT MHOKecTBY. Ec-
JW 1711 JAHHOTO 3JIeMEHTa yCJIOBUE BBITIOJIHEHO, TO OH TPUHAJIEKUT OIMpenesseMoMy
MHOKECTBY, B IPOTUBHOM cJiydyae — He npuHaaiexuT. [lopoxaaomnas nporeaypa — 3To
[IPOIIEyPa, KOTOpas B Ipolecce paboThl MOPOXKIaeT 00bEKTbI, SBJIAIONUECS dJIeMeHTaMu
OTIPE/IEIIEMOTO MHOKECTBA.

Mpumepsl

1. My:={1,2,3,4,5,6,7,8,9}.
2. Mg:={n|neN&n <10}
3. My:={n|n:=0; for i from 1 to 9 do n:=n+ 1; yield n end for}.

HpI/I 3alaH MHOJKECTB IIEPEYNCICHUEM 0003HAYEHUS 3JIEMEHTOB MHOTda cHabXKarT UH-
JE€KCaMU 1 YKa3bIBalOT MHOKECTBO, N3 KOTOPOT'O 6epyTC${ nHJeKchl. B YaCTHOCTH, 3aII1Ch

{ai}le O3HaYaeT To ke, 4To {a1,...,ax}, a 3anuch M = {My} . 4, o3Havaet, yto M aB-
JISIETCST CeMENCTBOM, 2JIeMEHTAMU KOTOPOTO SIBJIAIOTCS MHOXKeCTBA M, IPUUEM MHIEKC
a <mpoberaers MHOKECTBO A. 3HAK MHOTOTOUUS (. .. ), KOTOPBIi yIIOTpebJIsieTcs mpu 3a-
JIaHUN MHOJKECTB, SIBJISIETCSI COKPAIIEHHOM (GOpPMOIl 3aIicH, B KOTOPOi MOPOKAAIONIAs
HPOLeAyPa /IS MHOXKECTBA MHIEKCOB CUMTAETCSI OYeBU/HOI.

Mpumep. {ai,a2.as3,...} ={a;}io,.

MHOKeCTBO 1eJIbIX 4YMCes B JMalla3oHe OT m 0 n B 3TOM KHHMIe 0003HAYaeTCd TaK:

m..n[y{keZ | m<k & k<n} ={keZ|for k from m to n do yield k end for}.

[lepeunciieHneM 3JIeMEHTOB MOJKHO 33/1aBaTh TOJBKO KOHEUHble MHOXKECTBA. beckoneunvle
MHOJKECTBA 33JIaf0TCS XapaKTEPUCTUIECKIM TPEAMKATOM WM TIOPOXKAAIOIIEN TPOIey-
poii.

Mpumep. N2 {1 |n:=0;while true do n:=n + 1; yield n end while}.
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Ecnu x ¢ A, TO 271eMeHT & MOXKHO 006agums B MHOXKeCTBO A:
Def

Atz ={y|lyc AVy=uza}.

Eciu 2z € A, To sy1eMeHT & MOXKHO ydaiums U3 MHOXKecTBa A:
Def

A—z={ylyc A&k y#ua}.

Mpumepbl
My:=2+14+2+34+4+5+6+7+8+9.

. Def
MHoskecTBO HaTypaiabHbIX yrces ¢ HyJaéMm: Ng = N+ 0.

OTCTYNJIEHUE

Onepanun 106aBjieHUsT U YAAJIEHWUs 3JEMEHTOB SIBJISIIOTCS YACTHBIMU CJIy4asiMu ollepanuii 00b-
eIMHEHNST W PA3HOCTU MHOXKECTB, paccMarpuBaeMbix B 1. 1.2.6 (a mmenno: A+xz = AU {z},
A —z = A\ {z}), u nOTOMY, CTPOr0O rOBOPS, U3JMIIHU. B CTAHAAPTHBIX yueOHUKAX 110 TEOPUU
MHOKECTB TaKUe Ollepallui He PACCMATPUBAIOTCS U HE YIIOMUHAIOTCS. 3/1eCh OHU BBEIEHBI JUIS
yrpoierust o6o3HaueHuil. Takol MOAX0/ aKIEHTUPYET <«IIPOrPAMMUCTCKOE» OTHOIIEHHE K Mare-
MaTHKe: MbI BBOZIUM HOBBIE OIIEPAIIUH, €CJIH 9TO TTPAKTHYECKH YIOOHO, TaKe eCJIH 9TO TEOPETUIECKH
UBJIMIIHE.

1.1.3. Napapokc Paccena

Bo3MOXXHOCTD 33/1aHUSI MHOXKECTB XapaKTePUCTUIECKUM IIPEIUKATOM 3aBUCHUT OT IIpe-
nukaTa. Vcmonb3oBaHHe HEKOTOPBIX IPEANKATOB JJISI 3TOH 1IN MOXKeT HPUBOAUTDH K
npotuBopeunsiM. Hanpumep, Bce paccMoTpeHHbIE B IIpUMepaX MHOKECTBA He COJepKaT
cebst B KauecTBe syeMeHTa. PaccMOTPIM MHOKECTBO Y BCEX MHOKECTB, He COMEPIKAIINX
cebst B KauecTBe ameMenta: Y :={X | X ¢ X}. Eciu MHOKeCTBO Y CYIIECTBYET, TO MBI
JIOJKHBI UMETb BO3MOYKHOCTb OTBETUTDb Ha cJeayloluil Boupoc: Y € Y? Ilyctp ¥V € Y,
toria Y &€ Y. Ilyctp Y ¢ Y, torma Y € Y. Iloayyaercsd HeyCcTpaHUMOE JIOTUIECKOE
IPOTHBOpPEUNE, KOTOPOe M3BECTHO Kak napadoxc Paccena'. Tpu criocoba nsbexath aT0TO
KOHKPETHOT'O Iapa/ioKca.

1. OrpaHuyuTh MCHOJIb3YEMbIE XaPAKTEPUCTHYECKUE TIPEUKATBl BUIOM
Pz)=2€ A& Q(z),

rie A — M3BECTHOE, 3aBEIIOMO CYIIECTBYIOIIee MHOKeCTBO (yHugepcym). OOBIYHO TpU
3TOM MCTOJB3YIOT 06o3Hauenne {x € A | Q(x)}. [lna Y yHWBEpCyM He yKasaH, a To-
TOMYy Y MHOKECTBOM HE SIBJISIETCSI.

2. Teopus tunos. O6bekTsl uMmeoT T 0, MHOKeCTBa djeMenToB Tuna 0 uMeior Tui 1,
MHOKecTBa 37eMeHTOB Tuma 0 m 1 — tum 2 u T. A. Y He mMeeT TUTIAa M MHOXKECTBOM
He SIBJISIETCSI.

3. SIBHBIN 3ampeT MPUHALTEKHOCTH MHOKECTBA caMomy cebe: X € X — HeIOmyCTUMbIH
npeaukar. IIpy akcnoMaTHueckoM IIOCTPOEHUN TEOPUU MHOKECTB COOTBETCTBYIOLIAA
aKCUOMa Ha3blBAeTCAd AKCUOMOU PeYNAPHOCTIU.

OTCTYINJIEHUE

CyH_[eCTBOBaHI/Ie " aHaJIM3 T1apa/IOKCOB B TEOPHUU MHOKECTB croco6CTBOBAIN Pa3BUTHUIO TaK Ha3bl-
BAa€MOI'0 KOHCmMpYyKmueuma — HaIIpaBJIEHUSA B MATEMATUKE, B paMKaX KOTOPOTO paCCMaTPUBalOTCA

! Beprpan Paccen (1872-1970).
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TOJIBKO TaKue 0OBEKTBI, JIJIsi KOTOPBIX U3BECTHBI IIPOIIE/LYPbI (AJITOPUTMBL) UX TIOPOsKAEHUS. B KOH-
CTPYKTUBHOW MaTeMaTHKe HUCKJIOYAIOTCS M3 PACCMOTPEHUs Te IOHSATUSI U MeTO/bl KJIacCUYecKou
MaTe€MaTUKU, KOTOPbIe He 3aJiaHbl aJlTOPUTMUYECKU.

[Tapamokca Paccema MoykHO n36ekaTh, OTPAHIYNB paccMaTpruBaeMbie MHOKecTBa. Harpu-
Mep, JOCTaTOYHO 3allPeTUTh PacCMaTpUBATh B KaueCTBE MHOMKECTB KJIACCHL, cojepKaliiue
camux cebst. TIpu 9TOM, OJ[HAKO, HET TIOJHOW YBEPEHHOCTH B TOM, U4TO He OOHAPYKATCS
IpyTHe TpoTHBOpeunst. [T0OJHONEHHBIM BBIXOJIOM U3 CUTYAIUHU SABJISLIOCH ObI aKCHOMATH-
YyecKkoe II0CTPOeHUE TeOPUM MHOKECTB M JJ0Ka3aTeJIbCTBO HEIIPOTUBOPEUYUBOCTH [1OCTPO-
eHHOH (opMasbHOI Teopun. OHAKO NCCIeI0BaHNe TTapaJIOKCOB M HEIIPOTHBOPEUYNBOCTH
CUCTEM aKCHUOM SBJISIETCS TEXHWUYECKU TPYMHOU 3a/aueil M YBOJIUT JIATEKO B CTOPOHY OT
MIPOTPAMMUCTCKOM TTPAKTUKU, [IJIsT KOTOPOU BaKHEUITUMU SBJIFIOTCI KOHEYHbIe MHOXKe-
crBa. [loatomy popmasbHas akcnmoMaTnka TeOPUM MHOXKECTB 3/IeCh He TIPUBOAUTCS. Mbl
n3araeM HeOOXOAUMbIE CBEICHUS TTOMY(HOPMATBHO, OTIUPASICH BE3JIE, Te HTO BO3MOXKHO,
Ha TTPOTPAaMMHUCTCKYI0 MHTYHUIUIO YNTATEJIS.

1.1.4. MynbTUMHOXecCTBa

B MHOXecTBe Bce 3JIeMEHTBI PAa3JUYHBI, a 3HAYUT, BXOASIT B MHOKECTBO POBHO OJMH
pa3. B HeKoTOpBIX cirydasgx OKa3bIBAeTCs MOJIE3HBIM PACCMATPUBATh COBOKYITHOCTHU 3Je-
MEHTOB, B KOTOPBIC 3JIEMEHTBI BXOJAAT IO HECKOJIbKY Pas.

IIycts X = {z4,...,2,} — HEKOTOPOE MHOXECTBO W MyCTh a1, ... ,ad, — HEOTPHUIATETb-

) b) ) )

HbIe 1lesible uncyia. Torna myavmumnodcecmeom X Ha3bIBAETCS COBOKYITHOCTH 3JIEMEHTOB
MHOXkecTBa X, B KOTOPYIO 9JIEMEHT x; BXOAUT a; pa3. MyJbTUMHOXKECTBO 0603HAYaeTCs
OJIHUM M3 CJEYIOIUX CII0cO00B:

X = [2]Y, ..oz = (1, @1 Ty e T = (@1(X1), - an(Ty)).
Mpumep. TlycrsX = {a,b,c}. TormaX = [a%b3c] = (b,b,b; ¢, ¢, ¢, ¢) = (0(a), 3(b), 4(c)).

[Iycrs X = (a1(x1), ..., an(x,)) — MyJBTEMHOXECTBO HaJl MHOXecTBOM X = {z;}7 .
Torna 4mcyio a; Has3bIBAECTCS NOKA3AMeNeM DJIEMEHTa T;, MHOXKECTBO X — HoOCumeneM,
YUCTO M = a1 + . . . + a,, — MowHocmovio, a X = {x; € X | a; > 0} Ha3bIBAETCS COCMABOM
MYyJIBTUMHOXeCTBa X .

Npumep. Iycts X = [a®b3c*] — mymsrnMHOKecTBO Hax MHOXKecTBOM X = {a,b,c}.
Torna X = {b,c}.

MybTuMHOKecTBO X = (a1 (21), . . ., an(2,)) Haz MuOKecTBOM X = {21, ..., 2y} Ha3bi-
Baercst unouxamopom, eciu Vi € 1.n (a; =0V a; = 1).

1.1.5. KoHe4yHble nocnenoBaTesibHOCTU

K moHSTHIO MyJIBTIMHOKECTBA TECHO MPUMBIKAET IMHUPOKO UCIIOTb3yeMoe MoHSATHE (KO-
He4HOIT) nocsieoBaresibHocTu. [lycts 3agano mHoxkectBo X = {1, ..., x, }. Paccmorpum
mysabTuMHOKeCTBO X = (a1(z1),...,an(zyn)) Han X, a1 + -+ + a, = m. JIEeMeHTH
MYJIBTUMHOKECTBA MOYKHO HEPeHyMeposamyp, Ha3HAUWB UM HOMepa U3 oTpe3ka 1..m. ITo
MOJKHO CZIeJIaTh MHOTHMMM Pa3JIMYHBIMK CIIocOOaMH. MyJIbITUMHOMKECTBO ¢ KOHKPETHOM
HyMepalyeil Ha3hIBaeTCs NOCAC008AMENbHOCHIO JIJUHBL m HaJl MHOXKECTBOM dJIeMeH-
toB X. /IpyrumMu coBaMu, eCJIi 3a/laHa TOCIeI0BATEbHOCTD, TO BCET/Ia MOJKHO CKa3aTh,
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KaKOW 3JIEMEHT CTOUT Ha i-M MecTe (i-ii Mo3uiMu) B mocjefoBaTesbHocTu. OTCiona
BbIT€KaeT OOIIENPUHSTBIA CIOCOO 3aMUCH TI0CJAe0BATEIbHOCTEN: BBIIKCATD 2JIEMEHTHI
MYJIBTUMHOKECTBA CJIEBA HAIIPABO B MOPsI/IKE BO3PACTaHUsI HOMEPOB.

MNpumep. Ilycts X = {a,b} — ucxonHoe MHokecTBO ajeMeHToB, X = (2(a),2(b)) —
MYJIBTUMHOXECTBO, Toraa aabb, abab, abba, baab, baba, bbaa — Bce 1ecTb BO3MOKHBIX
B JIAHHOM CJIy4ae IMOCJe/[0BaTeTbHOCTEN.

SAMEYAHME

KOHE‘lHyIO TIIOCJIEIOBATE/IbHOCTD YNCEJI YaCTO HA3bIBAIOT 6EKMOPOM.

OTCTYINJIEHUE

Opuomepubiii MaccuB A : array [1.n] of X sBisieTcss POrpaMMHBIM IIPEICTABIEHUEM IOCJIE-
noBaresbHOCTH HaJ MHOXecTBoM X. IIpu atom mMHOkecTBO X HasbIBaeTCst munom (3J1eMEHTOB)
MAacCuBa, a BeIpakeHre A[i] MOCTaBJsIeT i-i 3JeMeHT MOCTeN0BATENbHOCTH. Boipaxkerue Ali] BbI-
YICIsIeTesT OueHb 9(D(eKTUBHO, IPU YCIOBUH, UTO BCE JIEMEHTHI MacCuBa (IIOCIE[0BATEIBHOCTH)
3aHUMAIOT OJMHAKOBBIN 0OGBEM MAMSTH KOMIIBIOTEDPA.

ITycThb Temeph 2IeMEHTaMU UCXOAHOTO MHOKECTBA ABJISIOTCS OYK6bL, NN CUMBOAbL. B Ta-
KOM cJlydae MHOECTBO OYKB HasblBaeTCs aigasumom u o0b4HO 0603HauaeTcs: A.

[TocnemoBaTesbHOCTD 6yKB Ha3bIBa€TCA CJI060M, NJIN uen(m%oﬁ, B JaHHOM a]l(l)aBI/ITe A.
OlIHa 6yKB3. MOJKET BXOAWUTb B CJIOBO HECKOJIBKO pas, Ka)KZII)IfI OTlIe]IbeIfI IK3EMILIAP
6YKBBI B CJIOBE Ha3bIBAETCS 6X0INCOCHUEM 6yKBBI B CJIOBO.

Eciu cioBo o = ay . .. ag,a; € A, TO KOJU4ecTBO OYKB B CJIOBE HA3BIBAETCSI OIUHOLU CTIOBA:
Def

la| = |ay ...ax| = k. ITycmoe croeo oboznagdaetcs ¢; |e| = 0

MHokecTBO c/10B B ajipaBuTe A, BKJII0Yas IIyCTOe CJI0BO, 00o3HavaeTcss A*. Ilycroe cioBo

He coliepkuT OyKB adaBuTa, HO CUUTAETCS CJIOBOM: € € A, Ho € € A*. Eciin mycroe c10Bo

UCKJIIOYAETCS U3 PACCMOTPEHMUsI, TO MHOYKECTBO ¢JIoB B ajihaure A oboszHauyaercss AT,

Jljist cJIOB ompejieieHa OTEPAIs KoHKamexauuu, win cuenienus. OObBIYHO Olepaius

KOHKATEHAI[MY HUKAaK He 0003HAYAETCsl, a CIIEIUISIEMble CJIOBA TIPOCTO 3aIHCBHIBAIOTCS

MOAPSIIL.

Mpumep. KoukareHaIUs CIOB «Iapa» U <IJIaH» 06pasyeT CI0BO «IapalliaH».

Ecm o = 19, TO (x1 HA3bIBACTCA HAYUAIOM, NN npeqbuxcom, CJIOBa &, a (xog — OKOHUA-
HUem, njin nocmqﬁwccom, CJIOBa .

Mpumep. CioBa «i» U «10> SBJISIOTCS MPeUKCAMHU, & CJIOBA <OM» U «M» SIBJISIIOTCSI
MOCT(UKCAMU CJIOBA <TIOM>.

CuioBa « 1 8 MOTyT nepecexamucs. IIpu miepecedyeHrr BOSMOKHBI JBa CIydast: 10O OIHO
CJIOBO SIBJISIETCSI YACThIO APYroro, a = aias, b0 IMpedUuKC OQHOrO CJIOBA SBJISETCI
ocTUKCOM APYToro, o = ayv, B = vyPa.

[IpousBosbHOE MHOKECTBO L CJOB B HEKOTOPOM asi(haBUTE HA3BIBAETCST S3bIKOM B 3TOM
andasure; L C A*.
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1.2. Anre6pa nogMHOXECTB

Camoro 110 cebe NOHATUS MHOKECTBA ellé HeJOCTATOUHO — HY/KHO OIIPEE]UTD CII0COObI
KOHCTPYUPOBAHUST HOBBIX MHOKECTB U3 YK€ UMEIONIUXCSI, TO €CTh ONPENETUTD 0NePatyiil
HaJl MHOKECTBAMH.

PaccMaTpuBaeMblii COBMECTHO HabOp Omepaiuii, ompeieIEHHBIX Ha HEKOTOPOM MHOKe-
cTBe, oOpasyer anzebpy. IIpu 9TOM paccMaTpUBaeMOe MHOXKECTBO OOBEKTOB HA3bIBAIOT
nocumenem anreOpol (em. m. 2.1.1).

MNpumep. Apugpmemura, usydaemas B HauaJbHOH IIKOJIE, — 9TO arebpa, BKIIOYAIOLIast
oriepanuu ciaoxkenus (+), yMHOKeHust (X ), BoranTanusi (—) u jejenusi ¢ ocratkom (/),
NPUYEM HOCHUTEJIEM SIBJISIETCS MHOKECTBO HATYPAJIbHBIX YUCEJ W HOJIb.

Hapsizy ¢ omeparusiMu, pe3yJibTaThl KOTOPBIX MPUHAJIEKAT HOCUTENIO, YaCTO OBIBAIOT
HEOOXOAUMBI U TAKUE OIEPAIUH, PE3YJIBTAThI KOTOPHIX He MPUHA/IEKAT HOCUTEIIO.

Mpumep. B apudmeruke, Hapsaay ¢ apudMeTUIECKUMH OIIE€PALUIMU, UCIIOIb3YIOTCS
onepavuu cpagrenust: 6ompine (>), MeHblie (<) U APYTHE OMEPAITHH.

1.2.1. CpaBHEHne MHOXeCTB

MHoskecTBO A codepacumcs B MHOKecTBe B (MHOXKeCTBO B éKiouaem MHOXKeCTBO A),
€CJIN KasKABIH 2IeMeHT MHOXecTBa A ecTb ajleMeHT MHOKeCTBa B:

AcB2 rcA— B

ITpu atom roBopsr, uto A — nodmuoxcecmeo B, B — nadmmnoncecmeo A. Tlo onpenesieHuio
VM (o C M).

SAMEYAHUE

HerpynHo BuzeTh, 4TO MOHATHE TIOAMHOKECTBA MHOKECTBA X PaBHOOOBEMHO IIOHATHIO MHAUKA-
topa Hax MHO)kecTBoM X. [leiictBuressro, eciu X = {z1,...,Zn} — HEKOTOPOE MHOKECTBO,
a'Y — moboe moagMHOKeCTBO MHOXKecTBa X, Y C X, TO CyIIECTBYeT €AUHCTBEHHBIN MHANKATOP

Yy = (a1(z1),-..,an(zn)) HAm MHOKECTBOM X, TaKOM, uTO Vi € 1.n (a; =1 <= x; €Y).

Ecoim A € B u A # B, to A naspiBaercst cobcmeennvim noomuoxcecmsom B, a B —
CO6CMBEHHbIM HAOMHONCECTNEOM A.

3AMEYAHUE
Jlns obo3HAYeHNsT BKIIOUEHUSI COOCTBEHHBIX TIOJIMHOKECTB UHOTJA UCTIONB3YeTCsl 3HAK &, a JUist
Heco6CTBeHHBIX — C.

TEOPEMA. Bxuiouenue mnoxcecme 00iadaem cieoylouumu C0UCTEaAMU:
1) VA (A C A);

VA B(ACB& BC A= A=DB);

3) VA,B,C (ACB& BC C = AcC ().
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[ OKASATE/IbCTBO.
[1] Nmeem x € A = x € A u, 3nauut, A C A.
[2] Ilo ompenenenuto.

[3] Eemre A=—zreBurxeB=—zxcC,tox € A= z € C u, snaunt, A C C.
O

CNEACTBUE. ACBCC — AgC.

[lBa MHOKECTBa pagHbl, €CIN OHU SBJSIOTCS TIOMHOKECTBAMU JIPYT IpyTa:

A=B2AcB& BC A

1.2.2. PaBHOMOLLHbIE MHOXeCTBa

ToBopsiT, uTO MEXIy MHOXKeCTBaMU A U B yCTaHOBJIEHO 83AUMHO-00HOZHAYHOE COOM-
semcmeue, eciu Kax/IoMy 2JeMeHTy A IoCTaBjeH B COOTBETCTBUE OJMH U TOJILKO OJUH
aJIeMeHT B, 1 118 Ka)kJoro sjieMenTa B OJuH U TOJbKO OAMH 2JieMeHT A IocTaBjeH B
COOTBETCTBHE 3TOMY 3JIeMEHTY B. B 3ToM ciydae TroBOpST Takske, YTO MHOXKecTBa A u
B uszomopgnul, v uctosb3yior obosnauerne A ~ B. Eciu 1pu 3aIaHHOM COOTBETCTBUU
BJIEMEHTY a € A COOTBETCTBYET 3JIeMEHT b € B, TO JlaHHOe 06CTOATENBCTBO 0603HAYAIOT
caeyonuM o6pasom: a — b.

3AMEYAHUE

BecbMa o0iiiee MOHSITHE COOTBETCTBUSI TPAKTYETCS 3/1€Ch € IIPOrPAMMUCTCKHX HO3uIMid. Ecin cka-
3aHO, YTO MEXK/Ly MHOXKeCTBaMU A 1 B yCTaHOBJIEHO COOTBETCTBHE, TO T10/IPA3yMEBAETCsI, YTO 3a/1aH
crocob 1o o6oMy TeMeHTY a € A OIpeAeuTh COOTBETCTBYONHH eMy sseMent b € B. Criocob
MOJKeT OBITH JIOOBIM, €CJI BO3MOKHOCTD €r0 TIPUMEHEHHs He BbI3bIBaeT comuenuil. Hampumep,
aT0 MOXeT ObITb MaccuB array [A] of B, nnn nporezaypa tuna proc (A) : B, uin e BbIpaKeHHe,
3aBHCsIIEe OT EPEMEHHON THITA A 1 J0CTaBJIsTiolNIee 3HaYeHHe THITa B.

Mpumep. CooTBeTcTBUE N — 2N YCTAaHABJIUBAET B3AUMHO-0/IHO3HAYHOE COOTBETCTBUE
MeKIy MHOKeCTBOM HATypaJbHBIX yncesa N U MHOKECTBOM YETHBIX HATYPaJbHBIX YUCE]
2N; N ~ 2N.

Ecnu mesxay aBymst MHO)KecTBaM#, A 1 B, MOXKeT ObITh YCTAaHOBJIEHO B3aWMHO-OTHO-
3HAYHOE COOTBETCTBUE, TO TOBOPST, YTO MHOXKECTBA UMEIOT OJUHAKOBYIO MOWHOCTYb, NN
YTO MHOXKECTBA PAGHOMOUHBL, U 3AINCHIBAIOT 3TO Tak: |A| = |B|. [Ipyrumu ciosamu,
Def
|Al =|B] = A~ B.

TEOPEMA. PasnomouHocms MHOYNCeCma 0baadaem cre0ytouumu CB0UCMEaAMU:
1) VA (JA] = |A]);

2) VA, B (|A] = [B| = |B| = |A]);

3) VA, B,C (|A] = |B| & |B| = |C] = [A] = |C]).

JOKA3ATENbLCTBO.

[1] moboe MHOKECTBO B3aMMHO-OJHO3HAYHO COOTBETCTBYET camoMmy cebe: A ~ A, 1o
€CTb JIOCTaTOYHO PACCMOTPETh COOTBETCTBUE a — a, THe a € A;
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[2] ectmu A ~ B, T0 B ~ A — [0CTaTOYHO KCIIOJb30BATh COOTBETCTBHUE a — b s
MTOCTPOEHUST COOTBETCTBUS b — a, T7ie a € A, b € B;

[3] eciu A~Bu B~C, 10 A~C — COOTBETCTBIE YCTAHABINBAETCS C UCIIOJTb30BAHUEM
IIPOMEXKYTOYHOTO 3eMeHTa b€ B: a—b—c, Tne a€ A, be B,ceC. (]

1.2.3. KoHeyHble U O0ecKOHe4YHble MHOXeCTBa

Borpoc o ToM, 4eM KoHeunoe OTINIAETCST OT 6CKOHeuH020, HETTOATOTOBIEHHOTO YeI0BeKa
MOJKET MOCTaBUTh B TYIHK. 3[€Chb MBI PACCMATPHBAEM HPHUMEHUTETBHO K MHOMKECTBAM
OJIVH U3 BO3MOXKHBIX OTBETOB Ha 9TOT BONpoc. C aHTUYHBIX BPEMEH M3BECTEH HPUHIIUIL
«4aCTb MEHbIIIE I1EeJIOr0». OKaSbIBaeTCH, ITOT MPUHIUIT MOKHO HCITOJIb30BAThb B Ka4€CTBE
XapaKTePUCTIHIECKOTO CBOMCTBA KOHEYHBIX MHOKECTB. [I71s1 GECKOHEUHBIX MHOKECTB 9TOT
NPHUHIUI HE MEeT MeCTa.

MHokecTBO A Ha3bIBAETCSI KOHEUHLIM, €CTTM Y HETO HET PABHOMOIIHOTO COGCTBEHHOTO
noamuoxkectsa: VB ((B C A & |B| = |A|) = (B = A)) . [list xoneuHoro MuoxkectBa A
HCTIONB3YeTCsT 3amuch |A| < oco. Bce ocTanbHble MHOKECTBA HA3BIBAIOTCS OECKOHEUHbL-
mu: 3B (B C A& |B|=]A| & B # A), To ecTb HeCKOHEUHOE MHOKECTBO PABHOMOIITHO
HEKOTOPOMY CBOEMY COOCTBEHHOMY TOAMHOKeCTBY. [lsi GeCKOHEYHOTO MHOXKecTBa A
UCIOJIb3YeTCs 3aIuch |A| = oo.

Mpumep. MHOXeCTBO HATYypaJbHBIX 4uces OeckoHeuHO, |N| = 00, MOCKOJBKY OHO
PaBHOMOIIHO CBOEMY COOCTBEHHOMY MOAMHOKECTBY YETHBIX YHCEJL.

TEOPEMA. MHnoocecmao, umerowee beckoneuroe noOMHONCeCmE0, 6eCKOHEUHO:
(BC A& |B| =)= (|4] = x0).

JOKA3SATENIbCTBO.

MuosxecTBo B 6eckoHe4HO, 3HauuT B ~ C, 1puuém
C C B (puc. 1.1). O603HaUUM 3TO COOTBETCTBUE
z + x’. IlocTpouM COOTBETCTBUE MEXKIYy MHOKe-

A
CTBOM A 1 €ro cOGCTBEHHBIM MOJAMHOKECTBOM D: Q B
x +— if z € B then 2’ else x end if. /Ipyrumu ciio-
BaMH, Ha 3JIEMEHTAX U3 B MbI MOJIb3yEeMCST 3aJaHHbIM
COOTBETCTBUEM, a OCTATHHBIM 3JIEMEHTAM COMOCTAB-
JIIEM WX CAMUX. ITO B3aNMHO-0THO3HAYHOE COOTBET-

CTBHE MEXIYy MHOXKECTBOM A U ero co6CTBEHHBIM
Puc. 1.1. K gokazatenbcrsy
noAMHOKecTBOM D, u, 3uauut, |A| = oco. O Teopembl 1.2.3

SAMEYAHUE
B o6o3nauenusx n. 1.2.6 D = C U (A \ B).

CNEOCTBMUE. Bce nodmmoicecmsa KoHeuH020 MHONCECMBA KOHEUHDbL.

1.2.4. C4yéTHbIe U HeCYETHbIe MHOXecCTBa

beckoneunnie MHOKECTBA, PaBHOMOIIIHBIE MHOJKECTBY HATYPaAJIbHBIX YMCEJI, HA3bIBAIOTCA
cuémuvimyu. CUETHBIE MHOKECTBA OTINYAIOTCS TeM, YTO [JId KaXJI0ro 3JIeMEHTa MOK-
HO yKa3aTb B3aMMHO-OZAHO3HAYHO COOTBETCTBYIOIIEE HATYypPaJIbHOE YHCJO, TO €CTb HOoMeED.
ﬂpyFI/IMI/I CJIOBaMU, MHOKECTBO C‘{éTHO, €CJIN €Tr0 JIEMEHTBI MOKHO NePEeHYMePosams.
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Mpumep. MuoxkectBo 1esbix yncen Z cuéruo. CooTBeTCTBUE 3a/1aéTCsI CJEAYIONINM
obpaszom: 0 — 1, ecait n > 0, T0 n +— 2n; ecau n < 0, To n +— 2|n| + 1.

DaxTrueckas HymMepanus 2JIEMEHTOB CYETHOTO MHOKECTBA He BCET/IA CTOJb IIPOCTA, HO-
ria TpebytoTest 6osee U30MPEHHBIE TIOCTPOCHUS.

ﬂpumep. MHOX€eCcTBO TOYEK Ha IIJIOCKOCTH C HaTypaJIbHbBIMIU KOOP/IMHATaM CYETHO.

[[JI?I IIOCTPOEHUS HyMEpallu UCIIOJIb3YIOTCA TaK HAa3bIBa€MbIC mMpeYz20bHble YUCLA T(k‘),

BeryKcisiemsie o gopmyae T'(k) = k(k+1)/2 = Zlei =T(k—1)+k. Hapuc. 1.2 ciieBa

MIOKA3aHO HAYAJIO0 OMHON M3 MHOTHX BO3MOXKHBIX HyMepalllil TOYeK IJIOCKOCTH C HaTy-
PAIBHBIMEU KOOPIUHATAMUY C TIOMOIIIBIO TPEYTOJIBHBIX YHCEL. 3AMETHM, UTO JIJIsI BCEX TOYEK
(m,n), TeKANMX HA KAKAO0U «0OPATHOU AMATOHANY, CyMMa m + n TIOCTOSIHHA, & TOYKH,
JieKallie Ha BEPTUKAJIBHON OcH m = 1, UMEIOT HOMEpA, SIBJISIONINECST TPEYTOJbHBIMU
yucaamu (puc. 1.2 cipasa).

- Tom+n—1) — q{l(m+n-1))
-® ©

Q ((m+n-1),1)

Puc. 1.2. Hymepauus To4Yek NIOCKOCTU C NMOMOLLBIO TPEYrobHbIX YNCEN

Bepuémcst Teneph K yCTAaHOBJIEHWIO B3aWMHO-OHO3HAYHOTO COOTBETCTBUS MEXKIY TOY-
KaMU IJIOCKOCTH U HATYPaJbHBIMU YHCJaMu. TOYKa ¢ KoopAuHATAMU (m,n) MOJydaeT
HOMep k, BBIYUCIISIEMBIN CJIEYIONIM 00pasoM:
k:=Tim+n—-1)—m+1=m+n)(m+n—-1)/2—m~+1.

Eciu Touka nmeer Homep k B JAHHON HyMmepaiuu, TO €€ KOOPAUHATBI (1M, n) BBIYUCIIS-
I0TCST CIIEAYIOMUM 00pPa3oM:

=1, T:=1

while 7' < k do

i:=i+1; T:=T+1
end while
m:=T—-k+1;,n:=i—m+1

SAMEYAHME

ITouemy uncsa T'(n) Ha3BIBAIOTCS TPEYTOJBHBIME, 0OBICHEHO Ha puc. 1.3.

He Bce GeckoHeYHble MHOXKECTBA ABJIAIOTCSA CUETHBIMU. CyHIeCTByIOT Hecuémmvle MHOXKe-
CTBa.

TEOPEMA. Munojicecmeo scex noOMHONCECME HAMYPALbHOZ0 PAOA HeCUEMHO.
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ﬁ 00
006
000

Puc. 1.3. TpeyronbHble 4yncna

[OKASATENbCTBO. JlomycTHM, YTO MHOXKECTBO BCEX TOMHOKECTB HATypPaJbHOTO Psa
cuyétHo. Torza MX MOXHO TepeHyMepoBaTh, M Kak/l0€ MHOKECTBO YHCEJ TIOJyYNUT CBOU
HoMep. O6o3naunM N(X) — nHomep MHO)ecTBa X. MOKET CTaThCsl, 9TO HEKOTOPBIE
MHOJKECTBa 4YMCeJ CONEePKAT CBOM HOMep B KadyecTBe 3JIeMEHTa, a Jpyrue He coiep-
’KaT. PaccMOTpUM 4MCJIOBOE MHOXKECTBO Y, KOTOPOE COCTOUT U3 HOMEPOB MHOXKECTB, He
coJiepKallluX CBOI HOMEP B KauyecTBe dJleMEHTa:

Vi={zeN|3IXCN (z=N(X) &z ¢X)}.

[Tyctp muoxkecTBO Y umeer Homep y: = N(Y). Torna, eciim y € Y, To MHOXKECTBO Y He
CONEPIKUT CBOW HOMED, & 3HAYNT, TI0 CBOEMY OTIpefiesieHnio, y € Y. O6patHo: ecnn y € Y,
To y ¢ Y. Ilomyyaercd HeycTpaHUMOE JIOTMYECKOE MPOTUBOpPEUNEe, W 3HAUUT, MHOKe-
cTBO Y HeBo3MOkHO. Ho MHOKECTBO Y OBLIIO IIOCTPOEHO Ha OCHOBAHUM IIPEANOI0KEHIS
0 CYILIeCTBOBAaHMM HyMepalliy BCEX YUCJOBBIX MHOXKECTB. O

OpmHako HecuéTHBIE MHOKECTBA MOTYT MMETh CUETHBIE MOAMHOKecTBa. Ciemyiomunii am-
TOPUTM TIEPEUUCIISIET BCE KOHeuHble TTOJIMHOKECTBA HATYPAJIbHOTO Psijia, OTKY/A CIEyeT,
4TO HECKOHEYHOE MHOKECTBO BCEX KOHEUHBIX MOJMHOXKECTB HATYPAJIBHOTO PsIIa CYETHO.

Aaropurtm 1.1. Ilepeuncienvie KOHEYHBIX MMOJAMHOXKECTB HATYPAJIBHOTO Psijia

n:=0 // nobaBisemMoe YUCIO
Q < @ // odepenb MHOXECTB COAEPKUT MyCTOE MHOKECTBO
yield @ // nepBoe MOAMHOKECTBO IIyCTOE
while true do
S < () // u3BJeKaeMm mepBOoe MHOXKECTBO U3 OUYepenu
if S=o then n:=n+1 end if // cinenyromiee gobaBisieMoe YHUCITIO
@ < S // Bo3BpaliaeM WU3BJIEUEHHOE MHOKECTBO B OUepelhb
S:=S+n // nobaBisieM YUCIO n B MHOKECTBO S
Q + S // nobasiisieM HOBOE MHOXKECTBO B OYEpE/b
yield S // ouepenHoe MHOXKECTBO
end while

OBOCHOBAHME. MHOXECTBO BCeX KOHEUHBIX MTOJAMHOKECTB OTpe3Ka 1..n COCTOUT U3 IBYX
PaBHBIX YACTE: MHOXKECTBA BCEX TIOAMHOKECTB OTpe3Ka 1..(n — 1) 1 MHOXKeCTBa 3THUX K€
HOAMHOKECTB, B KaKI0€e 13 KOTOPBIX H06ABIE€HO YUCIIO n. O

1.2.5. MoOWHOCTb KOHEYHOro MHOXecCTBa

TEOPEMA 1. Jlio60e nenycmoe KOHeunoe MHONCEeCME0 PAGHOMOUHO HEKOTMOPOMY OMPE3Ky
namypanviozo pada:¥ A (A+# @ & |A] < co = Tk € N (JA] = [1..k])).
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[OKA3ATENIbCTBO. PaccMOTPUM CJIEAYIONIYIO TPOTPaMMYy:
1:=0 // CUETYMK 3JIEMEHTOB
while A # @ do
select x € A // BbiOupaeM ajieMEHT
i:=14+1 // yBenuumBaeM CUETUUK
T+ 1 // CTaBUM d2JIEMEHTY B COOTBETCTBUE €r0 HOMEP
A:=A—x //ynansem sjeMeHT U3 MHOXKECTBA
end while

Ecui aTa mporpamMMa He 3aKaHUHBAeT paboTy, TO OHA MaéT cooTBeTcTBUE B ~ N /17151 HEKO-
TOpPOro MHOXecTBa B C A, 4TO HEBO3MOXKHO BBy KOHEYHOCTH A. 3HAUUT, IIpoIleypa
3akanymBaeT paborty npu i = k. Ho B 9TOM ciiy4ae TIOCTPOEHO B3aUMHO-OJHO3HAUHOE
cootBercTBUEe A ~ 1..k. O

JIEMMA. Jlio60e nenycmoe nooMHoNCecmeo MHONCECMEA HAMYPALLHBIX YUCET COOePICUM
HAUMEHLUWLULL JIeMEHM.

DOKA3ATENLCTBO. IlycTh A — MpOM3BOJIBHOE TIOIMHOKECTBO MHOKECTBA HATYPATbHBIX
yrces, KOHEUHOe WM OecKoHeuHoe. PaccMOTpUM 3ajaHue MHOKeCTBa A ciemyromniei
TTOPOKAAONIEN TTPOTIeLyPOH:
n:=0 // HarypaJbHOE YNCJIO
while true do
n:=n+1 // cienyioliee HaTypajJbHOE YUCIO
if n € A then
yield n // unciio BXOAUT B MHOKECTBO A
end if

end while

fAcHo, yTo MHOXKecTBO A NEHCTBUTEIBHO MOPOXKAAETCS TOU MPOIeyPOl, TPUYEM TOT
3JIEMEHT, KOTOPBIN TIOPOKIAETCS TIEPBBIM, SIBJISIETCS HAUMEHBIITHM. O

TEOPEMA 2. 60t ompe3ok namypanviozo psda koneven:¥n € N (|1.n| < 00).

Boka3aTENLCTBO.  OT npoTuBHOrO. ITyCTh CylecTBYIOT OECKOHEUHbIE OTPE3KH HATYPaJIb-
Horo psima. Paccmorpum Hammenbliiee n takoe, uto |l.n| = oo. Torma orpesok 1..n
PaBHOMOIIEH HEKOTOPOMY CBOEMY COGCTBEHHOMY TOAMHOKeCTBY A: |1..n| = | 4|, To ecTb
1..n ~ A. IlycTh IpM 9TOM COOTBETCTBUU 1 —> . PACCMOTPUM COOTBETCTBUE MEK/Y OT-
peskoM 1..(n—1) u ero CcOOCTBEHHBIM II0JIMHOKECTBOM A — i, 3a71aBaeMoOe COOTBETCTBUEM
Mexay 1..n 1 A. ITO COOTBETCTBUE SIBJISIETCS B3aUMHO-O/THO3HAYHBIM, a 3HAUUT, OTPE3OK
1..(n — 1) m3omopdeH cBoeMy COOGCTBEHHOMY TTOJIMHOKECTBY U SIBJISIETCST GECKOHEYHBIM,
YTO TIPOTHBOPEYUT BHIOOPY 7. (I

CNEACTBUE. Pasiuunvie 0mpeskiu HamypaivHozo pioa HepasHoMOUbL:
n#m = |l.n| # [1.m|.

AoKA3ATENLCTBO. [lycth g onpenenéunoctu n > m. Torma 1.m C 1.n u

1.m # l.n. Ecm |1..n| =|1..m|, To |1..m| = 00, 4TO NPOTHBOPEYUT TEOPEME. O
ToBopsT, YTO KOHEYHOE MHOXeCTBO A mmeer mownocmv k (obosHavenws:: |A| = k,
Def

card A = k, #A = k), ecaiu oHO paBHOMOIITHO OoTpe3Ky 1.k: |A| =k = A~ 1..k.
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3AMEYAHUE
Takum obpasom, ecan MHOXKecTBO A Koneuno, |A| = k, To asemeHTBl A BCerza MOXKHO nepe-
HYMeposeamy, TO ecTb IIOCTaBUTb UM B COOTBETCTBHE HOMEpa M3 OTpe3ka 1.k C IIOMOIILIO HEKO-
TOPOU Tporeaypbl. Hamure Takoil nporeaypbl 0pasyMeBaeTcsl, KOraa ynoTpebJsiercs 3aluch
A= {al,...,ak}.

Def
ITo onpezenenuio || = 0.

3AMEYAHUE
[Tocnennee mokazanHOe CJEACTBUE YACTO M3JaraloT B cieiylouieidl dopme: ecau n # m, TO n
KPOJIMKOB HEBO3MOXKHO PACCAUTh B M SIIUKOB TaK, YTOOBI B KAKAOM SIIUKE GBUIO TIO OIHOMY
KPOJIUKY. DTO yTBepKIeHMe HasbiBaercst npunyun /[upuxie. JleicTBUTENbHO, eciu ObI paccajuThb
KPOJIUKOB OBLIIO BO3MOKHO, TO OBLIO OBl YCTAHOBJIEHO B3aMMHO-0JIHO3HAYHOE COOTBETCTBHE MEKILY
Pa3IMYHBIMKU OTPE3KAMH HATYPAJIbHOTO Psija.

1.2.6. Onepauuun Hag MHOXeCTBaMu

OO6bIYHO paccMATPUBAIOTCS CJIEAYIOIIUE ONePaIlii HaJl MHOMKECTBAMMU:
Def

obsedunenue: AUB ={z|ze€ AVz e B}
nepecevenue: AnB2 {z|xe A& x e B};
PasHocmy: A\BD:Cf{x|:ceA&x¢B};

AABZE(AUB)\ (AN B);

ALBEs|(zeA& s ¢ B)V (s¢A & z€B));
A% 2|2 ¢ A}

Pesyubrare! onepanuii 06beAnHEHNS, TEPECEUEHUsT, PA3HOCTH U CUMMETPUYECKON pasHo-
CTU MHOXKECTB BCET[[a OIpeleIeHbl W SIBJASIOTCS MHOKecTBaMu. Omiepaliis [OTMOJTHEHUS

[OZIPA3yMEBAET, YTO 3aJlaH HEKOTOpbIil yHuBepcyMm U, u B aToM ciaydae A = U \ A.
B nporuBHOM ciy4ae orepaiiys J0NOJHEHUS He ollpe/iesieHa.

cummempudeckast pasHocmu:

donoanenue:

MNpumep. Ilycrs A:={1,2,3}, B:={3,4,5}. Torna AUB = {1,2,3,4,5},
ANB={3}, A\ B={1,2}, Aar B={1,2,4,5}.

B HEKOTOPBIX CIIydYasix oTeparuy HaJl MHOKECTBAMY BBIPA3UMbI Yepe3 KOMOWHAIINH Py -
rux omepanuii. B caenyommx aByx tabiauiax NPUBEIEHbI BBIPAKEHUS ISl KaKIOH 13
YeTBIPEX OTepaIuii uepes mapy APYTUX OTepParinii.

u,n U,\ U, A
AUB=| AUB AUB AUB
ANB=|AnB| A\(A\B) (AUB) A (A A B)
A\ B= — A\ B (AUB)A B
AAB=| — |(A\B)U(B\A) AArB
ﬁ,\ n, A \7A
AUB=| — |[(AaB)a(AnB)|(AaB)a(A\(4\B))
ANB=|ANB ANB A\ (A\ B)
A\B= | A\B| AA(ANB) A\ B
AAB=| — AAB AADB
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B TO ke BpeMsi, B UeThIPEX CJAyJasx BBIPAKEHUs He CyllecTByer. Hampumep, pasHOCTD
HEBBIPa3UMa 4epe3 obberHeHne U Tepecedenue. JleiictBurensho, ecim A = B # &,
TO pasHocTh A \ B = &, 1pu 9TOM JiI0Oble KOMOWHAIMU OObEIMHEHUS U TIEPECEUEHIIST
HEMyCTOTO MHOXKECTBA C CaMUM COOOH MAfoT 3TO ke camoe MHOXKecTBO. OObenuenne
HEBBIPA3UMO uepes TiepecedeHre U Pa3HOCThb. A UMEHHO, Pe3YJIbTaT epecedeHrst U PasHo-
CTH BCET/[a ABJISAETCS MOAMHOXKECTBOM MEPBOTO apryMEHTa, U TI0ITOMY 3HaYeHue Jo6oro
BBIPAKEHUS, COCTABJIEHHOTO U3 TIePECEUeHU T 1 pa3HOCTEH, Gy/IET TIOAMHOKECTBOM OTHOTO
U3 VICXOJHBIX apTyMEHTOB.

Ha puc. 1.4 npuseznenbl duazpammor Benna, WILTIOCTPUPYIOLIKME ONEPaIiy HaJ MHOMKe-
crBamut. CaMU HCXOHBIE MHOKECTBA M300paskatTcs ¢purypamu (B JaHHOM CJIydae TIpsi-
MOYTOJIBHUKAMM ), & Pe3yJIbTaT BbijieisteTcss Tpadudeck (B JAHHOM CJIydae JJIsi Bbijesie-
HUS UCIIOJIb30BaHA 3aJTMBKA CEPBIM).

iy

AUB ANB B A\ B B AAB

%
%

Puc. 1.4. Juarpammbl BeHHa onepaumii Hag MHOXECTBaMmn

Ecimm muoxectBa A n B KOHE€YHbI, TO U3 OHpeIIeJIEHI/Iﬁ n auarpamMm Benna HETPYIHO
BUETDH, YTO

|AUB| = |A| + |B| - |ANB|, |A\B| = |A| —|AN B|, |AaB| = |A| + |B| — 2|ANB].

Omepanun Tiepecedernist U 0OBEANHEHNS TBYX MHOKECTB JOTYCKAOT CJIeAyionee 00-

obmenue. ITycts 3amano cemeiictBo MuoKecTB {A;}, ;. Torma
UAaE {e|3iel wed)), (AZE{e|Viel (xeA)}.
i€l i€l

3AMEYAHUE

Ecau onepaima accormatusia (eMm. 1. 1.2.9), To HeBakHO, KaK paccTaBJeHbl CKOOKU B BbIpaske-
HUU C 3TOH omeparueil. B TakoMm ciydae MOKHO CUMTaTh, YTO OIepalus AOIycKaeT IepeMeHHOoe
KOJIMYECTBO apryMEHTOB, [[Ba WJM 0oJiee, U CUMTATh OIEPAIUIO zpynnogoi. llpuMepamu 9acto
HCIOJIB3YEMbIX TPYIIIOBBIX OMEpPAIii sIBJSIOTCS BBeACHHbBIe obbeauHenue | J u nepecedenue (),
a TaK)Kke XOPOIIO M3BECTHBIE CYMMa y . U Tpou3Benenue | .

1.2.7. Pa3bueHusa n nokpbiTus

IIyctp € = {Ei}ie ; — CeMelicTBO IoAMHOXKeCcTB MHOKecTBa M; E; C M. CewmeiictBo €
HA3bIBAETCS NOKpbimuem MHOXKecTBa M, ecau KaxKAbIi aneMeHT M TPUHAMJIEKUT XO-
Ts1 661 omHOMY U3 E;, To ecth Vo € M (i €[ (z € E;)). CemetictBo & HasbiBaeTCsS
OU3BIOHKMHBIM, €CJIU DJIEMEHTBI 9TOTO CeMeHCTBa TOIMApPHO He TEPECEKaloTCsl, TO €CTh
KaKIBIH aseMeHT M TpuHAIIEKUT He Oosiee YeM OJHOMY M3 MHOXeCTB Fj;, To ecTb
Vi,j € I (i#j= E;NE; = ). JIU3bIOHKTHOE HOKPbITHE HA3BIBAETCS pasbuenuem
MHOKecTBa M. DJjieMeHThl pazOUeHUsT, TO €CTh IOIMHOKECTBA MHOXKecTBa M, 4acTo
Ha3bIBAIOT OI0KAMU PA3OVCHMUS.
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TEOPEMA. Eciué = {El}lE 1 €cmb QU3BIOHKMHOE CeMELiCME0 NOOMHONUCECE MHOKNCECMBA
M, mo cywecmeyem pasbuenue B = {B;} ic1 MHOdCECMBA M maxoe, umo xaxcowlii ae-

Menm OU3BIOHKMI020 cemeiicmea & s6isemcs noomHoxicecmeom 6aoxa pasbuenus B: Vi €
I(E;,CB).

[OKAZATENLCTBO. BbibepeM MPOM3BOJIBHBIN 3JIEMEHT 49 € I U MOCTPOUM CEMENCTBO

B = {Bi};c; cnenyomum obpasom: By, :=M\ |J E;, Vi € I —ig (Bj:=E;). Ce-
iel—ig

MeUCTBO B 110 MOCTPOEHUIO SIBISETCS MM3BIOHKTHBIM TTOKPBITHEM, TO €CTh Pa3OUeHUeEM.

dAcwuo, uro E;, C Bj;,, a N7 OCTAIBHBIX 2JIEMEHTOB TpefyeMoe BKIIOUYEHNE NMEET MECTO

110 TOCTPOEHUIO. (I

MNpumep. Ilycrs M :={1,2,3}. Torna anemenTsl qu3bioHKTHOTO ceMmelicTa {{1}, {2}}
SIBJSTIOTCST IOJIMHOKecTBaMu GJiokoB pasbuenust {{1}, {2,3}}.

CNEACTBUE. Ecnu cemeiicmeo & = {E;}._; duseronkmmuo, mo

U Ei

icl

= |Eil-

icl

i€l

1.2.8. byneaH
MHOKeCTBO BCeX MOAMHOKECTB MHO)KecTBa M HasbiBaeTcs Oyieanom MHOXKecTBa M

u obosnauaercst 2M, 1o ectp 2M 2 A | A ¢ MY

TEOPEMA 1. Ecau mrosxcecmeo M koneuro, mo |2M| = 21M1,

DoOKA3ATENbCTBO.  Unaykist o |M|. Basa: econ [M| = 0,10 M = @ u 2? = {@}. [lyctp
VM (M| < k= [2M] =2M) Pacemorpum M = {ay,...,a,}, [M| = k. Honoxum
J\/[lzz{X62M|a;€ ¢X} HMQ::{X€2M|ak€X}.

Umeem 2M = M; UMy, My N My = @, My ~ My 32 CuéT B3aUMHO-OJHO3HAYHOTO
cootBetcTBUsA X — X 4+ aj u My ~ 2{a1max—1} TJo UHAYKIIMOHHOMY TPEATIOJI0KEHUTIO
|2{atsar—a}| = 2k=1 'y sHaumt, M| = |[My| = 251, CaenoBaresnnHho,

2M] = My | + [ M| = 2871 4- 2871 = 2%, 0

[Ipumenenue onepanuii K IMOJAMHOMXKECTBAM yYHUBEPCYMa He BBIBOJUT 32 €ro IpeJeibl.
MHOKeCcTBO BceX HMOAMHOMKECTB MHOecTBa U ¢ onepanusMy 1iepecedenust, oobeante-
HUSI, PA3HOCTH U JIOTIOJHEHUsT 00pasyeT aizebpy nodmmoxcecme MHOKecTBa U.
B Gyzneane 2M ecrectBenno BbiaessioTCs ceMeiicTBa moamuoxkects CF(M), coctosmue
U3 TTOIMHOKECTB MHOKecTBa M, MMEIOIUX OMHAKOBYIO MOIIHOCTD k, TO €CTh

C*M)={ScM|k=|S|}.
Takue cemeiicTBa Ha3BIBAIOTCS CEMEUCTNEAMU PACGHOMOULHBIX NOOMHONCECNE. 3AMETHM, YTO
ceMelicTBa PaBHOMOIITHBIX ITOJAMHOKECTB, 32 UCKJII0YEHUEM GO(M ), SIBJISIFOTCSI TTOKPBITH-
SIMHU MHOKecTBa M, a (‘Zl(M ) — CeMeliCTBO OJIHO3JIEMEHTHBIX MMOJMHOKECTB MHOKECTBA

M — aBasercsa pas6uenuem. Kpome Toro, cemeiictea C¥(M) me nepecekaiorcs. Ecou
|M| = n, To 04eBUIHO, YTO

oM — CJ ek(M) m 2" = zn:|e’€(M)|.
k k=0

=0


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

36 Maea 1. MHOXeCTBa N OTHOLLIEHNS

3AMEYAHME

B n. 5.1.5 nokazaHo, 4To MOUIHOCTL CEMEICTBA PaBHOMOIIHBLIX moamuoxects CF(M) aBiasercs
buHOMHATLHBIM Koabdunuentom, |CF(M)| = C(n, k).

HepaBHoMoTIHBIE MHOKECTBA MOJKHO CpaBHUBATh. Eciiit MHOXKecTBa A 1 B HEpaBHOMOTIT-
ubl, |A| # |B|, u npu aTOM B MHOKeCTBe B cyliecTByeT coOCTBEHHOE MOAMHOKeCTBO C,
C' & B, Ttakoe uto |A| = |C|, To TOBOPST, YTO MHOXECTBO B MmowHee mHOxecTBa A
U 3aIKCBIBAIOT 3TO Tak: |A| < |B].

TEOPEMA 2. Bynean miosxcecmea mougee mrodxcecmea: |A| < [24].

DokA3ATENbCTBO. Ot mportuBHOro. Ilycth A — HEKOTOpOEe MHOXKECTBO U CYIIECTBYET
B3alMHO-0/[HO3HauHOe cooTsercTBUe f: A — 24, Tomoxkum Y:={rxc A|z ¢ f(z)}.
Umeem Y € 24, gnaunt 3y € A (f(y) =Y). PaccMOTpUM 2/IeMEHT y M MHOKECTBO
Y. EcmyeY, oy ¢ Y, aeumy ¢ Y, 10y €Y — nporusopeune. CienoBarenb-
HO, COOTBETCTBHUE f HE CYNIECTBYET, a 3HAYUT MHOKECTBO U ero OyjieaH HEPaBHOMOIIIHBL.
Ho mHO)ecTBO A pPaBHOMOITHO MHOMKECTBY OJIHOJIEMEHTHBIX TIOJMHOKECTB, KOTOPOE
SIBJISIETCSI COOCTBEHHBIM MTOJIMHOKECTBOM OyJieaHa. O

CNEACTBUE. He cywecmayem MHONICECMBA BCEX MHOICECTME.

SAMEYAHMUE

[Toce/Hee yTBEpIK/IEHIE U3BECTHO KaK napadokc Kanmopa', 0cHOBOIIOIOKHNKA TEOPUN MHOKECTS.

1.2.9. CBoiicTBa onepauuvi Hag MHOXeECTBaMu

Omnepaiuu Hajl MHOKECTBAMU OOJIAAIOT METBIM PSIIOM BAXKHBIX CBOWCTB, KOTOPbIE BbI-
pakaroTcsi B (hopMe PaBEHCTB U UMEIOT CHelUaTbHble HA3BAHUS:
1) udemnomenmmuocmo: AUA=A, ANA=A;
2) xommymamuenocmv: AUB =BUA, ANB=BNA4;
3) accouyuamuenocmv: AU (BUC)=(AUB)UC, AN(BNC)=(ANB)NC;
4) Jucmpubymusnocmv: AU(BNC) = (AUB)N(AUC), AN(BUC) = (ANB)U(ANC);
3) noenowenue: (ANB)UA=A, (AUB)NA=A4;
6) cBoiictBa HyJIsT: AUQ = A, ANQ = O;
7) cBoiictBa equnauipl: AUU =U, ANU = A,
8) umnsomomusrocmo: A= A4
9) saxonwvt de Mopeana AN B =AUB, AUB = AN B;
10) cBoiictBa gonoanenus: AUA =U, ANA = @;
11) BeIpakenue aus pasHoctn: A\ B = AN B.

B copaBeyinBoCTH IMEPEYCIeHHBIX PABEHCTB MOKHO yOEIMTBhCs PasiIMYHBIMHU CIOCO-
Gamu. Hanpumep, MOKHO HaprcoBaTh AvarpaMMbl BeHHa Juis JieBOil W mpaBoii yacreit

! Teopr Kanrop (1845-1918)
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paBeHCTBa U yOeauThCs, YTO OHM COBIIAJAIOT, MJIM e IPOBECTH (POPMAIbHOE pacCysKie-
HUe JIJIST KAKIO0TO paBeHCTBa. PaccMoTpuM jiist mpuMepa niepBoe paBeHcTBO: AU A = A.
BosbMeM TpoU3BOJIBHBIN 2JIEMEHT T, IPUHAJTIEKATINI JIEBOH YacTH paBeHCTBa, z € AUA.
ITo onpenenenuio onepaiuu oobeauHenus U nmeeM x € A V 2 € A. B mo6oMm ciryuae
x € A. B3siB POM3BOJIbHBIN 3/IEMEHT M3 MHOKECTBA B JIEBOW YacTH paBeHCTBa, 0OHa-
PY’KMM, YTO OH MPUHAJJIEKUT MHOKECTBY B rnpaBoil yactu. OTciofia 110 OTpesieIeHuio
BKJIIOUEHUST MHOXKecTB mosydaeM, uto A U A C A. Ilyctb tenieps x € A. Torna, oueBuj-
HO, BepHo © € A V z € A. O1cioga 10 OIpeAeIeHUI0 olepalii 00beUHEHU UMeeM
x € AU A. Takum obpazom, A C A U A. CiiefoBaTesibHO, 110 ONpPEEJEHUI0 PAaBEHCTBA
MHO)kecTB, AU A = A. ITo paccyxjeHre MOKHO 3aMicaTh KOpoye:

rcAUA<— e AV e A< zc A

AHanornuHbie paccyskaeHnsa HETPYAHO ITPOBECTU U JJIsI OCTAJIbHBIX PaBEHCTB.

1.3. MNpeacraBneHne MHOXECTB B NporpamMmmax

TepmuHn <«1IpezicTaBjieHNEe> TPUMEHUTETHHO K IIPOTPAMMUPOBAHUIO O3HAYAET CJIeyToTce.
[IpencTaBuTh B mporpamme Kakoi-mm60 o6bekT (B JAHHOM Cilydae MHOKECTBO) — 9TO
3HAYUT ONMCATh B TEPMUHAX CHCTEMBbI IPOrPAMMMPOBAHUS CTPYKTYPY AAHHBIX, UCIOJIb-
3yeMylo /IS XpaHeHus1 WHGOPMAIMK O TMPEICTaBISIEMOM OODBEKTe, U aJTOPUTMBI Hajl
BBIOPAHHBIMU CTPYKTYPAMHU JAHHBIX, KOTOPbIE PEATU3YIOT HPUCYIIHE JaHHOMY O0BEKTY
onepanun. [IpruMeHnTEeIBHO K MHOXKECTBAM OIpe/ieieHre TIPeCTaBIeHNs Mo/ipa3yMeBa-
eT orucanue crocoba XpaHeHUs WHOOPMAIMK O MPUHAJIEKHOCTH 3JIEMEHTOB MHOXKe-
CTBY U OIMCaHKe aJTOPUTMOB JJISI BBIYKMCIEHUS OOBEAUHEHUS, EPECeUEHUsT 1 APYTUX
BBe/IEHHBIX omepaliuit. CleyeT moauepKHyTh, 4TO, KAK MPABUIIO, OJUH U TOT Ke 0OBEKT
MOKET OBITh MPEICTABIEH MHOTUMU Pa3HBIMK CITOCOOAMM, TPUYEM HEJIb3sT YKA3aTh CIIO-
€00, KOTOPBIN SIBJISIETCST HAWJIYYIIMM JIJIST BCEX BO3MOJKHBIX CJydaeB. B OIHUX cirydasix
BBITOJIHO WCIIOJIb30BaTh OJIHO MPEJCTaBJIEHNE, a B APYruX — apyroe. Boibop mpezcras-
JIEHVSI 3aBHCHUT OT IEJOTO psifa (hakTopoB: 0COGEHHOCTEH MPENCTABISIEMOTO OOBEKTa,
Habopa orepainuii, OTHOCUTEJbHON YaCTOThI MCIIOJb30BAHMs Ollepalliii B KOHKPETHOM 3a-
Jade W T. 1. YMeHHUeE BhIOPaTh HaWTydllee /sl TaHHOTO Cydast TpeCTaBIeHre SIBJSETCS
OCHOBOW MCKYCCTBA MPAKTUYECKOTO MMPOTPAMMHUPOBAHUS. XOPOIIUN MTPOTPAMMUCT OTJIN-
YaeTCsT TeM, YTO OH 3HAET MH020 PA3HBIX CIMOCOOOB TIPEACTABJIECHUS W YMEJIO BHIOUPAET
HauboJee TTOAXOSIINN.

1.3.1. BuToBble LIKabl

Bynesckuit maccus array [1..n] of 0..1 HasbIBAIOT 6uUMOBOH wWKkanol (NN 0BOUUHBIM BEK-
MOPOM, NI MAUWUHHBIM CLOGOM, VI OBOUUHLIM KOOOM) JUTUHBI 1. DJIEMEHTHI GUTOBOM
IIKATBI HA3BIBAIOT paspsadamu, Win 6umamy. 3HAYEHUS PaspsoB 0603HAYAOT THbpa-
M 0 U 1 U CYATAIOT, YTO K HUM NPUMEHUMBI TPYIIOBBIE OMEPaIUi, MePeUnciIeHHbIE
B TabJmile.

HasBanue onepanum O6o3HaueHe
KOHBIOHKIUSL, TIIN J02UUECKOEe YMHONCCHUE &
OUSBIOHKUUSL, WA JIOZUUECKOE CLONCCHUE Y
CROJCEHUE N0 MOOYIIO 2, NI UCKIIOUAIOWEe ULU +2
JlozuMeckoe ompuyanue, Wi UHBePMUPOBaHUe -
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OTCTYIMJIEHUE
Hcximovaroniiee win 4acto 0603uavaior 3HakoM @. OHAKO B 9TOI TJIaBe 3HAK D UCTIONB3YETCS ISt
o6o3HaueHus mpsAMoil cymmbl (eM. 11. 1.4.3) u paau ogHO3HAUHOCTH 0603HAYEHUI MBI [IpeHeOperaeM
TpaguIlueil B 3TOM CJydae.

SAMEYAHUE

B 60JbLIMHCTBE KOMITBIOTEPOB 3TH OIEPAIUY PEATM30BAHbBI AINIAPATHO KAK MAIIUHHBIE KOMAH/IBI,
NpUYéM /I HEKOTOPBIX XapaKTepPHBIX 3HadyeHwii n (ceifyac Hambojee pacHpoOCTPaHEHbI CIydau
n = 32, n = 64) BpeMs BBITIOJHEHUS MOPA3PSIHBIX ONEPAINil HE 3aBUCUT OT JIJIMHBI MATHHHOTO
csoBa 1 (BBINOJIHSETCS 32 OJUH TaKT).

[Tycrp 3amano koneunoe muoxkectso U = {uy, ..., u,}. [lonmuoxecTBO A MHOXecTBa U
HPEJICTABIISIETCS] KOOOM (MAWUHHBIM CLOBOM, WU Oumosoi wxanoi) C : array [1..n] of
0..1, B xotopoM: Vi € 1..n (C[i] = u; € A). Torna xox nepeceueHust MHOXecTB A 1 B ecTb
HopaspsiiHas KOHbIOHKIIMS KOJla MHOKeCTBa A M KoJa MHOXKeCTBa B, KoJ 00beIuHEHs
MHOeCTB A 1 B ecTh Mopa3psHast IU3bIOHKITUS KoJla MHOKeCTBa A U KOIa MHOXKECTBA
B, KOl CMMMETPUYECKON Pa3HOCTH MHOXeCTB A W B ecTb MOpa3psfiHoe CIOKEHUe I0
MOJLYJTIO 2 KOJla MHOYKecTBa A M KOjla MHOXKeCTBa 3, KOl IonoJiHeHus MHOKecTBa A ecThb
MOpa3psiIHOe UHBEPTUPOBAHIE KOA MHOXKeCTBA A.

CrienuasbHON MAIUHHOW OMepaiuu JJIsT PasHOCTH MHOKECTB OOBIYHO HE PEATU3YIOT
B KOMITBIOTEPAX, a MoJb3yioTcst paBeHctBoM A\ B = AN B (1. 1.2.9). Brioyenne MHO-
JKECTB JIETKO TIPOBEPUTD, UCTIOJIB3YS TOT DakT, uto0 A C B <= A = AN B. [l;1s IpoBepKu
MOPS3PSIIHOTO PABEHCTBA KA B KOMITBIOTEPAX TaKKe €CTh MAIIUHHAS KOMaHaa. Takum
06pa3oM, B 9TOM TIPEJICTABJICHUHN 6Ce ONIEPAIINU Hajl MHOKECTBAMU BBITIOJTHSIIOTCSI BEChMa
adexTuBHO.

SAMEYAHME
Ecmun MOIIHOCTb MHOKECTBa IIPEBOCXOUT PAa3MEP MaIIMHHOTO CJIOBa, HO HE OY€Hb BEJIMKA, TO A
IIpe/ACTaBJIECHUA TTOJAMHOKECTB HUCIIOJIb3YIOTCA MaCCUBbI 6UTOBBIX IIKad. B aTOM CJIydae oliepainuun
Ha/l MHOKECTBaMU PEAJIM3YIOTCA C ITOMOIIbIO MUKJOB 110 3JIEMEHTaAM MacCHBa.

9Ty JKe HI€I0 MOJKHO MCIIOJIb30BaThb [AJidA IIPEACTaBJACHUSA MYJBTUMHOMKECTB. Ecin

X = [z{*,...,2%"] — MyJBTUMHOXeCTBO Haj MHOXecTBoM X = {z1,...,%,}, TO Mac-
cuB A : array [l..n] of integer, tme Vi € 1..n (A[i] = a;), sBASETCS TPEACTABIEHTEM

MYJIBTUMHOXKeCTBa X .

3AMEYAHUE
[TpencraBieHrie MHANKATOPA COBIALAET C NPEACTABIEHNEM ero cocTaBa. 1loe3Ho cpaBHUTH 9TO
HabJoeHne ¢ TepBbIM 3aMedanueM B 1. 1.2.1.

TEOPEMA. Cyuecmeyem 2™ 6umosblx wkaj OLuHsL n.

LOKA3ATENLCTBO. PaccMoTpyuM MHOXKeCTBO M W3 n 3JIEMEHTOB W TIEPEHYMEpPyeM aJie-
MeHTHI. Torza Kakioe TTOAMHOXKECTBO MHO)KecTBa M TIpefcTaBigeTCS eIUHCTBEHHBIM
00pazoM GUTOBOI HIKAJIOH, N Kaxkaas OUTOBas IIKaJa JUIMHBL 1 SIBJASETCS IPeACTaBIie-
HUEM OIpeIeJEHHOro IoAMHOKecTBa MHOxecTBa M. TakuM oOpasoM, MHOXKeCTBO Gu-
TOBBIX IIKaJ AJUHBI 7 U MHOKECTBO BCEX IIOJMHOKECTB n-3JIEMEHTHOTO MHOMKECTBa
PaBHOMOIIHBI, OTKyZa 0 TeopeMe 1. 1.2.8 caenyer TpeGyeMblil pesyJibrar. O
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1.3.2. MNpepctaBneHue HaTypabHbIX YUcesn
NEMMA 1. VkeN (3lmeNy (2™ <k <2m)).

DoxazatenbctBo. [lonoxkum m: =|logs k. O

m .
JEMMA 2. Y 2t =2mFl 1,
=0

LOKA3ATENbCTBO. CyMMa reoMeTpriecKOl TPOTPecCH. (I

TEOPEMA. /[ns 1106020 Hamypaiviiozo wucia k cyuecmsyem eouncmeenioe noomMmoxce-

cmeo B(k) = {mq,..., ms} Muoxncecmea ecex uenvix neompuyamenvnolx cmenenet yucia 2
S

maxoe, umo dannoe uucio k pasno cymme uucen noommoxcecmea B(k), mo ecmv k = > 2™,
i=1
DOKASATENBCTBO.  VIHAYKIHUS TIO YHCITY 1M, KOTOPOE CYIIECTBYET IS JTI000TO HATYPaslb-
woro k no nemme 1. Ilpu m = 0 umeem k = 1 = 2°, Ilycrp ana Beex wmcen j < 2™
CYIIECTBYET €[MHCTBEHHOE MHOXeCTBO B(j) = {m1,...,ms} Takoe, uto j = > .7 | 2™,
Paccmorpum umcio k takoe, uto 2™ < k < 2™ Ecau k = 2™, TO 01HO3JIEMEHTHOE
MHOXeCTBO B(2™) = {m} sBasiercst tpebyempiM. Ecou ke umcio k > 2™, 10 pac-
cMOTpUM uucyio j:=k — 2™. Nmeem j < 2™, 10 WHAYKIIMOHHOMY TIPEATIONIOKEHUTO
3IB(j) = {m1,....,ms} (j=>_,2™). Ho Torma no6aBuM dJIeMEHT m ¥ IOLYINM
Tpebyemoe MHOKeCTBO B(k) = {mq,...,ms, m}. O

CNEACTBUE 1. Jhob6oe namypaivroe uucio k maxoe, umo 2™ < k < 2m+1 yoocro npeo-
m

cmasums 8 8ude KuHetinol Kombunauuu cmeneneii yucra 2:k = > a;2", 20e koagpuruenmot
i=0

a; aensmomcest 0souunvimu yudpamu 0, 1, npuuém a,, = 1.

DoKASATENBCTBO. Paccmorpum umnciio k: 2™ < k < 2™+l Tlo Teopeme cymiectByer

exuHcTBeHHOE MHOXecTBO B(k) = {m1,...,m,} Takoe, uto k = Y., _, 2™ He orpa-
HUYUBast OOMIHOCTH MOYKHO CYMTATh, 4TO my < ... < mg. llo semme 2 mg = m,
WHa4Ye CyMMBI CTelleHell He jjoctaneT o unchaa k. [lomoxum xoaddunment a; : =1, ecan
i € B(k) ={m1,...,ms}, n nonoxum a; : =0, ecu i ¢ B(k). O

CNEACTBUE 2. Cyuwecmsyem 63aumHo 00HOSHAUHOE COOMBEMCMBUE MENHCOY OUMOBHIMU
wranamu OnunvL n U yeavtmu yucramu k € 0..(2"—1).

[OKASATENLCTBO.  OHO M3 BO3MOXHBIX COOTBETCTBUI MOKHO YCTAHOBHUTD CJICIYIOMINM
obpaszom. TTocTaBuM cTereHn Yucyia 2 B COOTBETCTBHE Pa3psifiaM [BOUYHOUN IIKAILI B :
array [1..n] of 0..1. Ilycts B[1] coorBerctByer 2"~ !, B[2] coorsercTByer 2"~2, u Tak
nanee, B[n~1] coorBercryer 2!, B[n] coorBerctyer 2°. Camu 3HaueHUs1 PaspsiIoB IKa-
Jibl OyieM cuuTath KOs GUIMEHTaME JTHHEHHOW KOMOWHAIIUN U3 cJeAcTBUS 1, mpuuém
a; = B[n — i]. Torna BcsikoMy HEOTPUIATETBHOMY YHCIY COOTBETCTBYET JMHENHAS KOM-
GuHaryst 1 GUTOBas MIKaJa, U 06PATHO, BCAKON GUTOBOM IIIKaJIE COOTBETCTBYET YKCIIO U3
YKa3aHHOTO JMalla3oHa. O
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VYKazaHHBIH CII0COO MHTEPIIPETAIMK JBOMYHBIX IIKaJ HA3bIBACTCS 0BOUUHLIM NPeOCas-
JleHuem, Wi 06ouunbim ko0om wucia. Ipu aToM yncio 0 TpeacTaBaseTcss KOAOM, COCTO-
AWM U3 HyJIeit; unco 2% npeacTaBisieTcsl KoAoM, cofiepkKalluM POBHO OJHY eIMHUILY B
(k+1)-m (cunras cupasa) paspse; uncio 2F — 1 npencraBiasercs KoJIoM, COCTOSIIMM U3
k emunuty, cuurast crpasa. CreAyIomuii aropuT™ CTPOUT JBOUYHBINA KOJ Yncia. B atom
pasjienie IBOMYHBIN KOJ 4yucia 0Oo3HAYaeTcss GYKBO# B, TPUYEM, ecJu IHHA KOIa 1
SICHAa U3 KOHTEKCTA, TO HUKHUI MHAEKC OTyCKAETCS.

Agropurm 1.2. IlocTpoeHnne ABOMYHOTO KOJIa HATYPAJIBHOTO YMCJIA.

Bxoxa: marypanbhoe uncio k: 0 < k < 2" — 1.
Boixox: GurtoBas mikana B : array [1..n] of 0..1 — gBouYHOE HpeCcTaBIEHIE YHCTA kK.
for i from n downto 1 do
Bli]:=kmod 2 //ouepennoit 6ut
k:=kdiv2 //octaBiieecs 4uciuo
end for

OsocHoBAHME. Ornepanust kmod 2 B io6oM ciydae gaer 0 wiaum 1, Tak uto B jeicTBu-
TEJIBHO ABJSAETCS OUTOBOW INKAJIOHN JJIMHEL N,

3amernm, uto Va € N (a = 2(adiv 2) + (a mod 2)). Takum 06pasom, eciu BbIpe3Ka mep-
BbIX n — 1 pa3psimoB u3 OuTOBO# mikamel B, 1 : array [l.n — 1] of 0..1 siBistercst
JIBOMYHBIM KoztoM uncia (k div 2), To u Best mikana By, siBASIETCsT IBOUYHBIM KOJIOM YHC-
Ja k, 1 nocJefiHUi pasps]l olpeseséH NpaBuibHo. [lajee, IpuMeHss 3TO pacCysKieHue
k uncny (kdiv2), x uncay ((kdiv2)div2) = kdiv 22 u T. 1., mosydaem, uTo BCe JeBble
orpeskn GuTOBOII mKanel B,_; : array [l.n —i] of 0.1 sBJSIOTCS ABOMYHBIMU KOZa-
mu uncen kdiv 2%, a Bce npasble oTpe3kn OuTOBOI mKabl array [(n—i+1)..n] of 0..1
SABJIAIOTCS IBOMYHBIMU Koiamu unces k mod 2°. g

SAMEYAHUE
OGpaTHbIil QJITOPUTM BBIYMCJIEHHSI YKCJIA [0 €r0 JBOMYHOMY KOJIy ¥ CBSI3aHHbIE C 3THM II0JIE3HbIE
dopmyaet cm. B 1. 3.6.1.

Mpumep. IlocTpoeHue ABOMYHOTO KOMA YUCTIA <IECATDH>.

i| k| kdive | kmod2 | Bn—i+1.n] | 3 Bljj2n—
=i
A[10] 5 0 | Bd.4= 0 0
35| 2 | BB.4= 10 2
20 2] 1 0 | BR.4= 010 2
11 o | B[L.4] = 1010 10
OTCTYMJIEHUE

B sroMm yueGHUKe cumTaercsi, yTO Koa(pPuIMeHT a; npu 2"~ ° XpaHUTCS B paspsijie ¢ MHAEKCOM
n — 4, TO €CTh B TIEPBOM Paspsiie XPaHUTCST KOIDDUIMEHT TP CTAPIIel CTEMEHN, a B TIOCIeHEM
paspsizie XpaHUTCS KOIDPUIMEHT TIPU MJIaAIel crermeHn. Takol TOPSIIOK Ha3bIBAETCST <OT CTap-
mero k muammemys (big-endian mo-aHTIMIACKN) ¥ UCIIONB3YETCsT BO MHOTHX CJIyYasX, HaTprMep,
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pu 0OBIYHOI 3alMCK YKCes B IeCATHYHOM cucteme, B mpotokose TCP/IP, B mpoueccopax Komma-
uuii IBM u Motorola. OnHako IpUMEHSIIOTCS U APYTHE HOPSAAKU XpaHeHus koadduientos. Tak,
B IIpolteccopax apxuTekTypbl X86 kommanuu Intel npumeHsieTcst MPOTUBONOJIOKHDINA TOPSIIOK —
little-endian.

AHAJTOTHYHBIM CTIOCO60M MOKHO TIPEJICTABIATD He TOMBKO HaTypajbHbIe, HO U APOOHbIE
4ICJIa, UCHIONb3Ys OTPHIATE IbHbIE cTemenn 271 = £, 272 = 1,273 = 1. B kauecrBe
3HAYeHWIT paspsI0B Apo6HOi yacTn ynciaa. [l mpejcTaBienus OTPUIATETbHBIX YMCeT
MOKHO HICIIOJIb30BaTh J0IOHUTEIBHBII Pa3psl 3HAKA U T. /. BasKHO 0CO3HATH, YTO YMCIIA
803MOJICHO TIPEJICTABJIATD B MPOrPAMMaX OMTOBBIMM IIKAJAMHU, U TaKOe Ipe/CTaB/ICHIe

OKa3bIBA€TCs BIIOJIHE YIOBJETBOPUTEJIbHBIM C HpaKTH‘{eCKOﬁ TOYKH 3pEHUI.

3AMEYAHME

Bce yTBepsKIeHMsI ¥ aJropuTMbl 3TOTO Iaparpada Jerko 0600IaloTesl Ha Crydail MO3UIHOHHON
CUCTEMBI CYUCJIEHUS C IPOU3BOJIbHBIM OCHOBaHUeM b > 1.

OTCTYNJIEHUE

VI3BeCTHO MHOXKECTBO TIPUHIIUIIMAIBLHO PA3/IMYHbBIX MPEJCTaBJIeHNil Ynces B nporpammax. IIpeo-
CMABAEHUS UCes, NI CUCTNEMbL CUUCTEHUS, TO €CTb IIPABUJIA 3AIMCU YUCEJ C IIOMOIIbIO CUCTEMBI
3HAKOB, KOTOPBIE B 3TOM CJIyyae Ha3bIBAIOT yu@pamu, IPUHATO JeJUTh Ha TpU Kiacca. K nepso-
MY KJIACCY OTHOCSTCS NOSUUUOHHDLE CUCTNIEMDL CHUCIEHUS C OTIPEIEIEHHBIM OCHOBAHUEM, B KOTOPBIX
YUCJIO TIPEACTABJISIETCS] KaK JIMHEWHass KOMOUHAIMSI CTelleHell OCHOBaHUsI (HAIPUMED: [BOMYHASI,
BOCHMEPUYHAS, TIECTHAAIIATEPUYHAS, AeCITUIHAA). BTOpoil Kitacc 06pasyioT cueulantuie cucmemol
cuucaenust, KOTopbie 10J00HbI TIO3UIUOHHBIM B TOM OTHOIIEHUM, YTO YUCJIO MPEACTABJISETCS JIK-
HellHOli KoMOUHaIMel, HO BMECTO CTelleHell OCHOBaHMsI UCIOJIb3YeTCs MHOM BO3pacTaromuil psj
yyces (HapuMep: NPUHATOE MCYUCJIEHUE BPEMEHU — CEKYH/Ibl, MUHYTBI, Yacbhl; pakmopuaivnas
cucmema cuucienust; pubonauuuesa cucmema cuucienust). Tpetuil Krace XapakTepeH TeM, 4To 3Hade-
Huie HUGPbI B YUCIIE ONPEIENISIETCST He TO3UIMEN B 3allUCH, @ HHBIM CIIOCOO0M (HAIIPUMEp: PUMCKast
CHCTEMA CYKMCIIEHUST, OUHOMUAILHASL CUCTIEMA CYUCAEHUS!, CUCTEMA OCTMAMOYHBIX KIACCO8).

JIBOMUYHBIN KO B IporpamMMmax SBJSETCS CaMbIM PAacIIPOCTPAHEHHBIM, HO HE IMOTOMY, 4TO 3TOT
KOJI «CaMbIil JIYUIIUit» — MPUIMHBI CKOPee UCTOPUYECKUE U TEXHUYECKHe, a He MaTeMaTHYecKue.
Hampumep, nBonyHasg cucteMa KajKeTcs caMOl 9KOHOMHOW C TOYKHW 3PEHMS Pacxojia MaMsTh, HO
ATO He TaK — TPOWYHAs CUCTEMa 9KOHOMUYHEE,

JleficTBUTENBHO, TIyCTh b — OCHOBAHUE CUCTEMbBI CYMCIIEHUS, TOT/A JIJIs 3AIIUCH 6CeX He OoJiee YeM
k-paspsaHbix uncesn B 9Toli cucreme norpebyercsa s = kb s3HakoB (ak3eMiuisipoB 1udp). Hampu-
Mep, [ 3aMUCH BCEX TPEXPAsPSIIHBIX [MecaTUUHbIX urcesa oT 0 10 999 norpeGyercst 30 3HAKOB.
IKOHOMUUHOCMBIO CUCTNEMbL CUUCTeHUS Ha3BIBACTCS MaKCUMAJIbHOE KOJIMYecTBO yncesn N, KOTOpbIe
BO3MOJKHO 3aIUCATh TIPU 33[aHHOM KOJINYECTBE 3HAKOB s. B cucreme ¢ ocHOBaHMEM b € OMOIIIBIO
k pa3psiioB MOXKHO 3anucatb N = b* = bt uumcen Hampuwmep, Tpuanarsio 3HakaMu B 1eCATUIHON
cucTeMe MOXHO 3armcarh 10° = 1000 unces, a B IBOMYHON CHCTeMe MOKHO 3armcath 21° = 32768
yuces. /IBonuHas cucteMa sBHO akoHOMuYHee. CpesicTBaMi MaTeMaTHYECKOTO aHAJIN3a HETPY/IHO
HAIITH MAKCHMYM BBIDAKCHUS bb IIPH 3aIaHHOM dMCIe 3HAKOB s. MaKCHMyM JOCTHTAeTCS MpH
b = e, rjie e — OCHOBaHME HaTypajabHOro Jorapudma. Yuciao 3 Gumske K 4UCIy e, YeM YUCIO 2,
[I03TOMY TPOMYHASI CUCTEMA HECKOJIbKO 9KOHOMUYHEE JIBOUYHOI.

Apudmernyeckue oneparuy Hajl [BONYHBIMI YUCJIAMU KOKYTCS 10CTaTouHO addektuBHbIMU. CII0-
JKeHue BbITosHsETesl 32 BpeMsi O(n), a ymHoxkenue 3a O(n?), eclu yMHOXaTh «B CTOJGHK»,
U HECKOJIBKO OBICTPEE, €CJIH TIPUMEHSITH COBPEMEHHBIE M30MIPEHHbBIE AITOPUTMbI. YMHOKEHHE TPY/-
Hee CIOXKEHHs, 3TO KaKeTCs 3aKOHOM MPHPOJB, HO 3TO He TaK — B CHCTEMaX OCTAaTOYHBIX KITACCOB
00e 9TH OlepPaNK BBIIOJIHSIIOTCS 32 JIMHEHHOe BPEMSI.
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BoiBog U3 5TUX HAOJMIOACHUI COCTOUT B TOM, YTO B KaxKI0il MaTEeMATUYECKOI MOJENU AJd KOH-
KPETHON NpeAMETHON 061acTi HeoOX0AMMO aHAIN3UPOBaTh (PakTHYecKre TPeOOBAHUS K CHCTEME
CUKCJIEHUST ¥ BBIOUpATh HarboJiee MOAXO/ISILYIO, a He 0BOJIbCTBOBATHCSI TOI CHCTEMOU CUMCIICHUS,
KOTOpast MpeJoCTaBIeHa CUCTEMON MTPOrpaMMHUPOBAHNS 110 YMOJTYAHUIO.

3AMEYAHME

Hcrnonb3yemblii 37ech 1 nasee cumBos O B BoipakeHusx Buaa f(n) = O(g(n)) unrtaercs «O 60b-
1oe» M 03HAYaeT, YTO (PYHKIUs [ aCUMIITOTHYECKU OrpPaHUYeHa 110 CPpaBHEHUIO ¢ g (elé TOBOpSIT,
4TO f <«MMEET TOT JKe IOPSIZI0K MAJIOCTU», 9TO U g):

f(n) = 0(g(n)) Def Ing, e >0 (Vn>no (f(n) <cg(n))).

TaxuM 06pa3oM, MeXIY MHOKECTBOM BCEX OUTOBBIX ITKAJ AJTUHBI 1, MHOXKECTBOM BCEX
HOZIMHOXKECTB MHOXecTBa {aj,...,an} W MHOXKECTBOM BCeX YMCEJ W3 /UAlla30HA
0..(2™ — 1) ycraHOBJIEHbI B3aMMHO-OJJHO3HAYHbIE COOTBETCTBUSI, YTO IIO3BOJISIET IPE/-
CTaBJIATDH IIOAMHOKECTBA YMC/IaMM, a TaKKe MPEACTAaBIATh KaK 4KCia, TaK M MHOKECTBA
GUTOBBIMU TITKAJAMU.

1.3.3. MepebGop NOAMHOXECTB 3a4aHHOIN0O MHOXECTBA

Bo MHOTHUX 1epeGOpHBIX aITOPUTMaX TPEGYETCs TIOCTIEA0BATENLHO PACCMOTPETD BCE TIO/I-
MHOJKECTBA 3a[IaHHOTO N-3JIEMEHTHOTO MHOJKECTBA, TO €CTh TPebyeTcsl paccMOTpeTh Bee
BO3MOKHBIE GUTOBBIE MIKATBI IIUHBI n. Ilycth B(i) — 3T0 (DYHKIWS, MOCTaBJISIONIAS
JIBOMYHBIA KO YucJa ¢. Toraa caexyioluii aJTOPUTM TepevncysieT Bce TOMHOKeCTBa
N-3JIEMECHTHOTO MHOKECTBA.

Anropurm 1.3. lenepaiius BceX TOAMHOKECTB 7-2JIEMEHTHOTO MHOXKECTBA

Bxoz: unciao n > 0 — MOLIHOCTb MHOKECTBA.
Boixon: mociienoBaTebHOCTh KOJOB MOAMHOKECTB B(7).
for ¢ from 0 to 2" — 1 do
yield B(i) // Kol o4epeiHOro mojAMHOKECTBA
end for

OBOCHOBAHME. AJITOPUTM BBIZIAET 2" Pa3JIMUHBIX TIEJIBIX YKCEJI, CIe/I0BaTebHO, 2™ pa3-
JIMYHBIX KOJOB. TakuM 00pasoM, Bce TMOAMHOKECTBA TEHEPUPYIOTCS, TPUYEM POBHO 110
OIHOMY Pasy. (]

HenocTaTtok 9T0r0 airopurMa COCTOUT B TOM, YTO MOPSJIOK TeHepaIuy MOJAMHOMKECTB HU-
KaK He CBsI3aH ¢ ux coctaBoM. Harpumep, Besies 3a moamuoxkecTBoM ¢ Kozom 0111, cocro-
SIIM U3 TPEX DJIEMEHTOB, OYET MepeurcaeHo MoaMHOKeCTBO ¢ KogoM 1000, cocTosiee
3 OJHOTO 3JIEMEHTA.

Paccmorpum B(0), B(1),... — NOCJI€N0BaTEIbHOCTb TOJMHOMKECTB, KOTOPYIO CTPOUT
npenbLIynmii anroput™. Beenem dyHkumio (i), paBHYIO KOJHYECTBY Pa3psi/ioB, B KOTO-
pbix Kozbl B(i) u B(i — 1) otymyatorest (B 1. 6.3.3 1okaszaHo, 4To 31a QyHKINS SBJISETCS
paccTosiHMeM Ha MHOKecTBe OMTOBBIX HIKan unHbl n). Ha puc. 1.5 nmokasano navaso
rpaduka 9ToN GYHKINH, [T HATISIIHOCTA TOYKY rpaduka CoeMHeHbl TUHISIMHA, & MO
3HAYEHUSIMU apTYMEHTOB yKa3aHbl COOTBETCTBYIOIINE OUTOBbIE IITKAJIbL.
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Puc. 1.5. I'paduk dyHkummn Q(i)

TEOPEMA. /s 1106020 namypanviozo uucia k < n 8 nociedosamenvnocmu Oumosvlx
wxan B(0),...,B(2" — 1), k npasvix paspsdos koda B(i) npu i < 2% coenadaiom c k npa-

svLMu paspsioamu kooa B(2F +1):
VkeN (Vi< 2 (B(i)[n—i+1.n]=B2" +i)n—i+1.n])).

JOKASATENLCTBO. HerocpeacTBeHHO ciienyer U3 HabJII0eHUs], COCTOSIIErO B TOM, 4TO k
IPABBIX PA3PSAIOB IBONYHOTO KOJIA YUCJIA 1 IBJISIOTCS [BOMYHBIM KOJOM uncia nmod 2F.
O

CNEACTBME 1. Vk,m,ieN (i<2"= B(i)[n—i+1..n] = B(m2*+i)[n—i+1..n]).

AokasatEnbctBo. Vm,i €N (i < 28 = i = (m2" 4 i) mod 2) . O
CNEACTBUE 2. VkeN (Vme0..(28 —1) (Q(m) = Q(2*F +m))).
Aokasatenecto. Vi < 2% (B(i)[1..i] = B(2" +i)[1..i]). O
CNEACTBUME 3. VEkeN (Vm e 0.(25 — 1) (Q(2F +m) = Q(2F —m))).
DOKA3ATENbCTBO. Uuayknmst mo wmeny k. basa: ang k = 1,2,3,... (cm. puc. 1.5).
WNuayknuonHoe mpenosioxeHue: MycTb BBINOJAHEHO 7151 k — 1, paccmorpuM k. Ilyctb
m=2F"1 4+ Torna Q(2F + m) = Q(m) = Q(2* 1 +1) = Q2" ! - 1) =
O

= Q2" — (21 41) = Q" — m),

CNEACTBUE 4. Vi j (i+j=2"—1= B(i) = -B(j)).
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AOoKA3ATENbCTBO. Muaykims no uucay n. Jnsg n =1 umeem: B(0) =0 = -1 =-B(1).
[nst n = 2 umeem: B(0) = 00 = —-11 = =B(3), B(1) = 01 = =10 = =B(2). Unaykim-
OHHOE TIPEITIONIOKEHNE: MYCTh CIEACTBUE BBITIOJHEHO I n, paccMoTpuM n + 1. TlycTsb
i+j = 2"t — 1 u ana onpenenennoctn i < j. Torma 0 < i < 2" < j < 2"F0 — 1,
Ionoxkum k:=35 — 2" Torma i+ k=445 — 2" =271 — 1 — 2" =27 — 1. PaccMoTpuMm
npaBble n GUTOB COOTBETCTBYIONIHMX KOIOB. [0 Teopeme mmeeM:

B(k)[2..(n+1)] = B(2"+k)[2..(n+1)] = B(j)[2..(n+1)], 1 110 MHAYKIIMOHHOMY IPEJIIO-
aoxeruro B(k)[2..(n 4+ 1)] = =B(i)[2..(n + 1)]. Ho B(#)[1] = 0 u B(j)[1] = 1, otkyza
B(i) = —B(j). O

CNEACTBUE 5. 3uauenue pyuxyuu Q(m) pasno xonuuecmay nynei na konye koda B(m),
YBEAUUCHHOMY HA eOUHULY.

DOKA3ATENLCTBO. /lelicTBUTENBbHO, KO/l HEYETHOTO YHCJIa UMEET B MTOCTe[HEM pa3psije 1
Y UMEHHO B 9TOM Paspsi/ie OTJINYAETCS OT KOJIa TIPEAIIECTBYIONIET0 YETHOTO unca. Kot
YETHBIX YHMCEJ UMEIOT Ha KOHIIE CTOJIbKO HYJEl, KaKoBa CTEeleHb Yucia 2, Ha KOTOPYIO
JIAHHOE YKCJIO IEJUTCS HaIleso.

1.3.4. Anroputm nocTpoeHus 6uHapHoro kopa pes

Bunapnwtii k00 Ipea' n-s1eMeHTHOTO MHOXECTBA — 9TO TIOC/IEIOBATEIBHOCTD BCEX TOJI-
MHOJKECTB 3TOTO MHOXKeCTBa (TO €CTh OMTOBBIX IIKAJ), B KOTOPOH JIFOObIE [[Ba COCEIHUX
MTOJIMHOKECTBA B MOCJIEIOBATEIbHOCTH, B TOM YHCJIE TIEPBOE U MOCIe/IHee TIOAMHOKECTBO,
Pa3INyaloTCcs B TOUHOCTU OHUM 2JIEMEHTOM (PaspsioM).

ITocnexoBaTebHOCTH OMTOBBIX IIKAJ ¢ YKA3aHHBIM CBOMCTBOM CyIIECTBYIOT. [leiicTBu-
TeJbHO, It n = 1 UCKOMast MocjeoBaTebHOCTh Ko/10B ecTh 0, 1. IlycTh n3BecTHa MCKO-
Mas MocIeIoBaTeTbHOCTD KONoB G, G, . . ., Gox 1sd n = k. Toraa moCcTpouM U3 9TOMU T0-
CIIe0BATEIbHOCTH HOBYIO CIEAYIOIUM 00pa3oM: CHaYasIa BBIUILEM BCE KOIbI U3BECTHON
HOC/IeJ0BATEIbHOCTH, IpHOaBIsis ciaeBa paspsiz 0, a 3aTeM 9TH e KOAbl B 00pPaTHOM I10-
psanke, Ho npubasisa ciaesa paspsay 1. Mmeem nocienosarensrocts 0G1, 0Ga, ..., 0Gqx,
1Gor, ..., 1G9, 1G1. B a1oii mocnenosareabioct 2511 k0108, OHI BCe PasIMdHBI, U JIIO-
Oble [Ba COCEAHMUX, B TOM YUCJE HEPBBIA U MOCIEAHUI, PasIndaioTCs POBHO B OLHOM
paspsijie 1o MOCTPOEHHUIO.

Ausroputm 1.4. TTocrpoenne 6uHapaoro xkoma Ipes

Bxox: uncsio n > 0 — MOIHOCTh MHOKECTBA.
Bbixoa: mociieoBaTeIbHOCTD KOJOB TOAMHOKECTB B.
B : array [1..n] of 0..1 // 6utoBas mkana
for i from 1 to n do B[i]: =0 end for // ununmannsanus
yield B // mycroe MHOKECTBO
for i from 1 to 2" — 1 do
p:=Q(i) // ompeneyneHrie HOMePA dJEMEHTA
Blp|:=1— Blp] // nobaBnenue uiu yaajieHue sieMeHTa
yield B // ouepenHoe MOAMHOKECTBO
end for

DyHKIMA (), ¢ TOMOIIBI0 KOTOPO OTIPEIEISIETCSI HOMEP Pa3psizia, MOAIEKAIero n3MeHe-
HUIO, BO3BpAIIaeT KOJIUYCCTBO HYJIel HAa KOHIIE BOMYHON 3alicy Yucia ¢, yBeJIUdYeHHOe
Ha 1.

L®pank Tpeit (1887-1969).
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Agroputm 1.5. Oyukums @ onpeneeHnss HOMepa U3MEHsIEMOTO paspsijia

Bxoza: i — HOMep TTIOAMHOKECTBA.
BI)IXOI[ HOMep M3MEHSIEMOTO Pa3psizia.
=1;7
whlle j mod 2=0 do
ji=jdiv2; q:=q+1
end while
return q

OBOCHOBAHME. Ha HyJsieBoM 1are ajroput™ BbIIAET MTPABUIIbHOE TOJAMHOXKECTBO B (11y-
croe). Ilyctb 3a nepsble 2F — 1 maros aaroput™ BbIAAJ II0CAEI0BATEIbHOCTh 3HAUEHUI
B. Ilpu aToM M3MeHeHUs TPOUCXOANIIH TOJBKO B IIPABBIX k Pa3psijiax, a Bce JieBble n — k
paspsAnoB ocraBayuch HynesbiMu: B[1] = B[2] = ... = B[n — k] = 0. Ha 2*-m mare
paspsan Bln — k] uamensier cBoé 3nauyenue ¢ 0 Ha 1. [Tocise aToro mosropsiercst moce-
JI0BAaTEIbHOCTD M3MEHeHNil 3HaYennil B[n — k + 1..n] B 0OpaTHOM TOpsi/iKe, IIOCKOJIbKY
Q2F +m) = Q(2F —m) ana 0 < m < 2¥ — 1 no crencrsuo 3 mpeabiTyIIEii TEOPEMBI.

U

3AMEYAHUE
Dyukiws Q MoxeT ObITh BbIYUCJEHA J0CTATOYHO 3hbeKTUBHO. [lefiCTBUTENBHO, PE3yJIBTaT Olle-
paruu j mod 2 — 3TO MJIQANINI pa3psi/i [BOMYHOTO KO/a, KOTOPBII MOXKHO BBIYMCJIUTDL 32 O/UH
TaKT, HAIIPUMeD, B35IB KOHBIOHKIINIO KOJla Yrca j U Koza uncia 1. Pegynsrar onepannn j div 2 —
3TO CIBMHYTHII BIIPABO HA OUH Paspsi/i KO YKCia j. B GOJIbIINHCTBE KOMITBIOTEPOB CABUTU KOIOB
ByieBO (YMHOKeHUe HA 2) U BOPABO (JlesieHre Ha 2) TaKKe BBITOJIHSIOTCS 32 OJUH TaKT.

Mpumep. IIpoToKoOJ BBHITOJHEHUS aJTOPUTMA IS 1 = 3.

Sy

i D

N O U W0 -
_ NP, W, N -
_ = OO OO
SO R, = = = OO0
SO m, k), OO = = O

SAMEYAHME

ITocTpoeHHast TI0CAEI0BATENLHOCTD OTHIOAL HE €AMHCTBEHHAS MOCJAEN0BATEILHOCTD, 00Ma1ai0Imasn
yKa3aHHBIM CBO¥cTBOM. [leficTBUTeNbHO, MOXKXHO HauaTh He ¢ TocienoBarenpHocTH 0,1, a ¢ mo-
ciefoBaresbHOCTH 1,0, MOKHO OTpaskaTh HE BIIPaBO, a BJIEBO, MOKHO TPUINCHIBATD Pa3psiabl HE
cneBa, a crpaBa U T. 1. [loaToMy mHOTZA MOCTPOEHHBIN NMpUMeEpP KOAA TSI TOYHOCTH HA3BIBAIOT
JIeBbIM 3ePKATLHBIM KOOoM Ipes.

Boruncisite kopl [pest MOKHO pasaudHbIMU criocobamu. B 4acTHOCTH, JieBble 3epKasib-
Hble KOZIBI 00IAIAI0T CBOWCTBOM, MTO3BOJIIIONINM TIPSIMO BBIYUCIHUTH KO IO €T0 HOMEDY.
Ob6osnauuMm B(i) — aBonuHblil Koz yncaa i, a G(i) — - JeBbIil 3epKabHbIil Koz Ipest.
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Mpumep. PaccmorpuM ABOMYHBIE KO/bI, Pe3yJbTaThl HEKOTOPBIX Ollepaluil ¢ KojaaMmu
1 3epKAIbHBIN Koz Ipes nna n = 2.

i | BG) | B(i)div2 | B(i) +2 (B(i)div2) | G()
0] 00 00 00 00
1] o1 00 01 01
21 10 01 11 11
30 11 01 10 10

TEOPEMA. G(i) = B(i) 42 (B(i) div 2).

DOKASATENBCTBO. Unaykiust no n. I n = 1 yTBepsK/IeHHe TeopeMbl TPUBHAJIBLHO,
A n = 2 NPOBEPEHO B MpeblaylieM mpumepe. I1ycTh yTBepskaeHue TeopeMbl BEPHO
11 GUTOBBIX IIKAJ JUIMHBL 7, PACCMOTPUM OMTOBBIE MIKaIbl JJMHBI 7 4 1. PaccMoTpum
G 1(7). Bo3MOKHBI 1Ba corydast.

[0 < i< 2*] 3amerum, uto B,11(i)[1] = 0. Ilo anroputmy nocrpoenusi Koma Ipest
Gni1(i) = 0- G,(i), tme - — omeparust KOHKareHanuu. 110 MHAYKIIMOHHOMY MPEIIIOJIO-
xKeHulo Gy, (1) = By, (1) +2 (B, (i) div 2), otkyzna

Gn+1(i) =0- GW(Z) =0- (Bn(l) +2 (Bn(z) div 2)) -
= 0- By(i) +2 (0 By (i) div2) = By (i) +2 (Bnsi (i) div2).

[2" < i < 2" ] 3amernMm, uT0 Bp11(i)[1] = 1. Tomoxum j:=1i — 2™ U pacCMOTpUM
kr=2ntl —j—1=2nfl_on_j_1=2"_—j—1 Torma Gpy1(i) = 1- G, (k). [Ipu aTom
j+k=2"—1 u BBIIOJHAETCSA YCIOBHE CIEACTBU 4. 3aMETUM TaK)Ke, YTO JJIs JIOOBIX
O6UTOBBIX 1IKAJT A U B BBIOJHSIETCS PaBEHCTBO A+ B = = A+9—B. 110 HHAYKIIMOHHOMY
npeanosoxkennio Gy, (k) = By (k) +2 (By (k) div 2), noxyyaem:

Gt (i) = 1+ G(k) = 1+ (Bo(k) +2 (By (k) div2)) =
=1-(=Bn(j) +2 (7By(4)div2)) =1 (Bn(j) +2 (Bn(j) div2)) =
=1 (Bu(i) +2 (B (i) div2)) = Bpy1(i) +2 (Buy (i) div 2). -

OHepaHI/II/I ¢ OUTOBBIMM HIKAJTAMHA MOKHO BBIITOJIHATH HE TOJBKO TapaJijieJibHO, Cpa3y
JUIA BCEX Pa3pAA0B, HO U ITOCJIEI0OBATEIbHO, BBIYNCJIAA OUTHI OJVH 3a IPYTUM W HCIIOJIb-
3yd MOJIydeHHbI€ 3HAYE€HHWA IIPU BbIYMCJIIEHHUUN CJIEAYIOIINX 6utoB. Takue BBIYUCIECHUS
Ha3bIBalOTCSA PEKYPPEHMHBIMU. I/IHOI‘I[a 9TO OBIBAET BeCbMa II0JIE3HO.

Mpumep. AJTOPUTM CIIOKEHUS HATYpaJbHbIX unced X u Y, TpeACTaBIeHHbIX GUTO-
BBIMH MIKAJIAMU JIJTHHBIL 1.
p:=0 // pa3psan nepeHoca
for i from n downto 1 do
q:=X[i|+Y[i|+p // cymma uudp c yuérom neperoca
Z[i]:=qmod 2 // ouepenuast mudpa cyMMb
p:=qdiv2 // mepenoc
end for
3aMeTHM, YTO B 3TOM AJITOPUTME HE YUTEHO BO3ZMOXKHOE MEPENOIHEHNE PA3PSIIHON CETKH
[IPU CJIOKEHUN.

[IpuMeHsIs Uel0 PEKYPPEHTHOTO BBHIYMCIEHUsST OUTOB, JIETKO BBIBECTH CJIEAYIONIHE CJIE-
CTBUS M3 OCHOBHOM TeOPEMBI JIaHHOTO Taparpada.
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CNEACTBME 1. V1 < i <n (G[i] = B[i] +2 Bli — 1)), G[1] = B[1].

AokasatenbctBo. Vk ((B(k)div2)[l] =0 & (B(k)div2)[i] = B(k)[i — 1]). O
CNEACTBME 2. V1 < i< n (B[i] = G[i] +2 Bli — 1]), G[1] = B[1].
DOKASATENLCTBO. Gi] +2 B[i — 1] = B[i] +2 Bli — 1] +2 B[i — 1] = Bi]. O

CNEACTBME 3. Vi (1 <i<n— Bli] = X, Glj]).

DoKA3ATENbCTBO. [lozicTaBiIsist B PEKYPPEHTHOE COOTHOIIEHUE CIE/ICTBUS 2, uMeeM Bli] =
= G[i]+2 B[i—1] = G[i]+G[i—1]+2 B[i —2] u 1. 1. YuursiBasi, uto B[0] = 0 no onpezeJe-
HUIO (9TO BO3HUKAIOMIWI CJIeBa «<HUOTKYAAay» Pa3psi MPU CABUTE KO BIIPABO ), TOIyIaeM
Tpebyemoe. O

1.3.5. MNpeacraBneHne MHOXECTB YNOPSAO0YEHHbIMU CMCKaMM

Ecin yauBepcyM odeHb BeMK (Min OeCKOHeYeH), a paccMaTpUBaeMble IIOAMHOKECTBA
YHUBEPCYMa He OY€Hb BEIUKHU, TO IIPEACTABIEHNE ¢ IIOMOLIBIO OMTOBBIX LIKAJ HE SABJISET-
cs1 9P PEKTUBHBIM € TOUYKK 3PEHUA 9KOHOMUU IaMsITU. B 9TOM ciiydae MHOKeCTBa 0OBIYHO
MIPENICTABISIOTCS CHUCKAMU JNIEMEHMO8. DJIEMEHT CIIUCKA TPU 3TOM MPENCTABJSIETCS 3a-
MUCBIO € ABYMSI MOJISIMIL: MH(MOPMAITHOHHBIM 1T0JIeM 7 info U yKazareireM n Ha CJIeAyIONni
asieMeHT. Bech CIMCOK 3a/ma€Tcst yKa3aTesieM Ha MepPBbIN 2JIEMEHT.

elem = struct { i: info; n: 1 elem }
[Tpu Takom mpezicTaBIEHUN TPYAOEMKOCTD omepanuu € coctaBuT O(n), a TPYIOEMKOCTD
omepaiuii C, N, U coctaBut O(nm), Tle n ¥ m — MOIIHOCTH YYACTBYIOIIUX B ONEPAIIUU
MHOJKECTB.
Ecnm anemeHTB B CIMCKax yHoOps/I0YUTh, HAIIPUMED, TI0 BO3PACTAHUIO 3HAYEHUS TOJIS 1,
TO TPYIOEMKOCTH Bcex omepanuii coctaBut O(n+m). DhdeKTUBHAS peaansaliys onepa-
U HAJl MHOKECTBAMHU, MPEJCTaBJIEHHBIMU B BUJIE YIIOPSIOUEHHBIX CIIMCKOB, OCHOBaHA
Ha BechbMa OOIIEM aJTOPUTME, M3BECTHOM KAK AI2OPUMM CAUAHUS. AJITOPUTM CJIUSTHIS
rapaJjiesibHO IPOCMATPUBAET /IBA MHOKECTBA, MPE/ICTABJIEHHBIX YIIOPSIIOYEHHBIMU CITHC-
KaMU, IIPUYEM HA KAK/IOM I1are MPOJIBMKEHME TIPOUCXO/IUT B TOM MHOXKECTBE, B KOTOPOM
TEKYITUN 2JIEMEHT MEHbIIIE.

1.3.6. MNMpoBepka BK/IIOYEHUA CIIUSHUEM

PaccMoTpuM afropuT™M CAUSHUS, KOTOPBIN OMPEENSIET, SBASETCS JU MHOKECTBO A 1moj-
MHOXKeCTBOM MHOXecTBa B.

OBOCHOBAHME. THa xak/joM 11are OCHOBHOTO 1[MKJIa BO3MOXKHA OJjHA U3 TPEX CUTYyallUid:
TEKYIIUIl 9JIeMEHT MHOKECTBA A MeHblIIe, GOJbINE I PaBEH TEKYIIEMY 3JIEMEHTY MHO-
’KecTBa B. B 1miepBoM ciryvae TeKymniuii aJeMeHT MHOXKecTBa A 3aBelOMO MeHbIE, YeM
TEKYIIMH U BCe TOCJEAYIONIMe 3JeMEHTbl MHOXKEeCTBA I3, a OTOMY OH He CONEPKHUT-
€ B MHOXKECTBe B M MOKHO 3aBEPIIUTb BBIIIOJIHEHUE aJroputMa. Bo BTOpoM ciyuae
IIPOUCXOUT IIPO/BMKEHUE 110 MHOXKECTBY B B HaJle)K/le OTBICKATh 3JIeMEHT, COBIIA/1al0-
IUH ¢ TeKyIUM 3JIeMEeHTOM MHO)kecTBa A. B TpeTheMm ciydyae HalieHB! COBIAJAIOIINE
BJIEMEHTHI U MPOUCXOUT TPOJABUKEHUE cpady B 000mMX MHOxKecTBaxX. 110 3aBeplieHUU
OCHOBHOTO IMKJIa BOSMOXKHBI /IBa Bapuanta: n6o pa = nil, 160 pa # nil. Tlepsbiit 03Ha-
YaeT, yTo /I BCEX 2JIEMEHTOB MHOXXecTBa A yIasioch HAWTH COBIA/AIONINE 3JIEMEHTHI B
MHOsKecTBe B. BTOpoil — uTO0 MHOXKeCTBO B 3aKOHUMJIOCH PaHblile, TO €CTh He JJIs1 BCeX
3JIeMEHTOB MHOXecTBa A yJasoch HaliTU CcOBIIQJalolUe JIeMEeHTbl B MHOKecTBe B. [
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Agropurm 1.6. [IpoBepka BKJIIOUEHUS CIAUSTHUEM

Bxoa: nposepsiembie MHOKeCTBA A 1 BB, KOTOPbIe 33JlaHbl yKa3aTeIsAMU a U b.
Bseixon: true, eciu A C B, B mpotuBHOM ciydae false.
pa:=a;pb:=0> // MHAMATA3ATINS
while pa # nil & pb # nil do
if pa.i < pb.i then
return false // smement A orcyrcTByeT B B
else if pa.i > pb.i then
pb:=pbn // snement A, MoxeT ObITb, IPUCYTCTBYET B B
else
pa:=pa.n // 38eCh pa.i = pb.i, TO eCTb
pb:=pb.n // anemeHT A TOUYHO TIPUCYTCTBYeT B B
end if
end while
return pa = nil // true, eciiu A ucuepmnano, false — B mpoTuBHOM Citydae

1.3.7. BbluucneHve oobeagMHEHUS CIIUSTHUEM

PaCCMOTpI/IM AJITOPUTM CJINAHUA, KOTOprfI BbIYUCJIAET O6'be[[I/IHeHI/Ie ABYX MHOJKECTB,
IIpeACTaBJEHHDIX YIIOPAAOYEHHBIMU CIIMCKAMMU.

Asrroput™m 1.7. Boruucyienve 00belHHEHIS CTUSHUEM

Bxoa: oObepunsiemble MHOKeCTBa A 1 B, 3ajiaHHble yKas3aTeJssMU a U b.
Boixox: obbenunenne C' = AU B, 3ajiaHHoe yKasaTeJleM c.
pa:=a;pb:=b;c:=nil; e: = nil // nnunmanusanus
while pa # nil & pb # nil do
if pa.i < pb.i then
d:=pa.i;pa:=pan // nobaBiseM 3j1eMeHT U3 A
else if pa.i > pb.i then
d:=pb.i;pb: =pb.n // nobaBisieM sjIeMeHT U3 B
else
d:=pa.i // 310€Ch pa.i = pb.i, © MOXKHO B35Th JIOOOM
pa:=pa.n;pb:=pb.n // npoasuxenue B 060UX
end if
Append(c,e,d) // mobasnenue smeMenTa d B KOHEI[ CIIACKA ¢
end while
p:=nil // ykasareib «XxBoCcTa»
if pa # nil then
p:=pa // HYKHO H00aBUTh B PE3yJIbTaT OCTABIIUECS 3JIEMEHThI A
end if
if pb # nil then
p:=pb // HyKHO 00aBUThH B PE3YJIBTAT OCTABIIUECS 2JIEMEHTHI B
end if
while p # nil do
Append(c,e,p.i) // nobaBieHue sjeMeHTa pa.i B KOHEI[ CIIUCKA ¢
p:=p.n // IpoABUXKEHNE YKA3aTesT «XBOCTa»
end while
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OBOCHOBAHME. Ha kaXzoM I1are OCHOBHOTO ITMKJAa BO3MOXKHA O/IHA U3 TPEX CUTYya-
LWL TEKYIUil s/1eMeHT MHOKecTBa A MeHbllle, GOJIble MIN PABEH TEKYLIEMY dJIEMEHTY
MHOecTBa B. B mepsoM ciydae B Pe3yJbTUDPYIOIIUII CIIUCOK A00aBJIAETCS TEKYIIU
QJIEMEHT MHOKECTBa A 1 MIPOUCXOAUT IIPOJABUKEHNE B 9TOM MHOKECTBE, BO BTOpOM —
aHATOTUYHAS OTepaIus ITPOM3BOANTCS C MHOKECTBOM B, a B TpeTbeM cJydae Haiie-
HbI COBIIaIalOIIME IJIEMEHTHhI 1 HpOI/ICXO[[I/IT HpOI[BI/DKeHI/Ie cpasy B O6OI/IX MHOJXECTBax.
TakuMm 06pa3oM, B pe3yJbraT HOHaLaioT BCe 3JIeMEHTbI 0G0MX MHOKECTB, IPUYEM COBIIA-
JIAIONIME AJIEMEHTBI TIOTAIal0T POBHO o/uH pa3. 1o 3aBepliieHNN OCHOBHOTO IIUKJIA OJIUH
U3 ykasaTeseii, pa u pb (Ho He oba BMecre!), MoxkeT ObiTh He paseH nil. B sToM ciydae
OCTaTOK COOTBETCTBYIONIEIO MHOXKeCTBa €3 IIPOBEPKU JOOABJSETCS B PE3yJIbTaT. O

Bcnomoraresnsias nporenypa Append(c, e, d) mpucoeaHsIET T€MEHT d K XBOCTY € CITUC-
Ka c.

Ausroput™ 1.8. ITpoueaypa Append — npucoeanHeHne sJieMEHTa B KOHEI[ CIIUCKA

Bxoa: ykasatesb ¢ Ha MEpBBIN 3JIEMEHT CINMCKA, yKasaTeJab € Ha IOCJeAHUH 3JTeMeHT
CIINCKA, 100aBJIIEMbIil 3J1eMeHT d.
Boixoa: ykazaresb ¢ Ha IEPBBIN 3JIEeMEHT CIIMCKA, YKa3aTeJb € Ha MOCJIeHUN dJeMeHT
CIIMCKA.
q:= new(elem); q.i:=d;q.n:=nil // HOBBIII 2JIeMEHT CITICKa
if ¢ = nil then
c:=q // TMyCTOU CIUCOK
else
e.n:=q // HEMyCTON CITMCOK
end if

e:=q

OsocHoBAHUE. [0 miepBoro BbizoBa (yHKIuN Append umeem: ¢ = nil u e = nil. TTocie
MIEPBOTO BBI30BAa YKa3aTesb ¢ YKa3bIBAeT HA MEPBBIN 3JIEMEHT CITMCKA, a yKa3aTeJb € —
Ha MOCJIeIHNI aeMeHT. Ecm ykazaresu ¢ u e He MyCTble, TO MOCJE OYEPETHOTO BBI30BA
¢yukumrm Append 3TO CBOHCTBO COXpaHsETCS. (]

1.3.8. BbluncneHne nepeceyeHns CiamsHuem

PacemoTpum asropuT™ CITMSHUS, KOTOPBIM BBIYUCISET TepecedeHrne IBYX MHOKECTB,
MIPE/ICTABIEHHBIX YIOPSAOYEHHBIMH CITUCKaMu (cM. . 49).

OBOCHOBAHME. HHa kaskzioM Iare OCHOBHOTO I[MKJIAa BO3MOXHA OJHA M3 TPEX CHUTYya-
[Wii: TEKYIIUiT 9/1leMeHT MHOKecTBa A MeHblile, GOJIbIe W PaBEeH TEKYIIEMY 2JIEMEHTY
MHOsKecTBa B. B nnepBoMm ciryyae Tekyluii sjaeMedT MHOKeCTBa A He IPUHAJIeKUT Iiepe-
CeueHulIo, OH IIPOIlyCKaeTCs, U IIPOUCXOAUT IIPOABMKEHUE B 9TOM MHOXKecTBe. Bo BTopom
cJIydyae TO Ke camMoe ITPOU3BOAUTCS ¢ MHOKeCTBOM B. B TpeTbeM cirydae HaiijieHbl coBIIa-
JAIONIME JIEMEHTBI, OJINH IK3EMILISAP dJeMeHTa J00aBISAETCS B PE3YJIBTAT, U TIPOUCXOIUT
MPOJIBIKEHUE cpa3y B 060UX MHOKecTBaxX. TakuM o6pa3oM, B Pe3yJIbTaT MOTALA0T BCe
COBIIA/IAIOTIIE HIEMEHTHI 0GOUX MHOKECTB, TPUYEM POBHO OJMH Pas. O

1.3.9. NMpeapcraBneHne MHOXeCTB nTeparopamMmm

Ecau cTpyKTypbl JaHHBIX MPEAIIOJIAraloTcs U3BECTHBIMU U MCHOJIB3YIOTCS TIPU IIPOrpaM-
MUPOBaHUHU Ollepalnii, To:


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

50 Maea 1. MHOXeCTBa N OTHOLLIEHNS

Agropurtm 1.9. Brruucnenue repecedeHust CaIussHueM

Bxoa: nepecekaembie MHOXKeCcTBa A u B, 3ajlaHHble yKazaTeadamu a u b.
Boixoa: nepeceuernie C = AN B, 3alaHHOE YKa3aTeJEM C.
pa:=a; pb:=b; c:=nil; e:=nil // unnnumanuzanus
while pa # nil & pb # nil do
if pa.i < pb.i then
pa:=pa.n // 3JTEeMEHT MHOKeCTBa A He TIPUHAMIEKUT TEPECEUCHITIO
else if pa.i > pb.i then
pb:=pb.n // 37eMeHT MHOKeCTBa B He NMPUHAIIEKNT TIePECEIeHNIO
else
// 31ech pa.i = pb.i — NAHHBINA IJEMEHT TIPUHAJJIEKUT MEPECCUECHUTO
Append(c, e, pa.i); pa: =pa.n; pb: =pb.n // nobabiieHue sjeMeHTa
end if

end while

1) BO3HUKAIOT 3aTPy/HEHUS IIPU COBMECTHOM HCIIOJIb3OBaAHUN HECKOJIbKUX dJlbmepHa-
MmueHvlx HpeI[CTaB]IeHI/Iﬁ VI OJJHOTO THIIa O6’beKTOB;

2) HeoOXOAMMO 3apaHee ONpeessaTh Habop onepanuii, KOTOPBIM OTKPHIT AOCTYI K BHYT-
PEHHEN CTPYKTYpe JAHHBIX 0OBEKTOB (TaKUe OMEPAIINN YaCTO HA3hIBAIOT NEePEUUHDIMU).

OTCTYNJIEHUE

[Tapagurma 06bEKTO-OPUEHTUPOBAHHOTO [TPOIPAMMUPOBAHUS TIPEAIIOJIATAET COBMECTHOE COTJIACO-
BaHHOE OIIpejie/IeHUe CTPYKTYP JaHHbBIX U IPOIEAYP AOCTYIA K HUM. [[pyruMu ciioBaMu, B 00bEKTO-
OPUEHTHPOBAHHOM TIPOrPAMMUPOBAHUY [IEPBUYHBIE OIEPAIIMU Klacca 0ObEKTOB 3apaHee (DUKCUPO-
BaHbl B hopMe Memodog, a peICcTaBIeHre JaHHBIX Ui 00BEKTOB KJIacca eMHCTBEHHO U (DUKCH-
poBano B dopme ceoiicms. [apagurma 06beKTO-0PHEHTUPOBAHHOTO MTPOrPAMMHUPOBAHUST — BEChMa
IoJie3Hasi, HO OTHIO/b He YHUBepPCaJbHas MapajurmMa IporpaMMUPOBAHUS.

Jl7ist MHOXKECTB TIOHSITUE TIPUHA/IEXKHOCTH SIBJISIETCST IEPBUYHBIM U HE MOJKET OBITh 3a-
MPOrPaMMHUPOBAHO Oe3 3HAHUSI CTPYKTYPBI JAHHBIX JIJIST XpaHeHUst MHOKeCTB. OcTabHbIE
omepaluy Haji MHOXXECTBAMU MOXKHO 3allpOrpaMMHUpOBAaTh HE3aBUCUMO OT IIpejICTaBIIe-
HUsT MHOXKecTB. JLJIs1 IpejicTaBIeHsl MHOKeCTBA I0CTaTOYHO umepamopa — Ipolle/lyphl,
KOTOpasi epeOUpaeT 3JeMEHThl MHOKECTBA U [IEJIAET C HUMH TO, YTO HYKHO.

Mpumep. Ureparop Il MHOMKECTBA, MPEJNCTABIEHHOTO CIIUCKOM, Ille p — YKa3aTesb
Ha TIePBBIN 3IEMEHT.
while p # nil do
yield p.i // ouepeaHoii smemeHT
p:=p.n // NPOJIBIKEHNE yKa3aTes
end while

Hanuune ntepatopa X MO3BOJISIET HATINCATD IIHKJ
for z € X do
S(xz) // tme S — mobas mporenypa, 3aBUCIINAST OT
end for

U 3TOT IMKJ O3HAYaeT IpUMeHeHHe orepaTopa S KO BceM djJeMeHTaM MHOXKecTBa X IO
OJTHOMY pa3y B HEKOTOPOM HeOIIpe/leJIEHHOM TOPSIKe.
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3AMEYAHUE
B nokasaresnbcrsax nuki for € X do S(z) end for ncrosnbsyercst n B Tom ciayuae, korza | X | = oo.
ITO He O3HaYaeT PeaJbHOro Ipoliecca UCIONHeHUs Tesla HUKJIA B JUCKPeTHble MOMEHTbI BpeMeH!,
a 03HayaeT BCETo JIMIIb MbICJIEHHYIO BO3MOXKHOCTb IIPUMEHUTb oleparop S KO BCeM 3JeMeHTaM
MHOkecTBa X HE3aBHCUMO OT €I0 MOIIHOCTH.

B rakux 0603HAYEHUSAX WTEPATOP TEpecedeHust MHOKeCcTB X MY Moxker ObITh 3a1aH
anroputmom 1.10.

Auroputm 1.10. UTepaTop nepeceyeHnst MHOKECTB

for r € X do
for y € Y do
if z = y then
S(x) // Teno nuxmia
next for x // caepyomuii
end if
end for
end for

3AMEYAHUE
Ornepatop next for x — 310 onepamop cmpyxmyprozo nepexoda, BHIIOJHEHUE KOTOPOTO B JIAHHOM
cJlydae O3HayaeT TPepbIBaHNE BBITIOJTHEHUS IIMKJIA 10 Y U IIEePeXo/l K CJAeAYIOeMy 1ary B IIUKJIe
10 .

AHanornyHo uTepaTop pazHocTu MHOKeCTB X \ Y: MoxkeT ObiTh 3a1an amroputmom 1.11.

Agropurm 1.11. UtepaTtop pa3HOCTH MHOXKECTB

for z € X do
for y € Y do
if z =y then
next for z // caepyiomuii x
end if
end for
S(x) // Teno nukia
end for

3amernM, uto AUB = (A\B)UB u (A\ B)NB = @. [loatoMy 0CTaTOYHO PacCMOTPETh
urepaTop oObequHeHNs AN3bIOHKTHBIX MHOKecTB X UY, tie X NY = @.

Asroput™ 1.12. UtepaTop 00beINHEHNUS TU3BIOHKTHBIX MHOMKECTB

for z € X do

S(x) // Teno nuxmia
end for
for y €Y do

S(y) // Temo mukia
end for

Crout 06patuTh BHUMaHKE HA TO, YTO UTEPATOP TIEPECEUEHIS] PEATTM3YETCS BIOKEHHBIMU
[UKJIAMH, & UTEPATOP AUIBIOHKTHOTO OOBEINHEHHST — MOCIEA0BATEILHOCTHIO TIUKJIOB.
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CJI0KHOCTD aJITOPUTMOB VST OTIEPAITMI ¢ MHOJKECTBAMHE TIPU UCIOJIB30BAHUH TIPE/ICTAB-
JIeHVs], He 3aBUCSIIETO0 OT PeaTM3aliy, COCTABIsIeT B XyAueM caydae O(nm), Tae m u
N — MOIIHOCTH YYaCTBYIOIINX MHOKECTB, B TO BPEMsI KaK JUJIsI IPEJCTABIEHUS] YIIOPSIIO-
YEHHBIMU CHICKAMU CJIOXKHOCTD B Xy/uieM ciaydae paBua O(n + m).

3AMEYAHUE
Ha mpakTuke o4ty Bceryia OKa3blBaeTCs TaK, YTO caMmasi U30UIPEHHAS pean3ains Ollepalnu, He
3aBUCSIIAS OT MPEJICTABJIEHUSI, OKa3biBaeTcst MeHee 3(h(MEKTUBHOI 10 CPABHEHUIO C CAMOIi TIPSIMO-
JIMHEWHOH peanu3alyeil, OpMeHTUPOBAHHOI HA KOHKPETHOE TIPE/ICTABJIECHHE.

OTCTYMJIEHUE
IIpu COBPEMEHHOM COCTOSIHUM allapaTHOil 0a3bl BBHIYMCIUTENbHON TEXHUKHM OKA3bIBAETCS, YTO
BO MHOTHX 33JlauyaX MOKHO IpeHeOpeub HEKOTOPHIM BBIMIPHINIEM B 3((OEKTUBHOCTH, HAPUMED
paznuuanem mexay O(nm) u O(n + m). [IpyruMu cJI0BaMH, HBIHEITHHE KOMITBIOTEPHI HACTOIHKO
OBICTPBI, YTO YACTO MOJKHO HE THATHCS 32 CaMbIM 3((hEKTUBHBIM MPECTABJIEHIEM, OTPAHUYHBIINCH
«J10CTATOYHO 3(PDHEKTUBHBIMS .

MNpumep. B pasButom maxere mporpamM Jijist PEIeHUsT 3a1a4 JUHEHHON anreOpbl uc-
HOJIb3YIOTCS MATPHIBl PA3IMYHBIX BUIOB (paspesKeHHbIE, TPEYTOJAbHbIE, OJI0YHO-IUATO-
HaJIbHbBIE U T. JI.), TPUYEM BH/IbI MATPUIl HACTOJIBKO OTINYAIOTCS, UTO JIJISI UX TPE/ICTaB-
JICHUsT yI0OHO WCIIOJIb30BaTh PA3UUHbIe CTPYKTYPBI HaHHBIX (OIHOMEPHBIE U JBYMEp-
Hble MAaCCHBBI, CIIMCKNA HEHYJEBBIX 3JIEMEHTOB U T. /1.). B TakoM ciy4yae HepalmoHAJIbHO
MIPOTPAMMUPOBATD JIJIST KAXK/ION CTPYKTYPBI JAHHBIX CBOU (DYHKIIMH, PEATU3YIOIINe OTle-
paiuu ¢ MarpuiiaMu. Torjia MOKHO Peajit30BaTh JIJIsT KaXJOW CTPYKTYDPbI JAaHHBIX HEp-
BUYHBIE oreparuu (CKa)keM, YTeHWe U 3aIUCh 3HAYEHUs 2JIEMEHTA MATPUIIb) W JIaJIbIle
porpaMMupoBaTh Tpebyembie (DYHKIIMU, KOTOPBIE yike OyAyT paboTaTh ¢ MEPBUYHBIMU
oreparusIMi, HE3aBICHUMO OT CTPYKTYP JAHHBIX, BBIOPAHHBIX JIJIsT TIPEICTABJICHUST MATPHIL

1.4. OTHOWIEHuUua
O6bI‘IHOG IHI/IPOKO I/ICHOJII)SyeMOG IIOHATHNE «OTHOIIIEeHME» MMEET BIIOJIHE TOYHOE MaTeMa-
TNYECKOE 3HaYeHu1e, KOTOPOB BBO/JIUTCA B 3TOM pa311eJIe.

DopMaIbHO OTHOIIEHUS SIBJISIIOTCS MHOKECTBAMU. 1109TOMY IIaBy MOXKHO ObLIO Obl Ha-
3BaTh «MHOKeCTBa, B TOM 4YucJjie oTHomeHusT». OHAKO ¢ TTOMOIIbIO OTHONIEHU BBOJSIT B
paccMOTpPeHwE HEeJIbII PSiL TOHATHE 1 0003HAYEH M, KOTOPBIE HAXO/ISAT, MOKET OBITh, IaKe
GoJIbllie TIPUMEHEHNIT, YeM PAaCCMOTPEHHBIE Ollepaliuu ¢ MHOKecTBaMu. [109TOMY TIOHATHE
«OTHOIIIEHNE» BITOJTHE MTPABOMEPHO TOCTAaBUTH B OJIUH PSIJl C TIOHITUEM <MHOKECTBO».

1.4.1. YnopsagoyeHHble napbl U HaAOOpbI

Eciu a u b — 06bekth, TOo Yepe3 (a,b) obosuaunm ynopsdouennyio napy. Pasencmeo
YNopsa00UeHHbIX NAp OTIPEIESETCS CAEAYIONNM 00pa3oM:

(a,b) = (c,d) Dl —c& b=

Boo6ie rosops, (a,b) # (b, a).
SAMEYAHUE

CDOpMaJIBHO YIIOpAMXOYECHHBIC ITapbl MOKHO ONPEACJINTD KaK MHOJKECTBA, €CJIN ONPEIEJINTh UX TaK:

Def

(a,b) = {a,{a,b}}.
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Takum 06pa3oM, BBEJIEHHOE [OHSITUE YIIOPSIJIOYEHHON MAPhl HE BBIBOAUT PACCMOTPEHIE 32 IIPEIEIIbI
TEOPUU MHOXKECTB.

AHaJOrMYHO YIOPAZOYEHHBIM IapaM MOKHO PaccMaTpUBaTh YIIOPSAOYEHHBIE TPOMKHM,
4yeTBEPKU U T. A. B 0buieM ciydae momobHbie 00beKThl HA3bIBAIOTCA M -KAMU, KOPMENCA-
mu, nabopamu win (KOHEYHBIMU) NOCACO08AMENLHOCMAMUY. YIIOPSIOUYEeHHbI Habop U3 n
3JIEMEHTOB 00603HAYAETCS (aq, - . . , Gy ).

SAMEYAHUE

OGBIYHO AJIEMEHTBI MOCJIEA0BATENBHOCTH CYUTAIOT OJHOTUITHBIMU, TO €CTh TPUHAIJIEKAIIMHI O
HOMY MHOKECTBY, XOTs1, BOOOIIE TOBOPsI, 3TO HE 00sI3aTeIbHO.

Ha6op (ai,...,a,) MOXHO OINPEAETUTh PEKYPCUBHO, UCIOJB3YsI MOHATHE YIIOPSAOUEH-

. Def
HOU mapst: (a,...,a,) = ((a1,--.,an-1),ay) . KoqudecTBO 31eMEHTOB B HAaOOpE Ha3bI-

BAETCsT €r0 OUHOU 1 0O03HAYAETCS CIEAYIONM 06pas3oM: |(a1, . . ., ay)|.

TEOPEMA. /[sa nabopa 000U ONunbL PaBHbL, eCl PAGHLL UX COOMBEMCMBYIOUUE Jile-
n

menmoL: N n ((al,...,an) =(b1,...,0p) <= A a;= bi).
i=1

Orcloza ciexyer, 4TO MOPSLOK «OTLIEIJIEHU» 9JIeMEHTOB B PEKyPCUBHOM OIIpe/ie/IeHUN

KOpTeKa He UMeeT 3HAUEHUs.
DoKA3ATENbCTBO. UHaykimsa no n. basa: mpu n = 2 10 onpe/ieleHNI0 PaBeHCTBa YIIO-

n—1
psirouennbix nap. [lycrs teneps (aq,...,an-1) = (b1,...,bn—1) <= A a; = b;. Torna
i=1
(al, . ,an) = (bl, e ,b") s ((al, Ce ,an_l) 7CLn) = ((bl, . 7bn_1) ,bn) s
<~ (al,...,an_l) = (b17~--;bn—1) & an :bn <~
n—1 n
3AMEYAHUE

Hamnbosee ecTeCTBEHHBIM MPEACTABICHUEM B IPOTPaMMe n-KH C 9JeMEHTaMH M3 MHOXecTBa A
siBJsieTcst Maccus array [1..n] of A.

1.4.2. MNpsamoe npousBeneHne MHOXEeCTB

[Tycts A u B — nBa MHOXKecTBa. IIpsamvim (Oexapmosvim) npoussedeniem IBYX MHOKECTB
A u B Ha3bIBaeTCsl MHOYKECTBO BCEX YIOPSIOYEHHBIX T1ap, B KOTOPHIX MEPBHIN 3JIEMEHT

NPUHAIEKUT A, a BTOpOl npunayiexut B: A X B Def (a,b) |ac A & beB}.

3AMEYAHUE
Touka Ha IJIOCKOCTH MOKeT ObITh 3a/[aHa YIOPSIOYEHHON TApON KOOPAMHAT, TO €CTh ABYMsI TOY-
KaMI Ha KOOPAMHATHBIX ocax. Takum o6pasom, R? = R x R. CBouM NOABJICHUEM METOJ KOOPAMHAT
obsizan JlekapTy', oTciofa 1 HasBaHUe «eKapTOBO TIPOM3BEIEHIE>.

! Pene Jlexapr (1596-1650).
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TEOPEMA. Ecnu mnoxcecmsa A u B koneunwvt, mo |A x B| = |A||B].

DOKASATENLCTBO. [lepBbiif KOMITOHEHT YIIOPSIOYEHHON Maphl MOXKHO BBIOpath |A| cro-
cobamu, BTopoit — |B| cmocobaMu, TPUIEM HE3aBUCUMO OT BHIGOPA TIEPBOTO 3JIEMEHTA.
Taxum 06pa3oM, Bcero nMeeTcst |A||B| pasnuaHbIX YIOPSIOIEHHBIX Tap. O

[ToHsATHE MPSIMOTO MPOU3BEEHUS TOMYCKAET 060BIEHHE.

Ay xoox Ay 2 ar, . an) a1 €A & .. & an € Ay}

Mmuo:xecTBa Al He 0043aTeTbHO Pa3JIMYHBI.

CNEACTBME. [A; x --- x A,| = [] |Ail.
=1

[IpsiMoe TIpom3BeNieHIE HECKOJIBKIUX MHOKECTB aCCOIMATUBHO, KAaK MMOKA3aHO B CJEIYIO-
e JeMMme.

JEMMA. (AXxB)xC~Ax (BxC).

DoKkA3ATENLCTBO. (A x B) x C' = {((a,b)c) | (a,b) e Ax B& ce C} ~
~{(a,b,c)|lac A&beB&ceC}~{(a,(bec)|acA&(bc)e BxC}=
=Ax (B xCQC). O

Cmenenvio MHOXKeCTBa A Has3bIBaeTCsl €ro n-KpaTHOe IPsMOe HPOU3BeeHHEe CaMOro Ha
Def Def Def
ce6s1. O6osnauenne: A" = A x---x A. CoorBerctBenHO, A' = A, A2 = Ax Amn
—_—

n pas

BOOOIIE A™ Def g 5 An—1,

CNEACTBME. |A"| = |A|".

1.4.3. Pa3dMeyeHHOe o0beAuHEeHne MHOXecCTB

Ilyctb X1, ..., X, — ceMEHCTBO MHOKECTB, BO3MOKHO UMEIONINX OOIIHE 2JIeMEHThI. Pas-
meuennvim 06vedunenuem (YnorpebsIOTCS TakkKe TEPMUHBL 0ussionkmioe 0bvedunenue
MHONCECNE N NPAMAS CYMMA MHONCECME) 1. MHOKECTB X1, ..., X, Ha3bIBACTCS MHOXKE-
CTBO BCEX YMOPS/IOUEHHBIX MapP, B KOTOPBIX TIEPBBIA HIEMEHT MPUHAMIEKUT MHOKECTBY
X, a BTOPOH 3JIeMEHT — HaTypaJIbHOe YHCJIO

Xi®OXo®. .. ®Xn 2 {(2,0) | 1<i<n&ae X}

Orepaliisi pasMe4eHHOro 00beANHEH S TIPUITMCHIBAET KAXKIOMY 3JIEMEHTY HOBOTO MHO-
JKeCTBa MHJIEKC, 10 KOTOPOMY MOXHO ITOHATH, U3 KAaKOTO KOHKPETHO MHOXKECTBA 3JIEMEHT
HOMAJ B Pe3yJIBTaT, B OTJUYHE OT Olepainuu o0beJMHEHNs, B KOTOPOil aTa nH(hOpPMAIis
TEPAETCA.

Mpumep. Ilycts X — mMHOXecTBO 337124, a X; C X — MOAMHOXKECTBO 32/1a4, PEIIEHHBIX
crynentoMm i. Torma X1 & ... X,, — MHOXKECTBO 33j[a4, PEMIEHHBIX N CTYJAEHTaMHU.
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3AMEYAHUE

Pasmeuennoe o0beguHeHe MHOKECTB X1, . .., X, €cTh 00beJUHEHNE AEKaPTOBBIX MPOU3BEACHUN
n

Xix{i} X190 Xod...0 X, = U (Xi x {i}). Ora onepanus accouuatupHa, Mo3TOMY CKOOKU

i=1

B 3anucu X1 & X2 @ ... PH X, onyckaiorcs.

n
TEOPEMA. /[ns xoneunvix muoscecms | X1 & Xo @ -+ @& X, | = > | X;].
i=1
DOKA3ATENLCTBO. MHuoxkectBa nap X; X {i} ¢ pazinuHbIMI METKAMU § HE UMEIOT OOIHX

LiJXi x {i}] = >, 1 X x {i}| = ;|Xi\ {i}| = ZZ: | X;|. YunrsiBas

3amevanue, rosydaem: | X1 @ Xo @ -+ d X,| = > | X, d
i=1

9JIEMEHTOB, 3HAYUT.

Mpumep. Ilycts S m U — 1Ba MHOXKECTBA IBOMYHBIX TTOCTEOBATETHHOCTEN JITTUHBI 7.
sIcHO, YTO OHU MOTYT UMETh HEOTJUYMMble ajaeMeHThl. Ilycrb ans S 3azaHo oroOpaxe-
HHE B IE€JIbl€ YMCJIa, KOTOPOE TPAaKTyE€T 3JIEMEHT S Kak ABOMYHOE IIpeACTaB/JIeHNE YHCJa
co 3HakoM; 1Jist U 3aano orobpakeHne B HaTypajibHbIe YNCIIa, TPAKTYIONIEE ero 9J1eMEeHT
KakK JBOMYHOE IIpeiicTaBjeHue yncia Oe3 sHaka. Torza [ pasMedeHHOro oObeqrHeHHe
MHOKecTB X = SOU MOKHO IOCTPOUTH OTOOpasKeHKEe B LeJIble YUNCIa, KOTOPOE B 3aBUCHU-
MOCTH OT METKH 3JieMeHTa Oy/eT MEPEBOANTD €ro B IEJOe YUCJIO0 [0 COOTBETCTBYIONIEMY
MIPABILILY.

OTCTYINJIEHMUE

B mporpaMMEpOBaHNE OTEpaIyisi Pa3MEUeHHOTO OObeIMHEHNST MOJIEPKUBAETCST CTPYKTYPOil TaH-
HBIX, KOTOPasi 0OBIYHO TAKKE HA3BIBAETCSI pa3MeueHHoe 00pe0unenue, UCTIOIb3yeMOil IJIsl XpaHEeHUs!
3HAYEeHUs OJIHOTO M3 HECKOJIbKUX THUIIOB. TeKyIIMM THUIIOM SBJISI€TCS THUII 3HAUEHUS, 3alIMCAHHO-
ro mocsenHuM. B sizbikax cemeiictBa Cu oObeiiHEHNE TUIIOB 33/IA€TCsI KJIIOYEBBIM CJIOBOM UNion.
ITpu sToM nHMOPMAIKST O TEKYIIIEM TUIIE HUT/IE HE COXPAHSIETCS], U 32 Oe30mmboYHOe 0bpallieHIe CO
3HAYEHHEM IOJHOCTBIO OTBeYaeT nporpammuct. Pazmedentoe obbenunennue record case B si3biKe
[Tackasp nMeeT crelagbHOe NOJE (Mmeez), XpaHsiiee TUI TEKYIIEro 3HaYeHHst. AHAJIN3 Tera M03BO-
JISIeT POTrpaMMUCTy u3berath omrbok. Ha mepBblil B3MJIsL TO JKe TOBeleHne MOXKHO 0OeCIedrTh
mpoige. A IMEHHO, MOJKHO B3SITh THII TIPSIMOTO Ipou3BesieHus1 (struct B si3pikax cemeiictBa Cn),
3aBECTU B HEM II0Jis1 HeOOXO[MMBIX THUIIOB U 10Jie Tera. [IpenMyIecTBOM pa3Meu4eHHOro 00benu-
HeHusi (TIPsIMON cyMMbl) record case Tiepell THIIOM CTPYKTYpbI (IIPSIMOTO TIPOM3BeeHNsT) struct
SIBJISIETCSI BBIUTPBIII 110 TIaMSITU. B cilydyae pasMedeHHOro 0ObeIMHEHUsT JOCTATOUHO BbIAEJIMUTH I1a-
MSITb 110/l 3HaYeHue HauboJsiee 0GBEMHOIO 110 [AMSITU THUIIA U 10/ II0JIE TETa, a B CJIydYae MPsMOro
IPOU3Be/IeHNsT HeOOXOIMMO BBIJIEUTD TTAMSITh 110/l 3HAYEHUsI BCEX THUIIOB B CyMME U TIO]I TIOJIE Tera.

1.4.4. BuHapHble OTHOLLEHUS

Bunapnvim ommowenuem mexxay MuoxkectBamu A u B HasbiBaetcst Tpoiika (A, B, R), rie
R — MOAMHOXKeCTBO npsiMOro mnpousBeneruss A u B, 1o ectb R C A X B. MHOXecTBO
R naseiBaerca zpagurxom omuouenus, A Ha3bIBaeTCsl 061ACMbIO omnpaeienus, a B —
obaacmovio npubvimus. Ecin MHOKecTBa A 1 B onpejiesieHbl KOHTEKCTOM, TO YacTO [IPOCTO
FOBOPAT, YTO 3ajlaHo oTHolnenue R. IIpu 9TOM It KPaTKOCTH OTHOIIEHHE 0603HAYaioT
TeM K€ CUMBOJIOM, YTO U TpaUK OTHOIIEHUS.
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3AMEYAHUE
[IpuHATO TOBOPUTH «OTHOIIEHNE MEKIY MHOKECTBAMUY, XOTS TIOPSIIOK MHOKECTB MeeT 3HAUeHne
U OTHOIIeHUE MeXX1y A u B coBceM He TO e caMoe, uTo oTHolenne Mexxny B u A. [loatomy uno-
712, YTOObBI MOAYEPKHYTh 9TO 0OCTOSATEIBCTBO, YIOTPEOJISAIOT 000POT «OTHOIIEHHE R U3 MHOKECTBA
A B MHOXeCTBO B».

Cpenu 31eMeHTOB MHOKeCTB A U B MOryT ObITh Takue, KOTOPbI€ BXOJAT B OAHY WJIM
HECKOJIBKO TIap, OTMPEAENSIONINX OTHOTIeHe R, a MOTYT OBITh TaKie, KOTOPbIe He BXOIST
HU B OJIHY 13 TIap, OTPE/ESIONNX OTHOIIeHne R.

MHOKeCTBO 2JIEMEHTOB 00JIACTH OTIPABJEHIS], KOTOPbIE TIPUCYTCTBYIOT B TapaxX OTHO-
IIEHUsI, HAa3bIBACTCS 061ACmubl0 onpedenenus oTHoOIIeHuss R m obosnadaercs Dom R, a
MHOJKECTBO 3JIEMEHTOB O0OJIACTU TPUOBITHSI, KOTOPbIE MPHUCYTCTBYIOT B Tapax OTHOIIIe-

HU, Ha3bIBACTCA 06acmuio 3Havenuti oTHoIeHns R n obosnavaerca Im R:

DomR % {ac A|3Ibe B ((a,b) € R)}, ImR 2 {be B|Jac A ((a,b) € R)}.

Eciu A = B (10 ectb R C A?), TO roBOpAT, 4T0 R ecTh omuowenue na muoxcecmee A.
Jl1s1 6MHAPHBIX OTHOLIEHUH OOBIYHO UCIIOJIb3YETCS UHDUKCHAS (DOPMA 3aNUCH:

aRb 2 (a,b) e RC A x B.

NHudukcHas dopma mosBosisteT GoJiee KPaTKO 3allMChIBaTh HEKOTOPbIe (DOPMBI YTBEPIK-

o .o Def

J€HUI OTHOCUTENIBHO OTHOUIeHui: aRbRc = (a,b) € R & (b,¢) € R.

Mpumep. Ilycts 3amano muOXKecTtBO U. Torma € (mpWHAAIEKHOCTH) — OTHOIIEHUE
MEKIy aeMeHTaMn MHokecTBa U u anementamu Oyseana 2V, a C (BKioueHue) u
= (paBeHcTBO) — orHomenus Ha 2. Xopomo M3BeCTHbI OTHOIIEHUA =, <, <, >, >, #,
oTipe/ieJIEHHbIE HA MHOKECTBE YHCEJL.

IIycts R — orHouenue mexay MHoxkectBamu A u B: R C A x B. BBeném cienyouiue
HOHATHL:

O6pamnoe oTHOUIECHUE: R ((b,a) | (a,b) € R} C B x A.
Jlononnenue otnomenws: B2 {(a,b) | (a,b) ¢ R} C A x B.
Ynueepcanvioe ornorenune: U Def {(a,b) |ac A&beB} = AxB.

MNpumep. Ha puc. 1.6 nokazausl rpaduxu otHourenns R = {(z,y) |4 >z —y > 1},
xz € 1.5, y € 1.4 u obparHoro orHomenuss R~ = {(z,y) |[4>y—z > 1}, v € 1.4,
y € 1.5

Ha sir060M MHOKECTBE MOJKHO OIIPEIEIUTD MOojcdecmaenoe OTHOLICHIE:
Def
I = {(a,a) |a€ A} C A% OOGbruHO 17151 0603HAYECHHS TOKAECTBEHHOTO OTHOMICHUS

HCIIOJIb3YIOT 3HAK paBE€HCTBa =.

Mpumepsl
PaBencrBo MHOKECTB U PaBEHCTBO YHUCEJI ABJIAIOTCA TOXK/IECTBEHHBIMU OTHONIECHUAMMN.

3AMEYAHME

I'pauk TOXKIECTBEHHOTO OTHOIIEHNST HA MHOKECTBE A MHOT/A Ha3bIBAIOT Judzonanvio B A X A.
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y
5 o O 'e)
4| lio L R'={(xp)4>y-x>2
| |
31110 ® !
| |
| |
2 : .: . ______
|
1] 1 ° | R={(x,y)|4>x-y>2}
1 2 3 4 5 x

Puc. 1.6. Mpadukm otHoweHnin R n R~1

OG60061IEHHOE TTOHSATHE OTHOIIEHUS: n-Mecmuoe (n-aproe) OTHOIIeHne R — 9TO MOAMHO-
JKECTBO TPSIMOTO TIPOM3BEIEHHST 11 MHOYKECTB, TO €CTh MHOMKECTBO KOPMeENCel:

RCA x-xAy 2 {(ar,...,an) a1 €A & ... & an € A}

O6b1unO BMECTO (a1, . ..,a,) € R mumyT R(ay, ..., a,).

3AMEYAHME

Yucmio n, TO €CTb AJUHY KOpTG)KGI;’I OTHOLIEHNMA, HAa3bIBAIOT MHOT LA BMECMUMOCNbIO.

OTCTYNJIEHUE

MHOroMecTHbIE OTHOIIEHUST UCHOJIB3YIOTCSI, HalpuMep, B Teopuu 6a3 panHbix. CamMo Ha3BaHue
«peJISIIIMOHHasT» 6a3a JAHHBIX [POUCXOAUT OT cJioBa relation (oTHOIIEHHE).

Jlaee paccMaTpUBAIOTCS TOJNBKO ABYMECTHBIE (OMHADHDBIE) OTHOIIEHNS, TIPH 9TOM CJIOBO
«GUHAPHBIE» OIYCKAETCA.

1.4.5. KomMno3nuusa OTHOLLEHUN

[Mycts Ry C A x C — otnHomenne mexay A u C, a Ry C C' x B — oTHomenune mMexay C
u B. Komnosuyuetl 1Byx oTHomeHuit Ry u R Ha3piBaeTcst oTHoIeHne R C A X B Mexy
A u B, onpejiesisieMoe CIeAYONUM 00pasoM:

R RioRy 2 {(a,b) [ac Ak be B&IceC (aRic & cRzb)} .

[pyrumu cioBamu, a RijoRy b <= Jc € C (aRjic & cRyb) .

Mpumep. Ha puc. 1.7 moxkazana reomeTpriecKkasi UTIOCTPAINS KOMIIO3UITUU OTHOIIIE-
HUM.

TEOPEMA. Kowmno3uuyus omHouweHutl acCoyuamua, mo ecmy
VR, CAXB,RQ C B x C7R3 CCXD((Rl OR2)0R3 :Rlo(RQORg)).
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%\

v

Puc. 1.7. TeomeTpuyeckas nanioctTpaumsa KOMNO3nULMM OTHOLLEHUI

DOKASATENLCTBO. a(Rj0Rs)oR3d < Jc € C (aRi10Rz¢c & cR3d) <

<= 3JceC ((3be B (aR1b & bRyc)) & cR3d) <

<= 3be B,c € C (aR1b & bRac & cR3d) <~

<= 3be B (aRb & (Fce C (bRac & cR3d))) <—

<= 3be B (aR1b & bRyoR3d) <= aRy0o(Ry0R3)d. O

KoMmmosuiing orHomeHnil Ha MHOXKeCTBe A sIBJIsIETCS OTHOIIIEHWEM Ha MHOKecTBe A.

Mpumep. Kommosuius oTHomeHNH < U < Ha MHOKECTBE BEN[ECTBEHHBIX YHCEJI COB-
najaeT ¢ OTHOLIeHUuEeM <: < o < = <.

SAMEYAHME

B o61em ciryyae KOMIIO3UIMSI OTHOIIEHHIT HE KOMMYTAaTHBHA, TO eCTb R1 o Ry # Ro o Ry.

anlMep. Ha muoxecTBe HDHEﬁ OIIpe/ieJIEHbI OTHOIIIEHWA KPOBHOI'O POJICTBA U CYTIPpY-
kectBa. OTHOIIEHUS «KPOBHbBI€ POJCTBEHHUKHU CYIIPYTOB» M <«CYNPYTU KPOBHBIX PO~
CTBEHHUKOB» PAa3JMYHDbI.

W3 ompenenennst HeMOCPEACTBEHHO cJefyeT, uTo ecan S1 C Ry & So C Ro,
T0 S1 0855 C Ry o Rs.

1.4.6. CBoiicTBa OTHOLUEHUN

[Tycts R C A2, Torma otHOmeHNe R Ha3bIBAETCS:

pedaexcusHviM, eciu Va € A (aRa);
anmupegaexcuenvim, ecimVa € A (-aRa);
CUMMEMPUUHBIM, eciu Va,b € A (aRb = bRa);

anmucummempuunoin, ecim Va,be A (aRb & bRa = a = b);
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MPaH3UMUBHHIM, ecan Va,b,c € A (aRb & bRc = aRc);
JUHELIHDIM, ecmn Va,b e A (a=bV aRb V bRa).
3AMEYAHUE

WHorna nuHeliHoe oTHOIIEHNE R HAa3bIBAIOT 701HbIM. TaKko TePMUH SIBJISETCS ONPABIAHHBIM, T10-
CKOJIBKY JIJIs JTIOOBIX [IBYX Pa3iNdYHbIX 3J1eMeHTOB a ¥ b ymbo mapa (a,b), mubo mapa (b, a) mpu-
HaIeKUT oTHOMIeHN0 R. OTHoIeHue, He 0blaaioniee CBOMCTBOM MOJHOTHI, TIPU 9TOM BITOJHE
€CTeCTBEHHO Ha3bIBaTh yacmuytvim. OHAKO MCIOTb30BaHIE TEPMIUHA <IIOJTHOE OTHOIIEHUE» MOXKET
MIOPOXK/IATh TEPMUHOJIOTNYECKYIO IyTaHuIy. /leslo B TOM, 4TO CJI0BOCOYETaHUE «BIIOJHE YIIOPS/I0-
YEHHOE MHOXKECTBO» OKa3bIBA€TCS CO3BYYHBIM CJIOBOCOYETAHUIO «MHOKECTBO C IIOJHBIM IOPSII-
KOM», XOTSI 3TH CJIOBOCOYETAHUsT 0003HAYAIOT CYIIECTBEHHO pasiimyHbie 00beKThl. [loaToMy 371ech
TEPMUH «JIMHEITHOE OTHOIIEHNE» CUNUTAETCS AHTOHUMOM TEPMUHY «YaCTUYHOE OTHOILEHUE.

TEOPEMA. [lycmv R C A x A — omuowenue na A. Tozda:

1) R pegnexcueno <= I C R;

2) R cummempuuno <= R = R™1;

3) R mpansumueno <= Ro R C R;

4) R anmucummempuuno <= RN R~ C I;
5) R anmupegnexcusno <~ RNI =g

6) Rauneiino <= RUIUR™ ! =U.

p,OKASATEHbCTBO. I/ICHOJIBSyH ornpeaeJieHus CBOIICTB OTHOH_IGHI/II'/JIy nMmeeM:
[1)<=] Va€ A (aRa) <= Va€ A ((a,a) € R) <= I CR.

[2) =] Va,be A (aRb=>bRa) <= Va,be A ((a,b) € R= (b,a) € R) —
<:>Va,beA(((a,b)eR:>(b,a)eR)&((b,a)eR:>( b) € R)) <—
< Va,be A (((a,b) e R=> (a,b) € R7*) & ((a,b) e R} :>(a,b)€R))<:>
<~ RCR'&R!'CR< R=RL.

[3) <=1 Va,b,ce A (aRb & bRc = aRc) —

<= Va,bce A ((a,b) € R& (b,c) € R= (a,¢) € R) <=

< Va,ce A (3be B ((a,b) € R&(b,¢) € R) = (a,¢) € R) <

<= Va,ce A ((a,¢) € RoR= (a,c) € R) —

<= Va,c€ A (aRoRc=aRc) < RoRC R.

[4) =1 Ot nporusuoro. RNR™' ¢ I = Ja#b (aRb & aR™'b) =

= Jda#b (aRb & bRa).

[4)<=]1 RNR 1 CI= (aRb& aR7'b= a=b) = (aRb & bRa => a =).

[5) =] Ot nporuBnHoro. RN I # & —>

= Ja € A (aRa & ala) <= Ja € A (aRa) <= —Va € A (—aRa).

[6)<=1 RNI=@ = —-Ja€ A (aRa) = Va e A (-aRa).

[6) <] Va,be A (a=bV aRb V bRa) <

<~ VabeA ((a,b)elV (a,b) e RV (a,b) € R7) <=

<= UCIURUR '<=U=RUIUR™. O
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Mpumep.

ITyctp Ha mMHOkecTBe M = {1,2,3,4} 3amaHo 6u- 4r-@-—--——-0
HapHoe OTHolleHue R, rpadmk KOTOPOro MOKa3aH N B S

Ha puc. 1.8 Kakumu u3 mepeyncieHHBIX CBOMCTB RS
obnamaer ato ortHoimenne? OTHomenne R He sB- 2r- @ -----0@
JisieTcss HU PedIIeKCUBHBIM, HU CUMMETPUYHBIM, 1loe-t-1 ¢

HU TPAH3UTHBHBIM, HU aHTHPehJIEKCUBHBIM, HU N
AHTHCUMMETPUYHBIM, HU JINHEHHDIM, 1‘ 2‘ 3‘ 4‘1 »

Puc. 1.8. K npumepy 1.4.6
1.4.7. CTeneHb OTHOLUEHUA U LUKIbl

[Iyctp R — ortHomenue Ha MHOXecTBe A. Cmenenvro omuowenus R na MHOXecTBe A
HA3bIBAETCS €r0 N-KpaTHas KOMIO3UIHsS ¢ caMuM coboit. O6o3HaueHue:

R"2 Ro...oR.
—_—

n pas

Def Def Def Def
Cootsercrsenno, R® = I, R1 =' R, R?2 = Ro R u Boobme R = R"1oR.

Ecmu (a,b) € R™, To ato 3Ha4WT, 4TO J¢1,...,¢n1 € A (aRc1 R...Rc,—1 RD). [locne-
NOBATETBHOCTD TIPOMEKYTOUHBIX 2JIEMEHTOB, €CJTH UX WHIMBUYaTbHbIe UMEHA HE BAJKHBI,
06o3HauNM IS KpaTkocTH {(a R ... Rb). KomnuecTBO MPOMERKYTOUHBIX 9JIEMEHTOB Ha 1
MeHbIIIe CTEMEHN OTHOIIEHUsI. 3aMETUM, YTO He BCE HJIEMEHTHI B TIOCTEOBATENLHOCTH
BJIEMEHTOB 00513aTeJIbHO Pa3invyHbL. BriosiHe MoxeT ObiTh, uT0 (a,a) € R"™. B takom
cllydae MOCJIeZ0BATeNbHOCTD (a R ... Ra) Ha3piBaeTcs yuxaom. KonnuecTBo BXOXIEHMH
oTHOUIEHUsT R B 3aruch 1uKa (TO eCTh CTENeHb OTHOIIEHNUST) HA3BIBAETCS ONUHOU UUKIA.

Mpumepsl

ITpocreltuii MK IJTHHBL 2 06pasyeT cCHMMeTpUYHast napa (a, b), Takast uto aRb u bRa.
Tpotika smemMenToB (a, b, ¢), Takas uto0 (a,b) € R & (b,¢) € R & (¢,a) € R, obpasyeT iK1
JUITUHBL 3 U HA3bIBAETCS MPEY20obHUKOM U T. I,

SAMEYAHMUE

Crporo roBops, pedIeKCUBHBIIT 9JIEMEHT a, TAKOH 4TO (a,a) € R = R!, taxske obpasyeT UK J1JIHU-
ubl 1 1 HazpiBaetcs nemiétl. OMHAKO TAKOH UK SIBJISIETCS TPUBUATIBHBIM H HEUHTEPECHBIM C TOYKU
3peHust CBOWCTB OTHOIIEHUs B 1esioM. [leiicTButenbho, ecau aRa, 10 Vn (aR™a). Ilo metne Mox-
HO «HAKPYYUBATb» CKOJIb YTOIHO JJIMHHbBIE ITUKJIbI, U 9TO He MAET HUKAKOW HOBOU MHQOpMAIUU.
ITosTOMYy TI€T/IN OOBIYHO HE CYMTAIOT ITUKJIAMHU.

Otnomenne R wa mMHOkectBe A (R C A?) Ha3blBAeTCA AUUKIUUCCKUM, €CJTA OHO HE
COJIEPKUT IMKJIOB, TO €CTh HocjenoBareabiocteil (a R ... Ra). CBOICTBO allUKJINYHOCTH
TECHO CBS3aHO C JIPYTUMM CBOWCTBAMM OTHOIIEHUH.

JIEMMA 1. Ecau omnowenue R na muoxncecmee A aHmucumMmempuyno u mpan3umusHo,
mo OHO AUUKIUUHO.

DokA3ATENLCTBO. Ot mportusworo. [lycts (a RbR. .. Ra) — nuxi. Torma, ¢ ogHoit cTo-
poHbl, aRb, HO, C APYroil CTOPOHBI, bRa MO TPAH3UTUBHOCTU, YTO IPOTUBOPEYUT aHTU-
CUMMETPUYHOCTH. (]
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JNIEMMA 2. Ecau omnowenue R na mnodxcecmee A auuxauuno, mo oHO He CUMMEMPUUHO
u He cooepacum cummempuunoix nap aRb & bRa.

DOKA3ATENbCTBO. Kaskaas takast mapa oOpasyer UKJI JJIMHBL 2. O

BOO6HI€ TOBODP:A, JOMMYCTUMO pacCMaTPpUBATh MPOU3BOJIbHBIEC CTEIIEHU OTHOMIECHNA, TO €CTh
IIOCJIEIOBATE/IbHOCTHU 3JIEMEHTOB 1, B YaCTHOCTH, ITUKJIbL HpOI/ISBO]IbHOfl JJINHDBI. OI[HaKO
3TO He uMeeT 0coHoro CMbICJIa, KaK ITOKa3bIBA€T CJIEAYIOIasl TeOpEMa.

TEOPEMA. Eciu nexomopas napa (a, b) npunadiescum kaxoi-mubo cmenenu ommouerus
R na muoscecmee A MowHOCMU 1, MO 9MA NAPA NPUHAOLEHCUM U HeKOMOPOU cmenenu R ne
eviue n — 1:

RC A &|Al=n=Va,be A 3k (aR"b) = Tk <n (aR"D)).

DOKA3ATENbCTBO. O603HAYNM ¢p : =a, ¢ :=b. [lo onpe/eseHnIo CyIecTByeT MOCaen0-
BaTeJbHOCTH C1,...,CLr—1 TaKasd, uTo coRciReeR ... Reg—1 Reyg. o npunnumy [{upuxie
(m. 1.25),ecmu Al =n & k > n, 1o 34,5 (¢; =¢; & i # j), T0 ectd muka (¢;R... Re;),
KOTOPBIII ~ MOKHO  yIQJINTh, [OJYYUB IIOCIEAOBATENBHOCTD  MEHBINEH  IJIHHBI
coRe1R...RejRejaR. .. Rep—1 Rey, To ectb (a,b) € RF~U~). O6oznaunm uepes d npo-
Heaypy, KOoTopast Bbumcisier napy uucen (i,j7). CymrectBoBanue TpedyeMoro 4ucia k
(crenenu otHorreHnss R) obecriednBaercs CJAEAYIOIUM OCTPOEHUEM:

while £ > n do (i,5):=d(); k:=k — (j — i) end while. O

o] n—1
CNEACTBUE. RC A2 & [A|=n= | R'= | R.
i=1

i=1
1.4.8. 9apo oTHOLWeEHUS
Eciu R C A x B — oTHoLIeHUe Mexy MHoxkectBaMu A u B, To komnosunua R o R~!
HasbIBaeTCd A0pom oTHOLIeHUs R u obosHavyaercs ker R. JIpyruMu cjoBaMu,
ai ker Rag <= 3b € B (a1 Rb & a2 RD).
Anpo orHomenuss R mexay A u B sBiisietrcst oTHOlIIeHUeM Ha A:
RC AxB=kerRC A%

Mpumepbl

1. Ilycrtb oTHOIIEHHE N1 «HAXOAUTHCS HA PACCTOSTHUU He Gojiee 1> Ha MHOKECTBE I[EJIbIX
quces onpeseneno caexyomum obpazom: Ni:={(n,m) |1 > |n — m|}. Torma sapom
HTOTO OTHOIIEHUS SIBJISIETCST OTHOIIIEHIE Ny «HAXOAUTHCS HA PacCTOsTHUU He GoJiee 2»:
No:={(n,m)| 2> |n—ml}.

2. dnpom oTHOIIEHNUST «ObITh 3HAKOMBIMU> SIBJISIETCST OTHOIIIEHUE «ObITh 3HAKOMBIMU TN
HUMETDH OOIIETO 3HAKOMOTO>.

3. supo ornourenns € mesxay U u 2Y yuusepcansio: Va,b € U ({a,b} € 2V).

4. dnpo ornomenuss C Ha 2V TaksKe yHUBEPCATBHO.

5. PaccMoTpuM OTHOIIEHHE «TeCHOTO BKIOYeHus» Ha 2Y:

+1 Def +1
X CY =X CY&|X|+1 = [Y] dnpom orHOmennss C SABAETCS OTHOMIECHUE

«OTJINYATbCA HE 60]166 YeM OIHHNM 3JIEMEHTOM>»
+1
ker C={X,Y €2V |[[X|=|V]|& | XNY]|>|X|-1}.
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3AMEYAHME

TepmuH <«s1po» 1 0o603HaYeHNE ker MCIOMB3YIOTCS TAKKe U IS APYTUX 00bekToB. VX He ciemyer
[yTaTh — M3 KOHTEKCTa OOBIYHO SICHO, B KAKOM CMbICJIE UCIIOJIb3YETCS] TEPMUH <SIIPO>.

TEOPEMA. S0po 1106020 0omuoweHus pehiexcusto u CUMMEmpPUUHo Ha 001acmu onpede-
JeHUSL.

[OKABATENIbCTBO. PaccMOoTpuM TIPOM3BOJIbHOE OTHOIIEHNE R C A X B.
[ PepnekcusrocTs | Tlycrs a € Dom R. Torna 3b € B (aRb) u 3b € B (aRb & bR™'a).
Uwmeem (a,a) € Ro R~ = aker Ra.

[ Cummetpuarocts ] Iyets a,b € Dom R & aker Rb. Torna 3¢ € B (aRe & cR™'D),
orkyna 3¢ € B (bRc & cR™'a), u 3naunt (b,a) € Ro R™' = bker Ra. O

Mpumep.
ITyctp Ha mHOKecTBe M = {1,2,3,4,5,6} 3asaH0 OuHApHOE
oromenne R = {(x,y) | zy = 6}. Obparnoe orHolIEHUE

COBIIQJIAET C UCXOIHBIM, a SIIPO Pe(PIEKCUBHO U CUMMETPHY-
HO, XOTs U He JIMHEHHO. ITU OTHOLIeHUs M300pakKeHbl Ha
puc. 1.9. Ipadpux mcxonHOTO OTHOLIEHUS (M OGPATHOTO OT-
HOIIIEHNsT) M300paKEH 3aKpallleHHBIMU KPYsKKaMU, Tpaduk
sapa (1 KBagpaTa) — He3aKpalleHHBIMA KPY:KKaMMU.

Puc. 1.9. K npumepy 1.4.8

1.4.9. MNpepcraBneHne OTHOLUEHUI B Nporpammax

[Iycts R — otHomrenne na A, R C A% u |A| = n. Ilepenymepyem a1eMeHTbI MHOKECTBA A,
A = {ay,...,a,}. Torma oTHOmIeHWE R MOXKHO HPEICTABUTD OY1€60l MaTPUIIEN :

array [1..n,1..n] of 0..1, e ¥4,/ € L.n ( li, 5] = aiRaj).

SAMEYAHME

Tepmun «OyJsieBa MATPUIA»> O3HAYAET, YTO JEMEHTBI MATPUIBI — OyJIeBbl 3HAUECHUS M OlEPAIMU

HaJl HUMH BBITIOJTHAIOTCA 110 COOTBETCTBYIOIINUM ITDABUJIAM. B YaCTHOCTH, €CJIN n — 6yJIeBbI
MaTpullbl, TO Ooll€pallui Ha HUMU OIIPEJACJIAI0TCA CJIEAYIOINM O6p8.30MI

mpancnonuposanue: T 2, 7] rﬁf [7,1];
BbIUUMAHUE: ( —) [i, 4] D:Cf [i,7] & (1 — [i,j]);

UHBEPMUPOBAHUE: i, 7] el A [z il;

yMHOKCEHUE: ( X ) i, 7] [E Y ( [i, k] & [’f,j])?
(V )[H] (R li. 4] v [Ra] [i, 5]

OU3BIONKUUS:

B caenyiomux yTBep:KAeHUSIX IpejlioaraeTcsl, YTo BCe paccMaTpuBaeMble OTHOIIEHUS
oTpe/ieJieHbl HA MHOKecTBe A, mpuuéM |A| = n.
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TEOPEMA 1. = T.

T
DOKABATENLCTBO. (b,a) € R™! <= (a,b) ER < [a,b]=1 <:> [b, a] =1. O

B ynuBepcamproe oTHOMeHWe U BXOAST BCE Taphl 3JIEMEHTOB, TOATOMY BCE 3JEMEHTHI
MaTpPUIlbl YHUBEPCAJIbHOTO OTHOIIIEHUS paBubI 1.

TEOPEMA 2. =[U]-[R].
DOKASATENLCTBO. (a,b) € R <= (a,b) € R +—

<:>[a,b]:()<:>[a,b]—[a,b]:1<:>(—)[a,b]:1. O
CNEACTBME. :.

TEOPEMA 3. |Rio Ry |=|Ri|x|R:].

DOKASATENLCTBO. (a,b) € Ry o Ry <= Jc € A (aRic & cRob) <—

e 3Jce A ([a,c]:l&[c,b]:1)<:>
< dce A (( [a, c] &[c,b]) :1) =
— <k\?l[a,k]&[k,b}> :1<:>(><) [a,b] = 1. O

CNEOCTBME. ~[Rr]".

TEOPEMA 4. |RiUR;|=|Ri|V|Ry|.

DOKA3ATENLCTBO. (a,b) € Ry U Ry <= aR1bV aRsb <

<:>[a,b]:1\/[a,b}:1<:>(\/) [a,b] = 1. O

SAMEYAHUE
IIpencrasiieHre OTHONIEHHUH € TIOMOII[BIO OYJIEBBIX MATPHI[ — 3TO TOJBKO OIMH 13 BO3MOKHBIX CIIO-
co00B TIpe/ICTaBIeHUsT OTHOIIEH . J[pyrie BapUAaHTBl PACCMATPUBAIOTCS TP OOCYKIACHUH TIPE/-
crasiieHus rpacdos.

1.5. 3ambikaHMe n coKkpaLwieHne OTHOLUEeHUN

3amvixanue sBISETCS BeCcbMa OOIUM MaTeMaTHYeCKUM ToHsTueM. HedopmanbHo TO-
BOpS, 3aMKHYTOCTb O3HAyaeT, YTO MHOTOKPATHOE BBITIOJIHEHHUE JOMYCTUMBIX IIAroB He
BBIBOJIUT 32 ONpe/leJIeHHbIe IpaHullbl. Hampumep, npezen cxoaduieiics mocae1oBaTeIbHO-
CTH YWCEN U3 3AMKHYMO20 MHTEPBATA [a, b] 00513aTeTbHO TPUHAIIEKUT STOMY HHTEPBAIY,
a TIpefiesl CXOAIIEHCs TTOCIeI0BaTEIbHOCTU YUCE U3 OTKPBITOTO (TO €CTh He 3aMKHYTO-
ro) uHTepBaia (a,b) MOXKET JieKaTh BHe 3TOTO MHTEPBaJIA. B HEKOTOPBIX CIyYassX MOXKHO
«PaCUIMPHUTh> HE3AMKHYTHII 00BEKT TaK, YTOOBI OH OKA3aJICs 3aMKHYTBIM.
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Coxpawenue, NI pedyKuus, B HEKOTOPOM CMBICJE IIPOTHBOIIOIOKHO 3aMbIKAHMIO. Ec-
JIM B 3aMbIKaHHE€ BKJ/IIOYAaETCA BCé, YTO TOJIBKO MOKHO HOJIy‘II/ITb N3 NUCXO/HOTO O6"beKTa,
TO B COKpallleHUe BKJII0YAeTCsl MUHUMYM MH(OPMAIMU M3 MCXOAHOTO 0OBEKTa, HO Tak,
4TOOBI MOKHO OBLIO TIOYYUTh BCE TO, UTO HECET B cebe MCXOMHBII 00beKT. [ pyrumMu ciro-
BaMH, 3aMbIKaHNE PEAYKIIMM HEKOTOPOTO 0OBEKTa COBIANAET C 3aMbIKAHMEM MCXOIHOTO
00BEeKTA.

1.5.1. TpaH3uTuBHOE N pedneKCUBHOE 3aMbiKaHUe

ITycts R u R’ — orHOmIeHus Ha MHOKecTBe M. OTHomenne R’ Ha3bIBaeTCs 3AMbIKAHUEM
R oTHOCHUTENBHO cBoiicTBa C, ecu:

1) R’ obaamaer cpoiictsom C: C(R');

2) R’ sBasiercst HagMHOKecTBoM R: R C R/;

3) R’ aBasercs HauMenbiuM TakuM obbextom: C(R”) & R C R = R' C R".
O6o3HaunM Rt — oObenanHeHUe MOJOKUTENBHBIX CTeHeHefI R, a R* — obbenuHeHue

. Def ; Def
HeoTpUIaTeIbHbIX cTeneneit R:  RT = |J RY, U R'.
i=1

TEOPEMA. R™ — mpansumusnoe 3amvikanue R.

DOKA3ATENLCTBO. [IpoBepuM BHITIOTHEHNWE CBOMCTB 3aMbIKAaHUS TIPU YCJIOBUU, UYTO CBOM-
ctBo C' — 3TO TPAH3UTUBHOCT.
[C(RT)] Uycrs aRTb & bRTc. Torma In (aR™b) & Im (bR™c). CremoBaTenbHo,
Jer,..senoy (aReiR...Ren_1Rb) u 3dy,. .. dpm_1 (bRA1R...Rdm_1Rc). Takum 06-
pasom, aRc1R... Re,_1RbRA\R ... Rd,,_1Rc = aR""™™ ¢ = aR"%c.
[RCR'] R=R'= RC |JR'= RCR".

i=1
[C(R")& RCR'= RYCR'"] aRTb = Jk,c1,...,ck_1 (aRciR...Rcy_1Rb);
RCR'= aR"ciR"...R'cy_1R"b = aR"b. Takum obpasom, RT C R". O

CNEACTBUE. R* — pegaexcusnoe mpansumueroe 3amvikanue R.

BbIunc/imTh TPAaH3UTHBHOE 3aMBIKAHUE 33/[AHHOTO OTHOIIEHTIS MOYKHO CIeLIOmITM obpa-
o] n—1 n—1

som: R = JR' = J R = = - \/ - Takoe BbluMCIEHUE HMEET
i=1 i=1

caoxuocth O(nt).

1.5.2. AnropuTtm YopLiasnsa BbIHUCJIEHUS TPAH3UTUBHOIO
3aMblKaHNA OTHOLUEHUS

PaceMoTpuM anzopumm Yopirasra' BeIMICIeHNs TPAHSHTHBHOTO 3aMBIKAHHST OTHOIICHIMST
R na muoxectse M, |M| = n, umetomuii croxuocts O(n?).

ObsocHOBAHME. Ha kaxk/ioMm 1mare ocHOBHOTO TuKJja (10 ¢) B TPaH3UTHBHOE 3aMbIKa-
HUe M00ABISIOTCS TaKUe TIaphbl 9JIeMEHTOB ¢ HoMepaMmu j u k (to ects T[4, k] :=1), mis
KOTOPBIX CYIIECTBYET TIOCIIEI0BATEHHOCTh MPOMEKYTOUHBIX 2JIEMEHTOB ¢ HOMEPaMU B
Jmama3one 1. . .4, CBA3aHHBIX OTHOIIEHNEM R. [leiicTBUTEIbHO, TOCIEI0BATENbHOCTD ITPO-
MEXYTOUHBIX 3JIEMEHTOB ¢ HOMepaMu B uara3oHe 1..i, CBSI3aHHBIX OTHOIIEHUEM R, /s

! Crecpan Yopmann (1935-2006).
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Asropurtm 1.13. Bprunciienve TpaH3UTUBHOTO 3aMbIKAHUST OTHOIIEHUS

Bxox: marpuia orHouenust R: array[l..n, 1..n] of 0..1.
Beixox: Marpuiia 3ambikanust 1: array(l..n,1..n] of 0..1.
S:=R
for i from 1 to n do
for j from 1 to n do
for k& from 1 to n do
T1j K] = S[j. K] v STj,i] & STi, K]
end for
end for
S:=T
end for

3JIEMEHTOB C HOMEPAMH j U k CYIIECTBYET B OJIHOM M3 [BYX CJIy4YaeB: THO0 yKe CYIIEeCTBY-
€T TI0CJIEZI0BATEBHOCTD IIPOMEXKYTOUHBIX 3JIEMEHTOB C HOMepaMu B juama3oHe 1..(7 — 1)
IUIST TIAPBI 9JIEMEHTOB C HOMEPaMH j 1 k, TOO0 CYIIECTBYIOT d6e TIOCTIeI0BATENBHOCTH JI€e-
MEHTOB ¢ HOMepaMu B nuarnas3one 1..(¢ — 1) — oxHa i mapbl 91eMeHTOB ¢ HOMepaMu j U
1 1 BTOpas [JJId [apbl 9JIeMEHTOB ¢ HoMepaMmu ¢ U k. VIMeHHO 3TO oTpakeHO B oleparope
T[4, k]:=5[j,k] v S[j,i] & S[i, k]. [Tocse okoHYaHMsi OCHOBHOTO IMKJIA B KAY€CTBE TIPO-
MEKYTOYHBIX PACCMOTPEHBI BCE DJEMEHTBI, U, TAKUM 00Pa30M, MOCTPOEHO TPAHZUTUBHOE
3aMbIKaHUe. (]

1.5.3. TpaH3UTUBHOE COKpalieHue

Tpansumusenoin cokpawenuem (WM MPAH3UMUEHOU PedyKyuetl, NN MUHUMATLHbIM Npeo-
cmaenenuem) OTHOlLIeHUS R Ha MHOXecTBe A Ha3blBaeTcsl HanMeHbllee (II0 KOJUue-
CTBY 3JIEMEHTOB) OTHOIIIEHUE, 0O03HAUaeMoe R, Takoe, 4TO Rt =Rt TpanzutuBHOE
COKpAII[EHUE COMEPKUT MUHUMAJIBHO HEOOXOAUMBIE JAHHBIE, MO KOTOPBIM, MCIIOIb3YsI
TPaH3UTUBHOCTb, MOKHO BOCCTAHOBUTD TPAH3UTUBHOE 3aMbIKAaHUE OTHOILIEHUS B IIOJTHOM
oOBbéme.

Mpumep. Ha puc. 1.10 mpeacTasens! (ceBa HAMPaBo) TpapuKN OTHOIIIEHUSI, €T0 TPaH-
3UTUBHOTO 3aMBIKAHWSA W TPAH3UTHUBHOU PENyKITNHU, ONpe/ieIeHHbIe Ha MHOKecTBe 1..5.

577—\7777.77.7—\ 577.77. . @ 1 5777\771’7‘\77’77\
| | | | | | | | | | | | | | |
4L L _@ _L_1 40 - @-@ -L__ 4 Lo _L_@-_L_J
[ Coo o R
| | | | \ | | | | | | |
377.77b777 r a 377‘77‘ -r -7 377—\ 7.7—[ r—"
| | | | | | | \ | | | | | | |
2|l @ —L_a__L_ 2l —@--L-_1__L_1 2l @ L _ 1L _ 4
[ | | | | | | | | | | | | | |
| | | | | | | | | | | | | | |
Tr—a-——r—a-~"r-1 1 B Bt s el e 1T hr-a9--r-9--r-1
| | | | | | | | | | | | | | |
| | | | | > | | | | | N 1 | | | | »
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

Puc. 1.10. Mpadurkn OTHOLIEHUNS, 3aMbIKaHUSA 1 PeayKUuMn
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3ajiaua OTHICKAHNUS TPAH3UTHBHOIO COKPAIIEHNS 33/[AHHOTO OTHOIIEHUS R SBJISETCS M1PaK-
TUYECKU 3HAYMMOIl U He SIBJISIeTCsl TPUBHAIBHON. [lelicTBuTEIbHO, 0003HauNM R(R) =
{S c A?| St = R"} — cewmeiicTBO OTHOIIECHHIT, TPAH3UTHBHBIC 3aMBIKAHIS KOTOPBIX
COBII/IAIOT C TPAH3UTUBHBIM 3aMbIKAHWEM MCXOJIHOTO oTHOIIeHus. SlcHo, uto R(R) # &,
nmockosibky R € R(R), u sicHo, 4TO cemeiicTBO oTHOIeHuid R(R) MoxeT ObITh BecbMa

BeJNKO, Tpybast omenka cBepxy |R(R)| < 21A1” ockonbky coctas cemeiictsa R(R) ne
oueBueH. TakuM 06pa3oM, HAJIHUIIO HKCTPEMATbHAS 3aa4a; HAUTH TIOOATHHBIA MIHU-
MyM B OBIIMPHOM IPOCTPAHCTBE MoWcKa. K cYacTbio, HEKOTOPbIE CBOWCTBA MCXOIHOTO
OTHOIIEHHUST YIIPOIIAIOT HAXOK/IEHUE €T0 TPAH3UTHBHOTO COKPAIIEHUS.

SAMEYAHUE
[Tosiesno cpaBHUTH conep:kanue aroro maparpada c maparpadom 8.5.4. Mcropudeckn ujest TpaH-
3UTUBHON PEAYKIINU BO3HUKJIA TPHIMEHNUTENBHO K OPHEHTHPOBAHHBIM TpadaM, Kak CPeICTBO MO-
CTPOUTDh MUHMMAJIBHBII IO 4MCIy IyT oprpad, UMeIoNHii 3ajaHHOe OTHOIIEHNe JOCTUKUMOCTH.
B rakoil mocTraHOBKe 3ajilaya TPAH3UTUBHON PEAYKIIMH OCOOEHHO HarusiHa. 1109TOMY ajJrOpUTMB!
OTHICKaHMsI MUHUMAJIBHOTO IIPeJCTaBieHust yao0Hee (opMyIUPOBaTh Ha s3biKe rpadoB, XOTS OHU
OPUMEHUMBI K JIIOOBIM OTHOIIEHHSIM.

JIEMMA 1. [lycmv S, T C A? — koneunvle auuxiuveckue OmmuouleHus na Muoxcecmee A
u St =T7. Tozda ecnu 3 (a,b) ((a,b)€S & (a,b)¢T), mo (S \ {(a,b)})T=S+.

DokasateEnbcTBO. Ilycth (a,b) € S & (a,b) € T. Tlockonbky St = T, cyuecTByer mo-
CJIEI0BATEBHOCTD IPOMEKYTOUHBIX 21eMeHTOB (aT'...Tb). O603HAYNM OANH U3 HPOMe-
JKYTOUYHBIX 3J1eMeHTOB c. Toraa cymiectBytot nocsenosartesabuocts (aT... Tc) u (cT...Tbh),
HO B cuity Toro, yto ST = T'F, cymecryior u nocenoBarenbuoctu (aS. ..Se) u (cS. . .Sb).
Ecnu npearonoxuts, 4yto b € (aS ... Sc), nomydaeM jiBe nociaexosarensHocty (bS ... Sc)
u {(cS...Sb), TO ecTb HUKJ, YTO TPOTUBOPEUYUT ANUKJIUYHOCTU S. AHAJIOTUYHO, €C/Iu
HPEAIONIOXKUTb, 4To a € (cS...Sb), noiyyaem JBe mocJjenoBaresbHoCTH (¢S ...S¢) n
(cS'...Sa), TO ecTh NUKJI, YTO TAKXKE TPOTUBOPEUUT AMUKINIHOCTH S. 3HA4YMT, napa (a, b)
IS TIOCTPOEHYST TPAH3UTHBHOTO 3aMBIKAaHUsI S M30BITOUHA, UTO ¥ TOKA3LIBAET TpebyeMoe
pasenctBo (S \ (a,b))" = St. O

JIEMMA 2. Ecau omuowenue R auuxauuno u koneuno, mo cemeticmso R(R) 3amxnymo
omnocumenvho nepeceuenust, mo ecmv ¥V S, T € R(R) (SNT € R(R)).

DoxkazatenbctBo. I[lycts S, T € R(R) — nrobbie jBa aeMenTa ceMelicTBa. O603HAUMM
{(a1,b1), (az,b2), ..., (ak,bx)}:=S\T = S\ (SNT). [locreroBaTeIHHO TIPUMEHSIST JIEMMY
1 mmeem: (S\ {(a1,b1)})* = SF, (S\{(a1,b1)} \ {(az,b2) )T = 5%, ..., (S\ {(a1,b1)} \

{(a2,b2)} \ -\ {(ak, b)})* = S = R*. Ho S\ {(a1,b1)} \ {(az,b2)} \ -+ \ {(an, bi)} =
SNT,sunaunt (SNT)T =St =R u (SNT) € R(R). O

TEOPEMA. Eciu omnowenue R auuxiuuno u KOHeuHo, mo mpansumuenas pedyxuus R~

eduncmeenna u onpedensemcs no popmyre R~ = [ S.
SeR(R)

DokA3ATENLCTBO. OTHolleHHe R KOHEYHO, 103TOMY U cemelicTBo R(R) KOHEUYHO, cJie-

JloBareibHO, R~ Bceraa onpezieieHo U eIMHCTBEHHO 10 TTocTpoerwno. 11o jemme 2 nmeem
R~ € R(R). Hakomner, VS € R(R) (JR™| < |9)). O
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CNEACTBUE. Ecau omnowenue R ayukiuuno u KOHeuHo, mo mpau3umueHoe COKpaujenue
R~ obaadaem credyiowumu ceoticmeamis:

1) R~ CR;

2) V(a,b) € R~ (=3(aR~ ... R7b));

3) R~ =R\ (RoR").

JOKASATENBLCTBO.
[1] R~ = () S CR, nockonbky R € R(R);
SeR(R)

[2] ecim F(aR™...R7b), to (R~ \ {(a,b)})* = (R™)", u 3nauur, napy (a,b) MOXKHO
UCKJIIOYUTH M3 TPAHZUTUBHOTO COKPATIEHS, YTO TPOTUBOPEYUT €T0 MUHUMATHLHOCTH;

[3] caemyer u3 Toro, uto (a,b) € Ro R <= J(aR... Rb). O

3AMEYAHMUE
TpaH3I/ITI/IBHOG 3aMbIKaHUE OIIPeJIeJICHO IJIA M1060T0 OTHOLICHUA, €IUHCTBECHHO WU COJECPIKUT UC-
XOAHOE€ OTHOIIIEHHE. Ecim BbInosiHeHbI YCJIOBHUA TEOPEMbBI, TO TPAH3UTHUBHOE COKPAIIEHUE TaKIKe
orrpesie/;IeHO, €AMHCTBEHHO U COAEPKUTCA B MCXOJHOM OTHOMNIECHWH. O/IHEIKO €CJIN yCJIOBUS Teope-
Mbl HE€ BBIIIOJIHEHDBI, TO TPAH3UTUBHOE COKpall€eHUE MOKET ObITH He OlIpe/ieJiIeHO, HE €IMHCTBEHHO
1 MOJXET HE€ BXOJUTb B MCXO/IHOE€ OTHOILIECHHUE.

Mpumep. Ha puc. 1.11 cneBa mupencraBien rpaduK OTHOIIEHUS HA MHOXKECTBE
{1,2,3}, xoTopoe COmePKUT YeTbIpe djeMenHTa (ABa NUKIA JJUHB 2) U UMeeT B Ka-
yecTBe TPAaH3UTUBHOTO 3aMbIKaHUsI YHUBepcalbHOe oTHolleHue. IIpu atom HU ofHY M3
1ap HeJb3si UCKJIIOYUTh U3 OTHOIIEHHUS TAK, YTOObI TPAH3UTUBHOE 3aMbIKAHIE COXPAHU-
Jgock. OIHAKO cITpaBa Ha 3TOM XK€ PHUCYHKe TIPEACTABJIEHBI TpauKy IBYX pa3TMUHBIX
OTHOIIEHNH, Y KOTOPbIX TPAH3UTHUBHOE 3aMBIKAHUE TaKXKe SBJSIETCS] YHUBEPCAJIbHBIM OT-
HOIIIEHUEM, HO IIPU 3TOM B HUX BCETO 110 Tpu ajieMenTa. ObparuTte BHUMAHUE, YTO HU OTHO
13 TPAH3UTUBHBIX COKPAICHUH He SIBJSETCSA TMOAMHOKECTBOM MCXOMHOTO OTHOIIeHUs!

Puc. 1.11. padunk OTHOLWIEHNSA 1 OBYX €r0 TPAH3UTMBHbLIX COKPaLLEHUN

1.5.4. Omnarpammbl Xacce

B camom obuiem cayuae duazpammoii Xacce nist otHouenusi R Ha muoxkectBe A (060-
3nauenve H(R)) Ha3bIBAETCS OTHOIIEHUE

H(R) 2 {(a,b) € R| -Ic € A (aRe & cRb)}.

[pyrumMu cjoBamu, B AMarpaMmy Xacce 3a/laHHOTO OTHOIIEHUs] BKJIIOYAIOTCSI TOJBKO
TaKue Mapbl 3JIeMEHTOB, KOTOPbIE SIBJISIOTCS «COCEAHUMU».
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Mpumep. PaccMoTpuM oTHOIIEHKE «TecHOTO BKIodenus» Ha 2V (em. npumep 5 1. 1.4.8):

+1 Def +1
XCY=XCY & |X|+1=|Y| Sapom orHomenuss C ABJIsSTCA OTHONIEHHUE «OT/IH-

yaThCs He GoJiee YeM OIHUM DJIeMEeHTOM>:
+1
ker C={X,Y €2V ||X|=|V]|& |[XNY]|>|X|—1}. [Ipu 5TOM OTHOIIIEHIE «TECHOIO

BKJ/IIOUEHUA» ABJIACTCA z[HarpaMMoﬁ Xacce A OTHOIIEHNS BKIIOYEHUST Ha 6yJIeaHe 2U,

+1
To ecth H(C) =C .

Juarpamma Xacce, mogoOHO TPAH3UTHBHOMY COKpAIIeHU0, H0oiee SKOHOMHO TIPEICTaB-
JisieT ucxoiHoe oTHolenue, OHako guarpamma Xacce He TOXKIeCTBEHHA TPAH3UTUBHOMY
COKpAILEeHHIO XOTsI Obl IOTOMY, UTO ArarpamMma Xacce 00s13aTeJIbHO SBJISETCS TOAMHOKE-
CTBOM KCXOJHOTO OTHOIIEHUH, B TO BpeMsl KaK TPAaH3UTUBHOE COKpAIlleHUEe MOKeT Jaxe
He TlepeceKaThCsl C UCXOIHBIM OTHOIIIeHneM. bosiee TOTo, B HEKOTOPBIX CIIydasix Uarpam-
MBI Xacce MOXKeT OBITh HeJOCTAaTOYHO /IS BOCCTAHOBJICHUS CaMOTO OTHOIICHWS WJIN €To
TPAH3UTUBHOTO 3aMbIKAHUSI.

Mpumepsl

1. Bce orHOmeEHMS, TpaddKN KOTOPBIX IpeacTaBaeHbl Ha puc. 1.11, coBmagaoT co cBouMu
nuarpaMMmamMu Xacce. B To ke BpeMst TPaH3UTUBHOE COKpallleHue OTHONIEHUs, TpaduK
KoToporo rnpuBejeH Ha puc. 1.11 cyieBa, He COBIIAIA€T C UCXOIAHBIM OTHOIIEHUEM.

2. JIBa OTHOIIEHUS, AMArPAaMMbl KOTOPBIX TIpuBeZieHbl Ha puc. 1.11 cmpasa, sSBASIOTCS
TPAH3UTUBHBIMM COKPAIIEHUSIMHU JIPYT VIS IPYTa.

3. ﬂJIH YHUBEPCAJbHOTO OTHOIICHUA Ha TPEX 9JIEMEHTAX JHuarpaMmMa Xacce ImycTa.

TEOPEMA. Ecnu Koneunoe omuouenue R anmucumMmempuyo u mpan3umueHo, mo
H(R)=R".

[ OKASATENIbCTBO. AHTHCHMMETPUYHOE TPAH3UTUBHOE OTHOIIEeHNEe alukandHo (1. 1.4.7),
3HauwuT, AeiictByer Teopema 1. 1.5.3 u caencrus k ueil. [lo mepBomy caencrsuio R~ C
R, a no Bropomy ciexctuio V(a,b) € R~ (-3(aR™...R7b)), u tem Gosee VY (a,b) €
R~ (-3c€ A (aRcRb)). 3uauut, s TPAH3UTUBHOTO COKPAIIEHUsI B [AHHOM CJIy4ae
BBITIOJTHSIIOTCST YCJIOBHSI OTIPe/ieJIeHrsT IrarpaMMbl Xacce. O

3AMEYAHME

HJIH OTHOIIEHUI Ha OECKOHEYHBIX MHOMKeCTBaX ArarpaMma Xacce MOXET He CyHIEeCTBOBATbD.

Mpumep. MHoXecTBO BellleCTBEHHBIX urices R 1 MHOXKeCTBO pallmoHANbHBIX yucea Q
¢ OOBIYHBIM OTHOIIIEHUEM IMOPSIIKAa He UMEIOT AuarpaMM Xacce: MeXIy JIOOBIME JIBYMsI
3JIEeMEHTaMU BCET/Ia MOKHO BCTaBUTH TPETUI.

Jlnarpamma Xacce CymliecTByeT JJist JIIOOOr0 OTHOIIEHMSI Ha KOHEYHOM MHOKECTBE, YTO
ToKa3eiBaeT aaropuTt™ 1.14, npsamo ciemyronuii u3 onpeeseHusl.

Jnarpammbr Xacce 4acTO MCIIOB3YIOT [JIS TPEACTABIEHUS YIIOPSIOYEHHBIX MHOMKECTB
(cm. . 1.8.2) u pemiérok (cm. paszen 2.6).
OcobeHHO yI0OHBIM sIBJIeTcs rpapUuecKoe IpeAcTaBIeHr e, U3-32 KOTOPOTO AMarpaMMbl

Xacce v TONyYrJIM Ha3BaHWe AuarpaMM. IIpu 5TOM ajieMeHTBI MHOKecTBa A m3o6paka-
I0TCSl B OIIpe/le/IEHHBIX (DUTYpPax, HAIpUMep, B KPyrax WJM OBajaX, a 3JIeMEHTBbl CaMOi
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Aaropurm 1.14. TlocTpoenune nuarpamMbl Xacce

Bxoa: orHomeHue, 3agannoe Matpurieit R: array [1..n,1..n] of 0..1.
Beixox: muarpamma Xacce, 3aganHas Marpuiieii H: array[l..n, 1..n] of 0..1.
for i from 1 to n do
for j from 1 to n do
if R[i,j] =1 then
Hli,j]:=1 // BO3MOXHO, 3TO cOCEH
for k from 1 to n do
if Rli,k|=1& R[k,j]=1& k #1i & k # j then
Hli,j]:=0 // HaiiieH IPOMEKYTOYHBIN TEMEHT
exit for k // MoxHO 6oJIblile HE MCKATh
end if
end for
else
Hli,j]:=0 // nnarpamma Xacce — TOJMHOXECTBO OTHOIIIEHUSI
end if
end for
end for

JIMarpaMMbl, TO €CTh yMopsiZiodeHHbie napbl (a,b), N300PaKAIOTCSI B BUJIE CTPEJIOYKH, Be-
nymeir ot a k b. Ha puc. 1.12 npuBenen npumep auarpaMMbl Xacce IJIsT OTHOIIEHUS
BKJIOYeHus Ha MHoxkecTe 2{1:2:3}

Puc. 1.12. [unarpamma Xacce Ans OTHOLLEHWS BKIIOYEHWUS Ha MHoxecTe 21:2:3

1.6. DyHKUUN

[Tousitne «yHKIMSA> SABISETCS OJHUM M3 OCHOBOIOJIATAIONINX B MaTemaruke. B jgaH-
HOM CJIy4ae TO/IPasyMeBaiOTCsl TPEske BCero (DyHKIUHU, OTOOPAKAIOIINE OJHO KOHEYHOE
MHOKECTBO OOBEKTOB B [PYroe KOHEYHOE MHOKECTBO. TepMUH «0TOOpaskeHUE> MBI CUNTA-
€M CHHOHMMOM TepMUHA «(bYHKIUsT», HO Pa3nyaeM KOHTEKCTHI yrnoTpebienus. TepMun
«(pYHKIIUSI> UCIIONb3yeTCst B 00LIEM CJIydae W B TeX CJIydasiX, KOIja 3JeMEHThI 0T0O-
pakaeMbIX MHOXKECTB HE MMEIOT CTPYKTYPBI WJIM OHAa He BakHa. TepMuH <«oTOGpaxKe-
HUe» TPUMEHSIETCS, HAITPOTUB, TOJBKO B TEX CJAyJasX, KOTJa CTPYKTypa 0TOGPaKaeMoro
MHO’KECTBA MMeeT MepBOCTereHHoe 3Hauenne. Hampumep, Mbl ToBopuM «OyJieBa (hyHK-
¥st», HO «0TOGpaskeHue rpyii». Takoe MpearouTeHre caoBy «(pyHKIUS» OKa3bIBAETCS B
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pvaéTe Ha IIOCTOAHHOE COIIOCTAaBJIEHNE YUTaTEe/IEM MaTEeMaTNY€CKOI'O ITOHATUA (I)yHK]_[I/H/I
C IIOHATHUEM (l)yHK]_[I/II/I B SA3bIKaX IMPOrpaMMHPOBaHUA.

1.6.1. DyHKUNOHaNbHbIE OTHOLUEHUNA

[Tycts f — oTHOmEHUE Mexay A u B Takoe, 4To
Va ((a,b) € f & (a,c) € f=b=rc).

Takoe CBOWCTBO OTHOIIEHUSI HA3BIBAETCSI OOHO3HAUHOCMLIO, WIH (DYHKUUOHALLHOCTLIO,
a caMo OTHOIIleHNe Ha3blBaeTcd Pyrryued 13 A B B, IpUUYEM /g 3aIIUCH UCIIOJIb3YeTCs

onmHa u3 caexyronmx dopm: f: A — B wim A L. B.
Ecimu f: A — B, T0 0OGBIYHO HCIOJB3YETCS npedpurcras hbopma 3arucu:

b= f(a) = (a,b) € f.
Ecmu b = f(a), To a Ha3BIBAIOT apeymenmom, a b — 3nauenuem pynkunu. Ecim us xoH-
TEKCTa SICHO, O KAaKOH (bYHKIIUN MIET Pedb, TO MHOT/A UCIIOAb3YeTCst 0003HAUEHUE a +— b.
[Tockosbky (yHKIUS SBJSETCS OTHOIEHUEM, /st GyHKIUUA f: A — B MOXHO HCTOJIb-
30BaTh YK€ BBEJCHHBIE MOHSATHUS: MHOKECTBO A Ha3bIBAETCS 00LACMbIO OMNPACLICHUS,

MHOXKeCTBO B — o00aacmuio npubvimus. Takke UCIIONb3YIOT TEPMUHBI 001acmb onpede-

nenuss Gyaxmum: Dom f Def {a€ A|3be B (b= f(a))}; obracmv snavenuii byHKINN:

Def

Imf={beB|JacA (b= f(a))}

OO6sacTb onpesesIeHusT ABJISETCS MOJAMHOKECTBOM 0o6JacTu ornpasienusi, Dom f C A,
a 0o0yracTh 3HAYEHWIl SIBJSETCS TOAMHOKECTBOM obsactu npubbitust, Im f C B. Ecaun
Dom f = A, To dyHKIIUA Ha3bIBaeTCa momanvioi, a ecniu Dom f # A — uacmuunoi.
Cyacenuem byuximu f: A — B na muoxectBo M C A HaswpiBaetcs byHKus f|a,

ompesessieMast CAeYIONM 00pasoM: f|ar Def (a,b) | (a,b) € f & a € M}. Oyuxuus f

Ha3bIBACTCA npo@omfceHueM (byHKHI/II/I g, €CJIN g SBJIAETCA CYKEHUEM f

OTCTYMJIEHUE
B Maremaruke, Kak [paBJIo, PACCMATPUBAIOTCS TOTAJIbHbIE (QYHKIIUY, & YacTU4HbIe DYHKIMU 00b-
SIBJIEHBI «yIIepOHbIMIT». [IpOrpaMMUCTBI JKe UMEIOT €0 € YACTUYHBIMU (DYHKIIMSIMU, KOTODBIE
OTIpesiesIeHbl He 7 BCeX AOIMyCTUMBIX 3Hadenuil. Hampumep, Matematnueckas GyHKIHs ©2 ompe-
JleJieHa JUIs BCeX T, a CTaHAapTHas (DYHKIUS S3bIKa MPOTPAMMHUPOBAHUS ST MAET TIPaBUJIbHBIM
pe3yIbTaT OTHIOAb He JIJIS BCeX BO3MOKHBIX 3HAUeHUU apryMeHTa.

[lanee, eci SBHO He OTOBOPEHO TPOTUBHOE, PeUb UAET O TOTANBHBIX (DYHKIIUX, TI09TOMY
00JIaCTH OTIPABJIEHUSI U OIIPE/IEIEHUSI COBITAJIAIOT.

ToranbHaa Gbyukuusa f: M — M HasbiBaeTcs npeobpasosanuem Hax M.

Oyuknus f: Ay X ... x A, — B nassiBaercs GyHKIUENR n apeymeHmos, Wi n-mecmuotl
dbyuruueii. Takas byHKIMS orobpaskaer Koprexk (ai,...,ap) € A; x ... x Ay
B azeMenT b € B, b = f((ai,...,ay,)). Ilpu 3anucu jguimnane cKOOKH 0OOBIYHO OMYCKAIOT:
b= f(a1,...,an).

1.6.2. UHbekund, clopbekuns u dnekuusa
IIycty f: A — B. Torna dbyHnkius f HasbiBaeTcs:

UHBEKMUBHOU, UIIU UHBEKUUEI, ecain b= f(ay) & b= f(az) = a1 = ag;
clopsexmuenoil, unu ciopsexyuei, eciu Vbe B (FJa€ A (b= f(a)));
Ouexmusnol, nim ouexyue, €CJIi OHA MHBEKTUBHAS U CIOPBEKTHBHASL.
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3AMEYAHUE

BuexkTuBHyI0 (GYHKIMIO Tak/Ke Ha3bIBAIOT 63auMH0O-00HO3Haunol. Beementoe B 1. 1.2.2 B3auMHO-
OJIHO3HAYHOE COOTBETCTBHUE €CTh OMEKITHSL.

[Touatusa GyHKIMOHATBHOCTH, UHBEKTUBHOCTH, CIOPBEKTUBHOCTU M TOTAJIBHOCTU IIPU-
MEHVMBI K JIOGBIM OTHOIIEHUSIM, & He TONBKO K GyHKIuAM. TakuM 06pasoM, morydaem
YeThIPe MAPHBIX CBOICTBA OTHOMIEHUST f C A X B, KOTOpbIE Jist yI00CTBA 3alIOMUHAHUS
MOJKHO CBECTH B CJIEAYIOIIYIO TAOIHUILY:

A B
DYHKIMOHAIBHOCT UHbEKTUBHOCTD
(a,b) € f&(a,c)e f=Db=c| (a,b) e f&(c,b)ef=a=c
ToTarbHOCTH CiOpbeKTUBHOCTh
Vae A (3be B ((a,b) € f)) | YVbe B (Jac A ((a,b) € f))

TEOPEMA. Ecmu f: A — B — 6uexuus, mo omnowenue f~* C B x A (o6pamnas ¢pynx-
yus) seasemcs ouexyuetl.

DoKA3ATENbCTBO. [lockombky f — Ouexnust, umeeM by = f(a) & by = f(a) = by = b,
b=f(a1) & b=f(az) = a1=az, Vb€ B (Jac A (b= f(a))).

[f' — dyrkuma ] Umeem f~1={(b,a) |lac A& be B & b= f(a)}.

[yctb a; = f71(b) & az = f~1(b). Torna b = f(a1) & b = f(az) = a1 = as.

[ f~' — wnbexkums ] Tlycts a = f71(by) & a = f~1(b).

Torma by = f(a) & by = f(a) = by = bo.

[ 7' — ciopvekumsa ] Ot nporusHoro. Ilycers da € A (ﬁﬂb € B (a = f‘l(b))). Torna
Jac A (Vbe B (a# f71(b))). O603HaUMM DTOT IEMEHT ag.

Vmeem Vb (ag # f~1(b)) = Vb (b# f(ag)) => ap ¢ Dom f C A= ag ¢ A. O

CNEACTBME. Eciu f: A — B — unvexmuenas (ynxuus, mo omuowenue f~1C B x A
sensiemcs ynxyuerl (603modxcro, wacmuunoti) f~1: B — A.

Puc. 1.13 wumocTpupyeT MOHITHS OTHOLIEHUS, (GYHKIUKI, HHBEKIIH, CIOPbEKIMN 1 Ou-
EKIIUN.

1.6.3. OOpa3bl n Npoodpa3sbl

[Mycts f: A — B unycts A; C A, By C B. Torna MHOXKeCTBO

F(A) E{be B|Tac A (b= f(a)}

HasbIBaeTcs 06pasom MHOXecTBa A; (IIpu oToOpasKeHuu f), a MHOKECTBO

FY(By) % {acA|Tbe B (b= f(a)}

Ha3bIBaeTCsT npoodpasom MHoxecTBa By (1pu orobpaxenuu f). BBemém 0603HaUeHsT
fa:=Dom f, fg:=1Im f. 3amerum, uro F sBJISETCS OTHONIEHHUEM MEXKIY MHOXKECTBAMU
2fa y 2/5:

F2((A,B)) | A  CA& B, C B& By = F(A1)},
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A B A B O
O___ | O I
—>0 0
O——150 O—— 10
OTHOLWEHWE, HO He byHKUMS NHbeKuus, HO He clopbekuus
A B A B
OT——=—p O —0
CropbeKkuusi, HO He UHbEKLUS Bbuekuns

Puc. 1.13. HekoTopkle BUAbl OTHOLLEHWI

a F~! gapnsgerca o6paTHBIM OTHOIIEHHEM MeXLy MHOKecTBamu 272 u 274;

F 2 (B A) Ay C A& By C B & By = F(A))}.

3ameruM, 4To eciid f — (QYHKIUS, TO [Jis J1060ro MHOXKecTBa o0pas U mpoobpas ornpe-
JIeJIEHBI OJTHO3HAYHO. VI3 3TOTO HAOII0ICHUST HEMEIJICHHO CIIEAYET TeopeMa.

TEOPEMA. Ecuu f: A — B — ¢ynxyus, mo F: 2F4 — 278 (nepexod x obpasam)u F~': 278 — 274
(nepexod x npoobpasam) — modxce QyHKuuL.

3AMEYAHME

DakTUyecKu 3TO 03HAYAET, YTO (DYHKIUIO MOKHO HPUMEHATH HE TOJIBKO K 3JIeMEHTaM 00JIacTu
ompeieieHns, HO U K JI00bIM €€ TmoMHokecTBaM. Ha MpakTuke B [EJISAX YIPOIIEHUsT 3aMUCH JIJIST
0603HaueHUsI TPUMeHeHNsT (DYHKIUK K MTOAMHOKECTBY MCTIOIB3YIOT TY 5Ke caMyio OYKBY, UTO ¥ JUIsT
TpUMeHeHNsT QYHKINN K OTAETbHOMY 2JIEMEHTY.

[ycrp 3amana Gyuxiusa f: M — M, a ynxmun F, F~1: 2M — 2M oGognavaior GyHk-
MM nepexozia K o0pasaM M npoobpasaM COOTBETCTBEHHO. Torzia HETPY/IHO MOKA3aTh,
4TO

VX, YeM (F(XNY)CF(X)NFY)uWX,Y e M (F(XUY)C F(X)UF(Y)).

Def

Def
OG6bIYHO 10 OIpejIe/IeHNIo HoJIaraioT, uto F (@) = F~1(@) = .

1.6.4. Cynepno3vnunsa PyHKUMN

[TockosibKy (DYHKIIMW SIBJISIFOTCS YACTHBIM CJIydaeM OTHOIIEHUH, [T HUX OlpeiesieHa
komiosuius. Komnosunus GyHkiuil HasbiBaetcs cynepnosumuetl. [l 0603HaueHs Cy-
MEPIIO3UIUHY TIPUMEHSIIOT TOT JKE 3HAK 0, HO OTIEPAH/IbI 3AMTUCHIBAIOT B OGPATHOM TIOPSI/IKE:
ecin f: A — Bwug: B — C, 10 cynepnosunus GpyHkiuii f u g 3anuceiBaeTcs Tak:
go f. D1oT c110cob 3amucy cynepnosuiun GyHKIi 00bICHIETCs TeM, YTO 0003HAYeH e
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(byHKITMY IPUHATO MUCATH CJIE€BA OT CIIHUCKA APTYMEHTOB!
Def
(go f)lw) = g(f(@)).
TEOPEMA. Cynepnosuuyus Qynxyuil seisemcs Qyuxyuei:
fiA=>B & g:B—-C=gof: A= C.

Aoka3ATENBCTBO. IlycTb b = (go f)(a) uc = (go f)(a). Torna b = g(f(a)) uc= g(f(a)).
Ho f n ¢ — ¢ynkmum, noatomy b = c. O

CNEACTBUE. Cynepnosuyus Ouexuuil seisemcs ouexyuel.

1.6.5. CteneHb PyHKUUN

[Mockosbky (pyHKIIUS SIBJSIETCS OTHOIIEHEM, MOKHO BBECTH CTelleHb (DYHKIIUU OTHOCH-
TesbHO cyteprosuiu. Cmenenvio n GyHxiun f (06o3HaveHre f™) Ha3bIBAETCS
n-kparnas cynepnosurus ynxuuu f. Coorsercrsenno, fO(z) = z, fi(z) = f(z) u
BooGmme f* = fo f*~L. I[lpu samucu cynepnosunmii (GyHKIUIT 3HAK O 9ACTO OIMYCKAIOT.

SAMEYAHUE
B MaTeMaTHYeCKOM aHaJIHM3e YACTO HCIOJB3YIOT Takoe ke 0003HAYeHWe JUIsl CTeleH 3HAYEHUsT
GbyHKIMM oTHOCUTEIbHO yMHOkenus. Hampumep, sin?(z) = sin(z) - sin(z). Crexyer pasiuyaTh 110
KOHTEKCTY, B KAKOM CMBbICJIE UCIOJIb3YETCsl cTeleHb MyHKIMU. B yacTHOCTH, B KOHTEKCTE [TaHHOU
kauTH sin’(z) = sin(sin(z)).

Iycte f — mrobast pyHKIUsA. PaccMOTPUM MOCJIENOBATEIBHOCTD CTEIEHEIH:
0 1 2 n n—1
=z f=f F=5 0 =
3aMeTuM, Y4TO TIOPS/IOK COMHOKUTENICH B OMpPE/IeIEHUN CTENIEHN HECYIIEeCTBEH.

NEMMA. ff" = f"f.

DOKA3ATENLCTBO. Ilo muaykuuu. Basa: ff = ff. Ilycts ff™ = f*f. Torga fr"tif =

=(ff)f = f" ) = f(F ) = ffr O

[Topspok BbuMCIEeHUS cTeleHell (yHKIMK TakkKe HECYIIeCTBEH, BaskHA TOJBKO cama
CTelleHb.

TEOPEMA 1. fnf™ = fntm,

BoKASATERLCTBO. [ ™ = (ff"~1)(f™) = (f*~1f)(f™) = (f* 1)) =
= () == () = g O

XOTsi KOMITO3UIINS OTHOIIEHUIT B 0OII[EM CJIydae He KOMMYTAaTHBHA, HO CTeleHn (hyHKIMN
KOMMYTHUPYIOT.

CNEOCTBUE. fmf™ = f™fm.

LOKABATENLCTBO. f7f™ = fntm = fm+n — fmfn .


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

74 Maea 1. MHOXeCTBa N OTHOLLIEHNS

BeckoneuHast 10C/Ie[0BATEIbHOCTD DJIEMEHTOB (a;); | HA3bIBAETCS 3AKIIOUUMELLHO NEPU-
oduueckoi, ecmi Am, k € N (Vi > m (a; = a;1)). Yucno k HaswiBaercst nepuodom. Ecin
9ucsIo m = 1, TO MOCAEN0BATENLHOCTh HA3BIBAETCS TIPOCTO NEPUOOUUECKOL.

[Iyctp 3amana dyukius f: M — M, |M| = n, Dom f = M. Bo MHOTUX NPHJIOKEHUIX
HCIIOJIB3YIOTCS TIoceioBaTebHOCTH (f;(a)) ., A/t HEKOTOporo a € M.

TEOPEMA 2. Eciu (ynxuus na KOHeuHoM MHONCeCEe MOMALbid, Mo NOCAe008ameib-
HOCMb 3HAueHUil cmenenetl amotl pynxuuu 01s 1106020 AP2YMEHMaA 3AKTOUUMETBHO NePUO-
Jduueckas.

DOKASATENLCTBO.  PaccmoTtpuMm mocsieioBatenbHoCTh ( f;(a)); ISl HEKOTOPOTO 9JIeMeH-
Ta @ € M. JTa n0CIeJ0BaTEIBHOCTD CYIIECTBYET, IOCKOJIbKY (QyHKuus f toTasnbHa. I1o
npuHnuiy Jupuxie B 3TOi NOC/HEN0BATEIBHOCTH €CTh paBHble ajeMenTsl. IlycTs @ u j,
i < j — HauMeHblIas mapa uuces, takas uto f'(a) = f7(a). Torma momoxum m: =i,
k:=j—1. ([

Mpumep. Paccmorpum uncna, 3amcanabie 9eThIpbMs mudpamu. OtcopTupyem 1ud-
PBI B MOPSI/IKE HEBO3PACTAHUS U B MOPSIIKE HEYObIBAHUS, U BBIUTEM MEHBINEE YUCJIO U3
6outbitiero. TlosyuuTest uncio, 3anmucanHoe deTbipbMst udpamu. Hampumep, B3sIB diic-
s0 0231, umeem 3210 — 0123 = 3087. Takum 06pasoM, onpeeseHa TOTaIbHast (hYHKIHST
£:0..9999 — 0..9999. ITopasuTesnbHblil HaKT: €CIU UCXOHOE YMCJIO COAEPIKUT Pa3JIny-
Hble TGP, TO He 60JIe YeM 3a ceMb MpUMeHeHud (GyHKImK f morydaercs ncyao 6174,
KOTOpOE Jjajiee MeprUoANYecKr TTOBTOPSETCS.

1.6.6. MNpepcraBneHne PpyHKUMIA B NporpaMmmax

Ilyctb f: A — B, MHOXKeCTBO A KOHEUHO U He OueHb BEIUKO: |A| = n. Haubosee obimm
[pejiCTaBIeHueM Takoi (pyHKIUU siBiistercst MaccuB array [A] of B, rme A — tumn man-
HBIX, 3HAUEHUs] KOTOPOTO TIPEJCTaBJISAIOT 3JeMEeHTH MHOXKecTBa A, a B — TuI maHHBIX,
3HAYEHNST KOTOPOTO TIPECTABIIIIOT 3JIeMEHTHI MHOXecTBa B.

3AMEYAHME
Ecim cpezia IporpaMMUpOBaHUs AOMYCKAeT MACCUBBI TOJIBKO ¢ HATYPAJIbHBIMU HHAEKCAMU, TO dJIe-
MeHTBl MHOKecTBa A Hymepyiorest (to ectb A = {a1,...,a,}) U QYHKIUS TIPEACTABIISETCS C

nomornipio MaccuBa array [l1..n] of B. Takum 06pa3oMm, MOCJI€NOBATENLHOCTH SIBJSIIOTCSI YaCTHBIM
ciaydaeM (YHKIIHH.

DyuKins HECKOJIBKIX APTYMEHTOB HPEICTABISIETCS] MHOTOMEDPHBIM MACCHBOM.

OTCTYMJIEHUE
[IpencraBienue GyHKIMU ¢ TTOMOIIBIO MaccuBa sBjsieTcs a(HEKTUBHBIM 10 BPEMEHH, TIOCKOJIbKY
peasiu3anusl MacCHBOB B GOJIBLIMHCTBE CJIydyaeB 0OeclieYrBaeT BbIYMCJEHHME 3HAYEHUs] (DYHKIUU
7T 33JIaHHOTO 3HAYEeHUsT apryMenTa (MHIEKCA) 32 TIOCTOSTHHOE BPeMsI, He 3aBUCINee OT pa3Mepa
MaccuBa M 3HAUEHUS MHIIEKCA.

Ecau mMHOXeCTBO A BelIUKO WM OECKOHEYHO, TO JUJIsl MPECTABIEHUS (DYHKIMIA ¥C-
MOJIB3yeTCst 0COOBII BUJ POIIEAYD, BO3BPAIIAIONINX eIMHCTBEHHOE 3HAYECHHE JIJIS 3a/[aH-
HOTO 3HavyeHust aprymenTa. OOBIYHO TaK¥e TPOIEAYPHl TAK/KE HA3BIBAIOTCSA «(DYHKIHI-
MU». B HEKOTOPBIX SI3bIKaX MPOrPaMMUPOBAHUS onlpeieieHrs (PYHKITUI BBOSTCS KIIOUe-
BbIM cJioBOM function. MHoroMecTHbie (DYHKIMU [TPEACTABJISIFOTCS ¢ TOMOIIBI0 HECKOJIb-
Kkux (hOpPMaJIbHBIX TTapaMeTpoB B ormpesiesenun GyHKiuu. CBOWCTBO (DYyHKIIMOHATBHO-
CTH 06eCTIeUrBAETCS ONEPAMOPOM B036PAMA, JACTO OOO3HAYAEMBIM KJIIOUEBBIM CJIOBOM
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return, KOTOPBII ITpeKpalaeT BeIOJHEHNE TeJia (DYHKIIMU U OHOBPEMEHHO BO3BpAIIaeT
3HaYCHME.

OTCTYINJIEHUE

B sa3bike nporpammupoBanus DoprpaH 1 B HEKOTOPBIX APYTUX SI3bIKAX BbI30B (DYHKIMK 1 oOparie-
HIle K MACCHUBY CHHTAaKCHYECKU HEPA3JNIMMBI, 9TO MOIEPKUBAET POJCTBEHHOCTD 3TUX MOHITHH.

1.7. OTHOWLEHUN 3KBUBaAJIEHTHOCTU

Pazinunble BCTpedaroliyecss Ha IIPpaKTHKe OTHOLIEHUsT MOryT obsazaTh (Mjau He obJa-
JlaThb) TEMU WK WHBIMU cBoiictBamu. CBoiicTBa, BBe/leHHbIe B 1. 1.4.6, BCTpeuaioTcs
0cobeHHO 9acTo (IIOTOMY UM U JIaHbl CIIeIHalbHble Ha3BaHus ). bosee Toro, okasbpiBaeTcs,
YTO HEKOTOPBIE YCTOWUYMBbIE KOMOUHAI[MK 9TUX CBOWCTB BCTPEUAIOTCSI HACTOJBKO YACTO,
YTO 3aCJIyKMBAIOT OT/IEJIBHOTO Ha3BaHWS U CIEIUAJbHOTO M3ydeHus. 3/IeCh paccMmar-
PHUBAIOTCS KJIACCHI OTHOIIEHMI, 00JIaalouX OlpeaeJéHHbIM HabOpoM CBOMCTB. Takoe
«abCTPaKTHOE» M3YyYeHUe KJIaCCOB OTHOIIEHUI 00JIalaeT TeM MPEUMYILIECTBOM, YTO, OJUH
pa3 YCTaHOBUB HEKOTOPBIE CJENCTBUS W3 HAJWYWS Yy OTHOIIEHUS OMpPENeJEHHOTO Ha-
6opa CBOICTB, jJajiee DTH CJIEACTBUS MOKHO aBTOMATUYECKU PaCIPOCTPAHUTh Ha BCE
KOHKPETHbIE OTHONIEHUS, KOTOpble 00JIafialoT JaHHBIM HabopoM cBOMCTB. Paccmorpe-
HUe HAYMHAETCS OTHOINEHUSIMU 3KBUBAJEHTHOCTU (B 3TOM pasjiesie) U IMPOJOJIKAETCS
OTHOTIEHUSAMU TOPsiIKa (B CJAEAYIOMEM pasesie).

1.7.1. Knaccbl 3KBUBaNneHTHOCTHU

Pe(bJIGKCI/IBHOC CUMMETPUYHOE TPAaH3UTUBHOE OTHOINIEHHNE HA3bIBACTCA OMHOULEHUEM IK-
susanenmuocmy. OOBIYMHO OTHOIIEHNE SKBUBAJEHTHOCT 0003HAYAIOT 3HAKOM =.

Mpumepbl

1. OTHoOIlIeHUsST paBEHCTBA YUCEJN, PABEHCTBA MHOYKECTB.

2. OTHOmIeHe PAaBHOMOIITHOCTH MHOKECTB.

3. OTHolIeHne MeXy MYJIBTUMHOXKECTBAMU «UMETh OJJMHAKOBBIN COCTaBY.
4

. OTHoleHus MEKAY KOHEYHBbIMU ITOCJIEIOBATC/IbHOCTSAMM: «OBITb IIocJje10BaTe/JIbHO-
CTAMU HaJ OJHUM U TEM K€ MYJIbTUMHOXECTBOM» U «OBITh ITOCJIE10BATC/IbHOCTAMMN
HaJl MYJIbTUMHOKECTBaMU OJZHOTO COCTaBa». HpI/I 9TOM IIEPBOE M3 ITUX OTHOIIIEHUT
ABJIAETCA COOCTBEHHBIM TIOAMHOKECTBOM BTOPOTO.

[Tycts = — oTHOmEHUE 9KBUBaJeHTHOCTA HA MHOXecTBe M, n x € M. IlogmHOXKecTBO
9JIEMEHTOB MHOKeCTBa M, SKBUBAJIEHTHBIX &, HA3BIBAETCS KJLACCOM IKBUBAJICHMHOCMU IS

Def _
xlzlz={yeM|y=uz}
Ecnn otHoOlIEeHNE TTOAPa3yMeBAETCsI, TO HIDKHUN HHIEKC Y 0003HAUEHNS KJIAcca dKBUBA-
JIEHTHOCTHU (3HAK OTHOIIEHUS) OOBIYHO OIMYCKAIOT.

NEMMA 1. Vae M ([d] # 2).
DOKABATENBCTBO. a = a —> a € [al. O
NEMMA 2. a=b=—>[d] = [b].

DoKASATENBCTBO. Ecma=b, 0z € 0]l <=z =a<=zr=b<z € [b]. O
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JIEMMA 3. a# b= [a|N[b] = 2.

DokAsATENbCTBO. Ot nporusHOro: [a] N [b] # @ = Jc € M (cealN]]) =
= c€fal&ce ] =c=a&c=b= a=c&c=b= a=b, nuporusopeune.
(]

TEOPEMA. Eciu = — omuowenue sKeUsaiIenmuocmu ha muoxcecmee M, mo Kiaccvl IK6uU-
B8ANEHMHOCIMU NO IMOMY OMHOUEHUIO o6pa3y10m pa36ueHue MHoxucecmea M, npuuém cpeau
Jjemenmos pa36ueﬂuﬂ Hem nycmoix. ¥ 06pamHo, 8csKoe pa36ueuue B = {Bi} MHOMCE-
cmea M, ne coaepofcaugee NYCMbIX INIEMEHNO08, onpeaeﬂﬂem omHouleHue IK6UBAIEHMHOCMU
Ha mHodcecmee M, Kraccamu IKGUBALEHMHOCU KOMOPO2ZO ABNAIOMCSL JNEMEHNbL pa36ue—
HUSL.

JOKASATENbLCTBO.
[ = ] Tpebyemoe pasbrieHHEe CTPOUTCS CJACAYIOMIMM AJITOPUTMOM.
Bxoa: mMHOXxecTBO M, OTHOIIIEHNE IKBUBAJIEHTHOCTH = Ha M.
Beixoa: pasbuenue B mMHoxecTBa M Ha KJIACCHl SKBUBAJEHTHOCTH.
B:=@ // BHauyane pa3bueHue IIyCcTO
for a € M do
for B € B do
select b € B // 6epém npencrasurens us B
if a =0 then
B:=B+a // NONONHIEM KJIAacC SKBUBAJEHTHOCTU
next for a // nepexoaum K HOBOMY dJjieMeHTy u3 M
end if
end for
B:=BU{{a}} // BBOAMM HOBBII KJIACC IKBUBAJIEHTHOCTH
end for

[ <=1 Honoxum a=b:=3i (a€B; & be B;). Torna orHoenne = pedieKCUBHO, T10-
crkoabky M = UB;, = Va € M (3i (a€B;)) n a € B; = a = a. OtHoienue
= CHUMMETPHYHO, MOCKOJIBKY a=b —> Ji (b€ B; & a€B;) = b = a. OTHONIEHUE =
TPAH3UTHBHO, MOCKONIBKY a=b& b=c=[a]=[b] &[b] =[c]| = [a] =[] = a=c. O

ITyctb By, Bo — nBa pasbuenus: Mmuoxkectsa M. ToBopsaT, uto pasbuenue By ecTh U3MeJIb-
yeHue pasOueHus Bo, ey KaxkAblil sjeMeHT pasOuenus Bo apisgercd oObeinHEeHHEM
HEKOTOPBIX 9JIEMEHTOB pasbuenus Bi.

Mpumep. Ha puc. 1.14 npusenén rpaduk oTHOIIEHUS

{(i,§) |1 € 1.6 & j€1..6 &(i+j)mod2 = 1}. [anee mpuBeneHs [Ba Pa3OUEHNUST: MO
cToJibIiaM | 10 CTPOKaM — | CIpaBa MPUBEAEHO UX obliee U3MeIbUeHue.

NamenbueHre pasOreHuil MOPOKIAET U3MEIbUEHIe OTHOIIECHUI 9KBUBaICHTHOCTH. TIpe-
JIEJTHHBIM CJIy4aeM W3MeJbYeHWSI OTHONIEHWS SKBUBAJEHTHOCTH SIBJISIETCS OMHOULEHUE
pasencmea, Korjia Kaxk/Iblil 51eMEHT SKBUBaJeHTeH (PaBeH) TOJBKO caMoMmy cebe.

Mpumepnl

1. YnopspoueHHy0 napy Touyek (HaAnpasiennvii ompe3ox) 4acTO HA3bIBAIOT 6EKMOPOM
(B IByXMEPHOM WJIN TPEXMEPHOM €BKJINIOBOM TIPOCTPAHCTBe). [0BOPST, UTO BEKTOPbI
KOJLIUHEApHbl, €CTU OHW JIEXKAT HA TMaPaJUIeJIbHBIX TPSMBIX WM HAa OIHOU IPIMOI.
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Puc. 1.14. Npaduvk oTHOLWEHNS, ABa ero pa3bueHns 1n nx obliee namesnbieHme

Jlerko BU/IETH, YTO KOJUIEHHAPHOCTH BEKTOPOB ABJIAETCA OTHOIIEHUWEM SKBUBAJIEHT-
HOCTH. TOI‘I[B. KJIaCChbl OTHOIIEHUWA 3KBUBAJEHTHOCTU COCTOAT M3 BCEX KOJIIMHEAPHDBIX
BEKTOPOB. ITU KJIacChl MOKHO N3MEJbYUTD, pa3jindasl COHalIpaBJ€HHbIE N ITPOTHUBO-
HallpaBJICHHbIEC BEKTOPDI.

2. OrtHoueHue MEXKIY KOHEUYHBIMU ITOCJIE0BATECIbHOCTAMN «OBITH II0C/I€10BATE/IbHOCTA-
MU Ha/l O/THUM U TEM K€ MYJIbTUMHOKECTBOM» ABJIAETCA WU3MEJbYE€HNEM OTHOHIEHUS
«OBITD IIoCaIeI0BAaTEJIbHOCTAMM Ha/l MYJIbBTUMHOKECTBaAMU OJJHOTO COCTaBa».

1.7.2. 98p0 GYHKUNOHANBHOIO OTHOLUEHUS

Besikas dyuknus f, 6yaydu oTHOIIEHHEM, UMeeT sapo f o f~1, koTopoe sBasieTcst 0THO-
HeHneM Ha 06sacTu onpeaesneHus QyHKIH.

SAMEYAHME

JHaxe ecin f — dyHkus, f~1 oTHIONb He 06s13aTeNbHO (DYHKIMS, TOITOMY 37€Ch © — 3HAK
KOMITIO3UIIUY OTHOIIEHUH, a He CyTeprno3uiuu GyHKIINA.

TepMuH «sIIpo» MPUMEHUTEIBHO K (yHKIUU f 1 obo3HaueHue ker f OOBIYHO pe3epBU-
pYIOTCSL [IJIsE IPYTHUX 1eJIeid, Mo3aToMy B (DOPMYJHMPOBKE Cliefyloleil TeopeMbl BMECTO
cioBa «pYHKIUsST> yIOTPEOJEH HECKOJIBKO TSIKEJOBECHBI 000POT «(hYHKI[MOHATBHOE
OTHOIIIEHUE>.

TEOPEMA. f0po (pyHKUUOHATGHOZ0 OMHOUEHUSL SABTSAEMCSL OMHOULEHUEM IKEUBALEHTNHO-
CIU HA MHONCECTNEE ONPeOeeHUs.

DokasatenbctBo. Ilycte f: A — B. JloctaToyHo paccMarpuBaTh CJydyaid, KOT/A
Domf=Aulmf=B8B.

[ PednekcusrocTb ] Ilycts @ € A. Torma 3b € B (b= f(a)) uw a € f~1(b), TO ectb
(a,b) € f & (b,a) € f~! u snaunr (a,a) € fo f~L.

[ CummeTpuarocts ] Ilycts (a1, az) € fo f~1 Torma 3b (b= f(a1) & as € (b)),

a; € f7Hb) & b= f(az) mnb= f(az) & a1 € f~1(b), orkyna (az,a1) € fo f~L.

[ TpanautueHocTb | Ilycth (a1,a2) € fo f~! u (az,a3) € fo f~1. Dro osHauaer, 4TO
db, € B (b1 = f(al) & ag € f_l(b1)> u dby, € B (bg = f(ag) & as € f_l(bg)). Torma
bl = f(al) & b1 = f(ag) & b2 = f(ag) & bg = f(ag) — b1 = b2. ITonmoxum biibl
(wm b:=by). Torna b = f(a1) &b = f(az) = b = f(a1) & az € f~1(b), orkyna
(a1,a3) € fo f71. U

CNEAOCTBMUE. H&pOM 6uem;uu SABLAEMC S MONCOeCmBeHHOe OMHOULEHUE.
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MNpumep. Ha puc. 1.15 cresa npexacras-
JieH rpaduK (PyHKIIMOHATBLHOTO OTHOIIEHUST
{(z,y) €1.3x1.3]y—1=(z—2)%},

a crpaBa TIpe[CTaBieH TpaduK sipa 3TO-
ro otHomieHusa. Kiacchl 5KBUBAJIEHTHOCTH
OTMEYEHbI 3AIMBKOM TOYeK rpaduka.

Puc. 1.15. ®yHKUMOHaNbHOE
OTHOLLUEHME U ero 94po

Mpumep. Ha puc. 1.16 cuxeBa mupen-
cTaBjieH rpaduK GUEKTHMBHOTO OTHOIIEHUS
{(z,y) €1.3x1..3|x+y=4}, a cupasa
npezicTaBieH rpaduk sapa 9TOTO OTHOIIe-
Hust. Kiaccel aKBUBAJEHTHOCTH OTMEYEHBI
3aJIUBKOU TOYEK Tpaduka.

Puc. 1.16. bnektnBHoe OTHO-
LIEHNE N ero s4po

1.7.3. DakTOpMHOXECTBO

Eciu R — oTHoOlIeHUe 5KBUBAJIEHTHOCTH HAa MHOKecTBe M, TO MHOMKECTBO KJIACCOB

9KBHBAJIEHTHOCTH HA3BIBAETCST (PAKMOPMHONCECTIBOM MHOXKECTBA M OTHOCUTEIBHO 9KBHU-
Def

BaseHTHOCTH R u obosuavaercss M /R, 10 ectb M/R = {[z]Rr }zen. PakTopMHOKECTBO

ABJIAETCA MOAMHOKeCTBOM Oyseana: M /R C 2M. SIcHo, 4To (hakTOPMHOKECTBO 110 SAAPY
(byHKIIMOHATTBHOTO OTHOIIIEHUSI PABHOMOIIHO MHOKECTBY 3HAYEHMUIA:

[Dom f/ (fo f~')|=|Im f|.

Mpumep. Paccmotpum MHOXKECTBO A =

{1,2,3,4} n oTHOIIEHNE HKBUBAJIEHTHOCTH 4p-----10--@

R={(1,1),(2,2),(3,3), (4, 4),(1,2),(2,1), 3l-1--rle--e@

(3,4),(4,3)}. OrHomenue R u dhakTopMHO- L

JKECTBO 110 9TOMY OTHOLIEHUO H300PasKeHbl S haind i

Ha puc. 1.17. dreMeHTbI UCXOAHOTO OTHO- 1h{e &F1--|

meHust 0003HAYEHbI 3aKPAIIEHHBIMU KPYK- N
1 2 3 4

KaMH, a 39JIEMEHTBI (baKTOpMHO)KeCTBa —

He3aKpallleHHbIMU KBaJ[paTaMU. Puc. 1.17. OTHOWweEHNe 3KBMBA-
NEeHTHOCTU n d)aKTOpMHO)KeCTBO

Oyukius nat R: M — M/ R HasbiBaetcst omoyxcoecmenenuem (WA HAMYPALbHbIM OMOO-
padceruem, IV KAHOHUUECKOU NPOeKyuell) N OTIPEIEAETCs CIEAYIONNUM 06pa3om:

nat R(z) et [*]R.
Ucnonp3oBarme (haKTOPMHOKECTBA BMECTO MHOKECTBA HA3BIBAECTCS (axmopudauuei.
[Iyctp 3amana dynknus f: A — B. Torna ker f — 3T0 9KBUBaJIEHTHOCTD, KOTOPAs OTIpe-
nensteT daxTopMHOXKecTBO A/ ker f ¢ sieMeHTaMU [Z]ker f U (PYHKIUIO OTOXKIECTBIICHUS
nat: A — A/ ker f. Onpenennm undyuyuposaniyio pynkuuio n3 GakTOPMHOKECTBA B MHO-
xkectBO B: f/ker f:={(s,b) | s = [T]xer f & b= f(z)}. Torna ucxonHas GyHKIusS MOXeT
OBITh PaKmopusosana, NI PasLoNcend, B CyTepPIO3UIIIO

f = (nat f) o (f /ker ).


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

1.7. OTHOLLEHNSI 3KBUBANEHTHOCTU 79

SaMeTI/IM, YTO IIPU 3TOM CHa4daJia ITPUMEHAETCA OTOXK/IECTBJIEHNE, KOTOPOE€ CIOPBEKTHUBHO,
a [IOTOM MHAYIIMPOBAaHHaA (byHKLlI/IH, KOTOpas MHBbEKTUBHA.

Mpumep. I[lycts A — MHOXECTBO CTYZEHTOB, a B — MHOXECTBO ITPOBOIMMBIX 3aHATHI
(B maHHBIIT MOMEHT BpeMeHM). OTHOIIEHNE <ITOCENAeMOCTH> MEKIY CTYyIeHTaMU W 3a-
HATUAMU (DYHKIIMOHATBHO: CTYJEHT MOXKET TOCemaTh (MU TPOTYJIUBATh) TOJIBKO OIHO
3aHATHE. JHAUUT, SAPO 3TOTO (HYHKIIMOHAIBHOTO OTHOIIEHUS SBJSETCS 9KBHUBAJIEHTHO-
cTb10. Kitaccpl 9KBUBAJIEHTHOCTH 11O OTHOMIEHHUIO [TOCEMIAEMOCTH HA3BIBAIOTCS IPYIIIIAMU.
CryzneHTOB OHOI IpyIIbl 00beauHsIeT 06U yuebHbIii iad. [Ipu cocTaBieHnn paciu-
CaHUsT 3aHATHI 0OBIYHO TIPUMEHSIETCS (DaKTOPHU3AIUS 1O TpyTaM (a TakKe 1Mo KypcaM U
(axynsreram). Ha creHe BbiBemmBaercs TabauIa ¢ paciyucaHieM, KOTopasi IPeACTaB/sieT
uHAyIupoBaHuyio GyHkiuo. OYHKINIO OTOXKIECTBIEHUsT CTYIEHT A0JIKEH BBITIOJIHUTD
caM, U TaKUM 00Pa30M, YIAeTCsl KOMITAKTHO TIPEJCTABUTD JIOBOJBHO CJIOKHOE OTHOIIEHME
(KOJIMYECTBO 3JIEMEHTOB B MCXOJHBIX MHOXKECTBAX MCUUCIISAETCS THICSYAMM ).

1.7.4. MHoXecCTBa ypOBHS

[lycts f: A — B — ¢yuknua u f o f~! — oTHOmeHne sKkBuBateHTHOCTH Ha Dom f.
Paccmorpum dakropmuoskectBo Dom f/ ( fo ffl). Kracc aKkBUBaJIEHTHOCTH (37I€MEHT
(bakTOpMHOKECTBA) — 3TO TIOJMHOMKECTBO 3JIEMEHTOB A, KOTOPBIE OTOOPAKATCA B
O/IUH U TOT ke ajeMeHT b € B. Takue MHOXeCTBa Ha3bIBAIOTCSI MHONCECMBAMU YPOBHS
—1) | —

dynxunn f. Hanominym, uro [Dom f/ (fo f71) | = |Im f|.

Hedopmaipao MHOKeCTBO YpoBHS (DYHKITUU f, COOTBETCTBYIOIIEE 3HAUYECHUIO ¢, — 3ITO
MHOKECTBO pellieHuil ypaBuenus f(z) = c.

MApumep. MruoxkectBo yposust 0 st dbynkiuu sin(x) — aro wZ.

OTCTYMJIEHUE
TepMuH «MHOKECTBO yPOBHSI» OIMpaeTcs Ha OUYeBU/HBIC TeOMeTpHuecKue accoruaruu. Ecian Ha-
pucoBaTh rpaduk (PYHKIMU OAHOU IIEPEMEHHOI B OOBIYHON AEKAPTOBOW CHUCTEME KOOPAUHAT M
[IPOBECTH TOPU3OHTATIBHYIO TIPSIMYIO HA ONpPeAeJIEHHOM YPOBHE, TO abCIUCCHI TOYEK MEPeCedeHust
¢ rpadukoM (pyHKIUN JayT MHOKECTBO YPOBHS (DYHKIUU.

Apumep. Ilycrs 3agano muoxectBo M; |[M| = n. Paccmotpum (dyHKIIMOHAIBHOE OT-
Homlenue (MomHoOCTb) P Meskay Oyneanom 2 1 MHOKECTBOM HEOTPUIATEIbHBIX IIEJIBIX
uncem: P C 2M x 0.m, tme P:={(X,k) | X C M & k € 0.n & |X| = k}. Sdnpom sBs-
€TCsI OTHOIIEHIE PABHOMOIIIHOCTH, & MHOYKECTBAMY YPOBHSI — CEMENCTBA PABHOMOIIHBIX
[IOJIMHOKECTB.

1.7.5. TonepaHTHOCTb

PednexkcuBHOEe cmMMeTpUYHOE OTHOINIEHWE Ha3bIBaeTCs moaepanmuocmoio. OTHOIIEHNE
IKBUBAJICHTHOCTU ABJACTCA YaCTHBIM cnyqaeM OTHOIIIEHUA TO]IepaHTHOCTI/I. B oTJinyue oT
OTHOLIEHUSI 9KBUBAJIEHTHOCTH, JAIOLIEr0 pa3OueHne MHOKECTBA 9JIEMEHTOB, Ha KOTOPOM
OHO OTIpeieJIeHO, OTHOTIIEHNE TOJIEPAHTHOCTHU TAET MMOKPBITHE 3TOTO MHOKeCTBa. /leficTBu-
TeJIbHO, ycTh T' C A? — oTHomeHue ToaepanTHOCTH. OUpeenM KAACC MOAepanmuocmu
IS 9JIEMEHTA & TI0 OTHOIIeHUI0 TosiepanTHocTu T’ kak MHOKecTBO {y € A | x T y}. Torma
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CeMENCTBO KIACCOB TOJEPAHTHOCTH 00pasyeT NokpbiTre MHOKecTBa A. Ha comepikarenn-
HOM YPOBHE TOJIEPAHTHOCTH O3HAuYaeT cJeiyioliee: Jo6oH 0OBEKT TONEPAHTEH CAMOMY
cebe (pedIeKCUBHOCTD), & TOJIEPAHTHOCTD IBYX OOBEKTOB HE 3aBUCUT OT TOTO, B KAKOM
MOPSIZIKE OHU PAcCMaTpUBAIOTCs (CUMMETPUYHOCTD). OHAKO, eCin OUH OOBEKT TOJIE-
PaHTEH C APYTUM, a 3TOT APYTOH — C TPEThUM, TO 3TO BOBCE HE 3HAYUT, YTO BCE TPHU
00BEKTA TOJIEPAHTHBI MEKIY COOOM.

Mpumepsl

1. OTHOlIEHMEe 3HAKOMCTBA HAa MHOKECTBe Jojeil. MIBaHoB MoxeT ObITh 3HakoM ¢ Iler-
poBbiM, ITerpoB — ¢ CumopoBbiM, HO npu 3ToM BanoB u CUIOPOB MOTYT HE OBITH
3HAKOMBI MEXKIY COOOIL.

2. OTHOIIEHUE TTOXOKECTH MEKIY MOUCKOBBIMU 3alIPOCAMK B CUCTEMax WH(MOPMAIMOH-
HOTO TOMCKA.

3. OrHollleHre Ha MHOMKECTBE CJIOB, KOTOPOe 3aJaéTcsl Kak Hajiudue XOoTs Obl OJHON
obuieil OykBbl. B 9TOM OTHOIIEHMH HaXOHATCs, HAIPUMEp, MEPECeKaroIInecs CI0Ba
KPOCCBOP/IA.

1.7.6. TomomopdPmnambl 1 U30OMOPPU3MbI

IIycts R — n-MecTHOe oTHOIIeHWe Ha MHOKecTBe X, mpuuém R C X™; a S — n-MecTHOe
OTHOIIEHNEe Ha MHOXecTBe Y, mpmuéMm S C Y", n > 1. Torma ¢pyskmms f: X — Y
HA3BIBAETCST 20MOMOPPUIMOM, ECITT

Var,...,xq € X (R(z1,...,2,) = S(f(z1),..., f(zn))).

Mpumep. Ilycts R — HEKOTOPOE OTHONIEHNE SKUBAJIIEHTHOCTH Ha MHOXKeCcTBe A, a S —
TOX/IECTBEHHOE OTHOIeHNe Ha dhakrop-muoxectBe A/R. Torna dbyHKIMS OTOXKIECTBIIE-
uust nat R: A — A/R — 310 rOMOMOPMU3M.

3AMEYAHUE

O6p8.3HO TOBOPAT, 4YTO I‘OMOMOpq)I/ISM 3 MHOECTBa B MHOJKECTBO «yBayKa€T» COOTBETCTBYIOLINE
OTHOLIEHMA Ha 3TUX MHOKECTBaX.

DyHKIHST MOKET OBITH TOMOMOPGHU3MOM M YBAKATh OJIHA OTHOIIEHUST HA MHOKECTBAX U
IIPU 3TOM He yBaXkaTb [pyrue OTHOILIEHUS Ha 3TUX ’K€ MHOKEeCTBaX.

Mpumep. Paccmorpum dynkmmio ndiv 2 4+ 1 Ha MHOXKeECTBe HATypalIbHBIX YHCEN. JTa
(pyHKIMA yBaxkaeT OTHOLIEHUE [TOPsiKa < Ha MHOXKECTBE HaTypasIbHBIX YNCEJI, IOCKOJIbKY
n <m <= (ndiv2+1) < (mdiv2 + 1), HO He yBa)kaeT OTHOIIIEHHE HEPABEHCTBA #,
mockoJibKy 4 # 5, Ho 4div2+1 =3 =5div2 + 1.

BuexTuBHbIiI TOMOMOP()U3M HasbiBaeTcst uzomopusmom. Jiobas ouekuuss f: X — Y
X Y
YBa)KaeT TOX/IECTBEHHBIE OTHOIIEHNS = W = Ha MHOXKecTBax X M Y:
X Y
Tl = To < f(Il) = f(LEQ)
Mpumep. B3auMHO-0ZHO3HAYHOE COOTBETCTBUE MEXKY MHOXKECTBAMU SBJISETCS H30-

MopduzmMoM. PaBHOMOIITHBIE MHOKECTBA M30MOP(MHBI OTHOCUTETHHO TOKIECTBEHHBIX OT-
HOIIIEHU.
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IIycte X 1Y — MHOXecTBa ¢ ONpe/eJIEHHBIMI Ha HUX Nn-MECTHBIMU OTHOIIEHUSAMU R u
S cooTrBeTcTBEeHHO, U f: X — Y — uzomopdusm.

TEOPEMA 1. Ecuu f: X — Y — usomopdusm, mo f~1: Y — X — mooice usomopusam.

DokA3ATENbCTBO. IlycTh 21,...,x, € X. O603HauNM Yy := f(21),...,Yn:= f(zy), THE
Y1,---,Yn € Y. Ilockombry f — 6I/IeKIlI/IH umeeM z1 = f(y1),..., 2, = f‘l( ). Torpa:

St - ) = S, s f(@0)) = Rars- o) = RU w)s o £ ). O

Ecm f: X — Y — wusomopdusm, To MHOXKecTBa X U Y Ha3bIBAOT U3OMOPPHLIMU

/
u 3710T hakT 0603HaYalOT Tak: X ~ Y. Eciiu f sICHO M3 KOHTEKCTa WJIM MPOCTO HEBAKHO
B KOHKPETHOM pacCy’keHuu, To muiyt X ~ Y.

3AMEYAHUE

He Bcsikast OMeKIHst SIBIISIETCST H30MOP(HU3MOM.

Apumep. PaccmorpuMm DyHKIMIO U3MeHeHUs 3HaKa f: Z — 7Z, f(x): = —x. IT0 Ouek-
114, KOTOpas He yBakaeT, HallpuMep, OTHOILIeHHue TopsaKa <.

Haxe eciu MHOXecTBa paBHOMOIIHBL, |X| = |Y|, orHomenuss R C X™ u S C Y™ MoryT
OBITb TAKOBBI, UTO HE CYIIECTBYET N30MOPGU3MA, YBAKAIONIETO OTH OTHONICHUSI.

Y
Npumep. Ilycrs | X| = |Y]. [lonoxum R:= X 8:= #.
TOF,Z[an:X*)Y (‘Il*I’Q:}_\(f(I’l)?éf( )))

B To ke BpeMs, eCJU 3aJaHO m-MeCTHOe oTouleHue R Ha MHOXecTBe X M OMEKIus
f: X — Y, To Ha MHOXecTBe Y Bcerjila BO3MOKHO 3a/laTh n-MeCTHOe OTHOoIlleHue S Tak,
uT00bl X ~ Y. JIJIs1 5TOTO IOCTATOYHO OIPEAEeSUTh

Se={(y,- - y) €Y" | R(FT (1) /7 () } -

Takum o6paszom, ecsu 3agano cemeiictBo Muoxects X = { Xy, ..., X, }, 1 Ha KQXKIOM MHO-
xectBe X; € X 3a71aH0 n-MecTHOe oTHouIeHue R; C X[, TO HeKOTOpble IIapbl MHOKECTB
MOT'YT OKasaTbcs usoMopdubiMu: X; ~ X, a Apyrue — HeT. Bcé 3aBUCUT OT 33JaHHBIX OT-
HomeHwi. CeMeiicTBO map n30MOpMHBIX MHOKECTB 00pa3yeT OTHOIIEHWE U30MOPGOHOCTIU
Ha MHOXecTBe X.

3AMEYAHMUE

HepaBHOMOIIHbIE MHOKECTBA HE MOTYT ObITH M30MOPQHBIL.

TEOPEMA 2. l3omoppHocmy S6451emcs OMHOULEHUEM IKBUBANEHMHOCHIU.

JOKA3SATENIbCTBO.
[ PednekcusrocTb ]| DyHKIUA x — x — TpeOyeMblil H30MOPQU3M.
[ CummeTpuuHocTe ] ClatetyeT U3 TIpe/IbIIyIIeN TEOPEMBI.

[ TpaHautueHocTb | Ilycts X, Y u Z — Tpu MHOXKeCTBA € 3aIaHHBIMU HA HUX 71-MECTHBIMU
orHomenusamu R, Ry, u R, coorBerctBenno, f: X — Y u g: Y — Z — usoMopdusMslL

Torma Ry(x1,...,2n) = Ry(f(z1),..., f(zn)) = R.(9(f(z1)), ..., 9(f(xn)))- O
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Beskuit romoMopdhuamM MHAYIUPYET CBI3aHHBIN U30MOP(HU3M.

TEOPEMA 3 (O romomopduame). Ecau f: X — Y — zomomopgusm, mo
Dom f/ker f ~ Im f.

JOKA3ATENbLCTBO.

[ Buekuus | Paccmorpum ungaynupoBannyio dyukimio g = f/ker f: Dom f/ker f — Y.
ODyuknus g nabektusHa 1m0 nocrpoernio. Oynkius h: Dom f/ker f — Im f, monxyuen-
Hast U3 ¢ COKpaIlleHreM 00JacTu MPUOBITHS, CIOPHEKTUBHA, IPU STOM TakK K€, Kak W ¢,
UHbBEKTHBHA, a 3HAYUT, OUEKTHBHA.

[ lomomopdmam ] Ilycte R — wucxomHoe n-MecTHOe OTHOIIeHWe Ha MHOXKecTBe X.
OHO MHAYIMPYeT HOBOE n-MECTHOE OTHOIIeHHe R, Ha MHOxecTBe Dom f/ker f cie-
aytom obpazom: Ry([x1], ..., [z,]):=R(z1,...,xy,). [Ipeacrasum dyukimo f B Bujge
f = (nat f) o (f/ker f) = (nat f) o h. Umeem: Ry([z1],...,[zn]) = R(z1,...,20) =
= S(f(21)s s F@n)) = S(h{[@1]), ., hl[wa)). O

MNpumep. PaccMoTpuM MHOXKECTBO CI0B AT, 3amaHHbBIX Haz aadaBUTOM A, M OTHOIIE-
HUe paBeHCTBa JJINH CJIOB Ha HEM. Tak)ke pacCMOTPUM MHOKECTBO S KOHEUHBIX MYJIBTH-
MHOKeCTB OyKB 13 ajdasuta A 1 OTHOLIEHHE PABHOMOIIHOCTH Ha HéM. Ilycrh f: AT — S —
dbyHKIMS, 0TOOpaKkaoliast CJI0BO B MYJBTUMHOMKECTBO COCTAaBIAIONMX ero OykB. OHa
SIBJISIETCSI TOMOMOP(U3MOM OTHOCUTEJBLHO ONMUCAHHBIX OTHOIeHui. Torza 1o Teopeme
0 ToMOMOpP(U3Me MHOMKECTBO BCEX MHOMKECTB CJIOB, COCTABJIEHHbIX M3 OJHUX U TEX JKe
OyKB, M30MOP(MHO MYJBTUMHOMKECTBY 9TUX OYKB.

SAMEYAHMUE
MOHIHOCTI/I KJIaCCOB 9KBHUBAJICHTHOCTU 110 A/PY I‘OMOMOpq)I/ISMa B HEKOTOPOM CMBbICJIE XapaKTe-
PpU3YyIOT €ro OTKJIOHEHHE OT WHBEKTUBHOCTH. Eciu Bce MOIIHOCTHU pPaBHbI 1, To I‘OMOMOpq)I/ISM
NHbBEKTHUBEH.

1.8. OTHOWeEHMs nopsagka

B aToM paszesie onpesessioTCs U ONUCLIBAIOTCS Pa3JIUyHble BapHAHTBI OTHOLIEHWH I10-
psiika. OTHOIIIEHUE TOPSIIKA TO3BOJISIET CPABHUBAT® MEKILY COOOU Pa3IMYHbIE 3JIEMEHTHI
ofiHOrO MHOXKecTBa. DaKTHIECKU, MHTYUTUBHbBIE IPEICTABIEHISI 00 OTHOIIEHUSIX TOPSI/I-
Ka MOJKHO CYUTATh OOIIEH3BECTHBIMY, U TaKWe MPEJACTABJICHUS B 9TOM yueOHUKe yiKe
HCIIOJIb30BaHbl P OMUCAHUK PAaGOTHI ¢ YIOPSAOYEHHBIMU criickaMu. OMHAKO TIPH I0-
CTPOEHUM MaTeMaTUYEeCKUX MOJeiell WHTYUTUBHBIX IPEJCTABICHUN MOYKET OKa3aThCs
HEJIOCTATOYHO, U HEOOX0MMMO OoJiee JieTaIbHOe OMUCAaHUe CBOMCTB OTHOIIEHUN TTOPSIIKA.

1.8.1. Mpepnopspok

PedJiekcHBHOE TPaH3UTUBHOE OTHOIIEHNE HA3BIBAETCSI OTHOLIEHUEM npeonopsoka (MHO-
r/1a UCTIOJIB3YIOT TEPMUH K6a3unopsdok). OTHOIIEHNE TIPEANOoPsiKa 0ObIYHO 0003HAYAIOT
sHakoM C. OTHolIeHe PEAIIOPSIIKa, ¢ OJHON CTOPOHBI, ABJIsETCS 0000IIEeHeM DKBUBA-
JIEHTHOCTH, a C APYrOil CTOPOHBI, SIBJIsieTCsl 0000IEHNEM HECTPOTO YaCTHMYHOIO MOPsIAKA
(em. crremytonuii maparpad). Ipeanopsiaok, Oy Ayun TPaH3UTHBHBIM, COBIIAZAET CO CBOUM
TPAH3UTUBHBIM 3aMbIKAHUEM: Ct=L.

TEOPEMA. Ecuu R — omuowenue npednopadka, movn>=1 (Vk >0 ((R"**C R")).


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

1.8. OTHOWeHNs nopsiaka 83

DOKA3ATENLCTBO. Ilo Teopeme 1.4.6 R? C R, u snauut, B> = R2°0 R C Ro R = R?,
¥ Tak gasee, umeeM Vn > 0 (R"T C R™). OTkyzxa 10 TPaHSUTHBHOCTH OTHOLIEHHS T
umeem Vn > 1 (Vk >0 ((R"™* C R")). O

CNEACTBUE. Eciu R — omnowenue npednopsoxa, mo R* = RT™ = R.

DOKA3ATENLCTBO. [lo dopmymam maparpacda 1.5.1. O

AHTI/Ipe(l)JIeKCI/IBHOE TPAH3UTUBHOE OTHOMICHWE HA3bIBACTCA OTHOIIECHHUEM CMpozo npea—
nOpﬂaKd 1 o603HaYaeTcd 3HAKOM C.

MNpumep. B «IloBectu BpeMeHHBIX JieT» cKaszaHO: <V ObLar Tpu Gpara: OAUH 110 UMe-
Hu Kuii, apyroit — Ilex u tperuii — Xopus, a cectpa ux Obuia JIsibeap». OTHOMIE-
HUSL «x GpaT y» U «T CEeCTpa y» ABJSAIOTCS HecTporumu npeamopsakamu. Ha puc. 1.18
[MOKa3aHbl AUarpaMMbl Xacce TPAH3UTUBHBIX PEAyKIMI 3TUX OTHOLIEHUI.

Jbibeap INbibegb

Xopus

Puc. 1.18. [uarpammbl Xacce TpaH3UTUBHbIX peaykuuii OTHOLIEeHWA BpaTcTBa U CECTPUHCTBA

1.8.2. YaCcTU4YHbLIA N NIMHENHbIN NOPAAO0K

AHTHCUMMETPUYHOE TPAH3UTUBHOE OTHOLICHWE Ha3bIBAETCS OTHOLICHUEM NOPsAOKA.
OTHoIeHre NOPSAAKAa MOKET OBITh Pe(IEKCUBHBIM, U TOT/IA OHO HA3BIBAETCS OTHOUICHM-
eM Hecmpozozo nopsoka. OTHOIEHKWE MOPSIIKA MOKET ObITh aHTUPE(DIEKCUBHBIM, 1 TOT/IA
OHO Ha3bIBAETCS OTHOIIEHUEM cmp02020 nopsadka. OTHOIIEHNE TOPSIKA MOKET ObITh JIN-
HEIHBIM, ¥ TOT/Ia OHO Ha3bIBAETCSI OTHOLIEHUEM JUHeliH020 nopsaoxa. OTHOIIEHNE TIOPsIIKa
MOJKeT He 006J1aaTh CBOHCTBOM JIMHEIHOCTH, ¥ TOT/Ia OHO HA3bIBAETCS OTHOIIECHUEM Ud-
cmuunozo nopsioxa. OOGBIYHO OTHOIIIEHHE CTPOTOTO MOPsiAKa (JIMHEHHOTO WJIH YaCTUYHOTO)
0603HAYAETCST 3HAKOM <, a OTHOIIEHUE HECTPOTOrO TMOPsi/IKa — 3HAKOM <.

3AMEYAHUE
ﬂJIH CTPOTOTO ImopAaKa CBOICTBO AHTUCUMMETPUIHOCTU MOJKHO OIIPEACJANTDH CJACAYIOINM o6pa30M:
Va,b (a <b<= —(b=<a)) <= Va,b (-(a<b)V (b<a)) < Va,b (-(a <b& b=<a)).

Mpumepbl

OrHotenue < Ha MHOXECTB€ BEIICCTBCHHBLIX 4YMCEJ ABJISIETCA OTHOIIEHHEM CTPOroro
JIMTHEWHOTO TIOPSIKA. OrHotlenne < Ha MHOYKECTBE BEIECTBEHHBIX YMCEJ SABJISIETCS OT-
HOIIEHHEM HeCTPOroro JuHeitnoro nopsaka. Orxomenvie C Ha Oyeare oM HeCTpOTuit
YaCTUYHBIN IOPAAOK, a OTHOIIIEHNE g — CTpOFI/Iﬁ YaCTUYHBIN TOPAAOK.
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MHokecTBO, Ha KOTOPOM 3a/IaHO OTHONIEHNE YaCTUYHOTO MOPS/IKA, HA3bIBACTCI YACMUY -
HO ynopsidouennvim. MHOXKECTBO, Ha KOTOPOM 33JIaHO OTHOIIEHUE JIMHEWHOTO TIOPSIIKA,
HA3BIBAETCSI JUHEUHO YNOPAOOUEHHBIM.

Mpumep. MHOXKeCTBO BEIMIECTBEHHBIX YHCEJ YIOPSIOYEHO JIUHERHO, a OyJieaH yrnopsi-
JI0YEH YACTUYHO.

TEOPEMA 1. Eciu < — OmMHOUEHUE YACTMUUHOZ0 NOPSIOKA, MO 00pamnoe OmHoueHue
maxaice sI8AAMCs OMHOUEHUEM YACTMUYHOZ0 NOPSAOKA.

JOKA3ATENbLCTBO.

[ AHTucummeTtpmaHocts | Va,b ((a<b) & (b<a) = a =) <~

<= Va,b ((b<a) &(a<b) = a=0b) < Va,b ((a>b) &(b>a) = a=0b).

[ TpanautueHocTb ] Va,b,c ((a<b) & (b<c) = a<c) <

< Va,bc ((b-a) &(c-b) = c=a) <= Va,b,c ((c>b) & (b>a) = c>a). O

CNEQCTBUE. Eciu < s81semcst OmHOULEHUEM YACMUYHO20 nopﬂaxa, mo omuowenusa < \I
u =\ I s6715210MCs1 OMHOWEHUSIMU CMPO2020 UACTMUUHOZ0 nopsoka, u omuoutenust < Ul u =UI
ABNAIOMCE OMHOUCHUSAMU HECTPO2020 YACTNUUHOZ0 NOPAOKA.

L OKA3ATENbCTBO. [lo Teopeme m. 1.4.6. O

JIEMMA. Omnowenue R anmucummempuuno u iuHeino mozoa u mojvko mozoa, x020a 0o-

nonnenue omnowenue R coenadaem c obpammvim omuowenuem R~ 6esde, sa uckmouenuem
ouazonanu.

DOKA3ATENLCTBO. [l0 yCJIOBUSIM JIEMMBI, UCKJIIOYUM JIUATOHANb, TO €CTh PACCMOTPUM
TAPBI PASAUYHBIY DJIIEMEHTOB a U b.

[ Heobxopumocte] B yKasaHHBIX YCJIOBUSIX CBONHCTBO aHTUCUMMETPUYHOCTU TJIACUT:
Va,b (- (aRb & bRa)), a cBoiicTBo JymHeitHOCTH Tyacut: Va,b (aRb V bRa), Tak 4To
u3 aByx nap (a,b) u (b,a) B TOYHOCTU OJIHA NPUHAIJIEKUT OTHOIIEHHUIO R, a npyrast napa
MPUHATIEKAT KaK JOTIONHEHHIO, TaK ¥ 0OGPATHOMY OTHOIIEHUIO.

[ DoctatouHoctb ] Ecim gomosnHenue oTHoLieHust R cOBIIaaeT ¢ oOpaTHLIM OTHOIIe-
HUEM, TO 3TO O3HayaeT, 4yTo Va,b (—(aRb) <= bRa), TO ecTb OTHOIIEHUEe R aHTHUCHM-
MeTpuyHoO. JInHeitHOCTD fokaxkeM oT npotuBHoro. Ilycts Ja,b (—(aRb V bRa)). Torna
Ja,b (—aRb & —bRa), u 1o yxe nokazanuomy, 3a,b (bRa & aRb), 4TO IPOTUBOPEYUT
AHTUCHMMETPUYHOCTH.

CNEACTBUE. [Ecau omuowenue R anmucummempuuno u JUHEUHo, mo
Va,b (a # b= (aRb <= —(bRa))).

TEOPEMA 2. FEciu < A615eMCsi OMHOUEHUEM JUHETIHO020 NOPA0KA, MO €20 O0NoIHeHUe A
Maxdice A6AAeMCst OMHOULECHUEM TUHETUH020 NOPAOKA.

DoxazatenbctBo. [lo nemme Va,b (aRb <= —(bRa)).

[ nnenHoctb ] Va,b (a=bV a<bVb<a) < Va,b (a=bVbAaVaid) <
<~ Va,b (a=bVaLbVbXa).
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[ AHTcummeTpuuHocTs | Va,b (a <b & b<a = a=10) <
—Va,b (bAa&kahfb=a=b)<=Va,b (aAb&kbAa= a=0h).
[ TpaHautmeHoCTb ] Va,b,c (c<b& b<a = c<a) <=

A

< Va,bc (bAc& ahb= akc) <= Va,bc (ahb& bAc= aXc). O

CNEOCTBMUE. FEcau =< s6/15emcsi OMHOUEHUEM HeCmpP0oz020 JUHEIH020 nopﬂﬁim, mo 0o-
NOJHUMENbHOE OMHOWEHUE — SACNSACTNCS OMHOUEHUEM CIMPO2020 JUHen020 nopsoka. 006-
PAmHO, eCiu < SGIAEMCsL OMHOULCHUEM CTPO2020 IUNHETH020 NOPAOKA, O 00NOIHUMENDHOE
OMHOWEHUE = ABLAEMCS OMHOUEHUEM HECTNPO2020 TUHEUH020 NOPAOKA.

[OKA3ATENLCTBO. /loCTaTOYHO TTPOBEPUTH, Ky/a BXOAUT MTUATOHATD. O

Mpumep. OTHomeHNEe < SBJSETCS OTHONIEHWEM CTPOTOTO JUHEHMHOTO TOPSIKA, a eTo
IOIIOIHEHUE > SBJSAETCS OTHOLIEHHEM HECTPOIOro JMHEHHOro MOpSAAKa Ha 2060M TOJ-
MHOKECTBE YUCL060L OCU, TO €CTh JIOOOM MOAMHOKeCTBE (KOHEUHOM MU OECKOHEYHOM)
MHO’KECTBA YKCEJ — TIEJIBIX, PAIIUOHAIBHBIX W BEIICCTBEHHBIX.

SAMEYAHME

JIuneitnocThb CyuiecTBeHHa: JOIOJIHEHUE YaCTUYHOTO IOpAAKa HE 00513aTeJIbHO YaCTUYHBII nops-
JIOK.

MNpumep. OrHommenne C Ha OysieaHe SBJISETCS OTHOLIEHHMEM HECTPOTOr0 4aCTUYHOIO
TOPSI/IKA, HO €T0 JIOTIOJTHEHNE He SIBJISETCS OTHOIIEHWEM CTPOTOTO YaCTUYHOTO MOPSIIKA.
BoJiee Toro, ono BooOIIEe He SIBJISETCS OTHOIIEHHEM IOPSAAKA, MOCKOJbKY HE aHTHCHM-
MeTpUYHO U He TpaHauTuBHO. Ha puc. 1.19 mokasansr rpaduku otHomeHus C U €ro
nononHenys Ha Gymeane 2{1:2:3}

{1,2,3} e 6 6 06 0 0 O (123
{1,3} ) ° ° {1,3} o) O O @)
{2,3} o o [ ) {2,3} ) O O
1,2} e o ° {1,2} o} O O O

3} ° 3} O O O O O

{2} ® {2} O O O

13 [ {13 o) O O O
SR S g NI ¢ SN ¢ Hill'q MM @ Sl ¢ S

%] %]

{1 {23 3¢ (1,23 {2,3} {1,341,2,3} {1 {23 3} (1,2} 2,3} {1,3}{1,2,3}

Puc. 1.19. padukn oTHoweHust C U ero AononHeHus Ha Byneane 2{1:2:3}

[axe ecan 4aCTUYHO YHOPSZ0YEHHOE MHOXKECTBO He SIBJISIETCS JIMHEWHO YIOpsi/ioYeH-
HBIM, B HEM MOTYT HalTHCh JIMHEHHO YIOPsAOYeHHble TI0JIMHOKeCTBA.
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MNpumep. CewmeiictBo noamuoxects {C;} MHOKecTBa A Ha3bIBaeTCs yenoukoil B A, ec-
m Vi (C; C Ciyq & C; # Cipq). JIobast 1ieniouka B A o6pasyer JHHEHHO YIOPsI0YeHHOE
TIOIMHOKECTBO YACTHYHO YIOPSZOYEHHOTO MHOKeCTBa 244,

JluHeitHO yHOpPsIOYeHHOE TIOAMHOXKECTBO {a1,...,0An,... } MOXKHO PACCMATPUBATh KaK
HOCJIEIOBATEIBHOCTD (A1, ..., dp, ... ), B KOTOPOH Vi (a; < a;+1 & a; # a;41). Takue mo-
CJIeIOBATEIbHOCTA HA3BbIBAIOTCS CMPO20 MOHOMOHHO 803PACMAIOUUMU, T TIPOCTO 803-
pacmarowumu. TlocienoBarebHOCTH MOTYT ObITh KOHEUHBIMU WM OecKOHeuHbIMU. Eciu
[OCJIEIOBATENLHOCTE KOHEYHAs, KOJIMYECTBO JIEMEHTOB B HEH HA3BIBAETCA ONUHOLL.
ToBOpsT, UYTO YAaCTUYHO YMOPSIOUEHHOE MHOKECTBO MMEET KOHEUHYIO 8bicomy k, eciu
Jirobast Bo3pacTarlas MocIel0BaTeIbHOCTh MeeT JJIMHY He 6oJee k.

1.8.3. MuHMManbHbIe U HAUMEHbLUWE 3JIEMEeHTbI

IJIeMeHT © MHOXecTBa M ¢ OTHOIIEHUEM IOpPSIKA < HA3bIBACTCS MUHUMATLLHOIM, €CTI
B MHOKecTBe M He CyIIeCTBYeT 3JIEMEHTOB, MEHBIINX, YeM AJIEMEHT &
-Jye M (y <z & y# x), unade rosopst, Vy € M (=(y <z) V y = x).

I1pv| Mep. HyCTOG MHOJKECTBO & ABJISIETCS MUHUMAJIbHBIM 2JIEMEHTOM 6yJIeaHa 110 BKJIIO-
YEHUIO.

TEOPEMA 1. Bo 6CsK0M KOHEUHOM HENYCMOM YACTRUUHO YNOPAOOUEHHOM MHONCECTNEE CY -
wecmsyem MUHUMALLHBLU JNEMEH.

DokasaTENbCTBO. OT mporusnoro. Ilycte =(3z € M (-3ye M (y <z & y # x))).
Torma Vo € M 3yeM (y<=z) = F(ui)ey (Vi (g1 < u;) & wip1 # w;). Io-
CKOJIBKY | M| < oo, 1o npuHImity Jupuxie umeeM 34,5 (1 < j & u; = u;). Ho o Tpansu-
TUBHOCTH U; = Ujq1 >+ = Uj == Ujp1 = U; = U;. TaKIM 00pasoM, ujp1 < u; & wiqq1 -
U; = Uj41 = U; — IPOTUBOPEUHUE. U

SAMEYAHME
JIuHeHO YHOPSI0YeHHOe KOHEYHOEe MHOXKECTBO COJEPKUT POBHO O/IMH MHHUMAJIBHBIA 3JIEMEHT,
a B IPOM3BOJIbHOM KOHEYHOM YACTUYHO YIIOPSIZIOYEHHOM MHOKECTBE UX MOJKET OBITh HECKOJIBKO.

TEOPEMA 2. Bcsaxuii uacmuuivlii nOpaook Ha KOHEUHOM MHONCECmEe Moxcem Goimb 00-
nOAHEN 00 TUHETH020.

DOKAZATENbCTBO.  Asroputwm 1.15. O

3AMEYAHME

B JaHHOM CJiy4ae CJIOBa «MOKET ObITD AOIIOJIHEH» O3Ha4YaloT, YTO CYHECTBYET OTHOIIEHUE JINHEN-
HOTO IOPAJZIKA, KOTOPOE ABJIAECTCA HAAMHOKECTBOM 3a/IaHHOI'O OTHOIIEHUA YaCTUYHOI'O ITOPA/IKA.

IIyctb M — 4YacTUYHO YNOPsZOYEHHOE MHOKECTBO C OTHOLIEHUEM Iopsaka <, a X —
€ro moaMHOkecTBO: X C M. DIeMeHT a Ha3bIBACTCS HAUMeHbUUM B MHOXKecTBe X
(o6o3Hauenne a = min X), ecima € X &Ver e X (z #£a= a < x).

O‘{GBI/II[HO, qTo HaI/IMGHbLHI/IfI JJIEMEHT, €CJIn OH CYH_IGCTByeT, ABJAECTCAd MUHHUMAJIbHBIM.
HO QJIEMEHT MOJKET 6I)ITI) MWHUMAaJIbHBIM, HE 6y[[y‘{I/I HaVMEHDbIIIMM. Bonee TOro, KOHEYHOE
YaCTHU4YHO ynop;u:[o‘{eﬂﬂoe MHOKECTBO, UMed MUHUMaJIbHbIE 3JIEMEHTbI, MOKET HE€ MMETb
HaMEHBIIIETO 3JIEMEHTA.
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MNpumep. Ilycrs B MHOXecTBe {a,b, c,d} 3anano orHomenue nopsiaka {(a,b), (c,d)},
TO ecTh a < b 1 ¢ < d. Torza ajleMeHTB! ¢ ¥ ¢ MUHUMAJIbHBIE, HO HAMMEHBIIETO 3JIeMEHTA
He CYIIECTBYeT.

TEOPEMA 3. Eciu cyuecmsyem HauMeHbUUil JAEeMEHN, Mo OH SEAAEMCS COUHCTNECHHBIM.

[ OKA3ATENbCTBO. IlycTh CylmecTBYIOT iBa HAMMEHBIINX 3jeMeHTa, a 1 b. Torma a < b,
TTOCKOJTBKY @ HAaMMEHBIIWH, 1, aHAJIOTUYHO, b < a, TOCKOJIBKY b Takke HanMeHbInid. 1lo
AHTUCUMMETPUYHOCTH, @ = b. ([l

B yacTuHO ynopsiioueHHOM MHOKeCTBe C OTHOIIIEHUEM MOPSIIKA < Hapsi[ly ¢ MUHUMaJIb-
HBIMM U HAUMEHBIITMMHU 3JIEMEHTAMU MOKHO OTIPENETUTh MAKCUMALbHbIE T HAUOOIbUUE
3JIEMEHTHI, UCTIOB3YsT 0GPATHOE OTHOIIEHUE .

SAMEYAHUE
Vcnonb3yst teopembl 1. 1.8.2, HETPYIHO IOKa3aTh, YTO BCE YTBEPXKIEHMSI OTHOCHUTEIBHO MHUHU-
MAJIGHBIX ¥ HAMMEHBIITHUX 3JIEMEHTOB UMEIOT MECTO U OTHOCUTETHbHO MAKCHMAJIBHBIX 1 HAMOOJIBIITIX
3JIEMEHTOB COOTBETCTBEHHO, TO €CTh NUMEET MECTO 080UCMBEHHOCD.

1.8.4. AnroputMm TOMOJIOrM4E€CKON COPTUPOBKU

PaCCMOTpI/IM AJITOPUTM JOIIOJHEHUA YaCTUYHOTO IMOpAAKa 10 JIMHENHOTO Ha KOHEYHOM
MHOJKeCTBe.

Asroputm 1.15. AJITOPUTM TOTTOJIOTHYECKON COPTUPOBKU

Bxon: KoHEYHOE YACTUYHO yMOPSiI0OYeHHOEe MHOXKeCTBO U.
Beixoa: nuHENHO ynopsioueHHoe MHOXecTBO W.
while U # @ do
m:=min(U) // MUHIMaJbHBII 3J1eMEHT
yield m // Bkiouaem ajieMeHT m B MHOKeCTBO W
U:=U—m // snement m 6ojee He pacCMaTPUBAETCSI
end while

OBOCHOBAHUE. Bceskas mporenypa, reHepupyomast 00beKThI ¢ IOMOIIBIO onepaTopa yield,
OTIpeIesISIeT JIMHEMHBIN TOPSIIOK Ha MHOXKECTBE CBOMX Pe3ysbTaToB. /leficTBUTENbHO, T10-
CJIEIOBATEIBHOCTD, B KOTOPOH 0OBEKTHI FEHEPUPYIOTCS BO BpeMs PabOThI MPOIELYPHI, —
3TO JIMHEWHBIN TTOPSIOK.

[[OHO]IHGHI/IG HYaCTUYHOI'O IOpAAKa /10 JIMHENHOTO B O6III€M CJydae HE €AMHCTBECHHO.

Mpumep. Ha puc. 1.20 cieBa nokasana guarpaMma OTHOIIEHUS] YACTUYHOTO TOPSI/IKA, a
CIIpaBa TOKA3aHbl [[Ba AOTOJHEHHUS M3 YETHIPEX BO3MOKHBIX JOTIOTHEHHH 9TOTO TTOPSIIKA
1o JiHeitHoro. JloGaBIeHHbIE Mapbl BBIIEJICHBI.

Wcnonb3yemast B asroputMe (yHKIUS min BO3BPAIllaeT MUHUMAJIbHBIN 3JIEMEHT, CyIile-
CTBOBaHME KOTOPOTO TapaHTHUpyeTcs TeopeMoit 1.

Bxoza: KoHeuHOe YaCTUYHO yHOpSAoYeHHOe MHOKecTBO U.

Bbixos: MUHMMAJIBHBINA 9JIEMEHT M.


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

88 Maea 1. MHOXeCTBa N OTHOLLIEHNS

) (@ @ D
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Puc. 1.20. JuarpamMmma OTHOLLEHUS YaCTMYHOro Nopsiaka v ABa AOMOJSIHEHUS 3TOro
nopsiaka oo JIMHenHoro

select m € U // Bbibupaem j110060ii 91eMEHT KaHAMJATOM B MUHUMAJIbHbBIE
for u € U do
if u < m then
m:=u // MeHsSeM KaHIWuIaTa B MUHUMAJIbHBIC
end if
end for
return m // a71eMeHT m MUHUMAJIbHBIN

OBOCHOBAHME. PaccMOTPUM TI0C/IEIOBATENBHOCTD IEMEHTOB, KOTOPbIE PUCBAaMBAJINCh
m BO BpeMs paboThl min. JTa II0CAEIOBATENIbHOCTh HE MOKET ObITh GECKOHEYHOH, U
OHAa IUHEITHO yTopsiloueHa. PaccMOTPUM MOCJETHUT 9JIEMEHT TOI TTOCTIEI0BATENLHOCTH.
ITOT JIEMEHT M — MUHMMAJIBHBIA. [[efiCTBUTENBHO, OT IIPOTUBHOTO, MYCTh CYIIECTBYET
3JIEMEHT 1 TaKol, 9To u < m & u # m W u He BXOAUT B MOCJIEAOBATEILHOCTD. Toraa mo
TPaH3UTMBHOCTHU U MEHBIIE JI0O0TO YIeHa MOCAE0BATETBHOCTH, U OH ObLT GBI BKJIIOUEH
B MOCJIEZIOBATEIBHOCTH B MOMEHT CBOETO PaCCMOTPEHHMSL. O

SAMEYAHUE
Ecsn orHomenue mopska rnpejcTtaBiaeHo MaTpuliel, To (GyHKINIO min MOKHO peajn3oBaTh, Ha-
IIPUMEDP, TaK — HAWTH B MaTpHUIle OTHONIEHUS TIEPBYIO CTPOKY, COAEPIKAILYIO TOJBKO HYJIH.

1.8.5. BepxHue n HNXXHUE FpaHULbI

IIycts X C M — noAMHOXeCTBO YIOPSJ0YeHHOIo MHOXecTBa M ¢ OTHOLIEHHEM I10-
psaaka <. DIeMeHT m € M Ha3bIBaeTCsl HUdCHell epanuyeli 171 TTOAMHOXecTBa X, ecin
Vee X (m<x). dnement m € M Ha3biBaeTCst 8epxHell epanuyeti sl TOAMHOMXKECTBA
X, eciu Vo € X (z <m). Bepxuue u HIKHUE TPAHUIBI HE OOS3aHBI CYIIECTBOBATH
JUist JII000TO0 MHOKECTBA, W €CJIM CYIIECTBYIOT, TO HE BCET/a €MHCTBEHHbL Eciaum cy-
MECTBYeT HaMOOJIBINAsT HVIKHSISI TPAHUIA, TO OHA HA3BIBAETCSA un@umymom u 0O03HA-
vaercst inf(X). Ecau cymecTByer HauMeHbINasi BePXHssl TPAHWI, TO OHA HA3BIBAETCS
cynpemymom u obozHagaercs sup(X).

Mpumep. PaccMOTPUM MHOKECTBO PAllMOHATILHBIX urces Q ¢ 0OBIYHBIM OTHOIIEHHEM
nopsizika < u ero noamuoxectBo X :={z € Q |z >0 & 2* > 2}. Torna 1% € X, a 1%

ABJIACTCA OI[HOfI 13 HUJKHUX TPaHUI] MHOJKECTBa X. I/IHq)I/IMyMa 9TO MHOKECTBO HE UMEET.

TEOPEMA. [lycmv M — uacmuuno ynopsoouennoe muoxcecmso, a X — moboe ezo noo-
mroxcecmso. Toeda:

1) ecau cywecmeyem naumenvwuii snemenm a = min X, mo a = inf X;
2) ecau cywecmeyem unumym a = inf X ua € X, mo a = min X.
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[ OKASATENBLCTBO.

[1] Vz € X (a <), crenoBaTeibio, a — HkHss rpanuna X. Ilycte b — mobas
HIKHSS TpaHuiia X, Torna b < a, Tak Kak a € X. CienoBaresibHo, a — HanbOJbIIas
HUXHAA FpaHI/IHa;

[2] Vaz € X (a < ), OCKONBKY ¢ — HYDKHSIA rpanuna X, v 3HAYUT, 9TO HAMMEHBIITUN
3JIEMEHT, MTOCKOJIbKY a € X. (]

CNEACTBUE. I[lycmv M — uacmuuno ynopsidouennoe mwoxcecmso, a X — ioboe e2zo noo-
muoxcecmso. Tozoa:

1) ecau cywecmsyem nauborvuwuil snemenm a = max X, mo a = sup X;

2) ecau cywecmeyem cynpemym a = sup X ua € X, mo a = max X.

FOBODHT, 4YTO YaCTUYHO YTIOPAAOYEHHOE MHOKECTBO JUHEUHO noJHo, €CJIn soboe ero -
HENHO YIoOpAAOYEHHOE IMTOAMHOKECTBO UMEET CYIIPEMYM.

Npumep. Eciau muoxectso X KoHeuyHo, TO 2% — JIuHEHHO MOJHO OTHOCUTEIBHO C.

1.8.6. MOHOTOHHbIE N HEeNpepbIBHbIE PYHKLUU

IIycts A n B — ynopsimoueHHble MHOXecTBa, 1 f: A — B. Torma dyHknms f Ha3piBaeTcs
MOHOMOHHO 803PACMAIOUCH, €CTTH

a1 < ag & a1 # ax = f(a1) < faz) V f(ar) = f(a2);
MOHOMOHHO YOvLearouel, eCiu

a1 < ag & a1 # as = f(a2) < f(a1) V f(a1) = f(a2);
CMP0O20 MOHOMOHHO B03PACMAIOULET, €CITH

a1 < az & ar # az = f(a1) < f(az) & f(ar) # f(az);
CMPO20 MOHOMOHHO YObIBAIOULEL, ECITH

ay < az & a1 # ag = f(a2) < f(a1) & f(a1) # f(a2).

MonoToHHO BO3pacTalolimne n y6bIBaIOHII/Ie (byHKHI/II/I Ha3bIBalOTCA MOHOMOHHBIMU, A CTPO-
'O MOHOTOHHO BO3pacTaromue u y6bIBaIOHII/Ie (byHKIII/II/I Ha3bIBaIOTCA CMp0o2o MOHOMOHHbL-
MU. O‘-IBBI/IZIHO, 4TO CTPOroO MOHOTOHHAaA (byHKLII/IH MOHOTOHHAQ, HO O6paTHO€ HEBEPHO.

3AMEYAHUE

Monotronnast GyHKIHS — 3TO TOMOMOPGhU3M, YBAXKAIOUIMIA TTOPSI/IOK.

Mpumepsl

1. TosxknectBenHast GyHKIMS y = x VIS YUCET SIBJSIETCSI CTPOrO MOHOTOHHO BO3PaCTalo-
Iei.

2. 3Hak ynciaa sign(z) 2if 2 < 0 then —1 elseif 2 > 0 then 1 else 0 end if siBasiercs
MOHOTOHHO BO3pacTaionieil (pyHKITnen.

3. Ilycrb 2M — Gynean naj JMHEAHO yIIOPSI0YEHHBIM KOHEUHBIM MHOKeCTBOM M, a ya-
CTUYHBIA MOPSAOK Ha OyseaHe — 3TO BKJoYeHue. Torga (yHKIUS M3 aJrOpUTMa
TOTOJIOTUYECKON COPTUPOBKH, JOCTABJSIONIAS MUHUMAJIbHbIN JIEMEHT, SIBJISIETCST MO-
HOTOHHO yObIBAOIIEH, HO HE CTPOrO MOHOTOHHOM.
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4. Tlycrb nopsagok Ha Oyneane 2M — a1o coberBennoe Bimouenue. Torga yHKIu,
KOTOpasi CorocTaBJgeT mogMHoxecTBy X C M ero MONIHOCTD, SIBJFETCS CTPOrO MO-
HOTOHHO BO3pacTaloleil.

5. Myers f: M — M — uekoropas ¢ynkuus. Torma GyHkuus mepexoga K obpasam
F:2M — 2M gpngercss MOHOTOHHO BO3pacTalolleil o BKIIOYEHHIO.

TEOPEMA 1. Cynepnosuuus 00UHAKOB0 MOHOMOHHBIX (QYHKUUL MOHOTOHHA 8 MOM JHce
cmuice.

DokA3ATENLCTBO. Ilycth @ < b u g MonoroHHO Bo3pactaet, torna g(a) < ¢g(b). Ho
f Taxxe MoHOTOHHO Bo3pactaer, u 3HauuT, f(g(a)) < f(g(b)). Ana npyrux ciydaes
MOHOTOHHOCTH JI0Ka3aTeJIbCTBO AHAJIOTHYHO.

Oynkmus f: M — M, rme M — 4acTWYHO yHOPSIZIOYEHHOE MHOKECTBO, HA3BIBAETCS
nenpepwisroi (no CKoTTy), eciu st 1000 BO3pacTaloleil nocIen0BaTebHOCTI
a1 < ... < Gy =< ..., JJISI KOTOPOU CYIECTBYET CYIIPEMYM, BBITIOJIHEHO PABEHCTBO

f(sup{ai}) = sup{f(a:)}.

SAMEYAHUE
YuutsiBas teopemsl 11. 1.8.2 u nociennee 3amevanue 1. 1.8.3, HePepbIBHOCTH MOXKHO OTIPEIEUTD
yepe3 CTPOro yObIBAIIME U UMEKOIUe UHDUMYM II0CIIE0BATENbHOCTH.

TEOPEMA 2. Henpepoignuas pynxiyus MOHOMOHHO 803pACMAen.

BokasatEnbcTBO. Ilycte a < b. Torma sup{a,b} = b. Umeem: f(b) = f(sup{a,b}) =
= sup{f(a), f(b)}. Crenosaresnnro, f(a) < f(b). O

TEOPEMA 3. Cynepnosuuus HenpepoleHblx QYHKUUL HENPePbIeHA.

DOKAZATENLCTBO. IlycTh CTPOro MOHOTOHHO BO3PACTAIONIAS [OCJIEA0BATENBHOCTD {ay, }
uveer cynpemyM a = sup{a,}. Torma f(g(a)) = f(g(supfan})) = f(sup{g(an)}) =
= sup{f(g(an))}- O

1.8.7. HaumeHbLwIaa HENOABMXHAA TOYKa PYHKLUN
Pacemorpum dyHkumo f: M — M. DieMeHT x € M Ha3bIBACTCS HENOOBUINICHOU MOUKOLL
dbyukun f, ecin f(x) = .

SAMEYAHUE

Henoasmknas Touka GYHKIUE f — 9TO TO JKe, UTO U Kopenv ypaBuenus f(zr) = x.

MNpumep. Ilycts f: X — X. PaccMoTpum dyHKIMIO nepexozia k obpaszam F': 2% — 2%,
F: 2% — 2% Torma muoxkectso A:=N{Y C X | F(Y) C Y} (10 ecTh nepecedente
BCEX TAKWX MOJAMHOKECTB Y MHOKecTBa X, 06pa3bl KOTOPHIX SIBJSIIOTCS TTOAMHOKECTBA-
MU apryMEHTOB) SIBJISIETCST HEMOABIZKHON Toukol dyukimu F. [Tokaxem, uto F(A) C A.
HeiictBurensno, F(A) = F(N{Y C X |F(Y)CY}) Cc NnF(Y) = A. Orciona 1mo Mo-
HoToHHOCTH F' umeem F(F(A)) C F(A), to ectb F(A) ynoBieTBODPsIET YCJIOBUIO JJIsI
MHOecTB Y, u 3Haunt, A C F(A). Umeem A = F(A), u 3Haunt, A — HeNoJBMKHAS
Touka GYHKIMU Tepexoa K obpasam F.
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3AMEYAHUE

Ecmm A=N{YCX|FY)CY} =@, 10 F(&) = &, 1 11yCTOe MHOECTBO SIBJISIETCSI HEIO-
JBYDKHON TOYKOM (DyHKIMM Iepexoaa K obpasaM 110 OIpeeIeHUIO.

Boobiie rosopst, pyHkims f: X — X MOXKET He UMeTh HEIIOABHIKHBIX TOYEK, UMETDb OAHY
HENOABYIKHYIO TOUKY WJIM UMETh UX HECKOJIBKO, MOKET ObITh, axe GECKOHEUHO MHOTO.
Ecimm muOXecTBO X yriopsimodyeno, u ¢pyHkmus f: X — X nMeeT HEMOJBUKHBIE TOUKH,
TO CPEAU HUX MOXKHO BBIACIUTD HAUMEHbULYIO Henodsuichyto mouxy. OIHAKO, 1axe ecu
(DYHKIIMS MMeeT HeIOoABUKHbIE TOYKH, CPEAN HUX MOYKET He ObITh HaMMeEHbIIeil IpocTo
MTOTOMY, YTO He BCSKOe, Ja’ke KOHEYHOe YaCTUYHO YIOPSIAOYeHHOEe MHOKECTBO MMeeT
HaMEHBIINN 2JIEMEHT.

MNpumep. Haumenbineil HemOABUKHON TOYKON A1 (DYHKIMM Iepexoza K obpasam
F: 2% — 2% gpuserca muoxectBo A =N{Y C X | F(Y) C Y}, BBelleHHOE B IPe/IbIAy-
meM npumepe. JeticrBurensho, mycts 3B C X (F(B) = B & —~A C B). Torna F(B) C
B, 1 3HaYUT, MHOXKeCTBO B aBisgeTca oguuM n3 MHOKecTB Y. [lomydaercs, uto mepeceue-
HUe He SIBJISIETCS TIOMHOKECTBOM OJTHOTO M3 MEPECEKAEMBIX MHOMKECTB — MPOTHBOPEYHE.

TEOPEMA 4 (0 HauMeHblUel HenoaBuxXHoOn Touke dyHkumn). Ecau mnoaxcecmeo X ua-
CIMUYMHO YNoPsO0UeHo, TUHEIIHO NOJHO, UMeem HaumeHvwull snemenm 0 = min X, u pynxyus
f: X — X nenpepuvisna u momanvna, dom f = X, mo anemenm a = sup {f™(0) | n > 0}
AGNAEMCS HAUMEHbUET HeNOOBUNICHOT MOUKOU PyHKUuU f.

Doka3aTENbCTBO. [lokaxkem cHavana, 4To aseMmeHT a cymiectyeT. [lockosmbky GyHK-
must f TorasbHa, ajmeMeHThl f™(0) ompemeneHsl mis Joboro n > 0. Pacemorpum
noamuOoKecTBO Y = {f™(0) | n > 0}. Umeem f°(0) = 0 < f*(0), Tak Kak 0 — Hau-
MeHbIUH asieMeHT. [lockosbky (GyHKIMS f HempepbiBHA, OHA U MOHOTOHHA, a 3HAYUT,
FH0) = F(7°(0)) < £2(0) = F(F1(0)), £2(0) = F(F}(0)) < £%(0) = F(f2(0)) u BOOG-
me f7(0) < f*t1(0) ana moboro n > 0. Takum 06pa3oM, MOAMHOKECTBO Y JIMHEHHO
YIIOPSIZIOUEHO, a 3HA4YuT, ssieMeHT a = sup {f(0) | n > 0} onpezneséH 1m0 yCJIOBUIO TEO-
pembr. [lokaskem Temepsn, YTO 9JIEMEHT a AEHCTBUTEIHHO SIBJISIETCS] HEMOABUKHON TOUYKON
dbyukiuu f, To ectp f(a) = a. Umeem

fla) = f(sup {f"(0) [ n = 0}) = sup {f(f"(0)) | n > 0} =
sup {f"(0) | n = 1} = sup{0,a} = a.

[TokaskeM Terepb, YTO @ — HAUMEHBINAsT HEMOABMKHAs TouKa. IIycTh b — mobast Hero-
nBrskHast Touka. [Tockosbky f(b) = b, umeem Vn > 0 (f"(b) = b). Ho 0 < b, u bynkius
f MonoToHHa, cienoBatesabHo, Vn = 0 (f"(0) <b), To ectb b — BepxHss IpaHUIA
muoxectBa {f™(0) | n > 0}, a 3HauuT, a < b. O

3AMEYAHUE
TpeboBaHue HENPEPHIBHOCTU B (hOPMYJIUPOBKE TEOPEMbI HYKHO TOJBKO JJIsl TOrO, YTOObI rapaHTH-
POBaTh CYyIIECTBOBaHUE CylpeMyMOB. BoobIiie roBopsi, eciiu CylpeMyMbl 3aBEIOMO CYIIECTBYIOT, TO
oT GyHKIMK TPeOYETCsI TOJBKO MOHOTOHHOCTb.
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OTCTYNJIEHUE
dakruyecku, NpUBeAEHHAs TEOPEMa O HaUMEHbIIeH HEMOABIKHON TouKe (hYHKIUU CAYKHUT 000C-
HOBAHUEM OJHOTO U3 CJIy4yaeB, KOTJA Uit PellleHust ypaBHeHus1 © = f(x) IpaBOMEPHO NPUMEHSITH
MeTOZ UTepaluii: ziy1 := f(x;).

1.8.8. BnonHe ynopsao4yeHHble MHOXECTBa

YacTUYHO YHOPSAZOYEHHOE MHOKECTBO X HA3bIBACTCS BNOLHE YNOPAOOUCHHBIM, €CIIA JIIO-
60oe ero Hemycroe MOAMHOKECTBO MMEET MWHMMAJIbHBIM djeMeHT. B 4actHocTH, s
MOOBIX ABYX 3JIEMEHTOB a,b € X ofuH u3 HUX 00s3aH ObITh MUHMMAJIbHBIM B IIOJ-
MHOKecTBe {a, b}, a 3HAUNT, BIIOJIHE YIOPSIZIOYEHHOE MHOKECTBO YIIOPSIZIOYEHO JIMHEITHO.

SAMEYAHUE
He nazo myTath BIOJIHE YIOPSIOYEHHBIE MHOXKECTBA U MHOXKECTBA, HA KOTOPBIX ONPEIeSEH JIi-
HeWHbIH (MM TOJMHBI) MOPSAOK. JIMHEHHO YIIOPSIIOUEHHOE MHOKECTBO MOKET He ObIThb BIIOJIHE
YIIOPSIZIOUEHHBIM.

Mpumepbl
1. Bcakoe xoHeyHoe JIMHEITHO YIopAa09€eHHOE MHOJKECTBO BIIOJIHE YITOPATOYEHO.

2. MHoxecTBO HaTypaJIbHbIX 4YHCEJ N ¢ OObIYHBIM OTHOILIEHHEM IopdajaKa BIIOJIHE
yopAa04eHo.

3. MHOKeCTBO PalMOHAIbHBIX Ynces Q ¢ OOBIYHBIM OTHONIEHHEM TOPSI/IKA He sSBISETCS
BIIOJIHE YIIOPSZOYEHHBIM, TaK Kak MHOxectBo X :={x € Q|2 > 2} (paBHO Kak u
caM0 MHOXecTBO Q) He MMeeT MUHUMAJIBHOTO 3JIeMEHTA.

4. MHOKeCTBO BEIECTBEHHBIX YHCeT R ¢ OGLIYHBIM OTHOIIEHUEM TIOPSIKA He SBISETCS
BIIOJIHE YIIOPSIOUEHHBIM, TaK Kak MHOXKecTBO X : = {z € R | z > 0} (paBHO Kak u caM0
MHOXecTBO R) He MMeeT MUHUMAIBHOTO 3JI€MEHTA.

ToBOpAT, YTO [Ba JIMHEHHO yNOPAZOYEeHHBIX MHOXecTBa A U B usomopguut (0603Ha-
yerne A ~ B), eciiu MeXIy HUMH CYIIECTBYET B3aMMHO-OJHO3HAYHOE COOTBETCTBUE,
coxpaHsoliee TOPSIIOK:

ANBD_—ef|A|:‘B|& &(Val,GQEA (a1-<a2&:a1»—>b1&agi—>b2:>b1-<62)).

TEOPEMA. Jluneiino ynopsidouennvie mmoxcecmea A u B usomoppuvl mozda u moiw-
K0 mozda, K0z0a Mexcoy HUMU CYULeCmeyem Cmpozo MOHOMOHHOE 63AUMHO-00HOIHAUHOE
coomeemcmaue.

DOKA3ATENbCTBO. Ilycth A u B — JMHeHHO yHops/oYeHHble MHOMKECTBa C
OTHOILIEHUSAMU IOpsAaKa <4 U <p.

[=] Ecm A ~ B, 1o 3f: A — B (a1 <a a2 = f(a1) <p f(az2)), mpuuém [ —
OUEKINs, TO ecTh TPeOyeMOoe CTPOTO MOHOTOHHO BO3PACTAIONIEEe B3aANMHO-OMHO3HAUHOE
COOTBETCTBUE.

[<1 Ecmu f: A - B — cTporo MOHOTOHHO BO3pacTaolliee B3aUMHO-OJHO3HAYHOE
COOTBETCTBHE, TO OHO sIBJsIeTCsT TpeOyembiM usomopbusmom, u A ~ B. Ecau ke
f: A — B — cTporo MOHOTOHHO YOBIBAIOIIlee B3aHMMHO-OJIHO3HAYHOE COOTBETCTBHUE, TO
JOCTATOYHO BMECTO OTHOIIEHUsST <p PACCMOTPETH 0OPATHOE OTHOIIEHUE > 5. O
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3AMEYAHUE

[Tonarue uzomopghusma MpUMEHNMO U K BIIOJIHE YTIOPS/IOYEHHBIM MHOXKECTBAM, MMOCKOJIBKY OHU
YIIOPSI0YEeHbI JIMHEHHO.

npumep. Briosne yunopsAaao4eHHble MHOKECTBA HAaTyPaJIbHbIX YHCETT U YETHBIX YMCET
¢ OOBIYHBIM IOPAAKOM < I/ISOMOp(bHI)I, ITIOCKOJIbKY COOTBETCTBUE N —> 2n ABIgETCA CTporo
MOHOTOHHO BO3pPaCTarolnM.

1.8.9. Uupykuuma

BakHOCTD BIIOJIHE yIMOPSZIOYEHHBIX MHOKECTB ONPENENAETCS TEM, YTO [T HUX MOXKHO
0600IUTD IPUHIWIT UHOYKYUU, TPUMEHSIEMbII OOBIYHO [JIsI HATYPaJbHbBIX YUCEJL.

TEOPEMA 1 (/HOYKUMS MO BMOJIHE YNopsifoYeHHOMY MHoXecTBy). Ilycmv X — enoane
YNOPAOOUEHHOE MHONCECMEO, Ty — €20 MUHUMATbHGIL demenm, a P — uexomopwii
npeduxam, sasucsuguil om snemenmos X . Tozda eciu

P(zg) & Va1 € X (Vz e X (r <1 = P(z))) = P(z1)),

mo
VzeX (P(z)).

DokazatensctBo. OGosnaunm P:={r € X | =P(z)}, P C X. [lajiee 0T NPOTHBHOTO.
Iycts P # @. lockonbky X BHOJHE yIOPA0Y€HO, P UMeeT MUHUMAIbHbBI 3J1eMEeHT,
o6oznaunm ero z;. Torma Vo € X (z < 1 = P(z)) no Bbibopy z1, u 3Haunt, P(x1) 10
YCJIOBHIO TE€OPEMBI, YTO POTUBOPEUUT BBIOOPY 1.

SAMEYAHME

OG6bluHast MareMaruyeckasl MHAYKIUS COOTBETCTBYET WHIYKIUHM [0 BIIOJHE YIOPSIOYEHHOMY
MHoxecTBy N.

I/IHlIyKHI/IH 10 BIIOJIHE YIOPAAOYEHHOMY MHOMKECTBY CHUJIbHEE 06BIYHOTO IIpUHIAIIA
MaTeMaTu4ecKoi WHAYKIIMX B CUJTY C]IeZ[YIOH.[eI;'I 3aMedaTeIbHON TEOPEMBI.

TEOPEMA 2. JT1060¢e MHONCeCmE0 MoXcem Oblmb 6NOJHe YNopsiooueHo.

[laHHoe yTBep:KAeHHe SKBUBAJEHTHO TaK Ha3bIBAEMOU aKcuoMe 6bl00pa B TEOPUU MHO-
JKECTB M CaMO MOKeT OBITh TPUHSATO 3a aKCHOMY. MBI OIyCKaeM J0Ka3aTeJbCTBO
SKBUBAJIEHTHOCTH 3TOM TeOpPeMbl aKCHOME BbIOODA.

Mpumep. PaccMoTpuM MHOXKECTBO MOJIOKUTENbHBIX PAIIMOHAIBHBIX uncena Q. Mox-

HO TIOKa3aTb, YTO AJA KaXK/I0TO PAllMOHAJBbHOTO YHCJ/Ia CYIIECTBYET €/ITMHCTBECHHAA Z[p06b
Def

T rpe m u n B3anmuo npocte: Qp = {2 | m,n € N}. Onpenennm oTHOIIEHNE < Ha
MHOKecTBe Q. caeyionmm o6pa3om:

Def
mo< 22 =y < mg V(Mg =mg & nyp < ng), te < — OObIYHOE OTHOIIEHHE T10-

nq No
psnka Ha N. HeTpyzaHo BuzeTb, 4To MHOXKeCcTBO Q1 ¢ OTHOIIEHHeM < SBJISIETCS BIIOJIHE

YHIopAA04YE€HHBIM, B TO BPEMA KakK C O6bI‘IHbIM OTHOIIIEHUEM IIOPsi/IKa < OHO TAaKOBBIM He
ABJIACTCA.
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1.9. Xapaktepuctunuyeckme pyHKuun

B martematike Hepelko OBIBaeT TakK, YTO OMMH M TOT K€ OOBEKT OIMMCHIBAETCS Pas-
JIMYHBIMH CPE/ICTBAMH, HAa Da3HbIX s3blKaX. Hampumep, B IJIAHUMETPUU OKPY’KHOCTb
onpe/essercss Kak reOMETPUYECKOe MECTO TOYEK, PABHOYIAJIEHHBIX OT OJHOWU TOYKH,
Ha3bIBaeMOH IIEHTPOM OKDYKHOCTHU, 2 B QHAJIUTUYECKOU IeOMETPHU OKDYXKHOCTBIO Ha-
3BIBAETCS] MHOKECTBO Map (%), yAOBIETBOPAOMUX ypasHenuio (z—a)? + (y—b)? = r2.
Peub upér 06 omHOM U TOM ke 00beKTe, 00JaA0NEM IPUCYIINMU €MY CBOIICTBaMIL
Ho B oHOM ciTydae NCIOIB3YeTCsT SI3bIK TeOMETPUYECKUX 00pasos, a B APyroM — asureb-
panueckux ¢opmyi. IIpu pemrennn reomeTpuuecKuX 3aad Ha IOCTPOEHHUE € IOMOIIBIO
[UPKYJIS U JTUHEHKN yIoOHee NCTOb30BATh SI3BIK TIAHUMETPUH, a TIPU PENTeHny 33139
Ha BBIYMCJEHME KOOPAMHAT TOYEK TepecedeHrsi OKPYKHOCTel yao0Hee HCIOIb30BaTh
SI3bIK aHATNTHYECKOiT reomerpur. [ogo6HbIM 06pasoM cofepkaHue HauBHOW TEOPHU
MHOJKECTB MOKET OBITH MEPEIAHO PA3HBIME CPEICTBAMU: Y€PE3 PACCMOTPEHHOE TIOHSITHE
COBOKYITHOCTU 9JIEMEHTOB UJIU Yepe3 TIOHSTHE XapaKTePUCTHYeCKON (YHKIMU, paccMar-
puBaeMoe B 3TOM pasfiesie. IloHsATHe XapakTepUCTHUYECKON (DYHKINU HATAJIKHBAET Ha
pasJmyHble moJestbie 00001enns], Hanbosee 3aMEeTHBIM U3 KOTOPBIX SIBJSIETCST TTOHSITHE
HEYETKOTO MHOXKECTBA.

1.9.1. Knaccuodpukaumsa xapakrepucTnieckmx pyHKuumn

IIycTtp 3azmano HemycToe MHOKecTBO U, KOTOpPOe Ha3bIBAeTCsI MHOKECTBOM 3JIEMEHTOB,
1 HEIyCTOe YaCTUYHO-YIOPS0YEHHOE MHOXKECTBO X, KOTOPOE Ha3bIBAETCS MHOXKECTBOM
xapakrepuctuk. Torma Beskasg ¢ynkuusa p: U — X Ha3blBaeTcs xapaxkmepucmuye-
CKOU yHKyuetl, TTOCKOJIbKY OHA OZHO3HAYHO COIIOCTaBJIAEeT KaKAOMY ajeMeHTy u € U
XapaKTepucTuky x € X.

Xapaxrepuctudeckue GyHKIIUU UCTOTB3YTCSA B PA3JIUYHBIX 00JACTSIX MATEMATHKH, U TIPU
3TOM TIPUMEHSIETCST PAa3TMYHAST TEPMUHOJIOTHS, B 3aBUCUMOCTH OT TPUPOJIBI MHOKECTBA
XapaKTepUCTHK.

Ecau |X| = 1, To Bce 2JIeMEHTBI UMEIOT OJIHY XapPAKTEPUCTUKY, U XapaKTEPUCTHYECKUE
(pysKUIIMM HEeMHGOPMATUBHBL, & TOTOMY HE MCIOJb3YIOTCS.

Hawnbosee yHOTpe6I/IT€JIbeIMI/I ABJIAIOTCA CJIECAYIOIINE YE€ThIPE CJIydasd:

1) X = {0,1}, B arom ciryuae xapakrepuctudeckre (DYHKIUU €CTECTBEHHO HA3bIBATH
OunapHvImMuL;

2) X={x1,--.,Xn}, Takue GYHKIUN HA3BIBAIOT KAACCUDUKAMOPAMU;

3) X = Ny, Takue xapakrepucTudeckre (QYHKIUU 3/1eCh HA3bIBAIOTCS HEOMPUUAMETLHO
UESOUUCTEHHDIMU,

4) X = [0;1], B aTOM ciyyae XapakTepucTHYecKue (DYHKIMU 1O TPAAUIIMHA HA3BIBAIOT
HEUEMKUMU.

Haub6oJiee ynorpebuTebHbl OMHAPHBIE XapaKTEPUCTHUECKUE (DYHKITUN.

Mpumep. Bcesaxkomy noamuoxectsy A MHoxkecTBa U MOKHO B3aMMHO-OJHO3HAYHO CO-
IIOCTABUTDb TOTAIbHYI0 QYHKIUIO 14: U — 0..1, KOTOpas OlpeiessaeTCs Tak:

Def . . . .
14(a) = if a € A then 1 else 0 end if u HasbBaeTCs xapaxkmepucmuueckou pyuxyue
MHONUCecmea A.

DiieMeHThl MHOXecTBa U MOTYT MMETh CJOXHYIO CTPYKTypy. B wactHOCTH, ectm MHO-
xkectBo U = Uy X ... x Uy, To anemeHTaMu U SBJSIOTCS KOPTEXKU. ITO O3HAYAET, UYTO
xapakTepucrudeckue GyHKun (Kak OMHapHbIE, TaK U MHbIEe) He 00sI3aHbl UMETh TOJIbKO
OJIUH apTyMEHT, & MOTYT UMETh HECKOJIBKO apTyMEHTOB.
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Mpumep. Bcesikomy GuHApHOMY OTHOMIEHHIO R MeXIy MHOKecTBamMu A U B MOXKHO

B3aMMHO-O/ITHO3HAYHO COINOCTABUTh TOTaJdbHYIO0 (pyHkmMio 1p: A x B — 0..1, xoTopas

omnpenessiercs Tak: 1r(a,b) D¢ if wRb then 1 else 0 end if u HasbiBaetcs xapaxmepu-

cmuyeckol Qynkyueti ommowenus R.

SAMEYAHUE
Bunapuble xapakrepuctuyeckue QyHKIMN aKTUBHO IIPUMEHSIOT B MaTeMaTH4ecKoil Joruke (ria-
Ba 4). B aTOM Cciyyae ajieMeHTbl MHOXKeCTBa X Ha3bIBAIOT UCTMUHHOCTIHOIMU 3HAYEHUAMU, & XaPaK-
TepuctuyecKkue (GYHKIUM HABIBAIOT NPEOUKAMAMU.

B mpuioskeHUSAX OYEeHb YACTO HCIOJIB3YIOTCS XapaKTePUCTHUYecKHe (YHKIMHN € KOHed-
HBIM HABGOPOM XapaKTEPUCTUK. ITU (HYHKIIUU HAZBIBAIOT KJIACCH(DUKATOPAMH, TTOCKOIBKY
OHU MPUITUCHIBAIOT KAXKIOMY 3JIEMEHTY OIPENeTEHHYIO XaPAKTEPUCTUKY, TO €CTh OTHOCSIT
3JIEMEHT K OTIPeIeIEHHOMY KJIaccy.

Mpumep. Ocu xoopauHaT pPasdUBAIOT IIOCKOCTh Ha 4YeTbipe kgadpanma. KBaapaHThl
110 TPAANITNU HyMepytoTcs puMckuMu udpamu. s Kakaoi TOYKH TJIOCKOCTH MOKHO
OIpe/Ie/INTh, K KAKOMY KBaJpaHTy OHa OTHOCUTCS, TO eCTh 3a/aTh K1accudukarop Ha R2,
110 CJIEAYIONINM TTPABUIIAM:

1) if z>0,y>0 then p(z,y): =1 end if; 2) if <0,y>0 then pu(x,y):=1I end if;
3)ifz<0,y<0 then p(z,y):=III endif; 4) if >0,y <0 then p(z,y): =1V endif.

SAMEYAHUE
B npezapiynieM mpuMepe TOYKM Ha OCSIX HE OTHECEHbI HU K OJJHOMY M3 KBA/[PAHTOB, TO €CTb (hyHK-
1ust i He ToTajibHast. Takue kiaccudUKaTOpbl HA3bIBAIOTCS HENOIHbIMU U TPEOYIOT OTOBOPOK WA
JI00TpefieJIeHUs] TPU UCIOJIb30BAaHUN.

[Tycth Tenepb 06JaCThIO 3HAUCHUH XapaKTEPUCTUUECKUX (DYHKIIUIT ABJISIOTCS HATypasib-
sole yncsa u 0. Torma mMeeTcst B3BaMMHO OJTHO3HAYHOE COOTBETCTBUE MEXKIY MHOKECTBOM
BCeX MYJBTUMHOXKeCTB Hajll MHOkecTBOM U (1. 1.1.4) u MHOXKeCTBOM BCeX XapaKTepu-
ctudeckux (pynkimii u3 U B Ny. JlelicTBUTENIBHO, TTYCTh 3a[aHO MYJIBTUMHOMKECTBO X =
[uit, ..., u%"] nap muoxkectBoM U. Torna MyJsTUMHOKECTBY X B3auMHO OJ[HO3HAYHO CO-
OTBETCTBYET Xapakrepuctuieckasd ¢ynkuua pg: U — Ny, onpenesnsgemMas caeayiomum
06pazoM: p g (u;) : = a;. OG03HAYNM 3TO B3aMMHO O[HO3HAYHOE COOTBETCTBHUE f7.

3AMEYAHUE
MHO:KeCTBO MHAMKATOPOB SIBJISIETCS IOJIMHOKECTBOM MHOKECTBA MyJIBTUMHOKeCTB (11. 1.1.4), a MHO-
’KeCTBO OMHAPHBIX XapaKTePUCTUUECKUX (DYHKIMHI SIBJISIETCST TOAMHOMKECTBOM MHOKECTBA HEOTPH-
I[ATEJIbHO 1[EJIOYNCIICHHBIX XapaKTepPUCTUYECKNX (DyHKINIA.

Herpynno sameruts, uto cysxkenue (1. 1.6.1) cooTBeTcTBHMs f; HAa MHOXKECTBO WHIU-
KAaTOPOB YCTAHABJIMBAET B3aMMHO-OIHO3HAYHOE COOTBETCTBHUE fo MEXKAY MHOKECTBOM
UHIMKATOPOB U MHOKECTBOM GUHAPHBIX XapaKTEPUCTHYECKUX (hYHKITHH.

B 1. 1.2.1 3amMeueHO, YTO MMeeTCs B3aMHO OJIHO3HAUHOE COOTBETCTBYE MEXKIY OyJieaHOM
HaJ MHOKeCcTBOM U ¥ MHOKECTBOM MHAMKATOPOB Haj MHoxecTBoM U (0003HAYMM 3TO
COOTBETCTBHE (o), & B 3TOM Taparpade yCTaHOBJIEHO, YTO UMEETCSI B3AUMHO O/[HO3HAYHOE
COOTBETCTBYE MEXKIY OysleaHOM HaJ MHOKeCTBOM U ¥ MHOKECTBOM XapaKTEPUCTHYECKUX
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dbyurmit mogMuoxecTB MEOKecTBa U (0003HAUNM 3TO COOTBETCTBUE ho). Takum obpa-
30M, UMEIOT MECTO B3aUMHO O/IHO3HAUHbIE COOTBETCTBUS U BKJIOUEHUS, IIPE/ICTABICHHBIC
Ha puc. 1.21, npuuém fo aBasieTcs cykeHneMm fi.

OTCTYIJIEHUE

O6bexTsl, 0603HaueHHble Ha prc. 1.21 MyHKTUPHBIMU JMHUSIMU U BOIIPOCUTEIbHBIME 3HAKAMU, He
ONPEIEISIIOTCS. M HE UCTIOJIb3YIOTCS B HAMBHOU TEOPUU MHOKECTB. DTO HE O3HAYAET, UTO B ITUX 00b-
eKTax 3amudpoBana Kakas-To 3arajka. JTO O3Ha4yaeT, YTO SA3BIK HAaMBHON TEOPUU MHOKECTB, KaK
U BCSIKUET (hOPMaJIbHBIN SI3BIK, NMEET OTpaHIYEeHHYI0 cepy IprMeHeHus. B momgasJsioneM 60J1b-
HIMHCTBE CJIy4yaeB $3bIKa HAWBHOW TEOPUU MHOKECTB OKA3bIBAETCS JOCTATOYHO IS TOCTPOEHUS
NPaKTUYECKU yIOOHBIX MaTEMaTHYECKUX MOJIEJIEl, U B 9TUX CIyYasX BCE PABHO, HA KAKOM SI3bIKE
(opmympoBaTh MoeN: Ha SI3BIKE MHOKECTB, Ha SI3bIKE MHAMKATOPOB MJIN Ha SI3BIKE XapaKTepH-
CTUYeCKMX (PYHKIUN, MOCKOJIbKY 3TH A3bIKM 9KBUBAJIECHTHBLL ECM Ke A3bIKa TEOPUU MHOXKECTB
OKa3bIBAETCsT HEJOCTATOYHO, TO He CJIEAYET €ro KOBEPKaTh, W300peTasi JOMOPOIIeHHbIe «0600IIe-
Hus». Jlyuiie BHIGPATh APYToll sA3BIK ¢ Gosiee MIMPOKOW chepoil MpUMeHEHHs], MOAXOAANINN K
JTaHHOU 3aj1aue.

HeoTpuuatensHo
LienoymcrneHHble
XapaKkTepucTuyeckme
PyHKUMN N3 MHOXecTBa U

MynbTuMHOXeCTBa
Hag MHOXecTBoM U

XapakTe-
pucTMYeckue
PyHKLUN
NOAMHOXECTB
MHOXecTBa

MHgukaTopsl
Hag
MHOXX€CTBOM

MoamHoXecTBa
MHOXeCTBa

Puc. 1.21. B3auMHO 0HO3Ha4Hble COOTBETCTBUS N BKIIOYEHUS

OTHoIIeHNe PUHAJIEKHOCTH 3JIeMeHTa MHOKECTBY B HAWBHOHM TEOPUM MHOKECTB He
MMeeT HUKAKON HeompeaeJéHHOCTH: OO0 HJIEMEHT NPUHAAIEKUT MHOMKECTBY, OO He
[PUHAIJIEKUT, ¥ TPeThero He gano. Ho B KU3HU Takol onpeaeaéHHOCTH MOKET He ObITb.

Mpumep. Mbl oTb3yeMcsT TIOHSITHEM <«BBICOKUI YeJIOBEK» M BIIPABE PAacCMATPUBATh
MHOKECTBO BBICOKHX JIIOJIEH, & TAKJKe €ro JIONO0JIHEHe — MHOKECTBO HU3KUX Jjojeit. Oj-
HaKO €CJW TTOCMOTpeTh Ha puc. 1.22, cTaHOBUTCS TMOHATHO, YTO TaKOW KJIacCUpUKAIIIN
HeJ0CTaTOYHO, OMHAPHAS XapaKTepucTHIecKas (yHKIUS OKa3hIBAETCS CIUIIKOM IPyObIM
KjaaccupuraTropoM. MoKHO BBECTH TPEX3HAYHBIN KJIacCU(PUKATOP U MHOKECTBO JIOAEH
CPETHEro POCTa, OJHAKO HEKOTOPAsl HEYOBJIETBOPEHHOCTH TPU 3TOM OCTAETCS, U TIOSIB-
JISIIOTCST BBIPAYKEHUSI «HECKOJIBKO HUIKE CPETHEr0», «UyTh BbIIIE CPEIHET0», HE UMEIOIIHEe
TOYHOUN MHTepIIpeTaIuu.
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MM

Puc. 1.22. MHOXeCTBO Ntofeli pa3Horo pocrta

B Takux ciyyasix UCIOJNB3YIOT HEUEMKYI XapaKkmepucmuueckyo GyHKuuo ¢ MHOKECTBOM
3HaveHuii u3 orpeska [0; 1]. 3HayeHue aToil HYHKIMK TPAKTYeTCS KAK CTENEeHb IPUHAL-
JIEXKHOCTH 3JIeMEHTa MHOKECTBY.

MHO:XeCTBO, OIpe/eisieMOe XapaKTePUCTUIeCKOH (DyHKIMENH ¢ MHOMKECTBOM 3HAaYeHUN
[0; 1], Ha3bIBaETCS HEUEMKUM.

OTCTYNMJIEHUE

Buepsbie TepmuH «Heuérkas jorukas (fuzzy logic) O6bu1 BBegeH 3aze! B 1965 rozy. beityer MHe-
HUe, YTO TOJYKOM JJISL CO3AQHHUS HOBOI TEOPUU MOCIYKIJI CIIOP 3a/ie CO CBOUM JIPYTOM O TOM, Ubs
’KeHa IIpUBJIeKaTesbHee. K eMHOMY MHEHHIO CIODSIIIE, eCTeCTBEHHO, Tak 1 He npunuim. Ho aTo
CIpPOBOIMPOBao 3aze chOpMyJINPOBATh KOHIETIINIO BBIPAXKEHUST HEYETKUX MOHATHI (<«IIpHUBJIe-
KaTeJbHOCTbY», «<MOJIOJIOCTb» U TIP.) B YHCJIOBOI (hopme.

1.9.2. Xapakrtepuctnyeckme ¢GpyHKUUN MHOXECTB

B srom naparpade paccMaTpuBaioTcsi 00bIUHBIE MHOMKECTBA U COOTBETCTBYIOLIME UM GU-
HapHbIe XapaKkTepucTuieckre HYHKINU.

Def . . .
Ucnombays onpenenenne 14(a) = if a € A then 1 else 0 end if xapaxTepucrudeckoii
dyukuuu 14: U — 0..1 nonmuoxkectBa A C U Jierko mokasath, uto 1g =0 u 1y = 1.

Xapaxkrepuctuueckue yHKIIMU Pe3yJIbTaTOB OMepaIuii Ha/l MHOKECTBAMU BBIPAKAIOTCS
yepe3 XapakTepucTHUeckue (PyHKIIUHM OTIePaHOB C MOMOIIbI0 apu(pMeTHIecKuxX orepa-
U

TEOPEMA 1. [lycmv 14: U — 0..1 — xapaxmepucmuuecxas Qymnxuyus muoxcecmea A C
Uulp: U — 0..1 — xapaxmepucmuyecxas ¢ynxuyus mroxcecmea B C U. Tozda:

1) 17=1-14

2) lanp =min(la, 1p) = 1alp;

3) lau = max(lA, 13) =1a+1p —14lp;

4) 1A\B = lA(l — IB) = 1A — lAlB;

3) lanp=1a+1p—2141p.

[ OKASATENIbCTBO. B03bMEM MPOM3BOIBHBIN 971eMeHT & € U 1 BBIUMCJIUM 3HAYEHUS TIPO-

BepsieMbIX BBIPAKEHUI, paccMarprBasi Bce BO3MOKHbBbIE CIy4yau NPUHAIJIEKHOCTH 3Je-
MEHTA Z.

1.HOT(1)I/I 3ane (pom. 1921).
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[ 1] Bo3MoHBI [Ba ciydasi, pa3oOpaHHbie B TabuIle.

La(@) Tz, 1-Ta(w)
0 1 1
1 0 0
[ 2] Bo3sMOXHBI 4eThIpe ciiydasi, pasoGpaHHble B TaO/IuIIE.
la(z) 1p(x) lanp(z) min(la(z),1p(z)) Lla(x)lp(x)
0 0 0 0 0
0 1 0 0 0
1 0 0 0 0
1 1 1 1 1
OcrajibHble YTBEPKAECHUS JOKA3bIBAIOTCS aHAJIOIMYHO. O
TEOPEMA 2. 1. AC B<—=Vz U (1a(z) < 1p(x)).

2. A=B <<= VzeU (1a(x) = 1p(x)).

JOKA3ATENbLCTBO.
[ 1] Bo3MOXHBI YeThIpe ciydast, pa3oOpaHHbie B TaOJIUIIE.

1a(z) 1g(x) z€A=2z€B 1a(z) <1lp(x)
0 0 1 1
0 1 1 1
1 0 0 0
1 1 1 1
[2] Ilo onpenenennio, A= B <= AC B & B C A. lmeem: A = B <
—VeeU (1a(z) <1p(x) & 15(x) < 1a(x)) <= Ve e U (1la(z) = 15(x)). O

3AMEYAHUE
Hepr[[IIO II0OKa3aTb, YTO BCE€ PaBE€HCTBA, IIepeuYnCJIeHHbIC B II. 129, BBIITOJIHAIOTCA U1 XapaKTepu-
ctuyeckux GyHknuit. Hanpumep, BHIIOJHAETCS CBORCTBO MAEMIOTEHTHOCTH: A U A = A, Tak Kak
max(lA, 1A) =14.

Xapakrepuctuyeckue (YHKIUM YacTO OKAa3bIBAIOTCSA TIOJIE3HBI IIPU PENIeHWH 3a/ad
B ajreOpe MHOKECTB.

MNpumep. Tpebyercs mokazats paBenctBo (AAB)AC = AA(BAC).

BblpasuM J1eBy10 ¥ IIPaByIo 4acTh PABEHCTBA B TEPMUHAX XaPaKTEPUCTUYECKUX (DYHKIIMIA.
(AAB)AC — 14+ 1p =214l +1c —21c(la+ 15 —2141p) =

=1la+1p+1c — 2(13 + 2141 + 21A10) —|—4(1A1310).

AA(BAC) — 14+ (13 +1c — 21310) — 21,4(13 +1c — 21310) =

=la+1p+1c — 2(13 + 2141l + 21A1C) +4(1AlBlC)-

Pe3yJIBTaTI)I COBIIAJIN, PaBEHCTBO /OKa3aHO.

TaxuM 06pa3oM, MOKA3aTETbCTBO TOJYINIOCH B OIUH TIAT, TOTAA KaK MPU PEIEHnH 3a-
Jlaur 3KBUBAJIEHTHBIMU TIpeoOpasoBaHusiMu 110 paBeHcTBam 1. 1.2.9 tpebyercst GoJibiie
JIECSITH TATOB.
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OTCTYMJIEHUE
Apucdmernyeckrie BbIUKMCIEHUsT OOBIMHOMY YeJIOBEKY BBIIOJHSTH IIPOIIE, Jierde U HpPUBbIYHEE
BCETO, TO3TOMY pelllecHUe B TEPMHMHAX XapaKTePUCTUYeCKUX (DYHKIIMI OKA3bIBAETCS HATJIS/HBIM
u xoporkuM. Ha camMoMm siesie OHO SKBMBAJIEHTHO PEIIEHWIO B TepPMUHAX OIepalnii HaWBHOU
TEOPUU MHO’KECTB, MPOCTO MHOTVE apudMeTHYeCKHe ONepaliyl BBIIMOJHIIOTCS «B yMe» W He
BBIMIUCBHIBAIOTCST B BBIKJIAIKAX SIBHO.

1.9.3. Xapakrtepuctniyeckme PyHKUUN OTHOLLUEHUN

B arom maparpade paccMaTpuUBarOTCsl OMHAPHBIE OTHOIIEHMSI HA MHOXKECTBE M COOTBET-

CTByHOIue MM 6I/IHaprIe XapaKTEpUCTUIECKHE (byHKL[I/H/I ABYX apryM€HTOB, UCIIOJIb3ys1

ompenenenve 1g(a,b) 273t wRb then 1 else 0 end if XapaKTEePUCTUUECKOM (DYHKI[UK

1p: Ax A —0..1 orHomenus R C A2,

XapakTepuctnueckue (GyHKIUU PE3yJIBTATOB HEKOTOPBIX OTEpaIuii HaJl OTHOIIEHUSMU
BBIPAKAIOTCS Uepe3 XapaKTepuctuieckue (OyHKIIUU OIePaH/IOB.

TEOPEMA. I[lycmv 1g: A> — 0.1 — xapaxmepucmuueckas Qynkuus Ounaprozo
omuowenus R C A%, A={ay,...,a,}, v,y € A. Toeda:

1) 1g(@,y) =1 1r(2,y);
2) 1ror(z,y) = V 1r(w,a:)1g(a:,y);

3

3) lierr(z,y) = V 1r(z,a:)1r(y, a;);
1=1

4) 1p— (1’, y) = 1R(y7 QC)

DOKASATENBCTBO.  PaccMoTpum npou3BosibHyIo n1apy (x,%y) € A% v BbluMCAMM 3HAYEHMsT
IIPOBEPSIEMBIX BBIPAKEHUH B PA3IMYHBIX CIydasx.

[1)] BosMmoxHBI ABa ciydast, pasoOpaHHbIe B TabJIMIIE.

]-R(mvy) 1§($,y> 1- ]-R(l'vy)
0 1 1

—

1 0 0
[2)] BosmoxHBI 1Ba caydas, pasobpanHblie B TabJuIle.

Jie€l.n (zRa; & a;Ry) lgor(x,y) V lr(z,a:)lr(ai,y)
i=1
0 0 0
1 1 1

[3)] BosMoxHBI ABa ciydast, pasoOpaHHbIe B TabJIMIIE.

Ji € l.n (zRa; & yRa;) lkeer(z,y) V lr(x,a;)lgr(y,q;)
i=1

0 0 0

1 1 1
[4)] B mo6Gom cayuae (v,y) € R <= (y,x) € R™%. O
3AMEYAHUE

Ilonesno cpaBHUTH 9Ty Teopemy c Teopemamu 1. 1.4.9.
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OTCTYIMJIEHUE
Orepanuy ¢ XapakTepucTu4ecKuMu (hyHKIMSAMEI OTHOILEHUIA He YIaéTCs CBECTU K IIPOCTBIM apud-
MeTHUeCKUM MAHUITYJISAIUAM TaK, KaK 9TO CAETAHO I XapaKTepUCTHIeCKUX (yHKINIT MHOXKECTB.
[ToaTroMy Ha TpakTHKe XapakTepucTuieckue GyHKIMM OTHOIIEHWIA B TOM BH/Ie, KAK OHU MTPECTaB-
JIeHBI B 3TOM Iaparpacde, NCII0JIb3yI0TC peako. Yaie xapakTepucTinieckue GyHKINN OTHOIIEHUIT
(TTo/1 Ha3BaHMEM TIPEAINKATOB) TPAKTYIOTCS CPeCTBAMH MaTeMaTUYeCKOU JIOTHKU (CM. TJaBy 4).

1.9.4. Xapakrepucrtnieckme GyHKUUN MyJIbTUMHOXECTB

I[Tycrp 3aan0 MyJaBTUMHOKECTBO X = [uj?, ..., ul"] Hay MHOKecTBOM X = {z1,..., 25},
re a; — TmokasaTenb asneMenTa x; (1. 1.1.4). Xapaxmepucmuueckoii pynxyuei mynvmu-

MHoocecmeéa X HaspiBaeTcsl ToTanbHas GyHKIUA pp: X — Np, KoTOpas onpesessercs
Def

Tak: Vo € X (,u)?(xi) = ai).

ITosb3ysich XapaKTepUCTHYECKMMU (DYHKIUSAMU, s MYJIBTUMHOMKECTB JIEFKO BBECTH

Te JKe omepanuu, 4to M s MHOXecTB. Ilycte A, B,C — MyJbTUMHOXECTBA Hajl
MHOKeCTBOM X, a [i4, LB, flc — UX XapaKTepuctuieckue GyHKIMU, COOTBETCTBEHHO.

Mownocmv mynomumnoncecmea: | A| Def S owalz;).

rzeX
Brrouenue mynomummnocecms: AcBYvrex (na(z) < pp(x)).
Pasencmeo mynomummodcecms: A=B%vrex (na(z) = pp(x)).

Ilepeceuenue myavmummnoncecms:  panp(x) e min(pa(x), pp(z)).

Obvedunenue mynomumnoxncecms:  paup(T) Def max(pa(z), up(z)).

3AMEYAHUE

YuurbiBast TeopeMsl 11. 1.9.2, JIerKo 1MOKa3arh, YTO BBEIEHHbIE TAKUM 00PA30M OIEPAIUU HAJ[ MYJIb-
TUMHOKECTBAMH COIJIACOBAHBI C OJIHOMMEHHBIMHU OIlepallsiMUA HajJl MHOXKEeCTBaMU, B YaCTHOCTH,
COBIAJAIOT MPU MPUMEHEHUH K WHauKatopam. OfHAKO B OOIIeM cjydae OIepalud Haj MYJbTH-
MHOJKECTBaMU He 00si3aHbl 00JIalaTh TAKMMU K€ CBOICTAMU, KaK OIEPAlMy HaJ MHOKECTBaMU.
Hampumep, paBeHCTBO ftanB = [tA - 4B BCET/A BBINOJHSETCS 711 MHAMKATOPOB, HO He Bcerja
BBIIIOJIHAETCS JIJIs MYJIBTUMHOKECTB B 00LIeM ciryJae.

1.9.5. Knaccudpukartopsbl

Xapakrepuctuueckass ¢yukuust p: U — X, tme X = {xi1,...,Xn} — KOHeIHOe
MHOJKECTBO, HA3BIBETCSI KAACCUDUKATMOPOM.

Kuaccudukarop samaér cemeiictBo moamuosxkects & muoxecrsa U (€ = {E;}!_,), B Ko-
TOPOM BCE 3JIEMEHTBI OJHOTO IMOAMHOKECTBA OOBEAMHEHbI OJHOIl XapaKTePUCTUKOIL:
Va,y € E; (u(x) = u(y) = x:) (cemeiictBo MHOKeCTB ypoBHS, 11. 1.7.4). [TockonbKy Kiiac-
cuduraTop — ToTaTbHAS DYHKIINS, 9TO CEMEUCTBO ABISETCS AUIBIOHKTHBIM TOKPBITHEM,
TO ecth pasbuenuem (m. 1.2.7), U 3aaéT OTHOIIEHNE IKBUBAJIEHTHOCTH HAa MHOKECTBE
U (n. 1.7.1). Takum o6pasoM, KaaccudukaTopbl — emé OfuH Cocod OMUCAHUSA 9acTo
UCIIOJb3YEMOIl KOHLENIUN pasOueHuil, MMeronid MHOXeCTBO Npuiiokeruid. Harpu-
Mep, OUCKPUMUHAMHDIL ANAAU3 B CTATUCTUKE, PACNO3HABANUe 00PA306 B UCKYCCTBEHHOM
UHTEJUICKTE, CUCTNEMAMUKA KUBBIX OPraHU3MOB B OMOJIOTHH.

Ocobblit nHTEPEC TPENCTABISIET CIydYail, KOTa MHOKeCTBO U OYeHDb BEJMKO WU ke
6eckoneuro. IIpu aToM OIHUM KJIacCU(pUKATOPOM TPYIAHO OGOUTHCH: JTUOO KJIACChl OKa-
3BIBAIOTCS CJAMIIKOM GOJIBITMMHE, JTNOO WX OKA3bIBAETCS CJAUIIKOM MHOTO. B aTOM ciiyuae
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Ha MMPaKTHUKe TPUMEHSIOT OJIMH U3 IByX OCHOBHBIX METO/OB Kiaccuduraiuu: $haceTHyio
KJIacCU(DUKAIIIO WU MepapXuuecKylo KiacCu(hUKAIIIO.

[Ipu ¢pacemnou kraccuguxayuu Ha MuokecTBe U ONIPENETSIOTCS HE3aBUCUMO HECKOJIBKO
KJIaCCU(DUKATOPOB: [i1, . . - , fg, KAXKIBIH 13 KOTOPHIX 3a4aeT CBOE pasbueHue, u;: U — X;.
ITH KIaccu(UKATOPHl WHOT/A HA3BIBAIOT TPU3HAKaMU, WJU cBolicTBaMu. Dacemmwiii
xaaccuguxamop — 310 00Inee uaMenbuenne Beex pasbuenuit, p: U — Xy X ... x Xj.
Ha puc. 1.14 npezncrasien npumep daceTHoro kaaccudukaropa ¢ AByMs MpU3HAKaMU.

Mpumep. B cucremax mpocmorpa ¢uiabMoB uepe3 VIHTepHET KaTajor IOCTYITHBIX
(punbMOB 0OBIYHO YCTPOEH Kak (paceTHbI KaaccuUKATOP: MOKHO YKa3aTh sKaHp (Puib-
Ma, CTpaHy [IPOM3BOACTBA (DUJIbMA, TOf BbIIYCKa U T. J. OOBIYHO JIS TOYHOIO IIOMCKA
OKAa3bIBAETCS JIOCTATOYHBIM UMEThH OKOJIO JIECSTU HE3AaBUCUMbBIX IPU3HAKOB.

Hepapxuueckuil kraccuuguxamop Takxke 3a[aETCS HECKOJBKUMHU KJaccuUKaTOpaMu.
Omnepeensercss KaaccudUKATOp BEPXHEro0 YpPOBHs. 3aTeM Ha Bcex OJOKax pasOueHus:
KJaccu(uKaTOpa MEePBOr0 YPOBHS OIPENENSIIOTCS CBOU KIACCU(DUKATOPbI BTOPOTO YPOB-
HSI, U TaK jgajiee. YPOBHEH uaMeabueHus: pasdreHunil MoxKeT ObITh CKOJIBKO yroaHo. Takue
pas6ueHnss 06pa3yIoT MEPapXuio, TO €CTh HEYMOPSIOYEHHOE OPUEHTHPOBAHHOE JIEPEBO
(cm. . 9.2.1).

ITpu usMmesbueHU OJOKOB WCIIOIb3yeMble KJIACCU(DUKATOPHI W TJIyOUHA HW3MEJTbUeHUsT
MOTYT COBIA/aTh, a MOTYT W HE COBIAJATh C APYTUMHU OJIOKAMU TOTO JKe YPOBHsL. B mep-
BOM CJIyYae JIepeBO KacCU(UKAINN UMeET TIOCTOSHHYIO WUpUHY 6emaienus U SABISeTCs
BHIPOGHEHHBIM, & BO BTOPOM CJIydae JepeBO MOXKET UMETb IIPOM3BOJIBHYIO (hOpMY.

Kiacce kaxmoro oObeKTa OnpeaessieTcst Kak 1ocied08ameibiocmy YTOUHSIONMNX XapaKTe-
puctuk (x1,---,xx) (TIyTh B iepeBe OT KOPHsT), MPUYEM PasHbIe OOBEKTHI MOTYT UMETh
Pa3IMIHOE KOJTMUECTBO XapPaKTEPUCTHK.

Npumep. Yuusepcamvnas oecsmuunas xraccupurxauyus (YK) — MexayHapoaHas cu-
creMa kiaccubukamy nadopMaly, ucroabdyemas B Poccun. Bes mabopMmanus neaur-
cs1 Ha 10 GJI0KOB, KaXKIOMY U3 KOTOPBIX cooTBercTByeT Iudpa ot 0 g0 9. Kaskapiii 610k
B CBOIO o4epes Aeautes emé Ha 10 moabIo0KoB, KaKIOMY U3 KOTOPBIX CTABUTCS B COOT-
BercTBre 1udpa or 0 10 9 u T. 4. Takum o6pasoM, KaxIoMy OJIOKY COOTBETCTBYET KOJI,
COCTaBJICHHBII U3 KOJa CBOETO TIpeika U cBoeil mudpsl. Tak, Hanpumep, 610Ky «Penrurun
Wuauiickoro cyOKOHTHHEHTa» cooTBeTcTBYeT Koz 23 (puc. 1.23).

Bcsa nHdpopmauma
0 1 2 {

“ Punocopua Penurua
Obwwmm otaen
Mcuxonorua Borocnosue

| : : |

JAovcTopuyeckue u Penurun Pennrun
NPUMUTUBHDIE AanbHeBOCTOYHOIO MHAMI\&CKOTO
penvruu npoucxoxaeHusa Cy6KOHTMHeHTa

Puc. 1.23. YHuBepcanbHas gecatnyHas knaccudukaums
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1.9.6. HeuéTkue MHOXecTBa

Heuétkoe maOXecTBO A C U omnmchiBaeTcs HEYETKOM XapaKTepUCTHYeCKOW (yHKIMEn
Buna pa: U — [0;1]. [l He4éTKUX MHOKECTB OIPEIEIeHbl CJeYIOINe OEPAIUN:

. Def

1) neuémroe dononnenue: 13 = 1- 14
. Def .

2) neuémxoe nepeceuenue: 1 ynp = min(14,15);
. Def

3) neuémroe obvedunenue: 14,5 = max(la,1p).

Hexoropble cBoiicTBa ormeparnuii HaJ OOBIYHBIME MHOJKECTBAMU TAKKE COXPAHSIOTCS
1 /17T HeYETKUX MHOXKECTB.

TEOPEMA 1. /s onepayuu Hao Hgé’mlcwwu MHONHCECMBAMU  BLINOJHAIOMCSA 3AKOHbL
Oe Mopeana: AUB=ANB,ANB=AUB.

[OKAZATENLCTBO. B TepMuHaxX XapakTepUCTHIECKUX (DYHKIHII TEPBOE YTBEPKIEHUE MO-
&KeT ObITh 3ammcano B Buzie 1 — max(pa, pp) = min(1 — pa, 1 — p1p) U JETKO MPOBEPEHO
¢ yuérom aByx ciydaes: pa(z) > pp(z) m pa(z) < pp(z). Bropoe yrBepxkaenue
JIOKA3bIBAETCS] AHAJIOTUYHO.

TEOPEMA 2. Heuémxkue o6pedunenue u nepeceuenue 63aumio OUcmpubymueol:
AU(BNC)=(AUB)N(AUC), AN(BUQC)=(ANB)U(ANCO).

DOKA3ATENLCTBO. B TepMunax xapakrepucTrueckuxX (yHKIIMH [EPBOE YTBEPKIEHUE

umeer BuI max(puq, min(ug, uc)) = min(max(pua, ), max(pa, o)) U MOXKET OBITH
MIPOBEPEHO € YUETOM IIECTH CJIYIAEB:
carydait max(ua, min(pp, pc)) min(max(pa, pp), max(pa, pce))

HA Z 4B 2 HC Ha Ha

A Z pe 2 B HA HA

KB 2 1A 2 o KB KB

UB 2 e 2 pa wB wB

He 2 ha 2 B peo peo

Ho Z UB 2 A [ e] [ e]
Bropoe yTBepskaeHne q0Ka3bIBAETCS aHATOTUYHO. 0
3AMEYAHUE

He Bce cBoiicTa omepaiiuii Hal OOBIYHBIME MHOKECTBAME COXPAHSIIOTCS M JUJIsI HEYETKUX MHO-
’KecTB. B yacTHOCTH, MIEMIIOTEHTHOCTD, KOMMYTATHBHOCTD, ACCOIUATUBHOCTD, AUCTPUGYTUBHOCTD,
MOTJIONEHNE, MHBOJIOTUBHOCTD M 3aKOHBI /e MopraHa BBITOIHSIIOTCS, HO, HATIPUMED, CBOUCTBO /I0-
nosaerust (1. 1.2.9) me paboraer, Tak kKak A U A = U B TepMUHAX XapaKTEPUCTHUECKUX (PYHKITHI
3anuchBaeTcs B Bujie max(pua, 1l — pa) = 1, 4TO, 04€BUIHO, HEBEPHO IS BCeX pa: U — [0;1].

Mpumep. Ha puc. 1.24 npouIiocTpUPOBAHO TIEpeceveHre JABYX HEYETKUX MHOKECTB,
a UMEHHO MHOXKECTB CTAapbIX U MOJOJBIX JIIOJEH.
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Puc. 1.24. XapaktepucTtnyeckass GyHKLMSA NepecevyeHnss MHOXECTB CTapbixX
1 MOnoApIx nogen

I[JIH HEUETKUX MHOKECTB OMpeaeJIAI0TCA Cleayromnme aJIF€6paH‘IGCKI/I€ oriepanuu,
KOTOPBIX HET B HauBHOI TEOPHUUN MHOJKECTB!:

anzebpauueckoe YMHoNCeHue:  [LAg = HALB;

anzebpaudeckas Cymma: HA+B = [tA + 1B;
abcomommnas pasHocmo: pa—B| = |wa — pBl.
SAMEYAHUE

MOKHO 3aMeTUTh, YTO sl OOBIYHBIX MHOMKECTB IepecedeHre U aureOpanyeckoe yMHOKEHUE,
a Takxke o0bellHeHNEe U aredpandecKasi CyMMa SIBJISTIOTCS. SKBUBAJIEHTHBIMU TOHSITHUSIMU.

OTCTYNJIEHUE

JsieMeHTaMu OOBIYHOMN JIOTUKY SIBJISIIOTCSI [TPOCTBIE BBICKA3BIBAHUSI — YTBEPKIEHMSI, KOTOPbIE JHO0
HUCTUHHBL, JTU60 JOKHBI (cM. 1. 4.1.1). J[Js1 TOCTPOEHMST TAaKOW JIOTHKH BITOJHE JOCTATOYHO HAWB-
HOU TEOPHU MHOKECTB C YETKUM MOHSATHEM TPUHAIIEKHOCTH. OIHAKO, B PEATbHBIX 33/1a4ax 4acTo
IIPUXOIUTCST CTATKUBATBCS C CUTYAIUSIMHE, TJI€ 9TOTO HEOCTATOUHO, T/le HEBO3MOXKHO OTHO3HAYHO
OTBETUTH Ha BOTPOC MPUHAMIEKHUT JH KaKO#-I1H60 0OBEKT MHOKECTBY WJIM HET, BEPHO HEKOTO-
poe yTBepKAeHNe WU HeT. BO3MOXKHO JIMIIb Oyenums CTerneHb MPUHANIEKHOCTH dJI€MEHTA NITH
cTerieHb JOCTOBEPHOCTH yTBepskAeHust. Toraa HeoGX0ANMO UCIIOb30BaHNEe HEYETKOM JIOTHKH, MO~
CTPOEHHOH Ha MOHATHUAX HEYETKUX MHOKecTB. HeuéTkas Tormka TecHO cBsI3aHA C BEPOSTHOCTBHIO U
HCTIOJIB3YETCS] BO MHOTUX TIPUJIOKEHUSIX, B YACTHOCTH, B MCKYCCTBEHHOM MHTEJITIEKTE.
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lmaBa 2 Anreopanyeckue
CTPYKTYpbI

Anrebpandyeckue MeTOZbI HAXOAT CaMOe IIMPOKOE IpuMeHeHue Ipu (HOpMaau3alun
PasIMYHbBIX IIpeaMeTHbIX oOsacteil. [pybo TOBOPs, IPU MOCTPOEHUU MOJENU IIPEIMET-
HOU 06J1acTH BCE HAYMHAETCS C BBEACHMS HMOAXOALAIINX 0O03HAYEHUN I onepaluii u
OTHOILEHUI ¢ TOCJEAYIONMM HCCIef0BaHIeM MX CBOMCTB. BiajmeHue ajreGpandeckoit
TEPMUHOJIOTHEH, TaKUM 00Pa3oM, BXOAMUT B apCeHal CPEACTB, HEOOXOAMMBIX s ab-
CTPaKTHOTO MOJIEJUPOBAHNS, TPEAIIECTBYIONIETO MPAKTUIECKOMY TPOTPAMMUPOBAHUIO
3aJla4 KOHKPETHOM IIpeMeTHON objactu. Marepuas 9Toi IJIaBbl, IIOMMMO BBEIEHUS B
TEPMUHOJIOTUIO 00Iel aareGpbl, COAEPKUT HEKOTOPOE KOJINYECTBO IPUMEPOB KOHKPET-
HBIX ajJreGpanvyecKux CTPYKTyp. BHauase Gersio paccMaTpuBaiOTCs KIACCUYECKHE CTPYK-
TYPbI, KOTOPbIe OOBIYHO BKJIOUYAIOTCS B KyPChl 0OMIEl anreOpbl, a TakkKe s1eMEHTapHOEe
BBeJIEHE B TEOPHUIO YHCEJl, HEOOXOAUMYI0 B HEKOTOPHIX COBPEMEHHBIX NPUIOKEHUSIX.
3aTeM 00CYKIAIOTCS HEKOTOpbie GoJiee CIeUaNbHble CTPYKTYPhI, HauboJjee 4acTo Mpu-
MeHsieMble B KOHKPETHBIX IIPOrPaMMHBIX 1ocTpoeHusix. Ocoboro BHUMaHUS 3aCIyKIUBAeT
[OHATHE MaTpPouza, 00CyKIaeMoe B 3TOU IJIaBe, IOCKOJIbKY MaTPOHMIbI TECHO CBSI3aHbI
¢ BaxKHEUIINM KJI1accoM 3(h(MEKTUBHBIX aJITOPUTMOB, HAa3bIBAEMbBIX HCAOHBIMUL.

2.1. Anre6pbl u MopdUn3MbI

CiioBoM <«asirebpas Has3bIBAIOT, BOOOIIE TOBOPS, Pasilel MATEMATHKY, TIOCBAIIEHHDBII U3Y-
YEHWIO CHCTEM OTEpaluil HaJl STeMEeHTaMI HEKOTOPOTO MHOKeCTBa. B Takoil camoil 06-
el mocTaHoBKe 06JacTh TPUMEHEHUS anreOpandecKuX METO0B OKA3bIBAETCS TPAKTHU-
YeCKM HEOTPaHMYEHHOH, MOCKOJNbKY B JI000I TPeAMETHON 00JacTH SBHO BBIAEISAIOTCS
onpe/eEHHbIE MHOKECTBA OOBEKTOB U XapaKTEPHbIE ONEPAIK ¢ TUMH 0ObeKTaMu. UTo-
OBl TOYEPKHYTh BecbMa 00U Xapakrep aarebpandeckux MeTO/IOB, CIOBO <«aireGpa» B
5TOM CMBICJIE YIIOTPEOISAIOT BMECTE C MOAXOASIINM TIPUIaraTeIbHbIM: «001ast anarebpas,
«yHUBepcaJibHas ajrebpa», «abcTpakTHas aarebpas.

IIpu 9TOM KOHKpPETHBIE OOBEKTHI, U3ydaeMble B anredpe, TakKe Ha3bIBAIOT CJIOBOCOYETAHM-
€M, B KOTOpOe BXOAUT CJIOBO <«ajrebpas. Hanpumep, <anrebpa noamuoxects»> (1. 1.2.8),
«OyneBa anrebpa» (cMm. m. 2.6.6.), <anrebpa OyneBbix (yHrumit» (eM. 1. 3.2.4). [duaa
KPaTKOCTH ¥ 6e3 prCKa BO3HUKHOBEHUST HEJOPa3yMEeHUH CJI0BO «aurebpa» 6e3 MOmoJTHuI-
TEJIbHBIX CJIOB B 3TOM y4eOHUMKE HMCIIOJAb3YETCS KaK POAOBOE MOHATHE A 0003HAYEHUS
PasHOOOPa3HBIX anrebpandeckuX CTPYKTYP, KAK KOHKPETHBIX, TAK M aOCTPaKTHBIX.

2.1.1. Onepauum n nx HocutTenm

Bcerogy onpenenénnas (totampHast) dyHKIUSA @: M™ — M Ha3BIBaeTCsI n-apHoll onepa-
yuei Ha M (UMHOrJA rOBOPAT n-mecmuas onepauus). Eciau onepanusa ¢ — OuHapHas
(p: M x M — M), To 0OBIYHO UCIIONB3YIOT UHDUKCHYIO GopMy 3anucu apb BMeCTO
v(a,b) wmm a * b, tme * — 3HaKk omepanuu. Eciu xe omeparus yHapHas ¢: M — M,
TO UCTIOJIB3YIOT NPePUKCHYIO PopMY 3aNuUcu pa NN NOCMPUKCHYI0 Popmy 3anucu ap.

3AMEYAHUE
Besaxas n-apHas omeparus @: M™ — M 3amaéT n+ 1-apHoe otromrenne ® C M™ 1! ma MHOXKecTBe
M:®:={(z1,...,2n,y) E M |y =o(z1,...,20) }.
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MuosxectBo M BMmecte ¢ Habopom omeparuii ¥ = {p1,...,0m}, @i: M™ — M, tae
n; — apHOCTHb OIEPALUU (p;, HA3BIBAETCS AI2eOPAUUCcKOl CMPYKMypPoll, YHUBEPCANLHOL
anzebpoi wiv npocTo aizebpoi. IIpu aTOM MHOKECTBO M HA3BIBAETCSI OCHOBHLIM (HecCy-
WUM) MHOKECTBOM UJIH OCHOBOU (HOCUmeneMm); BEKTOP apHOCTel (ny, . . . , Ny, ) HA3bIBAETCS
Munom; MHOXKECTBO OIepaunuil ¥ HasbiBaercs cuznamypoi. Jas oGosHaueHus anrel-
PBI ucnosbayercst 3anuck: (M;X) wn (M; @1, ..., @), Onepaun ¢, KoHeunoMecmHul,
curHarypa X xoreuHa. Hocurens He 06s13aTebHO KOHEUEH, HO He MYCT.

3AMEYAHME

[anee mst o603HaYeHNUST anTeOPHI BE3IE, T/Ie ATO BO3MOYKHO, HCIIOJIB3Y€ETCST MPOIMCHAST PYKOTUCHAST
OykBa, a s 0603HAaYeHHsI €€ HOCUTEIS — COOTBETCTBYIOMIast 0ObIYHAs MponucHas Oyka: A =
(A; X). Takoe coryanieHue Mo3BOJSIET UCIIOJIb30BATh BOJBHOCTUH B 0GO3HAYEHUSIX, HE BBOJISI SIBHO
JaBe GYKBBI J1J1sT a1reOPbI 1 JI71s HOCUTEsT, @ TTOIPAa3yMeBasi OJHY U3 HUX [0 yMoadanuio. Hampumep,
BbhIpaskeHue <anrebpa A» ognauaer anre6py A ¢ HOocuTeneM A M CHUrHATYDOIl, KOTOpas siCHA W3
KOHTEKCTa, a 3aMich a € A 03HAYaeT sJieMeHT a U3 Hocuresst A anre6pbl A.

Ecnm B xauecTBe ; 10MyCKaIOTCS He TOJbKO (DYHKITUU, HO ¥ OTHOIIEHUS, TO MHOXKECTBO
M BMecTe ¢ HaOOPOM OIIepalMii ¥ OTHOLIEHHI HAa3bIBAETCS MOOCNLIO.

B npusnoxennsx oObBMHO HCIOJB3YETCS Ccleayiomee o0o0LIeHre MOHATUS anreOpsl.
[lycte M = {My,...,M,} — MHOXeCTBO 0cHO8, ¥ = {©1,...,Pm} — CUTHATYPA, IIPHU-
uéM ;1 My, X ... x M;, — M;,. Torpa (M;X) nasbiBaercst Mroz00cHo6Hoi anreGpoii.
JIpyruMu cI0BaMH, MHOTOOCHOBHAs aireOpa MMeeT HECKOJBKO HOCHUTENel, a Omeparst
CUTHATYPbI JIEUCTBYET U3 MPSMOTO TIPOU3BENEHUST HEKOTOPBIX HOCUTEIEN B HEKOTOPBIN
HOCHTEIb.

2.1.2. 3ambikaHnsg U nopganreopsbl

[HoxmHoxkecTBO HOcuTenst X C M Has3blBAaeTCsl 3AMKHYMbIM OTHOCUTEJBHO Olepa-
mn @, ecim Vay, ...,y € X (o(x1,...,2,) € X). Eciu X 3aMKHYTO OTHOCHTEJIBHO
BCex ¢ € X, 10 (X;Yx) HasbiBaeTcss nodaneebpoi (M;Y); omepanuu momairebpo!
paccMaTpHBAIOTCA Kak CykeHmst: Yx = {@7 }, o = @i h, k= ni.

Mpumepsl

1. Anrebpa (R;+,-) — noxe sewecmsennvix uucen. Tun — (2,2). Bee KoHeuHbIe MOJ-
MHOKecTBa, kpome {0}, He 3aMKHYTBI OTHOCHUTEIBHO CJIOXKEHHs, U BCe KOHEUHbIE
noamuoxectBa, kpome {0} u {0,1}, He 3aMKHYTBI OTHOCHUTEIBHO YMHOKeHUs. [10-
ze payuonanvnox yucen (Q;+,-) obpasyer nonanre6py. Korvuo yervix uucen (Z;+,-)
obpasyer mopaire6py aiareOpbl PallMOHAJBHBIX M, COOTBETCTBEHHO, BEIIECTBEHHBIX
et

2. Anrebpa (2M;U,N,” ) — anze6pa noomnoncecms nay muoskecrsom M. Tum — (2,2,1).
Ilpu atom VX C M ((2%;U,N, )) — eé monanreGpa.
3. Anre6pa rmagkux Gynkumit ({f | f: R = R}; L), e £ — onepauns auddepen-

[UpoBaHusi. MHOKECTBO MOJMHOMOB OJIHOW TepeMeHHOil x obpasyer momaireOpy,
KoTopasi obo3Havaetcst R[z].

TEOPEMA 1. Henycmoe nepeceuenue nodaizebp nexomopoi anzebpvl o6pasyem nooani-
2e6py amotl Jce anzebpoL.
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DokasatEnbctBO. Ilycth (X;; Y x,) — momanrebpa (M; ). O6osnaunm X : =() X;. Torma
Vi (‘v’j ((p;(i(xl, ey Tpy) € X1>) =V (gpj-("'(xl,...,a:nj) € ﬂXi). |

3amvikanuem mnoxecmea X C M oTHOCHTENBHO cuTHATYphl X (oGosnavaercs [X|s)
Ha3bIBAETCSI MHOXECTBO BCEX 3JIEMEHTOB (BKJIIOYAsl CaMU 3JeMEeHThl MHOXecTBa X ), KO-
TOpBbIE MOKHO TTOJIYYUTD, IPUMEHSS omiepalinu u3 X. Eciu curHatypa mojpasyMeBaeTcs,
eé MOKHO He yKa3bIBaTh.

MNpumep. B koubiie 1nenbix uncen (Z;+,-) 3aMbIKaHUEM YUCJAA 2 SIBJSIOTCS YETHBIE
yncna, 1o ectb ({2} ={n€Z|n=2k & k € Z}.

TEOPEMA 2. 3amwikanue o6radaem creoyouumu C6oUCMEamu:
XY= [X]|C[Y];

2) X Cc [X];

3) [[X]] = [X];

4) [X]JU[Y]C[XUY].

JOKA3ATENbLCTBO.

[1] OueBuzxo.

[2] Ilo ompenenenuto.

[3]1 Ilo ompenenenuto.

[4] HetictButensho, B [X UY| BXOAAT He TONbKO Te 31€MEHTHI, KOTOPbIE MOXKHO ITOJIY-

YUTh U3 2JeEMEHTOB X M U3 3JI€EMEHTOB Y, HO W T€ 9JIEMEHTbI, KOTOPbIE MOKHO IOJIYYUTb
n3 KOM6I/IHaHI/II‘/)I 9TUX IJIEMEHTOB. ([l

ITycts A = (A; X)) — HekoTopas anrebpa u X1, ..., X, C A — HEKOTOPbIE TIOAMHOKECTBA
HOCHUTEJIS, a 0 € Y — ozHa M3 omnepainuii aare6pol. Torga KMcIoAb3yeTcs ciepyioliee
coryantenre 06 0603HAYCHUAX:

(X1, X)) o, ) [t € X1 & o & an € X},

TO €CTh airebpanyecKuie Omeparuu MOKHO TIPUMEHSITh HE TOJBKO K OTAENbHBIM dJIeMeH-
TaM, HO M K MHOXecTBaM (TIOJMHOXKECTBAM HOCHUTEJIsT), TOJIydasi, COOTBETCTBEHHO, HE
OT/IESTBHBIE DJIEMEHTHI, 2 MHOKECTBA (TTOAMHOKECTBA HOCUTEIS ), TOAOGHO TOMY, KaK 9TO
otpeniesniero B 1. 1.6.3.

2.1.3. Cuctema oGpasyiowmx

Muoxectso M’ C M HasbBaeTcs cucmemol obpasyiowux anrebpol (M;Y), ecau
[M']s = M. Eciu anre6pa nuMeeT KOHEYHYIO CHCTEMY 0Opasyiolnux, To ajrebpa Hasbl-
BAETCST KOHEUHO-Noposcoénnol. Beckonednbie aare6pbl MOTYT MMETh KOHEYHBIE CHCTEMBI
06pasyIoIIX.

Mpumepnl
1. Anrebpa namypanvivix uucen — (N;+) — c omepanueil cI0KeHUsT UMEET KOHEUHYIO
cuctemy obpasyiomux 1 € N.

2. AmreGpa (N;*) ¢ TeM ke HOCHUTEJEM, HO C Omepaiueil YMHOXKEHUS He SIBJISIETCS
KOHEYHO-TIOPOKAEHHON. CrcTeMON 00pa3yIONMX 9TON ajireOpbl SIBJASETCS MHOKECTBO
MPOCTHIX Yrces], DECKOHEYHOCTh KOTOPOTO YCTAHOBJIEHA B 11. 2.4.4.
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ITycTp 3amanbl HAOOP (DYHKIIMOHANBHBIX CUMBOJIOB & = {¢1,..., o}, cryxkammx o6o-
3HaYeHUSIMU (DYHKIUN HEKOTOPOit curHaTypbl X Tina N = (ng,...,My,), ¥ MHOKECTBO
nepemenHbix V. = {x1,za,...}. Omupexennm MHOXeCTBO mepmos T WHIAYKTUBHBIM
06pasom:
HVcCT;

2) tr,.. oty €T & 0 € & = @i(t,... tn,) €T.

Anre6pa (T;®) HasbiBaeTcss c680000n0i anzebpoii mepmos. Hocurenem atoit anrebpwi
SBJISIETCS MHOKECTBO TEPMOB, TO €CTh (hOPMAJIbHBIX BbIPAKEHHIA, TOCTPOEHHBIX € OMO-
1[bI0 3HAKOB OIEPAIMH CUTHATYPBI 3. 3aMETUM, YTO MHOKECTBO V SIBJISIETCS CUCTEMOiA
00pasyoux cBOGOIHON aareOpbl TEPMOB.

Apumep. Eciun V = {z} u ¥ = {+,-}, To cBoGomHAsT anrebpa TEPMOB — ITO MHO-
JKECTBO BCEX BBIPAKEHUI, KOTOPbIE MOXKHO MOCTPOMTH U3 MEPEMEHHON = C TIOMOIILIO
orepanuii CIoKeHusl U YMHOXKEHHsI, TO eCTh airedpa MOJMHOMOB OT OJHOII MepeMeHHO
¢ HATypaJbHBIMU KOa(duimeHTaMu 1 6¢3 CBOGOIHBIX YJIEHOB.

2.1.4. CeoiicTBa onepauumn

HekoTopble yacTo BCTpedaroniecs CBONCTBA Ollepalliil NMeoT cllelnaabHble Ha3BaHIL.
[Tycre 3apana anrebpa (M;3) u a,b,c € M; 0,0 € ¥;0,0: M x M — M. Torna cBoiicTa
OIEepaIuil OMPEIENSIOTCS CIeYIONIM 06Pa3oM:

1) accoyuamusnocmv: (aob)oc=ao (boc);

2) xommymamuenocmy: a o b = b o q;

3) Jucmpubymuerocms ¢ OTHOCUTENHHO o cjieBa: a ¢ (boc) = (aob) o (a<c);

4) Jucmpubymuenocms ¢ OTHOCUTENHHO o crpaBa: (aob)oc = (aoc)o (boc);

5) noznowenue (o norsuomaer o): (aob) o a = q;

6) udemnomenmmocmo: a o a = a.

Mpumepsl

1. ACCOL[I/IaTI/IBHbIe onepanun: CJI0KeHe U YMHOXEHUE YUCET, 0656[[I/IH6HI/IG n repecede-
H1e MHOKECTB, KOMIIO3UITUA OTHOIIIEHU. HeaCCOL[I/IaTI/IBHbIC orepanyun:. BO3BEAECHNE
quceJsl B CTEIIeHb, BbIYUTaHNE MHOKECTB.

2. KoMMyTaTUBHbBIE OTEpaluy: CAOKEHUE U YMHOKEHUe duces, oObelMHeHne U Tepe-
cedyeHre MHOKeCTB. HHekoMMyTaTUBHBIE Ollepalliy: YMHOKEHUe MaTpUI], KOMIIO3UIIHS
OTHOILIEHUH, BO3BEICHNE B CTEIIEeHD.

3. JluctpubyTHBHBIE ONEpalMU: YMHOKEHHE OTHOCHTENBbHO CJIoxkeHus: umcen. Hemwmc-
TpuGYTUBHBIE OIEpPAlMU: BO3BEJEHHE B CTeNeHb AUCTPUOYTUBHO OTHOCUTEILHO
YMHOXXeHuUst crpasa, Ho He ciesa: ((ab)® = a®b®, a’® # aba®).

4. TlepeceueHue Tmoryomaer obbenAuHEHNE, OOBEIUHEHNE IOTJIOMAET IEPECEUEHUE,
CioxkeHue ¥ yMHOKEHUE He MOTJIOMIAIOT JIPYT Apyra.

5. VmeMmoTeHTHbIE Olepaluu: HanOo bl 00UMii AeIuTe b HaTypalbHbIX YiCe, 00b-
eIlMHEeHNEe W TlepeceuyeHre MHOKecTB. HewmpeMIIOTEeHTHBIE OIlepalliy: CJIOKEHUEe U
YMHOXKEHWE YHCET.
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2.1.5. Tomomopdunamsbl n nsomopdPusambl anredép

IMoHsiTHe TOMOMOP(U3MA SIBJISETCS OJHUM U3 KJIOUEBBIX MOHATUN anreGpbr. Kaxmas
anrebpanveckast CTPYKTypa OIpeieIEHHBIM 06Pa30M BBIJIEJSIET KIACC «Pa3yMHBIX» OTOO-
paskeHil MeKIy 0ObEKTaMU C JaHHOU CTPYKTYPOU, COrJIACOBAHHBIX C OIEPAI[MSMH 3TON
cTpykTyphl. [lockosbKy omepaiuss — YacTHBIM caydail OTHOINEHUS, COTJIACOBAHHOCTH
O3HA4aeT BBINIOJIHEHNE OCHOBHOIO CBOICTBA roMoMopdusma, ykazanuoro B 1. 1.7.6.

ITpuMeHUTEIBHO K ajrebpanyecKuM CTPYKTYpaM TOMOMOP(MU3M ONpeAeIsieTcs I ail-
re6p oxuoro tuma. Iycts A = (A;¢1,...,0m) u B = (B, ..., ¢%,) — aBe arrebpst
onHoro tuna. Ecan dyukmus f: A — B saBisgercs roMoMOpMhU3MOM JIJIs BCeX Tap ¢; 1

i, To ectb Vi € 1.m (f(pi(ar,...,an;)) = ¥i(f(a1),..., f(an,))), TO TOBOPSAT, U4TO f —
zomomoppuzm n3 A B B.

Apumep. Ilycts A = (N;4), B = (Nyg;+10), tne Nyp = {0,1,2,3,4,5,6,7,8,9}, a
+10 — caoxenne 1o moxymio 10. Torga f : a — (¢ mod 10) — romomopdusm u3 A B B.

buektuBnbIil ToOMOMOPGhU3M HazbiBaeTcs uzomoppuzmom (. 1.7.6).

Mpumep. Dbuekinua n +— 2n gBiasgercd HU30MOPPU3MOM MEKIY MHOXECTBOM
HaTYPaJIbHBIX YNCEJ U MHOKECTBOM YETHBIX YHCET C Oollepalueil CaoxKeHus.

3AMEYAHUE

CroxkeHre siBJIsieTcs oriepaliuell Ha MHOKeCTBe YETHBIX dncesl (CyMMa YETHBIX YUCesJl — YETHOe
YHUCJI0), HO He SIBJISIETCS OTlepaliieil Ha MHOXKeCTBE HEYETHBIX YHCEL.

TomoMopdu3MBbl, 00JTaAIONINE JIOTIOJTHUTETbHBIMEI CBOHCTBAMU, UMEIOT CIHEI[HaIbHbIe Ha-
3BaHusA. VIHBeKTUBHBIII TOMOMOPGU3M Ha3bIBAeTCS MOHOMOPPu3moMm. CIOPHEKTUBHBIN
romMoMopdu3M HasblBaeTCs dnumopgdusmom. Ipyrumu ciaoBamu, 130MOphU3M SABILETCA
OTHOBpeMEHHO MoHOMOpdu3MoM U snumopdusmom. Ecim A = B, To ToMmomMopbusm
HA3bIBAETCS 9HOOMOPPuU3MOM, a W30MOPU3M HasbiBaercst agmomopdusmom. Obiiee
COOTHOIIIEHUE MEXY Pa3IMYHBIMU BUAMKM TOMOMOP(MU3MOB IIpe/IcTaBlIeHO Ha puc. 2.1.

Fomomopduambl

M3omopurambl

MoHomopdurambl SAnumopdusmbl

ABTOMOPU3MBI

OHOOMOPdU3MBI

Puc. 2.1. O6Liee COOTHOLLEHNE MeXAY Pa3NYyHbLIMN BUaaM1 roMOMOPdU3MOB

SAMEYAHME

[Ipouepkn Ha pUCYHKE O3HAYAIOT, YTO TaKUE TOMOMODP(U3MBI MOTYT BO3HUKHYTb TOJIBKO Ha
6eCKOHEYHBIX MHOYKECTBAX, [I09TOMY B JANCKPETHOM CJIy9ae MM He JaIOT CIelUaIbHbIX Ha3BaHH.
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Mpumepsl

1. Tyctb n — 2n — ToMOMOPHU3M, COXpAHSIOMUN OTHOINIeHIEe Topsiaka. OH SBISIETCS
HAOMOPGU3MOM ¥ MOHOMOP(hU3MOM.

2. Tlyetp AT — MHOKeECTBO HemycThiX cJOB B aidasure A ¥ |o| — MiIvHa cJaoBa .
JlinHa sBJsIeTCST TOMOMOP(U3MOM OTHOCUTEIBHO OIEPAIUU KOHKATEHAIIMH Ha MHO-
xectBe AT u omeparum + Ha mMuOoxkectBe N: Va,8 € AT (|aB| = |a| +8]). dTor
roMoMophu3M sBygeTCS ATUMOPHOUIMOM.

Ilycte A = (A;9), B = (B;¢), tun = (1) u
f+ A — B. JleiictBue dyHKIuii ¢,1, f MOXHO

nu306pa3uTh C TIOMOIIBIO IUATPAMMBI, TIPE/ICTABJIEH- 4

Holt Ha puc. 2.2. Ilyctp f — romomopdusm. Torna A — 4
€CJIU B35ITh KOHKPeTHOe 3HavyeHue a € A U IBUTraTh-

Cs TIO0 JIByM Pa3JIMYHBIM MYTSIM HA JUarpaMMe, TO fJ, l 7
TIOJTYIUTCST OZIMH U TOT ke ajieMeHT b € B (Tak Kak

fle(a)) = ¥(f(a))). B Takom ciyyae mnuarpam- B s B
Ma Ha3bIBAETCST KOMMYymamugHnot. KoMMyTaTuBHOM w

JIMarpaMMa Ha3bIBaeTCsI IOTOMY, YTO YCJIOBUE TOMO-
MopdusMa MOKHO TepenucaTh Tak: f o =y o f, Puc. 2.2. KommyTaTtvsHas
rie o — cyneprosunus pyaknnit. KomMmyTaTnBHbBIE AvarpammMa

JarpaMMbl IIMPOKO KCIOJIb3YIOTCA B aOCTPAKTHOIM

ajirebpe W TEOPUU KATETOPUIL.

Ecim f: A — B — usomopdusm, 10 aarebpsl A u B HasblBAIOT U30MOpduvimu 1 000-

f
3navaloT Tak: A ~ B. Ecau f scHO U3 KOHTEKCTa WU IIPOCTO HEBAKHO B KOHKPETHOM
paccyxzaennu, To nunryt A ~ B.

U3 Teopem 1. 1.7.6 HemocpenCTBEHHO CJEAYET, YTO OTHOIIEHWE W30MOP(GHOCTH Ha
MHO’KECTBE OJHOTHUITHBIX aare0p sIBISIETCS SKBUBAJIEHTHOCTBIO.

3AMEYAHME

Hamomunym, uto nsomopdusm anreb6p yBaskaeT 6ce OTEpPaIniL.

Mpumepbl

1. Iycte A = (N;+), B = ({n | n = 2k, k € N}; +) — uémnote uncna. Torma A 2B
2. A=(2M;n,U) Lp— (2M:u,N), tne f(X) = X.

3. A= (R, Lp= (R; +), tne f(z) =log, .

Ilonsarue I/ISOMOp(bI/ISMa ABJIAETCA OJHUM M3 IEHTPAJIbHBIX HOHHTI/HL/,I, OTIPaBABIBAIOTIIUX
IIPpUMEHNMOCTDb aﬂre6panquKHX METOA0B B pa3/IMYHbIX obJacTsx. [[eﬁCTBHTeJIbHO, IIyCTb

A=(A4%,),B=(B;Xy)nA L3 IIycts B anrebpe A yCcTaHOBIEHO CBOHWCTBO ®1 =
Py, rie 1 u Py — Hexkoropbie GHOPMYIBI B curHatype Y. Ilockombky anre6pst A n
B m3oMop(dHBL, 0TCIOJA HEMEIJIEHHO CJAEAyeT, 4To B ajrebpe B clpaBeanBO CBOICTBO
Uy = Uy, trie ¥y u Wy — dbopmyJibl, osrydernasie u3 hopmya ¢ u $o 3ameHoit onepanmit
U3 CUTHATYPBI Y, COOTBETCTBYIOIIMH OIE€PAI[MsMU U3 CUTHATYPBI Y. Takum o6pasoM,
JIOCTaTOYHO YCTAaHOBUTH HEKOTOPOE CBOMCTBO B OJHOI ajirebpe, © OHO aBTOMAaTHYECKU
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pacrpocTpaHsieTcst Ha Bce u3oMopdHbie anrebpbl. AsirebpandecKkue CTPYKTYPhI IPUHSITO
PacCMaTpUBATh € MOYHOCBIO 00 U3OMOPPUIMA.

ITousate nsomMopdusMa IPUMEHSAETCS He TOJIbBKO B ajredbpe, HO U IPAKTUYECKH BO
Bcex obyacTsx MaTeMartuku. Hampumep, B 9TOM yueGHUKE PacCMaTPUBAETCS M30MOP-
puzm muoxkecrs (. 1.2.2), nuneiino ynopsigodernbix mMuoxkects (1. 1.8.8), rpados
(cMm. 1. 7.1.6).

OTCTYNJIEHUE
TepmuH «MOp(hU3M», BHIHECEHHDIN B Ha3BaHKEe pa3sfieia, UCHOJIb3YeTCs Kak coOupaTesbHoe TOHS-
THE, TTI0JI00HO TOMY, KaK B 00bEKTHO-OPUEHTHUPOBAHHOM IIPOrPAMMUPOBAHUHI UCIIOJIb3YETCs TEPMUH
«abCTpaKkTHBIN Kaacc». HamomHuM, 4TO abCTpaKTHBIA KJIacC — 9TO KJIAcC, KOTOPHIA HE MMEeT
HEIOCPEACTBEHHBIX HK3eMILISIPOB, HO ABJIsteTcs: 06001menneM (MpeaKoM) HEKOTOPhIX KOHKPETHBIX
KJIACCOB, KOTOPBIE MOTYT MMETh HENOCPe/CTBEHHbIE dK3eMILIIphL. [loHsTie Mopduama siBisieTcst
OJIHUM W3 KJIFOYEBBIX TMOHITHII MaTeMATUKH.

B aTOM pasjiesne gaHo onpeeseHre HECKOJIbKUX MOIKJIACCOB MOP(MU3MOB, IIPUMEHUMOE K ajireGpan-
YEeCKHM CTPYKTYPaM, TO €CTh MHOKECTBaM ¢ oneparusiMu. B 1. 1.7.6 paccMOTpeHbI MOIKJIACChl MOP-
(bHU3MOB, IPUMEHMMBIX K MHOJKECTBAM € OTHONIeHUAMU. Bosee obiee onpeaenenne MOphU3MOB,
MIPUTOAHOE /I CAMBIX Pa3HbIX MAaTEMATUYECKUX OOBEKTOB (MHOKECTB, rpadOB, TOMOJOTUYECKHUX
MPOCTPAHCTB U T. [.) AaET Meopus Kamezopuil.

2.2. AnreGpbl ¢ ogHO onepauuen

EcrecTBeHHO HauaTh U3ydyeHHe ajreOpandecKux CTPyKTyp ¢ Hanbosee mpoctbix. Camoii
[POCTOIl CTPYKTYPOil sABJIsIeTCs anrebpa ¢ OAHON YHAPHOU orepaliei, Win yrap. 31ech
ATOT CJy4all He PAacCMaTPUBAETCS, XOTs OH JIOCTAaTOYHO COZIEPKaTeIeH.

CriefytonuM 10 TOPSIIKY CJIOXKHOCTU SIBJISIETCSI CJIydail anrebpbl ¢ OfHOM OMHAPHON
omepareit x: M x M — M, KOTOPBIA pacCMaTPUBAETCS B 9TOM pasjieJie.

Omnepaiust 4acTo 0003HAYAETCS 3HAKOM * U HA3BIBAETCSI «YMHOMKEHHUE», HO 3TO He 6o-
Jiee 4eM YIIpollieHre pedd. BhIosHeHne CBONCTB apu(pMETHUECKOTO0 YMHOXEHHS <TI0
YMOJIYaHUIO» HE MPE/II0JIaraeTcs.

2.2.1. Nonyrpynnsbl

Ionyepynna — 910 anrebpa ¢ OJHON acCONMMATUBHON OMHAPHON olepalueii:
ax(bxc)=(axb)*c.
Mpumepsl
1. MHoskecTBO HenmycThix cioB AT B andasute A o6pasyer MOJYTPyIITy OTHOCUTENHHO
oteparu konkamenayuu (1. 1.1.5).

2. Bcsikoe MHOXKECTBO TOTAIBHBIX (QyHKIUN onHoro aprymenta {f | f: M — M},
3aMKHYTOE OTHOCHUTEIBHO CYNEPHO3UIIH, SIBJSIETCS TTOJYTPYIIION.

Ecmu B TIOJIYTPYTIIIE CYIIECTBYET CUCTEMA 06pa3y10umx, COCTOAIIaA U3 OJHOTO 9JIEMEHTA,
TO TaKad IOJIYI'PDYIIla Ha3bIBACTCA uumuuec%oﬁ.

MNpumep. (N;+) sBisgercd MKIMYECKOH MONYrpyNnoi, nockosnbky {1} sBisercs
cucTeMoil 06pasyIonnx.

ITycte P = (M;*) — moJyrpyiiia ¢ KOHeYHOl cucteMoil oOpasytonmx A, A C M,
A=Aa1,...,an}. TornaVe e M (3y1,...,yn € A (x =ay *...xay)). Ecaun omycturp
o603HAYEHUE OTIEPAIIUY *, TO BCAKUI aJIeMeHT = € M MOKHO MPEJCTaBUTh KaK CJIOBO o
B asipasure A, 10 ectb M C AT (1. 1.1.5).
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2.2.2. Onpepengiowme COOTHOLUEHNS

ITycTh 3ajaHa MOJYTPyNIa ¢ KOHEYHOU cucteMoil oGpasymomux A. O6osHaunMm depes
@ BJIEMEHT, ompesensieMbiii cioBoM a. CioBa a u [ MOryT OBITb PasIMYHBIMU, HO
COOTBETCTBYIOIIUE MM DJIEMEHTHI & U 3 MOTYT OBITh paBHLL & = 3, a, B € AT, &, B € M.
Takue paBEeHCTBA HA3bIBAIOTCS 0NPEIeNAUUMU COOMHOWeHUsMU. ECIIU B TIOJyTpyIIe HET
OTPEIENISTIONUX COOTHOIIEHUN U BCE PA3JIMYHBIE CIOBA, COCTABJIEHHBIE U3 00PA3YIOIINX,
CYTh pa3JUYHbIE HIEMEHTHI HOCHUTEJs, TO MOJYTPYINIa HA3bIBAETCA 60600H0u. Besikas
KOHEYHO-TIOPOK/IEHHAS MOJYTPYIINa MOKET OBbITh IMOJyYeHa M3 CBOOOAHON BBeIEHHEM
OTIPEJIETISIONUX COOTHOIIeHUH. [IycTh B KOHEUHO-TIOPOSK/IEHHOW TIOJIyTPYTITIE HEKOTOPBIN
3JIEMEHT ¢ OTIPeIeNIIeTCsT CJIOBOM v, IPUYEM v = (37 U 3a[]aHO OTpeIesIsTIoliee COOTHO-
neHue v = ¢. Torza BXoXKJIEHUE CI0BA Y B CJIOBO (v MOXKHO 3aMEHHUTDH CJIOBOM O, IPUUEM
MOJIy4eHHOE CJI0BO Sad OY/ET ONpeessiTh TOT JKe caMblil aeMeHT &. Takoe 1peobpaso-
BaHMe c1oBa Oy/IeM HA3BIBATH NPUMEHEHUEM OTIPEIEIIAIONIET0 COOTHOMEH . [[Ba coBa
B andaBute A CUNTAIOTCS PABHBIMU, €CJU OJJHO W3 JPYTOTO MOJIyYaAeTCS MPUMEHEHUEM
OTIPEAIETITONINX COOTHOMIEHUH, TO €CTh CJIOBA PABHBI, €CJIM PaBHBI ONpEeseMble UMHU
3JIEMEHTBI.

OTHoOIeHNe PaBeHCTBA CJIOB B MOJYTPYIIE C ONPe/esITIONUMU COOTHOMIEHISIMU SIBJISI-
€TCsl OTHOIIEHUEM 3KBUBATEHTHOCTH. Kilacchl SKBUBAJIEHTHOCTH IO 9TOMY OTHOIIEHUIO
COOTBETCTBYIOT 3JIeMEHTaM IIOJIyTPYIIIbI.

Mpumepsl

1. B noxyrpymme (N;+) uMeercst KoHeuHast cucreMa obpasyiomux {1}. Jpyrumu cio-
BaMH, KaX/0€ HATypaJbHOE YKCJIO MOKHO IPEIACTAaBUTh KaK IOCJIEI0BATETBHOCTH
3nakoB 1. OugeBuzHo, 4to pasyuyubie cjaosBa B andasure {1} cyThb pasinyuHbIe
9JIEMEHTBHI HOCUTEJISI, TO €CTh 9Ta MOJIyTPyIna ¢cBoOOIHA.

2. Tlycts monyrpynma P 3amama cucrteMoil ABYX obpasyiomux {a,b} U AByMst ompee-
JITIONIMMHU COOTHOMIEHUSIMU: aa = a 1 bb = b. Cyemytonuili a1eMeHTapHbIN aJTOPUTM
oTIpeiesisieT, PaBHBI JIU /IBa CJIOBa, o U (3, B ToayTpytmIe P.

Bxoa: Bxommbie cioBa « : array [1..s] of {a,b} u §: array [1..¢] of {a,b}.
Boixoa: 3nauenue BoIpakeHUsd o« = [ B moayrpymie P.
if a[1] # B[1] then
return false // 1nepsbie OYKBbI HE COBIALAIOT
end if
N, :=0 // cuéruuk usMeHeHuii OYKBbBI B o
for i from 2 to s do
if afi] # afi — 1] then
N, :=N,+1 // 6ykBa usMeHUJIaCh
end if
end for
Ng:=0 // cuéruuk usmeHeHuii OyKBsl B 3
for i from 2 to ¢ do
if B[i] # B[i — 1] then
Ng:= Ng+1 // OykBa usmeHHUIaCh
end if
end for
return N, = Ng // cioBa paBHBI, €C/IN 3HAYEHNs CYETYMKOB OJMHAKOBDI

B mpezbiayieM IpuMepe OMPEAEeIsIIONIAE COOTHOIIEHST TAKOBDI, YTO PABEHCTBO JIIOOBIX
CJIOB KaK 3JIEeMEHTOB JIeTKo IpoBepsieTcs. OHaKO 3TO He BCerja Tak.
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TEOPEMA (MapKOBai—nOCTaQ). Cywecmeyem nonyzpynna, 8 KOmopou npobiema pacno-
3HABAHUS PABEHCMEA CI08 AJIZOPUMMUUECKU HePA3PEUUMA.

JLOKA3ATEJ/IbCTBO. bes nmoxazarenbcTBa. (Il

3AMEYAHME

TepMuH «aJrOpUTMHUYECKAsT HEPA3PENIMMOCThY TIPUHAIJIEKUT TEOPUU AJITOPUTMOB, KOTOPasi pac-
cMaTpuBaercss B 9ToM ydeOHMKe B TjiaBe 4, a IIOTOMY CTPOTOe OIpeleieHre ITOrO TepMUHA
3aech He npuBoauTes. HedopMaabHO MOKHO CKa3aTh, YTO TIPOOIeMa HA3bIBACTCS AI20PUMMUUECKI
HepaspewuMoil, ecii He CYIIeCTBYeT MporpaMMbl (aaroputma) eé pemrenus (cM. 1. 4.5.7). 3pmech
CJIOBOCOYETAHME «HE CYIIECTBYeT» 03HAYAeT HE TO, YTO MPOTpaMMa ellé He COCTABJIEeHA, a TO, YTO
TpebyeMas TporpaMma He MOKET ObITh COCTaBJeHA B IIPUHITUIIE.

NMpumep. T. C. Ileittun® naures Jerko onMCLIBAEMBI IPUMEp TIOIYTPYIIILL, B KOTOPOii
npobyieMa paBeHCTBa CJIOB aJrOPUTMUYECKU HepaspellrMa. B moayrpylie ¢ IaThio 06-
pasyomumu {a,b,c,d, e} 1 CeMbIO ONPEEISIONMMU COOTHOIIEHUSIMU: ac = ca, ad = da,
be = ¢b, bd = db, abac = abace, eca = ae, edb = be HEBO3MOXHO COCTaBUTDH MPOTPAMMY;,
KoTopasi Obl it MOOBIX 3alaHHBIX CI0B B anmdasute {a,b,c,d,e} TpoBepsiia, MOK-
HO Jin 11peobOpa3oBaTh OAHO CJIOBO B APYroe IPUMEHEHHEM YKA3aHHBIX OIPEAeIsIOIIX
COOTHOIIEHUTA.

OTCTYNJIEHUE
HexkoTopble MPOrpaMMUCTBI IIOJArAIOT, YTO €CJIM B YCAOBUSAX 3a[a4d BCE AUCKPETHO M KOHEYHO,
TO JJIs PELIeHUs] TAaKOH 3aauyd [POrpaMMy MOKHO COCTABUThb B JIIOOOM ciydae (MCHOJIb3ys Me-
TOJ[ «IOJHOTO Tiepebopas ). [IpeaiecTByonMe TeopeMa U MPUMEP MOKA3BIBAIOT, YTO ITO MHEHUE
O1InO0YHO.

2.2.3. Cucrtembl NOACTAaHOBOK TEPMOB

CiioBa B TIOJyTpyIilie — 3TO BBIPAKEHUS, NOCTPOEHHBIE C TIOMOIIBIO OHON accolua-
TUBHOI OuHapHO#l omnepanuu. Kak ykaszano B npenpiayiieM maparpade, 3Hasi MpaBuiia
npeobpazoBaHmil BHIpaKEeHUH (OMpeesSTIoNIne COOTHOIIEHNUS), TasKe B TaKOM TTPOCTOM
cilydae, Kak MoJyrpyIiia, He BCeria BO3MOKHO PEHIUTh TPoOieMy PaBEeHCTBA BhIPAKEHHIL.
Tem Gosiee TPYAHOU SIBASIETCS TIPOBEPKA PaBeHCTBa (0Jiee CIIOKHBIX BBIPAKEHUI.

B nmannom Haparpa(be pacCMaTpUBalOTCA CUCnEMDBL noocmano6ox mepmos, NpuMeHeHNne
KOTOPBIX MO3BOJIAECT B HEKOTOPDBIX CJIy4YadaAX 3TO CAEIATh.

Cucmemoti nodcmanoox mepmos (WU CUCMEMOU NPAGUIL NEPENUCIBANUS) Ha3BIBAETCS TIa-
pa (A;~»), Tie A — MHOKECTBO, 3JIEMEHTBI KOTOPOTO OOBIYHO HA3BIBAIOT MEPMAMU, A ~> —
OTHOIIIEHNE Ha MHOXKeCTBe A, MMEHYEMOE OMHOUEHUEM NEPENUCHIBAHUS, T OMHOULCHU -
em pedyxuyuu. Eciu a ~» b, TO TOBOPST, YTO TEPM @ TEPEMUCHIBACTCS B TEPM b 3a 00uH waz.
ToBopsrT, uTO TepMm a nepenucvieaemcs B TepM b, eCu CyIIECTBYET MOCTIEI0OBATETHHOCTH
TEPMOB 1, . . . , by, TAKAS, UTO a = tg, t, = b U tg~> t1 ~> -+ -~ ty,.

1 Anppeit Augpeesny Mapkos (1903-1979).
2 Syus Jleon Ioct (1897-1954).
3 I'puropuit Camyunosuy Leiitun (pox. 1936).
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3AMEYAHUE

OOGBIYHO CYMTAIOT, YTO TEPM MEPEIHCHIBAETCs B cebsl, M B KAY€CTBE OTHOIICHUS MEPENICHIBAHNUST
X

paccMaTpuBaioT petIeKCHBHOE TPAH3UTHBHOE 3aMBIKAHUE, 0003HAYAEMOE ~>.

ToBopsiT, uTo TepM = € A MOKeT ObITh pedyuuposan, ecii 1y € A,y # x (:c 5 y) B mpo-

THBHOM CJTy4ae TepM z Has3biBaeTcsl Hepedyuupyemvim. CucTeMa MOACTAHOBOK TEPMOB
Ha3bIBaeTCS mepmunupyoweti (WIN 0CMAHOBOUHOU), €CIU HE CYIIECTBYET 6ECKOHeUHOU
MOCJIEIOBATENLHOCTH TEPMOB 1, X3, . . ., TAKOH, UTO T1 ~> Ty ~> ...

SAMEYAHME

B tepMunupyioneii cucreme Jo60ii TeEpM MOKHO NEPENNCaTh B HEKOTOPDINA HEPEAYIUPYEMbIii TePM.

MNpumep. B npumepe 2 u3 1. 2.2.2 muoxectBo TepmoB A = {a,b}* cocrour us Bcex
cnoB B antasure {a,b}, a cucrema aa ~ a u bb ~» b SABISIETCS TEPMUHUPYIOUIEIL.
HepenyupyeMbIMu SBJISIOTCS BCE CJIOBA, B KOTOPBIX HET ABYX OAMHAKOBBIX OYKB IO,

VTBepXKIEHUE O TOM, 4YTO €CJAM JII0OOH TepM MOXKHO MEPEenucath B HEKOTOPDIi
HEPEAYIUPYEMbBI, TO CCTeMa TEPMUHUPYIOIIAsi — HEBEPHO.

Apumep. Paccmorpum cucremy A = {a,b,ct,a ~ b,b ~ a,a ~ ¢,b ~ c. Jlo06oii
TepM B TaKOH CHCTEMe MOJKHO IepernucaTh B TEPM ¢, KOTOPbIi HepenynupyeMm. OxHaxko
[OCIE0BATEBHOCTD @ ~» b~ @ ~» b~ ... OYeBUAHO OECKOHEUYHa.

Cucrema MoJICTAHOBOK TEPMOB HA3bIBAETCS KOHDIHOIHMHOLU, €CTTH
Vee A (Hu,veA (x«*»u&x«*»v) = dyec A (u«ay&v«ay)).

Npumep. Cucrema A = {a,b,¢,d},a ~ bb ~ a,a ~ ¢,b ~ d He KOH(DIOIHTHA,
a crucTeMa IPEABIAYIEro mpuMepa — KOH(II0aHTHA.

o o *
TepMm y Ha3BIBAETCA HOPMALLHOU OPMOL TEPMA T, €CIU & ~» Yy U TePM Yy He PeAyIupy-
eMblii. B TepMuHUpYyIoleil cucteMe Bce TepMbl UMEIOT HOPMaJibHble (DOPMBI, OJIHAKO He
006513aTeIBHO €INHCTBEHHBIE.

Npumep. B cucreme A = {a,b,c,d},a ~ b,b ~ a,a ~ ¢,b ~ d oba TepmMa a u b
HMEIOT 110 IB€ HOPMAIbHBIX (POPMBI ¢ U d.

ToBOPAT, YTO TEPMBI T U Y UMEIOT OOIIYI0 HOPMAIbHYIO (hopMy (M MUIIYT T | ), €CIIH
Jze A (m Sz &y z), TIPUYEM TEPM z HEpenyIupyeMBbIi.

*

[Tycth +» — pedJieKCMBHOE CUMMETPUYHOE TPAH3UTHUBHOE 3aMBIKAHUE OTHOIIEHUS ~>.
o . *

Torma cucrema MOACTAHOBOK TePMOB obJiafaeT cgoticmeom Yépua—Poccepa: ecnu x <> y

TOT/Ia M TOJIbKO TOT/A, KOTJa & | .

B cucreme co cBoiictBom Uépua—Poccepa Bce TepMbI UMEIOT €IMHCTBEHHYO HOPMAJIbHYIO

dopwmy.

Jlpyrumu cjioBaMu, cucTeMa II0ACTaHOBOK TepMOB obagaer cBoiicrsoM Yépua—Poccepa,

€CJI TePMBI TIPe0OPasyoTCs APYT B APYTa IO MPABUJIAM TEPEMICHIBAHNS TOT/IA U TOJIHKO

TOT/[a, KOT/Ia Y HUX €CTh 00Iast HopMajbHast hopMa.


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

114 Maga 2. Anrebpanyeckme CTPyKTypbl

CaoiictBo Yépuya—Poccepa — odeHb cuiibHOE, PEIKOE M T0JIe3HOE CBOMCTBO. [leficTBu-
TEJbHO, B CJIyYae HAJMYUS 9TOTO CBOUCTBA, /IJII TIPOBEPKH PABEHCTBA TEPMOB JIOCTATOYHO
cBecTH 00e YacTh IIPOBEPSAEMOr0 paBeHCTBA K HOpMaibHOU (opme. Eciu pesysbraTsi
COBIIQJIyT, TO PABEHCTBO WMeEET MECTO, B TPOTHBHOM cJjiydae He mMmeeT Mmecta. OmHAKO
mpoBepka cBoticTBa Yépua—Poccepa aBisieTcs anTOPUTMUYECKU HEPA3PEITUMOI 3a1aueid.

TEOPEMA. Tepuunupyiowas cucmema noocmanosox mepmos o6iaddem Ceotucmeom
Yépua—Poccepa mozda u moivko mozoa, k0z20a 0na KOHDII0IHMHA.

DOKA3ATENLCTBO. be3 mokasarebcTBa. O

Teopema mMeeT BaxkHOe 3HAUEHME, TIOCKOJIbKY KOH(MJIIOIHTHOCTh CHCTEMBI B HEKOTO-
POM CMbICJIE TIPOTIE TIPOBEPSITH, YeM cBoicTBO Uépua—Poccepa, u, uTo BaxkHee, TIpoIile
MMOCTPOUTDH CUCTEMY C TAKUM CBOHCTBOM.

2.2.4. Anropntm KHyTa—BeHpukca

Nssecten ancopumm Knyma—Benouxca, KOTOPBII 1O 3alaHHON CHUCTEME MOJACTAHOBOK
TepMOB (B CJlydae yCIIENTHOTO 3aBepIIeHus!) CTPOUT IKBUBAJIEHTHYIO TEPMUHUPYIOILYIO
KOH(JIIO9HTHYIO CUCTEMY IIOJICTAHOBOK TE€PMOB. [l IPOCTOTHI AJITOPUTM M3JIaraeTcsd Ha
puMepe TIOJMYTPYIIT ¢ KOHEYHOH cructeMoil o6pasytomux (1. 2.1.3) 1 KoHedHbIM HaGOpOM
OTIPEIETISIONTNX cOOoTHOIIEeHnH (11. 2.2.2). B Takoil MOCTaHOBKE TePMaMHU SIBJISTIOTCS CJIOBA
B andasure obpasyomux (. 1.1.5).

ITyctp 3aman koneunsii andasut A (obpasyionme) n KoHedHbI HabOp map cioB R =
{(\,p) | A€ A* & p € A*} (onpezenstione cootHouteHus ). Ha cioBax onpezesés jm-
HelHbIi mopssok (1. 1.8.2), He orpaHUuYUBas OOIIHOCTH, TOT TTOPSAIAOK MOKHO CUUTATH
JieKCUKOTpahuuecKuM.

OcHoBHag ujes AJITOPUTMA BBITEKAECT U3 CJIEAYIOINX Ha6JIIOlI€HI/II>,I.

1. Ecsiu MCIOMb30BaTh OMPEESIIONEe COOTHOIIEHHE «B 06 CTOPOHBI» a ~» 3 1 3~ «,
TO CHUCTEMA 3aBeIOMO He OyJIeT TEPMUHUPYIOIIEH, a MOTOMY TaKOe HCIOJIb30BAHUE
HaJIOOHO 3AMPETUTD U <OPUEHTUPOBATE> COOTHOINEHUS B OJHY CTOPOHY.

2. Onpezensiomiee COOTHOLIEHUE o = [3 CJeLyeT OPUEHTHPOBATh TaK, YTOObI OBLIO
|a| > |B|. HelicTBUTeNBHO, B TAKOM CJIyYae B IIEMOYKE MPeoOpPa3oBaHUil JIMHA CIOBA
BCE BpeMsl YMEHbIIIAeTCs, a 3HAUUT, J1100as 1ellouKka 0OPBIBAETCS M CHUCTEMA SABJISIETCS
TepMUHUPYIOIIEH.

3. Tepmbl B 06euX YacTsIX MPABUJ IOJZKHBI OBITh HEPEAYIMPYEMbIMU C ITOMOIIbIO JPY-
rUX MpaBu. B mMpoTHUBHOM ciIydae HAMO MPOBECTH PEAYKIUU M YIIPOCTUTH MCXOMHBIE
[IPABUIIA.

4. Eciu B cucreme ecTb TPpUBUAJIbHBIE TIpaBUJIa, 3a/laHHbIE MCXOJHO WJIKX IIOJIYYCHHbBIE
B PE3yJIbTaTe€ PEAYKIIMN TIPpaBUJI, TO UX CJIEAYET UCKJIIOYNTD.

5. Hapymrenne kKoHMIIIOIHTHOCTH MOXKET TIPOMCXOIUTH TOJIBKO B CJAydae HAJIWYUS [pa-
BUJI C TIEPECEKAIONMMUCS JIEBBIMU YaCTSMU. 3HAYWT, TaKWe MPaBUJIa HEOOXOIUMO
YCTPaHUTb, 3aMEHss 9KBUBAJIEHTHBIMU IIPABUJIAMHU.

Baknoii onepanneii B anroputMe sIBIASETCS BbIJeJeHNEe Tlepecekaomuxcs nap cjios. Ile-
peceveHre CJI0B MOXKET OBITh JABYX BUAOB: JUGO cy(hdUKC OTHOTO CJ0Ba eCTh MpehuKc
apyroro (ciosa af8 u 3v), 160 OJHO CIOBO — HOACTPOKa Apyroro caosa (afBy u B).
B oboux ciydasx mpH repecedyeHn OJJHO3HATHO BBIIEJISIIOTCS TPU CJIOBA v, 3, 7, KOTOPBIE
He MOTYT OBbITh OJIHOBPDEMEHHO BCE TPH IYCTHIMH.
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MpumMmep. B crpokax abab u baba nmeeM o = a, B = bab u v = b.

OCHOBHOI CTPYKTYpPOUH [aHHBIX SIBJSIETCS MHOXKecTBO nap cioB R = {(A,p)}, T0 ecTb
Habop IpaBUJl IIEPENUChIBAaHUS A ~ p. BHadase aTo MCXOAHbIE OIPEAEISIONe COOTHO-
IIIeHUs, a B KOHIIE, BO3MOKHO, KOH(DJIIO9HTHAST cCUcTeMa. AJITOPUTM MOJKET He 3aKOHUUTH
pabory, ecii UCXOIHs cucTeMa He obiazaer coiictBoM Uépua—Poccepa.

Bcenomoraresnbnag npouenypa Clear IPOBOAUT <«YUCTKY» MHOXKECTBa lap cJl0B R,
a UMEHHO TIPUMEHSET BCE BO3MOXKHBIE PEAYKIMK K KAXKAOMY IPABUIY, U €CJIU MPABUIO
penynupyercs K TPUBUAIBHOMY, TO YAAJISET €ro.

Npumep. Ecmu R = {aa ~ bb, a ~ b}, T0 nocse npumenenus mnpoieaypsl Clear umeem
R ={a~ b}.

Bemomoraresnpias mporienypa Conf maxomut B R Ba TpaBWia, JEBble YacTH KOTO-
PBIX TIepeceKaloTCs, ¥ BO3BPAIAET COOTBETCTBYIONINE CIOBA v, [3, 7, & TAKKE PE3yJIBTaThI

PELYKITUU CJIOBA 37y TI0 TIEPBOMY TPaBWiIy (p1) ¥ 10 BTOpOMY TIpaBuiy (p2).

Npumep. Conf({abab ~ ¢, baba ~ d}) = (a« = a, = bab,y = b, p1 = ca, ps = ad).

Aaroputm 2.1. Anroputm Knyra—bennnkca

Bxoa: R — MHOXeCTBO TIap CJOB OINPEAEAIONINX COOTHOIIEHUA.
Boixoa: R — MHOXKECTBO Iap CJIOB MPaBUJ KOH(IIOIHTHON CHCTEMBIL.
for (\,p) € R do
if |A\] < |p| then X :=: p end if // uT00BI JEBast yacTh GbLIA GOJIbIIE TPABON
end for
while true do
Clear // umMcTKa TEKYIETO MHOXKECTBA MPABUII
(a, B,7, p1,p2):=Conf // uieM mapy mepeceKarumuxcst IPaBI
if « = 3=+ = ¢ then stop end if // Her KOHMPIUKTYIOMMX PABUI
if P1 # P2 then
R:= R+ (max(p1, p2), min(p1, p2)) //mobaBisieM HOBYIO TIapy
end if
end while

OBOCHOBAHUE. [lOCTpOEHHBIN aJTOPUTM CTPOUT KOH(MJIIOIHTHYIO U TEPMUHUPYIONIYIO
CHCTEMY, UTO CJie[lyeT u3 HaOJIOJeHUil, JieKaluX B ocHOBe anroputma. Kpome Toro,
nocTpoeHHast cucreMa R’ SABJsIeTCs CIEACTBHEM HMCXOAHOTO Habopa COOTHOIIEHUH R.
JleiicTBUTEIbHO, BO3bMEM J0ObIe o M 3 TaKhe, UTo o ~»> g 3, I PACCMOTPHM HOC/IeI0Ba-
TELHOCTD OTIPeCISAIONMX COOTHONIEH T (IIPaBUII), IPU HPUMEHEHNH KOTOPBIX (v~ g 3.
Ecu kakoe-To U3 mpaBuJI He BXOAUT B R/, TO 3HAUNUT, OHO OBLIO «yIAJIE€HO» B MPOIELype
Clear, TO ecTh TIPU TOMOIIM TIPUMEHEHMS] HEKOTOPBIX peayKiuuil uz R’ maHHOe TpaBu-
JIO CBOAIUTCI K TpPUBHAJbHOMY. ToT/ia TPUMEHEeHNe 9TOTO MpaBujia MOKHO 3aMEHUTh Ha

12 *
pUMEHEHNE HEKOTOPOTo KoJimdecTBa npaBui u3 R'. Takum obpasom, a ~ g 3. O

Mpumep. Ilycrs X = {a,b}, R = {aa = €, ab = €}. B tabimiie 0TOOpaKeHbI COCTOSTHUS
MHOXKecTBa R Tocjie KaxK/I0il uTepaluyd OCHOBHOTO IUKJA B AJTOPUTME U PE3yJIbTaThl
BoinosiHenus npouenyp Clear u Conf.
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R Clear | Conf
aa~» g,ab~» ¢ 1% b~ a
aa~+e,ab~e,b~a | ab~ ¢ %]
aa~ €,b~a 1% %]

Npumep. Ilycts X = {a,b}, R = {abab ~ ab,baba ~» ba}. [Ipu npuMeHeHNH ajro-
pUTMa Ha KaKJOM Iare TNoJiydyaeM TPUBHAJIbHBIE TPABUJIA MEPENUChIBaHUs aba ~ aba
nin ababa ~ ababa. COOTBETCTBEHHO, NCKOMYIO0 KOH(JIIOIHTHYIO CUCTEMY TTOJCTAHOBOK
TEPMOB He YIAETCs TIOCTPOUTD.

Takum 06pasoM, IPUBEAEHHBIN AJrOPUTM HE SIBJSIETCsS YHUBEpPcaJbHbIM. Eciau ajiro-
put™M KHyra—bBenaukca ycrenHo 3aBepiiaercs, ToO B JaHHON TIOJYTPYIITIe MOKHO PENTUTh
npobsieMy paBeHCTBAa C€JIOB. EcCin ke aJrOPUTM He 3aBepINaeTcsi, TO 3TO HUYETO He
O3HAYaer.

3AMEYAHMUE

[IpyMeHeHME ONMMCAHHOTO AJITOPUTMA K HOJYrpylne u3 1. 2.2.2. He HPUBOAUT K IOCTPOECHUIO
KOH(JIIOIHTHON TEPMUHUPYIOIIEH CUCTEMBI TIO/ICTAHOBOK TEPMOB.

2.2.5. MoHoumAabl

Monoud — aro nonyrpynma ¢ edunuyet: e (Va (axe=exa=a)).

3AMEYAHUE

E,ZII/IHI/IIIy TaKKe€ Ha3bIBalOT HEZZmpGJleblM INEMEHMOM.

Mpumepsl

1. MHoxecTtBO cioB A* B andaButre A BMecTe c ornepalreli KOHKaTeHAIIMN W ITyCTHIM
CJIOBOM € 0OpasyeT MOHOM/IL.

2. Ilycte T — MHOKECTBO TEPMOB Hajl MHOXKECTBOM IEPEMEHHBIX V M CUTHATypou X.
ITodcmanoexotl, Vi 3aMenol nepemMenvlx, Ha3bIBAETCS MHOXKECTBO Tap o = [t;/v;]icr,
rie t; — TepMbl, a v; — TepeMeHHble. Pe3ybraToM MpUMEHEHUs MOACTAHOBKU O K
tepMmy t (obo3HayaeTcs to) HasblBaeTCs TEPM, KOTOPBIM IOJIy4aeTcs 3aMeHOH 6cex
BXOJK/IEHUH TIEPEMEHHDIX v; COOTBETCTBYIOMUMU TepMaMu t;. Komnosuyuei opcrano-
BOK 01 = [t;/Vi]icr ¥ 02 = [t;/v}]jc; Ha3bIBaeTCS MOACTAHOBKA 01 O 09 : =t} /Vk|kek,
e K =1UJ,at, =if k € I then t,0, else ¢;. MHoXecTBO 110CTAaHOBOK 00pasy-
€T MOHOM/I OTHOCHUTEJIbHO KOMITO3UIIUH, IPUYEM TOXK/IECTBEHHASI MOACTAHOBKA [v; /v;]
SIBJISIETCST eIUHUTIEH.

TEOPEMA 1. Edunuuya monouoa eOuncmeenna.

LOKA3ATENLCTBO. [lyCTh CyIIECTBYIOT JIBE €UHUIIBL €1, €3.
Torna e; xeg = e1 & €1 xeg = €9 = €1 = €a. O

Oyukuusa f: M — M HasbiBaeTcst npeobpasosanuem nao muoxcecmeom M. Cymeprio-
sunus Gyuxumii (1. 1.6.4) acconumartusna (1. 1.4.5), a ToxmecTBeHHOE IpeoOpa3oBaHue
SBJISIETCS HENTPAJbHBIM 3JIEMEHTOM, II0ITOMY BCSIKOE MHOKECTBO IIpeobpasoBaHUii,
3aMKHYTOE OTHOCUTEJIBHO CYNEPHO3UIIH, 00pasyeT MOHOUI.
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TEOPEMA 2. Bcsikuii monoud Hao M uzomoppen nexomopomy mMoHoudy npeobpasosanuii

Hao M.
[okA3aTEnbCTBO. Ilycth M = (M;*) — wmomoun wuax M ¢ exguHu-
neirt e. Iloctpoum F = (F;o0) — wMoHoug TtpeobpasoBanmii Hajx M, tae

Fi={fm: M — M| fp(x):=x%m}, .\, a o — cynepnosunus byukuuii, h: M — F,
h(m):= fm. Torna ¥ — MoHOUJ, MOCKOJBKY CyHepro3uiiust GyHKIHI accolnaTuBHa,
fe — ToxkmecTBennas pyukius (Tak Kak fo(r) = x+xe = x) u F 3aMKHYTO OTHOCHUTEIBHO
o, TAK KaK fo o fo = fars: fars(¥) = a % () = (x5 a)xb= fola) xb = fylfalx))
Hanee, h — romomopdusm, tTak kak h(a * b) = foup = fo o fo = h(a) o h(b). U Hakowner,
h — OueKIus, MOCKOJIBKY h — CIOPBEKIIUS TI0 MOCTPOEHUIO, U h — WUHBEKIMs (TaK Kak

(fale) =exa=al& file) =exb=0b) = (a # b= fo # fv)). U

2.2.6. Mpynnol

Teopwus rpy1iil, HEKOTOPbIE TIOJIOKEHUS KOTOPOI pacCMaTpUBAIOTCA B 3TOM naparpade, aB-
JIIETCS APYARIINM TPUMEPOM MOIIHU aare6pandeckKux METOJOB, TIO3BOISIONHMX MOTYIUTh
U3 HEMHOTHX 6a30BBIX TOHATHI M aKCHOM MHOKECTBO BaKHEHIINX CJIEICTBUHN.

1 1

— , a a~ a*xa T =a a=e)). a~
Ipynna 3TO MOHOWJ, B KOTOPOM V Ja~ ! * L IJIeMeHT

Ha3bIBA€TCA 06pameLM VI 9JIEMEHTa a.

3AMEYAHME

Tak Kak omeparusi YMHOKEHHsI B TpyIie He 00s3aTelbHO KOMMYTATHBHA, TO, BOOOIIE TOBOPSI,
cBoiicTBAa 0™' xa = e U a x a~' = e He paBHOCK/IbHBL. MOXHO 6bLI0 GbI pasimyaTh oGpaTHLIE
cJieBa 1 0OGpaTHbIE CIIpaBa aJIeMeHThl. BBeieHHast akcnoMa TpeGyeT CyIeCTBOBAHNUS [IBYCTOPOHHETO
o6paTHOTO 3seMenTa. MOXKHO MOKA3aTh, YTO OHA CJAELYET U3 Hosiee caabbix aKCUOM CYIECTBOBAHMS
JIEBOI €IMHUIBI U JIEBOTO OGPATHOTO JIEMEHTA.

MotrocTs HOCUTENsT G TPYNIBI § HABBIBAETCST NOPSLIOKOM 2pynnol v obo3Hadaercs |G).

Mpumepnl

1. MHOKeCTBO HEBBIPOKAECHHBIX KBAIPATHBIX MATPHIl MOPsIIKA n 06pasyer TPyImy OT-
HOCUTEJIBHO OIePaIiuy YMHOKEHUST MaTpUll. EMUHWUIIEN TPyIIbl SIBJISETCS eMHUIHAS
marpuia. O6paTHBIM 3I€MEHTOM sBJIsIeTCs 00paTHas MaTPUILA.

2. MHOXeCTBO IIepECTAaHOBOK HAa MHOXecTBe M, TO eCTh MHOXKECTBO B3aMMHO OJI-
HO3HAUHbIX (GyHKIMNH f: M — M, gBigeTcss TPYNIOW OTHOCUTENIHHO OIeparuu
cynepriosuiinu. Exuauieil rpyIiibl aBasSeTCs TOXIeCTBeHHass (DYHKIMs, a 0OpaTHBIM
3JIeMEHTOM — oOpaTtHast (QyHKIIUSL.

3. MHOXecTBO TOBOPOTOB TPABUIBHOTO TPEYTOJbHNWKA OTHOCHUTEJBHO €ro IeHTpa Ha

0°,120°,240° o6GpasyeT rpyiily HOBOPOTOB, IIEPEBOASAIIMX TPeyrojabHuK B cebs. Ha
puc. 2.3 npuBeeHa «Tabimia YMHOKEHUsI» TPYIIIIbI M FeOMeTPUYecKast NILIIOCTPALIKSL.

TEOPEMA 1. O6pammwiii s1emenm eOuncmeenen.

DokasatEnbcTBo. Ilycth axa ! =alxa=c & axb=bxa=e.

Tornaa '=alxe=a"1l*(axb)=(a"'*a)xb=exb=h. O
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0° | 120° | 240°
0° 0° | 120° | 240°

120° | 120° | 240° | ©°

240° | 240° | 0° | 120°

Puc. 2.3. MHoxecTBO MOBOPOTOB NPaBuIbHOIo TpeyrojibHMKa OTHOCUTENIbHO ero ueHTpa

TEOPEMA 2. B 110601l 2pynne 6binoinsiomes CAeoyiouue coommuoueHus:
1) (axb)™ ' =btxal;

) axb=axc=b=g¢

) bxa=cxa=b=g¢

4) (cfl)_1 = a.

JOKASATENbCTBO.

[1] (axb)*x (b~ txa ) =ax(bxb Hrxat=axexal=axat=ec

[2] b=exb=(a"'*a)xb=a"t*(axb)=a'x(a*xc)=(a"1*a)xc==exc=c
[3] b=bxe=bx(axa )= (bxa)xa ! =(cxa)xat=cx(axal)==cxe=c.
[4] e txa=e. (I

TEOPEMA 3. B zpynne mMoxcHo 00HOSHAUHO PEUUMb YpasHenue a * T = b

(pewenue: © =a=' xb).

DOKASATENBCTBO. a*x1r =b=a ' (a*xz)=a '*xb= (a " '*xa)xx =a"'xb=
exr=atxb=x=a"txb O

Kommymamuenas rpymnna, To ecth TPymma, B KOTOpoi Va,b (a b= b * a), Ha3bIBaeTCsI
abenesoii. B abesieBbIX IPyIIaX OOBIYHO MPUHSATHI CICAYIONINE 0O03HAUECHUS: TPYIIIOBASI
oreparust 0603HaYaeTcst +, OOPATHBIN JEMEHT K a 0003HAYAETCS —a, €AUHUIIA TPYIIIIHI
o6ozHavaerTcst 0 ¥ HA3BIBACTCS HYJeM WA HEUMPALbHbIM INEMEHITIOM.

Mpumepsl

1. (Z;+) — MHOXeCTBO IeJbIX unces obpasyer abesieBy TPYIILY OTHOCUTEIBHO CIIOKE-
Hust. HeliTpasbHbIM 2sieMeHTOM TpyIibl siBistercst uncio 0. OOpaTHBIM 3JIEMEHTOM

ABJIAETCA YMUCJIO C IMIPOTUBOIIOJJIOKHBIM 3HAKOM! .13_1 =T

2. (Q4;+) — MHOXKECTBO MOJIOKUTENBHBIX PAIIMOHATBLHBIX Yrces 00pasyer abesieBy TpyIi-
Iy OTHOCHTEJNBHO YMHOKeHMsT. HelTpasbHbIM 91eMEHTOM TPYIIIIBI SIBJISETCS YUCI0 1.
OGpaTHbIM 27IEMEHTOM sIBJIsieTCst obparHoe uucio: (m/n) =1 :=n/m.

3. (2M; A) — Gynean oGpasyer aGeseBy TPyIITy OTHOCHTENBHO CHMMETPUUECKOIT PA3HO-

ct. HelTpaibHbIM 2J1EMEHTOM IPYIIIbI SABJISETCS I1yCTOe MHOXKeCTBO &. OGpaTHbIM

JJIEMEHTOM K 2JIEMEHTY T ABJISIETCSA OH CaM: 3?_1 =2
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2.2.7. lencTBUE rpynmnbl HAa MHOXECTBE

[Tycts S — MHOXkecTBO, a G — Tpymma c omnepamueil * U HEeHTPaJIbHBIM 3JIEMEHTOM e.
Heticmeuem epynnvt G na mmoxcecmse S HasbiBaeTcst orobpaskenue ¢: G x S — S Takoe,
uto Vg1,92 € G,8 €S (g1 * g2, 8) = ¢(g1,0(g2,5))) nVs €S (¢(e,s) = s). [lna kpar-
KOCTU 3allMCU IPUHATO OIYCKATh 3HAK OIIEPALUU * U UMsS OTOOpasKeHUs ¢, 0bo3HaYass
#(g, s) mpocto gs. B Takux 0603HAUEHUSIX

Vagi1,92 € G,s €85 ((g192)s =g1(g2s)) u VseS (es=3s).

B aroMm ciydae Takike roBopsrt, uTo Tpymia G deidcmeyem Ha MHOKeCTBe S WU 4TO S
ecTb (G-MHOKECTBO.

Def
Ecmn s € S, To MHOXecTBO Gs = {t € S|t =gs & g € G}, TO ecTb MHOXeCTBa BCEX
9JIEMEHTOB U3 S BUIA ¢S, TIe g «Ipoberaet» HOCUTEMb TPYIbI (G, HA3bIBAETCS 0pOUMOoil
(w1 mpaexmopueil) sneMenTa s B G-MHOXecCTBe S.

MNpumep. Ilyctp S; — eauHUYHAS OKPYXKHOCTB, a ¢ € [0;27] — HEKOTOPBINA YTOJL.
OnpenenuM jieficTBue TPYIIbL (Z;+) Ha MHOXKeCTBe S; CJIELYIOINIUM 00Pa3sOM: UKCIIO
n € Z JeicTByeT Ha TOYKY z € Sp Kak HOBOPOT Ha yroi neg. IlojoxuTesnbHble yribl
OTCUYMTBIBAIOTCS IIPOTUB YaCOBOM CTPEJIKH, OTPUIIaTeIbHble — II0 YacoBOl cTpeske. Torna
€CJIM YTOJI (o COM3MEPUM C YUCJIOM T, TO BCE OPOUTBI COCTOSAT U3 KOHEUHOTO YUCJIA TOYEK.
Ecin e oTHOLIEHNE ¢ /7 UPPAIMOHAIBHO, TO BCe OPOUTHI GECKOHEUHBI.

JIEMMA. Ecmu G — epynna,mov g € G (Gg = G).

DOKA3ATENBCTBO. SIcHo, uto Vg € G (Gg C G). Ilycts g1 € G.
TormaVgeG (3g2€G (gog = g1)) mo Teopeme 1. 2.2.6, g1 € Gg u G C Gg. O

TEOPEMA. Eciu ezpynna G deticmeyem na mmnodxcecmee S, mo opbumvl mue nycmol u
obpasyiom pasbuenue mruoxcecmea S.

DOKASATENLCTBO. Kaskiblii s1eMeHT NPUHAIJIEKUT CBOEi opoOuTe, I09TOMY OpPOUTHI He
nyctbl 1 o6pasyrot mokpbitue (1. 1.2.7). ITyctb aBe op6uthl G's1 u Gso TEpecEKaroTCs, TO
ectb 3s€S (s€Gsy & s€Gsy). Torma g1 €G (s=g181) u 1o nemme Gs=Ggy81 =Gs1.
Ananorndno 3gs € G (s = gase) u Gs = Ggasy = Gsa, oTKYHA Gs1 = Gsa. O

Takum 06pasoM, JelcTBrE IPYIIIBI HA MHOKECTBE OIPEAeIsieT OTHOIIEHNE SKBUBAJICHT-
HOCTH Ha 3TOM MHOKecTBe (1. 1.7.1).

Apumep. Kaxpas rpynna G jeiicTByeT Ha camoil cebe ¢ MOMOIIBI0 YMHOKEHUST. ITO
JIEHCTBUE UMEET BCETO OJ[HY OPOUTY.

3anmaTh JeficTBUE TPYIIBI HA MHOXKECTBe — BCE PAaBHO, UTO PACCMATPUBATH JICMEHTHI
IPYIIIBL KaK [IPpeoOpasoBaHusl MHOKECTBA.
2.2.8. pynna nepecTaHOBOK

B stom maparpade paccmaTpuBaeTcst o/iHa U3 Ba)KHEHUIINX TPYIIT, Ha3biBaeMasi TPYIIION
nepecmano8ox, NI CUMMEMPU1ECKoti TPYIIION.

buektuBnag dynkiusa f: X — X Ha3bIBaeTCs nepecmanosroll MHOKecTBa X.
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3AMEYAHME

Ecam muoxectBo X koneuHo (|X| = n), To, He orpaHn4YmMBasi OGIIHOCTH, MOKHO CYHTATH, YTO
X = 1..n. B atoM cayyae nepectanoBky f: 1..n — 1..n yao6Ho 3agaBath TabaKIEH U3 IBYX CTPOK.
B mepBoii cTpoke — 3HaueHUs apTyMEHTOB, BO BTOPOW — COOTBETCTBYIOIIME 3HAYEHUS (DyHK-
muu. Takas tabiuia HasbIBaeTCsl n00CMAHO8KOU. B cylIHOCTH, TIepecTaHOBKA M IIOICTAHOBKA —
CUHOHUMBI.

Mpumep.

s
I
S
VRN

Q

I

B~ =
— DN
N o
W
Tt Ot

IIpoussedenuem niepectaHoBok [ u g (0603HAYaeTcsl fg) HA3BIBACTCS UX CYIEPIO3HUIIHS
gof.

Mpumep.

12 345
fo=15 1 4 3 2|

Toosicoecmeennas IIepeCTaHOBKa — 39TO II€PECTAHOBKaA €, TaKasd, 4YTO 6(.%) =x.

Mpumep.
Jt 2 3 4 5
=11 2 3 4 5
Obpamnasi miepecTaHOBKa — 3TO oOparHast (BYHKIUSI, KOTOpast BCEr[a CYIIECTBYET,

MOCKOJIbKY TIEPECTAHOBKA SIBJISIETCST OUEKITHEN.

3AMEYAHME

Tabauiry 0OpaTHOU MOACTAHOBKM MOKHO MOJYYUTh, €CJIUA TIPOCTO MOMEHSTh MECTaMU CTPOKU
TabJIIBl UCXOHOU MOJCTAHOBKU.

7
—
|

— W
[NCITEN
[SV \)
=~ =
ot Ot
Il

N
w N
— W
[NGITEN
ot Ot

TaxkuM 06pa3oM, TOCKOIBKY CYTePIO3uInst (GYHKIHIT aCCOIMATHBHA, a eIMHUYHBIH U 00-
paTHbIl 2JIeMEeHTBl CYLIeCTBYIOT, MHOXKECTBO I1€PECTaHOBOK N-3JIeMEHTHOIO MHOXKECTBa
o6pasyeT zpynny nepecmanoox OTHOCUTETHHO OTEPAINU CYMEPIO3UIUI. IJTa TPYyMa
HA3BIBAETCS TAKIKE CUMMEMPUUECKOU Zpynnoll TIOPsIIKa n 1 0b03HAYAeTCsT Sy,.

TEOPEMA. Bcsikas koneunas epynna G nopsoxa n usomopua Hexomopoi nodepynne
CUMMEMPUUECKOU 2PYNNBL Sy,
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DOKA3ATENLCTBO. IlycTth G — rpymma nopsiika n ¢ HEUTPaJbHBIM 3jieMeHTOM e. Pac-
CMOTPHUM JelicTBue rpynnbsl G Ha MHOXecTBe (G ¢ MOMOIIBIO yMHOXeHUS (1. 2.2.7).
Kaxnplit snement g € G sagaér moicraHoBky f, € S,. PaccMoTpum MHOXeCTBO
H:={fs: G— G| fg(x):=xxg & g € G} C S, fcHo, uto orobpaxenue g — f, buex-
TUBHO U yBa)kKaeT YMHOXeHWe, Tak 4To G ~ H. [lokaxkeM, uto H — TOATpyIIa IPYIIIIbI
Sy. HetictBurenbHo, H 3aMKHYTO OTHOCUTEHHO O,

TaK Kak fyun(2) = @ % (g % h) = (@ x g) % h = f,(2) ¥ h = fu(fy(@));

fe — TOXIECTBEHHAST DYHKIWMS, TaK KaK fo(x) = x xe = x,

fg-1 — obparHas yHKIus, Tak Kak fy (fo—1(z)) = (xx g~ 1) * g = x. O

Mpumep. [pymmna M1OBOPOTOB NMPABUILHOTO TpeyrojbHuka (cMm. npumep 3 B 1. 2.2.6)
n3oMopdHa caeayIoNieil MOArpyIIIe TPYIIbL S;:

3AMEYAHUE
He caexyer nymarsn, 4To onucanue HOATPYIIT CHMMETPUYECKON IPYIIIDI SABJISETCS IPOCTOH 3a1a4eil.
ITO peasibHO TOJBKO ISl HEOOJIBIINX N.

2.2.9. NepecTaHOBO4YHbIE MaTPULLbI

Ecmu f: 1..n — 1..n — 1epecTaHoBKa, TO MAMPULUell NOOCMAHOSKY, WA NePecmano8ouHoll
Mampuyeti, Ha3bIBaeTCs KBaJlpaTHas 6yJIeBa marpulia Pf : array [1..n, 1..n] of 0..1, Takas,
aro Prli, jl:=(j = f(i)).

HerpyaHo BUAETD, 4TO B KaxkK 10l CTPOKE U B KaXkK/[OM CTOJIOIE IIepecTaHOBOYHOM MAaTPUILIbI
COZIEP>KUTCSI POBHO OJIHA €UHUIIA, OCTAJIbHBIE 3JIeMEHTHl — HYyJHu. bBojee TOro, BCSAKONM
OysieBoit MaTpuiie P, y KOTOPOil B KaKI0W CTPOKE U B KayKIOM CTOJOIE COMEPKUTCS
POBHO O/[HA €JIMHUIIA, COOTBETCTBYET €IMHCTBEHHAS MTEPECTAHOBKA [, KOTOPAs TIOJy4YUTCS,

ecJi MaTpuIly Py yMHOXHUTB CIIpaBa Ha BekTop-cTosben (1,...,n).
0 01 0O
0 00 1O
Mpumep f:’éig‘llg, Pr=|0 1000
1.0 0 00
0 00 01

Beenem ob6o3nauernue: §! — GyJeBCKHUiT BEKTOP JJIHUHBI 1, B KOTOPOM B i-M paspsiie Ha-
XOJIUTCS eIUHUIIA, a B OCTAJBHBIX PaspsAdax HaXOASATCS HYJU. B 3Tux 0603HAUCHUSX ISt
Ka)KIOW CTPOKU IIepPecTaHOBOYHOM Marpunsl Pyli, 1..n] = 6}‘@), a JUIS KaxK10ro croadna

Pylln, j) =671 ;)

JIEMMA. Mnojcecmeo nepecmanogounvbix Mampu, 001020 Nopaoxa o0pasyem HeKoMmy-
Mamueny1o 2pynny OMHOCUMENbHO ONEPaAUUU YMHONCEHUSL MAMPUY,

3AMEYAHME

XoTs 1epecTaHOBOYHbIE MATPUILBI OYIEBbI, YMHOKEHUE MATPUIL MOJKET [TPOU3BOIUTHCS € TIOMOIIILIO
OOBIYHBIX aPU(BMETUYECKUX, & HE JIOTUUECKUX OIepaInil.
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DOKA3ATENLCTBO. [Ipou3BesicHUEe TTEPECTAHOBOUHBIX MATPUIL SBJSETCS ME€PECTAHOBOY-
HOU MaTpuileil, TOCKOJIbKY CKALSPHOE NPou3sedeHue

(@ 167y 2N 6p (k] - 67 (k] 2 if i = j then 1 else 0 end if,
k=1

TO €CTb [POU3Be/IeH e sIBJIsieTcst Oy1eBoil MaTpuIieil, a Takke Py x4 = 0% ;) TO €CTh Kak-

Jast CTPOKA TIPOM3BEIAEHUS COAEPKUT POBHO OJHY €IMHUILY, U AaHAJOTUYHO JIJIs1 CTOJIONOB.
[anee, ymMHOXeHMe T1epECTAHOBOYHBIX MATPUIL ACCOIIMATUBHO B CUJIY aCCOIMATUBHOCTH
YMHOXKEHMS KBaJpaTHbIX MaTpull. EquHuunasg marpuia gBisgeTcs IepecTaHOBOYHON U
CITY>KUT HENTPAJIBbHBIM 3JIeMeHTOM. TpaHCIIOHUPOBaHUE TTePECTAaHOBOYHON MATPUIIBI JAET
[epPeCcTaHOBOYHYIO MATPHILY, KOTOpasl SIBJAAETCSA OOPATHOM, TO eCTh PfP}F =1, rtne I, —
eIMHNYHAST MaTPHIIA. ]

0O0603HaYMM TPYIIITY TIEPECTAHOBOYHBIX MATPHIL TIOPSIIKA 1 KaK P,.

TEOPEMA. [pynna nepecmanogounvix mampuy, P, usomoppna cummempuyeckou pynne

Shn.
DOKA3ATENBCTBO. B 1. 5.1.4 nokasano, uto |S,| = n!, u 10 npaBuIy IpoU3BENEHUS
(cm. 1. 5.1.1) umeem |P,| = nl, MOCKOJBKY eIMHMIYy B TIEPBON CTPOKE MOXHO BbI-

6path n crocobaMu, eIMHUIy BO BTOPOil CTPOKE MOKHO BbIOpath n — 1 criocobamu
u 1. 1. Orobpaxenue f — Py, onpeienéHHoe B Hadase naparpada, siisiercss OHeKIn-
eil. OcTazoch 10Ka3aTh, YTO ITO OTOOpasKeHUe sBjsieTcst roMoMopdusmom: Pr, = Py P,.

Vmees: (PpP)i,j] = 1 <= élpf[z‘, k|- Pylk,j] = 1 < <5;L(i) |5g,1(j)> =1 =
= f(i) = 97'(j) = 9(f(i)) = j == Pyyli,g(f(1))] = 1. O

3HaueHUe MePecTaHOBOUHBIX MATPHUI[ COCTOUT B TOM, UTO 3TO 3 (HeKTUBHOE Npedcmas-
Jlenue TIePEeCTaHOBKH, MTO3BOJISIONIEe CBECTH TIPUMEHEHNEe TIePECTAaHOBKY Kak (yHKIIUU K

orepanusMm ¢ GyJsieBbIMU MaTpuiiamu. B wactaoctu, eciu (ay, . . ., a,) — JOOOH YUCTIOBON

n-BeKTOp (He 00s13aTeIbHO IlepecTaHoBKa 1..n), a Py — nepecTaHOBOYHAs MATPUILA ISl
T _ T

nepectaHoBKU f, TO Py X (a1,...,a,)" = (apay, .-, apm))" .

2.3. AnreGpbl ¢ aByMS onepauuaMu

B arom paszene Mbl obpamaeMcs K OObEKTaM, 3HAKOMbBIM 4YUTATENI0 cO MIKOJbl Cpe-
o ajreOp ¢ ABYMsI OIepanusiMU Haubojiee BaXKHBIMU SBJISIOTCS KOJbLA M IOJI,
a OCHOBHBIMU IIpUMepaMM KOJiell ¥ ToJiell SBJIAI0TCA MHOXKECTBA 11eJIbIX, PAllMOHAIBHBIX
U BeIlleCTBEHHBIX YUCeJI C ONepPalUIMU CJI0XKEHUSI U YMHOKEHUS.

2.3.1. Konbua

Konvuyo — 910 MHOXKECTBO M ¢ ABYMST OMHAPHBIMHU OTIEPATUAMY + U * (OHU Ha3bIBAIOTCS

CJIOKEHNEM U YMHOKEHHEM COOTBETCTBEHHO), B KOTOPOM

1) (a+b)+c=a+ (b+ c) — croxeHnue acCOIUATUBHO;

2) 30e M (Va (a+0=0+a=a)) — cyliecTByeT HyJb;

3) Va (3 —a (a+ (—a) =0)) — cymecTByeT 0OpPaTHBIN dJIEMEHT;

4) a+b = b+ a — ciaoxeHre KOMMYTaTUBHO, TO €CTb KOJIbI0 — abesieBa rpymma mo
CJIOKEHUIO;
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3) ax(bxc) = (ax*b)*c — yMHOXeHUE aCCOIMATUBHO, TO €CTb KOJbI[O — MOJYIPYIIHa
[0 YMHOXKEHUIO;

6) ax(b+c)= (axb)+ (axc), (a+b)*xc= (a*xc)+ (b*c) — yMHOKeHUE AUCTPUGYTUBHO
OTHOCUTEJIBHO CJIOKEHUsSI CJIEBA U CIIPABA.
KoJbIlo Ha3bIBAETCS KOMMYMAMUGHHIM, €CIIN a * b = b* @ — YMHOKEHIE KOMMYTaTHBHO.

Kosblto HasbiBaeTcst KONBIOM ¢ edunuyeid, ecmi 31 € M (ax1=1xa=a) —
CYHIECTBYET €[JMHUIIA, TO €CTh KOJIbIIO € eJIUHUIIeld — MOHOMJ] 110 YMHOXKEHHUIO.

TEOPEMA. B KoJiblie 8bin0aHsI0MCs CAOYIOUUEe COOMHOUECHUSL:
1) Oxa=ax0=0;

2) ax(=b)=(—a)xb=—(axb),

3) (—a)*(=b) =axb;

4) (=a) =ax(-1);

5) —(a+b) = (=a)+ (-b);

6) a #0= (a_l)_l =a.

J OKASATENIbCTBO.

[1] 0xa=(04+0)*a=(0%a)+ (0xa) =

0=—(0%a)+ (0xa)=—(0xa)+ ((0xa)+ (0xa)) = (—=(0%a) + (0xa)) + (0xa) =
0=0+ (0%a)=0xa.

[2] (ax(=b))+ (axb)=ax(-b+b)=ax0=0,
(axb)+ ((—a)*b) = (a+ (—a)) xb=0%b=0.
[3](a)*( b) = —(ax(=b)) = —(—(axb)) =axb.
1 (ax(=1)+a=(ax(-1))+(ax1)=ax*(-1+1)=ax0=0.
[5] (a+ )+(( a)+ (=b)) = (@a+b) + ((-b) + (—a)) =
_a+(+ b)) + (—a) =a+0+ (—a) = a+ (—a) = 0.
[6] a " *xa=1. [l

+(
a+
(=

Mpumep. (Z;+,*) — KOMMyTaTHBHOE KOJIBIIO C eaunuiieil. Kpome Toro,
Vn € N ((Zn;+,%)) — KOMMYTaTHBHOE KOJIBIIO C eAMHUIIEN. B yacTHOCTH, MalMHHAS
apuMeTUKa MeTbIX Yuces (Zois; 4, *) — KOMMYTATHBHOE KOJIBIO C eANHUIEH.

2.3.2. O6nacT UenocTHOCTHU
ECJII/I B KOJIbII€ [IJISI HEKOTOPBIX HEHYJIEBBIX 3JEMEHTOB X, Yy BBIIIOJTHACTCA PAaBEHCTBO
T xYy = 0, TO T HA3bIBACTCA J1€68bIM, a Y — NPABHLIM aeﬂumeﬂeM HYJLA.

Mpumep. B mamunnoil apudmernke (Zgis; +, %) nmeeM 256 * 128 = 28 x 27 = 215 = (),

3ameTuM, 94TO ecJiu B KOJIblle HeT genuteneit uyJst, oV # 0,y # 0 (z *y # 0). B rpymme
Va,bc ((axb=axc=b=c) & (bxa=cxa=>b=rc)), 0IHAKO B IPOU3BOILHOM
KOJIbIIE DTO HE TaK.
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MNpumep. B mammnnoii apupmernke (Zgis; +,*) umeem 28 27 = 0 u 0% 27 = 0, HO
0 # 28 = 256.

TEOPEMA. Vayé()(a*b:a*c:>b:c) &(b*a:c*a:>b:c)<:>
<= Va#0,y #0 (r*xy #0).

JOKA3ATENbLCTBO.

[ =1 Ot nporusnoro. [Iycts 3z # 0,y #0 (x*xy = 0).
Tormarz#0& z+xy=0& x+%0=0=y=0.

[<1 0= (axb)+ (—(axb)) = (axb)+ (—(axc)) = (axb)+ (ax(—c)) = a* (b+(—c)),
ax(b+ (=) =0&a#0=b+(—c)=0=b=c O

KoMmMyTaTuBHOE KOJIBIIO C eAWHUIEN, He WMeollee JeJUTeseil HyJsl, Ha3bIBAETCS
06.21aACMbIO UELOCTNHOCTIIL.

MNpumep. Ilenbie uncna (Z;-+,*) SBISIOTCS OOJACTBIO IEJOCTHOCTU, a MaIIUHHAS
apudmeruka (Zsis; +, %) — He SBJSIETCS.

2.3.3. NMong
ITone — a10 MHOKeCTBO M ¢ ABYMsI OMHAPHBIME OMEPAIUSME + U *, TAKUMH, 4TO

1) (a+b)+c=a+ (b+c¢) — croxeHnue accoIUATUBHO;

2) 30e M (a+0=0+ a = a) — CYIIECTBYET HY.Ib;

3) Va (3 —a (a+ —a =0)) — cymecTByeT 00paTHbIN TEMEHT MO CJIOKEHUIO;

4) a+b = b+ a — clIoKeHrEe KOMMYTATHBHO, TO €CTh moJjie — abejieBa TPyIma o
CIIOJKEHUIO;

5) ax (b*c) = (a*b)*c — yMHOXeHHUE aCCOIUATUBHO;

6) 31 € M (a*1=1%a=a)— cylecTBYeT eIUHUIIA;

7Yy Va#0 (Fa= (a7!*a=1)) — cymecrByer 0OpaTHBI JEMEHT 10 yMHOKEHHIO;

8) a*b=bxa — yMHOKEHHE KOMMYTaTHBHO, TO €CTh HEHYJIEBbIE 9JIEMEHTBI 0OPas3ytoT
abeJieBy TpPyIIy MO YMHOKEHUIO;

9) a*x(b+c) = (axb)+ (a*c) — yMHOKEHNE AUCTPUOYTUBHO OTHOCUTETIHHO CIIOKEHUSL.

Takum 06pasoM, MoJIe — 3TO KOMMYTaTUBHOE KOJIBIO € €AMHUIIEH, B KOTOPOM KaxKIbIi
9JIEMEHT, KPOMeE HYJIsI, UMeeT OOPaTHBIN 3JIEMEHT 110 YMHOKEHUIO.

Mpumepsl
1. (]R; +, *) — II0JI€ BelleCTBEHHbIX YUCEI.

2. (Q; 4+, *) — 1OJe paIMOHAIBHBIX YUCEJL.

3. Ilycts F, Def {0, 1}. Ompenenum omepartni +, -: Fy X Ey — Fy crenyiomum o6pasoM:

0:-0=0-1=1-0=0,1-1=1 (xoabioHKINA), 0+0=1+1=0,0+1=14+0=1

Def
(cnoxenue 1o moxyiio 2). Torna Zo = (FEa;+,-) sIBISETCS [0JEM M HA3bIBAETCS

Odsouunotl apugpmemuxoi. B nsouunoil apudmerrke Hyap — 310 0, equnuia — ato 1,
—1=1"1'=1,a 07! — kak Bcerza, He OIpeIEIEH.
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4. Ecnu B yCJIOBUSIX MIPeNbIYIIEro IIpUMepa B3sITh B KaUecTBe CJIOKEHUS IU3BIOHKITNIO,
TO €CTh OIPEIEIUTD OTepaluu caeayomum obpazom: 0-0=0-1=1-0=0,1-1=1
(xouproHkIMs), 0+0=0,0+1=14+0=141 =1 (AU3BIOHKIUSA), TO CTPYKTypa
(E9; V, ) HE SIBISIETCS TIOJIEM, TIOCKOJIBKY V 3eMeHTa 1 HeT 06paTHOTO Mo CAOKEHUTO.

TEOPEMA 1. [loze seasiemcs obracmuio yerocmmocmu: axb=0=—=a =0V b= 0.

DOKABATENBCTBO. axb = 0& a # 0=b =1%b = (a ' xa)*b = a ' x (axb)
a %0 =0,axb=0&b#0=a=1xa= (b xb)xa=b"1x(bxa)=b"1x(axb)
b1 x0=0.

o

TEOPEMA 2. FEciu a # 0, mo 8 noie eduncmeennvim 00pasom paspeutumo ypasuenue a
x+b=0 (pewenue: x = —(a=1) xb).

DOKASATENLCTBO. a* z+b=0=—= axzx+b+(-b) =0+ (-b) =
:>a*x+(b+(*b)) = b=—=ax2x+0=-b=—axx=—-b—
—a'x(axz)=atx(=b) = (a7 xa)xr=—(a"txb) = lxx=—(a"'xb) =
= x=—(a"1xb). 0

2.4. dnemeHTapHasa Teopus ymncen

Ilenpie yncna Z un omeparuu ¢ HUMHU (TO €CTb, apugmemuxa) UCIOJb3YIOTCS Be3Je, BO
BCEX IMPEIMETHDBIX 00JIACTSIX M S3BIKAX MPOrPaMMUPOBaHust. TPaAUIIHOHHO B apudMeTHKe
HCTIOJIB3YIOT MO0 MEHbIe Mepe YeThIpe OTepalui: CJOKeHNe, YMHOXKEHIE, BhIUUTaHNe
U JleJIeHUe.

AJIF€6pa <Z, +; *> C ollepalusIMU CJIOKEHUA U YMHOKEHUA ABJISIETCA KOJIbIIOM, U CBOIICTBA
CJIOKEHNA 1 YMHOKEHUSA 3TUM 00CTOATEIHLCTBOM OIMCHIBAIOTCS B JIOCTATOYHOM Mmepe.

MHOKECTBO TIEJIBIX YKceN Z ¢ oTepaliieil ciaoxenust obpasyer abesesy rpymmy (1. 2.2.6),
opu atoM Yz (Jy (x+y =0)), To ecTb y M0OOTO 3IEMEHTA ITOTO MHOMKECTBA CYIIE-
CTBYeT 0OpaTHBIN 110 CJIOKEHUIO DJIEMEHT, YTO B JOCTATOYHON Mepe OIUChIBAeT CBOWCTBA
OTlepaIuy BbIYUTAHUSI.

MHoskecTBO Z ¢ onepaiiieil yMHOKeHus oOpasyeT moyrpyrmny (MoHoux) (1. 2.2.5), mpu-
4éM 0OPATHBII 3JIEMEHT 110 YMHOKEHUIO CYIIIECTBYET JIUIIb JJist uncen 1 u —1. B ¢cBsasu ¢
STUM OTIepaIyisi OOpaTHAS K YMHOKEHUIO — JIeJIEHHe — SIBJISIETCSI B HEKOTOPOM CMBICJIE
ocobentoil 1 Tpebyer crnenudruueckoro paccCMOTPEHUSL.

Paznen maremaruku, M3yvaronuii Yucjaa v orepauy ¢ HUMU, Ha3bIBAETCS meopuetl uucei
WIN 8bicuLlell ApUPMemuKotl.

Ta yacTb TeopuM YUCEN, B KOTOPOU II€JIbIe YUCIA U3YUAOTCsT Ge3 UCIOJIb30BaHUST METO-
JTIOB JIPYTUX Pa3/ieJIOB MaTeMATUKU, HA3bIBACTCS dIeMeHmapHoil meopueti yucen. Muorue
3a/1aud 3JIeMEHTAPHO TeOPUM YHCeJl, U3BECTHbIE YUTATEJIIO U3 IIIKOJIBHOTO Kypca MaTeMa-
THKH, TaKHe KaK JeTMMOCTD TIEIbIX YHMCEJ, BEIYUCAeHE HanGObINEro 06IIEro IeTUTe st
1 HAUMEHBINETO OOIIEro KPaTHOTO, PasjokeHHe JHCaa Ha TPOCThIE MHOKHUTENH, BBI-
YUCJIEHUST TI0 MOJyJI0, HAIJIM B TOCJEIHEee BPeMs Psil BaKHEHIINX TPUIOXKEHUN B
WH(POPMAITIMOHHBIX TEXHOJIOTHUSIX.

B atom paszaeJie 6eryo pacCMaTpUBa€TCA 3JIEMEHTapHasA TEOpuA 4Yucesl, BBOAATCA 060-
3Ha4YCHUA N yCTaHABJIMUBAIOTCA OCHOBHbBIE (l)aKTI)I, H606XO[[I/IMI)I€ B IMPUJIOKEHUAX. Camu
IIPUJIOKEHUS PACCMATPUBAIOTCA B APYTIUX KypcCaX I10 I/IHCIJOPMB.L[I/IOHHI)IM TEXHOJIOTHUAM.
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3AMEYAHUE
B usnoxenun paccmarpuBaioTcsl HaTypasibHble yucaa N M HOJIb TOJNBKO paju yupolieHus ¢op-
MYJIMPOBOK U JIOKa3aTesbCTB. Bee onpesiesieHus, yTBep:K/IeHUS 1 aJTOPUTMBI 9TOTO pasjiesia Jerko
PacCIpoOCTPAHSIOTCS Ha MHOXKECTBO IIEJIbIX YHCET Z 3a CYET yuéTa 3HaKa YucJa.

B coorBercTBUU C TPAAUIUSMU, B TEOPUM YHCEJ 3HAK ONEPAMA YMHOKEHUS *
OITyCKAETCsI, a 3alUCh = + (—Yy) YIIPOIIAeTCs 0 & — ¥.

2.4.1. ennmocTb 4ucen

Yucno a € N denumcs na aucio b € N (obosnauenue bla), eciu 3¢ € N (a = bg). Yucmno
@ HA3BIBAETCST KPAMHbIM IUCIY b, YUCTO b HA3bIBAeTCs deaumenem UuCIa a, a YUCIO ¢
Ha3bIBAETCS YACMHbIM OT JIeJIeHust a Ha b.

Hanomuanm o6osnauenue Ny Def +0.
TEOPEMA. Va,beN (3¢,r €Ny (a=bg+r & 0<r <b)).

DoKA3ATENLCTBO.  Clieiyouil 3JeMeHTAPHbI AI2opumm OeneHus. GbluUmanuem Haxo-
IUT 4iCia ¢ U T

q:=0; r:=0
while a > b do a:=a—b; g:=qg+ 1 end while
ri=a (I

CNEACTBUE. Ecaua =bg+r & 0 <1 < b, mouucia q ur eOUHcmeenbl.

DokA3ATENbCTBO. Ilycth @ = bgy + 11,0 < 1 < bya = bga + r2,0 < ro < b. Torma
0= (bg1 +71) — (bg2 +72) = b(q1 — q2) + (r1 — r2). Ecim q1 # g2, 10 |b(q1 — g2)| = b, 5O
|r1 — ro| < b, u paBerncTBO HeBO3MOKHO. Clie[IOBAaTENBHO, 1 = @2, OTKyAa 71 — 9 = 0 U
rK = To. O

Yucio g Ha3bIBAETCS HENOIHbIM UACIHbIM, 2 TUCIO T HA3BIBAETCS OCINAMKOM OT JETeHUsT
gucia a #Ha yucyao b. Eciu bla, To r = 0.

3AMEYAHME

Jlist BBIYMCJIEHMS HEMIOJHOIO YACTHOTO M OCTATKa (JIe/leHUe € OCTATKOM) OOBIYHO OIPENeJISIFOTCS
crienuasbble orepayu. B atom yuebnuke onn obozuauaorcst a div b 1 a mod b, COOTBETCTBEHHO.

JleJIuTh ¢ 0CTAaTKOM MOKHO OTpHIIaTeJbHbIE unca. JefcTBUTEIbHO, yCTh a, b, q,7 € Ny,
a=bg+r 0<r<b Torna ecnu bla, To r = 0 u —a = b(—q), a B IPOTUBHOM CJIydae
—a=—-bg—r=>b(—(¢+1))+ (b—r), npnuém octatok 0 < b —r < b.

o Def
MuosxkectBo penureneii yncaa a € N obosnavaercst D(a) = {b € N | bla}. OueBuzumo,
4TO J1I000€ YNCI0 AeanTest Ha 1 u Ha cebst. DTH [eTNTeNN Ha3bIBAIOTCS MPUBSUALLHOIMU.
[Ipouwne jesmuTeNn, €Can OHU €CTh, HA3BIBAIOTCS HEMPUBUATLHOIMU, NN COOCMBEHHIMU.

OTCTYNJIEHUE
OHpeZ[eJII/ITb JIeJINTEIN TTPOU3BOJIBHOI'O YMCJaa HE TaK IIPOCTO. ,H]Ifl HEKOTOPbIX Zle]II/ITe]Ieﬁ N3BECT-
HbIl NPpU3Haxu 8eﬂumocmu, TO €CTb CPAaBHUTEJIbHO IIPOCTBIE AJITOPUTMBI, IIO3BOJIAIONINE OTBETUTH Ha
BOIIPOC, ABJIAETCA JIX YUCIIO b nenureneM uucia a. I‘II/ITEITBJIIO, HECOMHEHHO, U3BECTHbBI CO HIKOJIbI
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pusHaKu geauMoctd Ha 2, 3, 5, 10. Bce npusHaku AeJIMMOCTH CIEAYIOT OOIIeil cxeme: CTPOUT-
cs1 yObIBaIOIast TIOCJAEA0BATENBHOCTD Ay, - . - , An, TAKAsA YTO a9 = a U bla; <= bla;+1. OnHako
BCE TPU3HAKY JETMMOCTH MHAMBUIYAJIBHBI JUIST KAKIOTO JIEJTUTEJs, CYyIIECTBEHHO 3aBUCAT OT CH-
CTeMbI CUMCJIEHHS M TOCTPOEHbI NAaJeKO He IS BCeX JejuTeseil. B peasbHbIX KOMITBIOTEPHBIX
BBIYHCJIEHISIX TPU3HAKU [IEJTMMOCTH HE MCIIOJb3YIOTCS.

B ob1iem caydae feenne B KOMIBIOTEPE SIBJISIETCST CPABHUTENBHO TPYAOEMKOI OTepariy-
eit. B GosbIHCTBE apu(PMETHIECKIX YCTPOHCTB KOMITBIOTEPOB JEICHIE BBITOTHIETCS
IIPUMEPHO B /[BA pa3a /I0JIbllle YMHOKEHUSI, 2 YMHOKEHUE BBITIOJHSIETCS TIPUMEPHO B /[Ba
pasa JI0JIbIIIe CJIOKEHUS.

Jlerko BuzeTh, uTO OmHoweHue deaumocmu pediexcusHo Va € N (ala), TPAH3UTUBHO
Va,b,c €N (alb & blc = a|c) n antucummerpuuto Va,b € N (alb & bla = a = b). Ta-
KuM 00pasoM, JAeJMMOCTb YUCeJ — ITO HECTPOTHil YaCTUYHBIN TOPSIOK HA MHOXKecTBe N.

OTCTYNJIEHUE
C OTHOIIIEHUEM JIEJIMMOCTH CBSI3aHO MHOKECTBO JIIOOOIBITHBIX U IOYYUTEIbHBIX YMCIOBBIX Ka3yCOB
u oxycos. Hanpumep, eme B ApeBHOCTH ObLIM 0OHAPY/KEHBI TAK HA3BIBAEMBIE COBCPULEHNDLE YKICIIA,
TO €CTh 4YHCJIA, PaBHbIe CyMMe CBOWX JleJTUTeJieli, cuntast 1, HO He cuuTasi camo yucio. IlepBbie
coBepllleHHble yncaa: 6 = 14243, 28 = 1+2+447414,496 = 1+2+44+8+416+314+62+124+4248,
... Bce oGnapyskeHHbIe COBEpIIEHHbIE YMCAa ABJISIOTCS YETHBIMK U TPEYrOJbHBIMU. [0 cuX 1Op
HEU3BECTHO, KOHEYHO JTU MHOKECTBO COBEPIIEHHBIX YHCEN U CYIIECTBYT JI HEUETHBIE COBEPIIIEHHbIE
yuca.

Mpumep. Ha puc. 2.4 npencrasiena auarpamma Xacce OTHOIIEHUS J€JUMOCTH I
yucesn oT 1 1o 12. XopoIio BUIHO, YTO JETUMOCTh UMEET «HEPETYJISIPHBIIY> XapaKTep.

i

Puc. 2.4. [uarpamma Xacce OTHOLIEHUS OENNMOCTHN

2.4.2. Hanbonbluunii ooWMin pgenuTtenb

HarypanbHoe 4ncyio ¢ Takoe, 4To c|a ¥ c|b, Ha3bIBaETCST 00WUM Jeaumenem IUceN a U b.
MHOKecTBO 00IMMX JiesuTeell yucesa a u b 0603HaYUM D(a,b). Haubombiiee U3 Takux
qUCesT HA3BIBAETCS HAUOOIbUUM 00wum deaumenem dricea a 1 b. ObosHauenue: ged(a, b),
HO/l(a,b) wiu npocto (a,b).

3AMEYAHUE
B smreparype 10 Teopum umces OGBIYHO WCIONB3YETCsT MOCeAHee 0003HAYEHUE, OIHAKO OHO
COBIIA/IAET C WCIOJIb3yeMbIM O00O3HAYEHUEM YIIOPSAAOYEHHON mapbl. Iloaromy st 0603HaueHUS
HaubOoJIbIIEro O0IIeTo AETUTENsT 31eCh UCTob3yercest byHKIws ged(a, b).
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Ecnu ged(a, b) = 1, To uncsa a u b Ha3BIBAIOTCS 83aumHo npocmuimu. Obosnavenmne: a L b.

Mpumep. U3 omnpenenenus BbITEKAET, YTO OTHOIIEHWE B3aWUMHOW TIPOCTOTHI AHTH-
pedaekcuBHO (1T BCEX YHCEN, KPOMe eIWHUIbI) W cuMMmerpuuyno. Ha puc. 2.5
TIpeZicTaBJIeHa YacTh TpaduKa OTHONIEHNWS B3aMMHOI TTPOCTOTHI.

A )
6| o o /o
51 0 O o O 0o o O 0
4 o o o 0
3l o o o o o o o
2l o o o o o
1 0o o o oo oo oo o0 o0

\/

1 2 3 4 5 6 7 8 9 10 11 12

Puc. 2.5. YacTtb rpadumka OTHOLEHNS B3aMMHOM NPOCTOThI

JNEMMA 1. Ecau bla, mo muoxcecmeo obwux Oenumeneti wucen a u b cosnadaem c
MmHoxcecmeom denumeneii b: bla = D(a,b) = D(b).

[ OKA3ATENLCTBO. JI106011 00ImMil 1e/IuTesb Yuces a U b O4EeBUIHO ABJISETCS JeJINTeIeM
b. JItoboii jesnuTesb b I€JUT TakKe U ¢ B CHJIy TPAaH3UTHBHOCTH. O

CNEACTBUE. b|la = ged(a,b) = b.

JIEMMA 2. Ecau a = bq + r, mo Muoscecmeo oouux oeaumenet vucen a u b coenadaem ¢
MHONCECmB0oM 00wux deaumeneti bur:a = bq +r = D(a,b) = D(b,r).

AoxkasatenbctBo. Ilycts © € D(a,b). Torna 3k,1 ((a =kz,b=Iz)) n kx = lzq+ 7,
r = (k — lg)z, cneposarensHo, x|r, x € D(b,r). Ilycrs y € D(b, r). Torna

Im,n ((b=my,r =ny)) 1 a=myq+ny = (mq+n)y, creposareyasbto, yla, y € D(b,r).
Takum o6pasom, D(a,b) = D(b, 7). O

CNEACTBUE. a = bg + r = ged(a, b) = ged(b, ).

MNpumep. 60=7-8+4, gcd(60,8)=ged(8,4) =4, gcd(60,7)=ged(7,4) =1.

JlokazaHHble yTBEP/KAEHHUS JIEKAT B OCHOBE JITOPUTMA HAXOKIEHHST HAnGOJIbIIETo 001iie-
TO JIEJTUTENS IBYX HATYPATBHBIX YHCENT a U b, U3BECTHOTO Kak aneopumm Eexauda. B cuny
cummerpranocta ged(a, b), He orpaHUYNBAs OOITHOCTH, MOKHO CYUTATH, YTO a > b.

OBOCHOBAHME. Ha kasxiom mare ajaroputma napa (a,b) 3ameraercst napoit (b,r), rie
7 — OCTaTOK OT fiesieHusi ¢ Ha b. COIJIacHO CJIEACTBUIO, TOCTe KAXKIOH UTepaIiny IMuKJIa
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Aaropurm 2.2. Anroputm EBkinna

Bxoz: marypanbHble yucia a, b.
Boixon: 3nauenue ged(a,b) .

if a < b then
a:=:b //TIOMEHSIN YUCJIa MECTaMU
end if

while b > 0 do

r:=amodb; a:=b; b:=r
end while
return a

UCKOMBII HarOOJIbIINN OOMIUI JeJUTeIb OCTAETCA HEU3MEHHBIM, TO €CTh SIBJISIETCS MH-
BapuaHToM asropurtMma. Korga a craner kpaTHO b, r OyieT paBHO HYJIIO. ITO O3HAYAET,
YTO MCKOMBIA HanbGOJIbIIUI 00umii gennrtens Haiigen. [luka o0sg3aTesbHO 3aBEPIIUTCS,
[IOTOMY 4YTO YKCJIa ¢ U b He MOI'YT YMEHbIIAThCs OECKOHEYHO. O

Npumep. gcd(616,286) = ged (286, 44) = ged(44, 22) = 22.

OTCTYNJIEHUE
Ausroputm EBkiinzia 1aét moBoJ c/ie1aTh HEKOTOPBIE 3aMEYaHUsT OTHOCUTENBHO CIMULSL NPOZPAMMU-
posanus, To ecTh Habopa HeobA3aTENbHBIX TIPABUJ W COTJIANICHWIA, HATIPABJEHHBIX Ha YAYUULCHUE
Kola. B aTy KaTeropuio BXOAAT WCIOJNb30BAHUE OUCUUNIUHBL UMEH, OMCTMYNO08, KOMMEHMAPUEE U
MHOKECTBA JIPYTHX MOJIE3HBIX TPUEMOB. BasKHO IMOHMMATh, YTO MCIIOJIb30BAHUE TOTO WJIM MHOTO
CTHJIA TIPOTPAMMHUPOBAHUS YIIyUIlaeT Koj He aBCOTIOTHO, 2 OTHOCUTEIBHO TeX Heieil, KOTopbIe Impe-
CJIeyToT BBIOpaHHbIe TpaBuiia. PaccMOTpUM B KadecTBe IpUMepa eIié OIHy Peaar3alnio aropuTMa
EBknunpa.

Agroputm 2.3. «¥Ynyumennsiity aaroputm EBkimna

Bxox: a,b — HarTypasbHble YHCIIA.
Boixoa: 3uauenue ged(a,b) ectb cymma a + b.
while a # 0 & b # 0 do
if a > b then a: =amodb else b: =bmoda end if
end while

C 0ZIHOIT CTOPOHBI, ATOT BAPUAHT HECKOJILKO 3(hheKTHBHEE 110 BPEMEHH, ITOCKOJIbKY Ha KasK/IOM I1a-
re I[UKJIA BBIIIOJHSAETCS OJIHO TIPUCBAMBAHNE BMECTO TPEX, U 110 TTAMSTH, IIOCKOJIBKY UCHOJb3YIOTCS
IBe TepeMeHHble BMecTo TpEX. C Apyroil CTOPOHBI, 9TOT KOJ 3HAUUTETBHO JaJbllle OT JOKa3aH-
HBIX MaTeMaTUYeCcKuX (POPMYJI U TOTOMY TPeOYeT CYIIECTBEHHOTO JOTIOJHUTEIBHOTO 000CHOBAHUS,
a caMoe TJIaBHOE, B 9TOM BapHAHTe HAPYIIAETCS <«IIPABIJIO XOPOIIETO TOHA», TJIACSIIIee, YTO KaxkK-
IIbliT 00BEKT (B YACTHOCTH, TIEPEMEHHAsST) B IIPOrPAMME IIPU U3MEHEHUH COCTOSIHUS (3HAYEHUSI) HeE
JIOJKEH MEHSITb CBOW «CMBICJI» MJIM CBOIO «OTBETCTBEHHOCTHY.

2.4.3. HanmeHbluee oOLuee KpaTHoe

Harypasnbhoe uuciio d Takoe, 4to a|d u b|d, Ha3bIBAETCS 00WUM Kpamubim duces a u b.
MHOKeCTBO 00MIMX KPATHBIX uucest a u b GyneM o6osHauath K (a,b). Haumenbinee us

TAKWUX YUCEN Ha3bIBAETCS HauMeHvuum obuum xpamuoin a n b. Obosunavenwne: lem(a, b),
HOXK(a, b) wiu [a, b].
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3AMEYAHME
B orsune ot koneunoro muoxectsa D(a, b), MHOKecTBO K (a, b) siBisiercst GeckoHeuHbiM. OIHAKO
K(a,b) C N, noaromy K (a,b) nMeeT HaMMEHbIII 2JIEMEHT U ONpe/ieleHne HaUMeHbIero 00Iero
KpPaTHOTO KOPPEKTHO.

TEOPEMA. /[1s 1100bix HAMYyPALbHbIX YUCe a, b i m cnpasediuso:
1) a|m & bjm = lem(a, b)|m;
2) ged(a, b)lem(a, b) = ab.

DokA3ATENLCTBO. Ilyctb d:=ged(a,b), Torna a = a1d,b = bid, u a; L by. IlycTs uncio

k TaxkoBo, uto m = ak. Torma “—bk = % € N, crenosarenbto, by |k. Paccmorpum umciio

t, Takoe yto k = bit. Imeem m = ak = abit = %bt. C npyroii cTOpPOHBI, OYEBUIHO,
410 JI060€E YUCIIO BHIA %”t ABJIAETCS OOIIMM KpaTHBIM uucea a u b. HauMenbinee obiee
KpaTHOe JOCTHUTaeTcs Npu ¢ = 1, TO €CTh paBHO %’. Takum 06pasoM, 006a yTBEPIKIEHI

TEOPEMDI JOKa3aHbI.

2.4.4. MpocTble Yucna

HaTypa]IbHOG yucao a > 1 HasbIBaeTcd npocmoim, €Cja1 OHO HE MMeECT CcOOCTBEHHBIX
I_IeJII/ITeJIef/,I. B TIPOTUBHOM CJIy4a€ a HAa3bIBACTCA COCMABHBIM.

SAMEYAHME

Yucao 1 uMeeT TOJIbKO OINH JEJUTEJIb, IIO9TOMY €TI0 HC OTHOCAT HU K IIPOCTBIM, HU K COCTaBHBIM.

MHosxecTBO IIPOCTBIX YMCeJI obosnauaercd P.

TEOPEMA 1. /s n06020 Hamypaivhozo wucia a > 1 ezo HaumeHvwuil Oerumenn,
OMAUYHBLY OM 1, A6AAEMCSL NPOCMBIM YUCTIOM.

DokA3ATENbCTBO. Ot mpotuBHOTO. [lycTh 3TOT eMTEh COCTABHOM, TOT/IA Y HETO TOXKe
€CThb JIeJINTEJIb, MEHBIINI ero m oran4ubiii or 1. Ho torma ou menur u a, a 3HAYWUT,
HMCXO/HBIN JIeJINTeNb He ObLI HAUMEHBIITUM. O

CNEACTBUE. /s cocmasnozo uucaa a > 1 e20 naumenvuuil deaumens, omauynwviii om 1,
He npesocxooum /a.

DoKA3ATENLCTBO. Ilycth p > 1 — HamMeHbIUN AemuTendb a. Toraa a = pgq, TAE q = p.
CrenoBartesbHo, a > p2. O

TEOPEMA 2. [Ipocmuix uuicen 6eCKOHeUH0 MHOZ0.

DoxazatenbctBo. Ot nporusnoro. [lycts |P| = n. Torna P = {p1,...,pn}. CocraBum
YUCJIO P:=P1P2 - ..Pn + 1. DTO YUCIO HE AETUTCS HU HA OMHO U3 YUCEN D1, ..., Pp, TAK
Kak JMaéT OCTaTOK 1 TIpM JieTeHNN Ha KaKA0e M3 HUX, U HE COBIAJAeT HU C OAHUM W3 HUX.
CrenoBaTebHO, YUCIO p camo 1poctoe. [IpoTuBopeune. ]
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Aaropurtm 2.4. Pemero JpartocdeHna

Bxoa: narypasbHOe yuciao n > 1.
Boixoa: MHOXKECTBO IPOCTBIX YHCeJI, He IPEBOCXOJSAIINX M.
B:={2,3,4,...,n} // Bce uncia 2..n
while B # @ do
x:=min(B) // HauMeHbIIM 37eMeHT B
yield z // Bbimarp x
B:=B—x // ynanutb x u3 B
y:=x>
while y < n do
B:=B—y // ynamuth u3 B Bce 4ucia, KpaTHbIE X
y:=y+x
end while
end while

[l moCcTpoeHusT MHOKECTBA TPOCTBIX YHCEN, HE MPEBOCXOASIINX AAHHOTO YHCJA N,
HCTIOJIB3YIOT TIPOCTOM Coco6, HasbIBaeMblil pewemom Ipamocena.

OBOCHOBAHME. Ha kaxioM Iare aJropuTMa MUHUMAJIbHBIN a7eMeHT © € B — mpocTtoe
q1cs10. B IPOTUBHOM ciydae y Hero GbiI ObI TIPOCTOM AeUTeNb p < T, 1 x ObLI OBl yIAIEH
u3 B panee, Kak KpaTHBIA p. [[JIs MPOCTOTO & AOCTATOYHO YAAJUTh U3 B Bce KpaTHbBIE
eMy, HauMHas ¢ x2, TaKk Kak BCE MEHBIINE COCTaBHbIE, KpaTHbIE x, ObLIN yAaJdeHbl U3 B

pamnee. U
JIEMMA 1. Va,b,c € N (b L ¢ = ged(ac, b) = ged(a, b)).

DokA3ATENLCTBO. Paccmorpum ged(ac, b). Tak kak b L ¢, To ged(ac, b) He nMeeT 061X
nenuTesieit ¢ ¢, orcioga ged(ac, b) = ged(a, b). O

CNEACTBUE. Va,b,ceN (b L ¢ & blac = bla).

Mpumep. Haiiném c momotmpio anroput™a 2.4 Bce MPOCThIE YUCa, He TTPEBOCXOISIIIE
100. B mpaBoii HUKHEN sSYeiike UCKOMBIH CITCOK TTPOCTHIX YUCEL.

7 BbmepKHyTbIe coctaBuble umcia, | Ocrasimecs 4ucia
KpaTHbIE ¢
214,6,810,12,14,16,18,20,22,24,26,28, | 2,3,5,7,9,11,13,15,17,19,21,23,25,27,29,31,33,
30,32,34,36,38,40,42,44,46,48,50,52, | 35,37,39,41,43,45,47,49,51,53,55,57,59,61,63,
54,56,58,60,62,64,66,68,70,72,74,76, | 65,67,69,71,73,75,77,79,81,83,85,87,89,91,
78,80,82,84,86,88,90,92,94,96,98,100| 93,95,97,99

319,15,21,27,33,39,45,51,57,63, 2,3,5,7,11,13,17,19,23,25,29,31,35,37,41,43,
69,75,81,87,93,99 47,49,53,55,59,61,65,67,71,73,77,79,83,85,
89,91,95,97
3 1 25,35,55,65,85,95 2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,49,53,
59,61,67,71,73,77,79,83,89,91,97
7149,7791 2,3,5,7,11,13,17,19,23,29,31,37,41,43,

47,53,59,61,67,71,73,79,83,89,97
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JIEMMA 2 (nemma Esknvpa). Va,b € N p € P (plab = pla V p|b).

AokA3ATENbCTBO. Ot mporusHoro. Ilycts HU a, HU b He nensrcs Ha p. Torma us mpo-
CTOTBI p caenyet, 4to a L p, b L p. Ilo gemme ged(ab,p) = ged(a,p) = 1, ab L p —
NPOTHBOPEYHE. U

CNEACTBUE. VYaj,as,...,a, € N;p € P (plajas...a, = i (pla;)).

TEOPEMA 3 (ocHoBHas Teopema apubmetukun). Joboe namypaivioe uucio, bonvuiee
eOUNUUBL, MOJICHO NPeOCMAsUmMb 6 6UOe NPOU3BEOCHU NPOCIMbIX MHONCUMELell, NPUUEM
eouncmeeHHbiM 00PA3OM.

JOKA3ATENbLCTBO.

[ CywectBoBanne ] Ot mporusHoro. Ilycts 1 < n € N — HanMeHblllee HaTypajbHOE
YUCJIO, He TIPEJICTAaBUMOE B BU/I€ TIPOU3BEIEHNS HECKOJIBKIX TTPOCTHIX dmces. Torma eciu
YUCJIO . — TPOCTOE, TO OHO SBJISIETCS CBOMM PasyiokeHUeM. ECTu JKe YUCIO n — COCTaB-
HOE, TO N = M1Ng, THE N1 < N, ng < N, IPUUEM KAXKJ0€ U3 N, No UMEET Pa3IOKeHUe,
a 3HAYUT, MOXKHO Pa3JIOKUTh U UCXOHOEe unco n. IIpotuBopeune.

[ EamHctBernHocTb ] IlycTs n mMeeT /[Ba Pa3MYHBIX PA3JI0XKEHUs HA MPOCThIe MHOKHUTE-
s, PacemorpuM Jiro6oe 4ucsio p B OAHOM U3 pasiioskeHuil. Torjga mpousseneHue duces
BTOPOTO PA3JIOKEHUS IeJIUTCS HA P U TI0 CJIeACTBUIO U3 JIeMMbI EBKJIM/Ia OJTHO U3 MTPOCTBIX
4yces BTOPOro pasjoxkenus cosragaer ¢ p. Cokpatum oba pasjoKeHUs Ha p U IIpUMe-
HUM K OCTaBITUMCS PA3JIOKEHUSIM TaKoe Xe paccykaenue. Tak MO OAHOMY COKPaTUM
BCe YHCJa B MEPBOM Pa3JjIOKEHUW, HAWI U COKpPAaTHUB paBHBIe UM BO BTopoM. IIportecc
3aKOHUYUTCS BBUY KOHEUHOCTU Pa3JIOKCHUL. O

Nmes pas3jioKeHnudA 4Yucesl Ha MHOXKHTEJN, JIETKO HalTH Pa3TOKEHUA HanOOJIBIIETO
O6H.IeFO Je/InTeIAd 1 HaMMEHBIIIETO 061_[161‘0 KPAaTHOTO 9TUX YUCEJL.

CNEACTBUE. Ilycmv py,po,...,pn € P — nexomopuoiii nabop npocmoix uucenr. Toeda eciu
by, b , SPR: :
a = p?1p32 .. .p?ln’ b — p11p22 .. .p?ln) gcd(a’ b) — pilpgz e 70171.’

lem(a,b) = pflpSQ —-pdn mo ¢; = min(a;, b;), d; = max(a;, b;).

Mpumep. 24 = 233!, 36 = 2232, gcd(24, 36) = 223! = 12,1cm(24, 36) = 2332 = 72.

OTCTYINJIEHUE

Pazsoxxenue HaTypasbHOTO YKCJA HA MPOCThIE MHOKUTEIN SBJSETCS OAHOU U3 JPEBHEUIUX Ma-
TeMaTUYeCKNX 33J1a4, KOTOpas OCTAETCS aKTyaJabHOU U ceronHs. /I CXOMHOW 3a/auil MPOBEPKU
IIPOCTOTHI YMCJIA YK€ JABHO HAWIEHBI OCTATOYHO 3(D(MEKTUBHBIE AITOPUTMBI (CM. pelreto Jpa-
TocheHa), a /i pasjoKeHUs YhCaa Ha MHOKHUTENU TI0Ka He HAalEeHO J0CTaTOUYHO 3(h(HeKTUBHBIX
C TIPaKTUYECKOM TOYKM 3PEHHUsI aJTOPUTMOB, HO IIPU 3TOM HE J0Ka3aHO, YTO TAaKUX aJITOPUTMOB
He cymiecTByeT. Mexy TeM, O4eHb MHOTHE COBPeMeHHbIe NH(DOPMAIIMOHHbBIE TEXHOJIOTUH, HAIIPU-
Mep, mudpoBaHue ¢ OTKPBHITHIM KJIIOYOM, KPUTHYECKU 3aBUCST OT HAJMYHUS WM OTCYTCTBUS 3TUX
aJITOPUTMOB.



https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

2.4. dnemeHTapHas Teopus Yncen 133

2.4.5. CpaBHeHus

Iycrb yncna a,b,m € N. [oBOPAT, 4TO YUCIO a CPABHUMO C YUCIOM b 10 MOOYMO m,
ecan 00a 4Kca UMEIOT OJAMHAKOBBIA OCTATOK IIPU AEJIEHUU Ha m, TO €CTb a = pm + T,
b = gm + r. Oboszmauenue: a = b (mod m).

TEOPEMA 1. Ilycmwv a,b € N,a > b. Yucio a cpasuumo ¢ uuciom b no mooymo m mozoa u
MOABKO M020a, K020a m A6]1emcsi 0eiumenem a — b:

a =b (modm) <= m|(a —b).
JAOKABATENbLCTBO.
[a=b(modm) = m|(a—0b)] Ilyctb a =pm +r, b=qgm+r.
Tormaa—b=(p—q)m+ (r —r) =km u m|(a —b).
[m|(a —b) = a=0b (modm)] Ilyctb a — b= km.
Torna 3p,q,ra,ms €ENg (a=pm+7r, &b=gm+1r, &re <a & rp, <Dh).
NmeeM a — b= (p—q)m+ (rq —7p), OTKYIaA 7 —Tp =0 U 74 =Tp = 7. O

JIEMMA 1. Omnowenue a = b (mod m) s6isemcs: omnoweHuem SK6UBAIEHIMHOCIU HA
MHOoxHcecmee N.

JOKASATENbCTBO.

[ PedpnekcmBHocTs ] OcTaToK oripesiesieH OJHO3HAYHO.

[ CummeTpuuHocTe ] OrmipesiesieHne CPaBHUMOCTU He 3aBUCUT OT TIOPS/IKA.

[ TpaHauTuBHOCTL ] B cmiry TpaH3UTHUBHOCTH PAaBEHCTBA OCTATKOB. [l

PaCCMOTpI/IM OCHOBHBIE CBOMCTBA BBEJEHHOI'O OTHONIIEHUA CPaBHUMOCTH.

JIEMMA 2. [lycmv a =b (mod m) u ¢ = d (mod m).
Tozda (a + ¢) = (b+d) (mod m).

DOoKA3ATENLCTBO. Ilycth a = gom+71, b= q@gm+1ry, ¢ = gem+12, d = ggm + 2. Torna
at+c=qgsm—+r1+qm-+re=(ggm+ru b+d= gm—+11+qgm+1re = qpam + 1. Ecim
r=1714+7T9 =M, TO HOJOKUM 7" : =7 — M, ac:=Gqac + 1, Gba: = qpq + 1. O

JIEMMA 3. [Iycmova =b (mod m) u ¢ = d (mod m). Toeda ac = bd (mod m).

DOKA3ATENbCTBO. He orpanunumBasi 06I1IHOCTH, MOKHO CUUTATh, 4TO a > b,c¢ > d. Tak
Kak (a—b)lm u (c—d)|m, To a —b = km, ¢ —d = lm pis1 HeKOTOPBIX 1enbix k, l. Vimeem
ac = (km+b)(Im+d) = (klm+bl+dk)m—+bd. V13 aToro paBencTBa CjaeayeT, YTO OCTATKU
ac U bd Ipu [ieJleHUU HA m PABHBI, a 3HAYUT, ac = bd (mod m). g

JIEMMA 4. Eciua=b (modm),n € N,mo a™ = b" (mod m).

[okA3ATENbCTBO. UHaykimusa mo n. basa mpu n = 1 BepHa 1O yCJIOBUIO JIEMMBI.
WHayKITMOHHBIN TTePexoj1 1o JeMMe 3. t

W3 nmoxa3aHHBIX JIEMM HETIOCPEACTBEHHO CJIEAYET TCOpEMa 2.

TEOPEMA 2. [Tycmo f(z) = ana™ + an_12" "1 +. .. + ag — MHOZOUREH C HAMYPATLHOIMU
xoappuuenmamu. Tozda ecau a = b (mod m), mo f(a) = f(b) (mod m).
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2.4.6. Cuctembl BblYeTOB

[TockombKy feneHMEe ¢ OCTAaTKOM OIpefesieHO JJsT BCeX IeJIbIX YHCeJ, OTHOIICHHUe
CPaBHUMOCTH O MOJIYJIIO TaKKe PAcIPOCTPAHSETCS HA BCE MHOXKECTBO IEJIBIX YHCET.

Knaccom eviuemos no modymo m (obo3uadenvie [al,,) Ha3bIBAETCS KJIACC IKBUBATIEHTHOCTH
(. 1.7.1.) Mo oTHOIIIEHNTO CPABHUMOCTH:

[a]mlﬁf{bEZMEa(modm)}, a €Z,méeN.

SAMEYAHME

CJI0BO «BBbIYET> y[lOTpe6Jl51€TCH KaK CMHOHHM CJIOBa «OCTAaTOK».

Bcero kmaccoB BbIueTOB 110 MOAYJIIO ™ POBHO M U OJAWH KJIaCC BbIYETOB COCTABJIAIOT BCE
quncJia, Jaomue OJJUH U TOT K€ OCTATOK IIpU AE€JE€HUUN Ha m.

OripesiesiiM HaJl KJIaCCAMU BBIYETOB OIEPAIUU CJIOKEHUS +,,, U YMHOKEHUST *,;,.

[ + [ Z (@ + )]s [ # [ = [(29)]n-

MHOKeCTBO KJIACCOB BBIYETOB C BBEJEHHBIMU oliepanusMn obo3HavaeTcsa Zm

NEMMA 1. Mnuoicecmso k1accog 6viuemog L., S8AAEMCs KOMMYMAMUSHvIM KOAbUOM
¢ edunuyetl.

DOKASATENIbCTBO. B kauecTBe Hyss1 HYKHO B3sITb [0, a B KayecTBe eIMHUIIBI —
[1);,. CpoiicTBa u3 onpenenenusi kosbia (1. 2.3.1.) BBINOJIHEHBI B CUJIY JOKA3aHHBIX
apudmeTnIecKux CBONCTB CpaBHEHUH. ]

Ilonnoit cucmemoil 6viuemos no Moaymo m Ha3bIBalOT MHOECTBO II€JIbIX YHCeJI,
coZepiKallee poBHO 110 OJHOMY 9JIEMEHTY M3 KaK/I0I'0 KJjlaCCa BbIYETOB 110 MOAYJIIO M.

MNpumep. {7,10,—1,3,101} — nmosHast cucTeMa BBIYETOB 110 MOJYJIIO 5.

MuosxkectBo {0,1,2,...,m — 1} Ha3bIBAETCS CUCMEMOU HAUMEHDULUX HEOMPUUAMETOHBIX
sviuemos. 1lo mpuntMny J[Mpuxiie ata cucTeMa TOJTHA.

TEOPEMA 1 (0 nonHbix cuctemax BoieToB).  Iycmo {aq, . . ., am } — noanas cucmema 6ot-
4emos no Mooy m, x,y — yeavie yucia, r 1L m. Tozda {y + zaq, ...,y + za,,} — nornas
CUCmeMa biuemos no Mooyuo m.

DOKA3ATENLCTBO. Ilokakem, uTo uncna y + xay, ...,y + xa,, JAOT Pa3INYHbIe OCTATKU
IPH JIeJIeHUH Ha 4uciao m. Toraa, MOCKOJIbKY 4nCesl POBHO m, OHU 0OPasyioT MOJHYIO
cucteMy BbI4eTOB. [IpeAIONIOKUM IIPOTHBHOE, IYCTb Y + Ta; U Y + a; AAI0T OANHAKOBBIE
OCTaTKM IIPH AesieHuu Ha m. Torma za; +y = za; +y (mod m) um z(a; — a;)|m. Tak
Kak « L m, (a; — a;j)|m nm a; = a; (mod m), 4TO TPOTUBOPEYUT TOMY, UTO MCXOHAS
CHCTEMA BBIYETOB {a1, ..., Ay, } SBJSIETCS TIOJHON CHCTEMON BBIYETOB 110 MOAYJIIO m.  [J

CNEACTBUE. Ilycmwvp € P. Tozda Ly SA6NAEMCSL NOJEM.
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LOKA3ATENLCTBO. [lockosbKy 110 lemMe 1 paccMaTpuBaeMoe MHOKECTBO SBJISETCS KOJIb-
oM (1. 2.4.5), IOCTATOYHO YCTAHOBUTDH HANUYUE Y KaXKIOTO BBIUETA [T],, 0OPATHOTO IO
BBEJICHHOW OTEpaIiui YMHOKEHUsL. [[JIs1 3TOr0 paccMOTPUM JIIOOYIO TIOJHYIO CUCTEMY BbI-

9eToB {a1,...,an}, YMHOKEHHYIO HA T, {Tai,...,Tdy }. [Io Teopeme 31O GyIeT MOMHAS
CHUCTEMA BBIYETOB, TO €CTb 32z € {zay,...,xan} (xz =1 (modm)). Kmacc [z],, n Gyzer
HUCKOMBIM OOPATHBIM 2JIEMEHTOM JUJIST [] . O

JIEMMA 2. FEcaua = b (mod m), mo ged(a, m) = ged (b, m).

DOKA3ATENLCTBO. a = b (mod m)=b=a+mk, k€ Z=>gcd(a,m)=gecd(b, m). O

IIpueedénnoii cucmemoil 6vruemos no MoOyi0 m HA3bIBAIOT MHOKECTBO I[EJIBIX YHCEI, CO-
JiepsKaiiiee POBHO MO OMHOMY 3JIEMEHTY U3 Ka)KJAOTO KJIAcCa BBIYETOB MO MOIYJIO 1M,
B3aMMHO IIPOCTOIO C 1.

Npumep. {7,—1,3,101} — npuBenéHHas crcTEMA BHIYETOB 110 MOYJIO .

TEOPEMA 2. FEcuu{ay,...,a,} — npusedénnas cucmema 6oiuemos no MoOyo m,
x €Z,x L mymo{zay,...,xa,} — npusedénnas cucmema eoiuemos no Mooyuo m.
JOKABATENILCTBO.  AHAJIOTUYHO CJIyYaO MOJHOM CUCTEMBI BBIYETOB. O

2.4.7. KuTtaiickaqa Teopema 00 ocrtartkax

SAMEYAHUE

Kumaiickas meopema 06 ocmamxax Goina chopmyauposana B Kurae, npemnonoxkurensio, B 111
BeKe H. 3., kutaiickum MaremarnkoM CyHb 1[3b1, OTKyza 1 1osryunsia cBoe Ha3BaHUe.

TEOPEMA. /[is 110661 NONAPHO 83AUMHO NPOCTbIX HAMYPALOHBIX YUCEL A1, . . . , Uy U O
THOOBIX UETBIX UUCER T, . . . , Ty makux, umo Vi€ 1l.n (0<r; <a;), cyuecmeyem maxoe 4ucio
s, UmMo Oeienue e20 HaKaNcooe U3 UUcesl a; 0aem 6 OCIAMKe YUCLO T;.

DokA3ATENbCTBO. UMHumykiusa mo n. baza: mpu n = 1 Bo3bMéM s:=r;. NHAYKIINOH-
ubiit nepexox. Ilycrs 3t € N (Viel.(n—1) (t = ¢a; +1;)). Paccmorpum cucremy

HAMMEHBIINX HEOTPHUIATENbHBIX BbIYeTOB {0,...,a, — 1} 110 MOAYJIO a, W TPUMEHUM
TEOPEMY O TIOJIHBIX CHCTEMAX BBIUETOB, IIOJIATasd T :=a1ds . ..a,_1 U y:=t. Torma cucre-
Ma yuces sy =t, S = t+x, ..., Sq, = t+ (ay — 1)z SBASETCS MOJHOI CUCTEMON BBIYETOB
[0 MOAYJIO ay,, npuuém Vi € 1..(n — 1) (Vj € l..a,, (s; =t (mod a;))) IO IOCTPOEHUIO.
BBUY TTOJHOTBI CUCTEMBI CPEIM YUCEI S1, . . ., Sq, CYIIECTBYET TAKOE YHCJIO S, KOTOPOE
[IPU JIeJIEHUU HA G, JACT B OCTATKE Tp,. O

CNEACTBUE. Ilycmvm:=mimsy...my, Vi, j € l.n,i # j (m; L m;j), z,a € Z. Tozda
x=a (modm) <= Vi€ l.n (x =a (mod m;)).
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2.4.8. BbluucneHusi B oCTaToO4YHbIX KJlaccax

3AMEYAHUE
IIycts m = mims ... my, IPUYEM M1, M2 ... M), — TOMAPHO B3aMMHO TIPOCThl. Torzpa kurtatickas
TeopeMa 00 OCTaTKax MO3BOJISIET BBECTH B3AMMHO OHO3HAYHOE COOTBETCTBUE MEXKIY OCTATKAMH
[PU JIeJIEHUH HA m 1 HabopaMu OCTATKOB OT JEJIEHUS] HA ™M1, M2 . . . M.

IIycts m:=mimg...my,, Yi,j € l.n,i # j (m; L m;). Ilo cregcrBuio K Kuraii-
cKkoil TeopeMe 06 octatkax Jio6oe yncao a € 0..(m — 1) OAHOZHAYHO OTPEAETAETCS
ocTaTKaMHU aq,..., 04, OT JEJIEHWS YWcaa a Ha 4UCAA Mi,...,M,. 1aKas HETMO3WIINOH-
Hasl CUCTEMa CYMCJICHUSI HA3BIBAETCSI CUCMEMOU OCMATNOYHBIY KAACCO8, WA MOOYAAPHOLU
apugpmemuxoti. Habop umces my, . .., my HA3bIBAECTCHI OCHOBAHUEM CUCTEMBI OCTATOYHBIX
kiaccoB. O6ozHauenue: a = (aj, ..., a,). B clCTEMe OCTATOUHBIX KJIACCOB OMEPAIH CJIO-
JKEHUST ¥ YMHOKEHHS BBITIOJIHSIIOTCSI TIOKOMIIOHEHTHO, TO €CTb eCliu a = (aq,...,an),
b = (bi,....bn), a+b = ¢ ab = d, 0o ¢ = (c1,...,¢4), d = (di,...,dy), THe
¢;i:=(a; + b;) modm u d; : =(a;b;) mod m, COOTBETCTBEHHO.

MNpumep. Ilyctp cucremMa OCTATOYHBIX KJIACCOB 3aMaHa CBOMM ocHoBaHueM (3,4,5).
Boruncanm B 3T0# cucteMe cymMy U IIpousBesieHMe unces 7 u 8. Vmeem:

7= (7Tmod3,7mod 4,7mod5) = (1,3,2), 8 =(2,0,3). Torna cioxenue:
7+8=((142)mod3,(3+0)mod4,(2+ 3)mod5)=(0,3,0) u

15 = (15 mod 3,15mod 4,15mod 5) = (0, 3,0). YmHOXEHUE:
7-8=((1-2)mod3,(3-0)mod4,(2-3)mod5) = (2,0,1) u

56 = (56 mod 3,56 mod 4,56 mod 5) = (2,0,1).

OTCTYINJIEHUE

Boruncienuss B ocTaTOUHBIX Kjaccax B HEKOTOPBLIX CHEIHAJIbHBIX IMMPUMEHEHUAX WCIIOJIb3YIOTCA
HapAanay Wi Jaxe BMECTO BBIUUCJIEHUI B OOBIYHOMN IMO3UITMOHHON JIBOUYHOW CUCTEME CUMCJIEHUS.

OZIHI/IM N3 I'VTaBHBIX IIPENMYIIECTB BBIYUCJIEHUI B CHCTEMaX OCTaTOYHBIX KJIACCOB SIBJISIETCSI OTCyT-
CTBHE II€EpEHOCA Pa3psAJ0B IIPpU CJIOKEHUU U YMHOKEHHU, ITOCKOJIbKY AOCTAaTOYHO CJIOKUTH WJIN
YMHOKHUTDb HPEACTABJAIONIUE BEKTOPbBI I103JIEMEHTHO. B CIIeAJIM3UPOBAHHOM IIpOoLEeccope 3TO
MOJXHO C/eJIaTb IapaJ/lJIeJIbHO, a ITIO3TOMY 8pPeMA 8blNOJIHEHUA obeux onepaquﬁ He 3asucum om Ko-
JUYecmea uucesl 8 0CHOBAHUU CUCTIEMbL OCMAMOUHbIX Kiaccog. CaMy 4ucja B OCHOBAaHUU CUCTEMBI
OCTATOYHbIX KJIaCCOB MOJKHO BI)I6I/IpaTI) He60.7II)HH/IMI/I, " allfapaTtHbie ollepaluu ¢ HUMHU MOKHO
BBIIIOJIHATb O4Y€Hb 6I)ICTpO.

OrpannyeHue AMana3oHa NPEACTaBJICHUS YKUCes He SIBJsSeTCs cyllecTBeHHbIM. Hampumep, eciu
B3sITh OCHOBaHus 3,5, 7, 11,13, To Ajis1 XpaHeHKst OCTaTKOB notpedyercs 2+3+3+4+4 = 16 Gur.
[Ipu atom nuanason npezacrasaerus coctaBut 0..15014, 4TO BIOJIHE COINOCTABUMO C HANa30HOM
0..65535 g 16-OUTHBIX JIBOMYHBIX YHCEJL.

JleficTBUTETBHO CYIIIECTBEHHBIM HETOCTATKOM BBIUMCJIEHMH B OCTATOYHBIX KJIACCAX SBJSIOTCS Me]l-
JIeHHbIe AJITOPUTMBI TEPEBO/IA M3 TO3UIIMOHHOW CHCTEMBbI CUUCTIEHUS B CHCTEMY OCTATOUYHBIX
KJIACCOB 1 0OPATHO, a TAKKe JeJIeHUsT ¢ 0CTaTKOM. D(MQPEKTUBHBIE AJITOPUTMBI [T 9TUX Olepariii
HEU3BECTHBI.

2.4.9. ®yHkunsa dinepa

Qynxyueti Jiaepa oT HATYPATBHOTO apTyMEHTA 7. HAa3bIBAETCST KOJMNIECTBO YHCET MEHb-
MIUX 1 U B3aUMHO TPOCTHIX ¢ n. CraHAapTHBIM OOO3HaueHUWeM Ui (pyHKIMU Jiliepa
apisiercst p(n). V3 onpenenenust sicio, uto n > 1 = 1 < ¢(n) < n. Ilo onpexnenenuio

o(l):=1.
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Mpumep. (1) =1,0(2) =1,0(3) = 2,0(4) = 2,¢(5) = 4,¢(6) = 2.

3AMEYAHUE

[TpuBenénnast cucteMa BBIYETOB MO MOJYJIO 1. COIEPKUT ¢ (n) DJIEMEHTOB.

Boobiie roBops, uncioBast GYHKIUA f HasbIBACTCS d0OUMUBHOL, €CJIU OHA YBAXKAET CJIO-
xkenue, To ectb f(x +y) = f(z) + f(y), n HA3BIBAETCS MYIOMUNIUKAMUBHOU, €CI OHA
yBaxkaeT yMHOXeHue, 1o ectb f(zy) = f(z)f(y).

B Teopum umcen MCHONB3YIOTCS JpyrUe OINpeAeeHusl 9TUX ToHATHi. DyHKIms
f: N — N naswiBaetrcs addumuenot, ecmu Y,y € N (v Ly = f(zy) = f(z) + f(y)),
u HazbIBaercs myavmuniukamuenol, ecru Va,y € N (z Ly = f(xy) = f(x)f(y)).

Mpumepbl

KosnmyecTBO MHOKUTENEH B PasJoKeHUW YKCIA m Ha TPOCTbie (Ge3 ydera KPaTHOCTH
Q(n) — agmuruBnas byuknust. Yucao genurenein uncaa n (obosnavaercs d(n)) u cymma
nenureneii unciaa n (obosHavaercst o(n)) — MyJBTUIIMKATHBHBIE (DYHKITUM.

Taxske B TEOPUM UWCES BBIAETSIIOT 8ROAHE AJOUMUBHbIE T BNOIHE MYALMUNIUKAMUGHDLE
(dbyHK1MH, TTPpeHeOperast B3aUMHOI TIPOCTOTON B COOTBETCTBYIONIMX OMPEICTCHUSX.

MNpumep. Crenennas dyukius f(n) = a™,a > 0 BIoJHE MyJIBTUILINKATUBHA.

3ajauMcst MyJIBTUILIMKATUBHOW (yHKIMel f. 3aMeTum, 4TO JJIsl TOJCcYeTa e€ 3Haue-
HUS JIJTs1 TPOU3BOJIBHOTO 1 IOCTATOYHO MOCYUTATH €€ 3HAUEHUS I Yuces BUja p°, rie
p € P, a € Ny. [leiicTtBuTesbHO, IyCThb 1 — IMPOU3BOJIbHOE HaTypajbHOe 4yucsio. Torma
[0 OCHOBHOI Teopeme apudmeTuku (1. 2.4.4) 4MCIO n MOXKHO €IMHCTBEHHBIM 0o0pa-

30M Pa3JIOKUTh Ha TIPOCTBIE MHOKUTENN 1 = pi'p5? ... pp¥, U U3 MyJIBTHIUINKaTHBHOCTH

noryuum f(n) = f(pi'ps*...pp*) = fP1) f(03*) - - f(p*)-
TEOPEMA 1. @yuxuyus Jiinepa myromuniukamusna.

AokasaTENbCTBO. IlycTh @ L b. PaccmoTpuM MHOKECTBO
U:={az+by|ze{l,2,...,b},y €{1,2,...,a}},

cocrosiee 3 ab yncesl. 3aMETUM, YTO BCE OHM JIAfOT Pa3HbIe OCTATKU IMPH JIEJIEHUN Ha

ab. JletictBurenbho, mycth axy + by = axs + bys (mod ab). Torna ax; = axs (mod b) u

byr = bys (mod a), oTKyma 1 = x2 M y1 = yo. lanee, ax +by Lab<—= 2 Lb& y L a.

HetictButenpro, ax +by L ab<—= ax+by Lb & ax+by La<=ax L b & by L a <

<z 1 b& y L a. Takum o6pasoM, MHOKECTBO 2JieMeHTOB U, B3aMHO TPOCTHIX C ab,

u30MOPGHO MHOXKeCTBY Tap (x,y) Takux, uto z€1.b & z1b, y€l..a & yla.

Ho |{ax+by=ueU|ar+by Lab}|=p(ab), |[{xrel.b|zLa}|=¢p(a)

[{y € 1..a | y L b}| = @(b). Hoatomy p(ab) = ¢(a)p(b). O

TEOPEMA 2. Ecaun = pi'py*...py", pi € P, mo

k
- - a ap— ].

p(n) = (pflh — 1) (pgz — pl2 1) (pkk — pl* 1) _ nH (1 B p) .
i=1 ¢
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DOKASATENLCTBO.  3ameTuM, uto ¢ (p?) = p®—p®~! ana a > 0. [leiicTBUTEIbHO, YUCIaMHU,
He B3aWMHO MPOCTBIMU CO CTETIEHBIO TIPOCTOTO YHUCJIA, SIBJSIOTCS T€ M TOJIBKO T€, KOTOPHIE
Ha 9TO IIPOCTOE YUCJIO JAeNATCH, a uX poBHO p® 1. OTClofa U U3 MYJIBTHILIMKATHBHOCTH
(ysrIMmM Jitsepa ciaemyer yTBEpKIEHUE TEOPEMBI. O

Camoe n3BeCTHOe U Ba)KHOE CBOUCTBO (DYHKIIMU Jiijiepa BbIPAXKAETCS B TeOpeMe Jiljiepa.
TEOPEMA 3 (9iinepa). Ecaua L n,moa¥™ =1 (modn).

LOKABATENBLCTBO. PaccMOTpUM NPUBEAEHHYIO CUCTEMY BBIYETOB {71, ... vxv(n)} 1o MO-
aymo n. B ueil poBHO ¢(n) asemenToB. [JOMHOXKUM KaK/IbIil AJIE€MEHT HTOM CHCTEMBI
Ha yucao a. Ilo Teopeme m. 2.4.6 mosyuyeHHas cucTeMa TOXe SBJSETCS TPUBEACHHOU
CUCTEMOI BbIYETOB 110 MOAYJIO n. TakuM 06pasoM, IPOU3BEAEHIE BCEX MONYYEHHBIX Bbl-
YETOB CPABHUMO C TIPOU3BEJIEHNEM BCEX MCXOAHBIX (TTOCKOJIBKY HOBAsl CHUCTEMA BBIYETOB
TaKKe TPUBEJEHHAS], TO OHA SIBJISIETCSI HEKOTOPOU MEPECTAHOBKON MCXOMHOW CHUCTEMBDI).

Orciona ariaxy . ..aTym) = T122 ... Ty(n) (modn). [IOCKOMBKY 2123 . .. Ty () B3AUMHO
IIPOCTO C M, TO Ha 3TO IPOU3BEJEHNE MOKHO MOJAEJNTh 00e YacTu cpaBHeHus. Ilomyunm
a?™ =1 (modn). O
CNEAOCTBUE

manas Teopema depma). Ilycmov p — npocmoe uucio.

(
Tozda a?~* = 1 (mod p) drs m06020 a, ne denswezocs na p.

Mpumep. I[lokaxkeMm, Kak Teopemy OJiljepa MOKHO TPUMEHSTH B 3ajlaue, HA MEPBBII

B3IJIsL]l HUUero ob1iero ¢ Heil He umetoteid. ITycTh uyncaa m W n B3aUMHO TIPOCTHI, 1. HE

JIeJTUTCS HU Ha 2, Hu Ha 5. OTeHUTD IyInHY meproja apobu z = 2, Pemenue. CyuiecTByer

.
t Takoe, uto (10" — 1)z = y, rae y — nenoe uncno. Orciona © = 5. Iockosibky
— HecokpaTumas 1podb, umeeM (101 — 1)|n. 3amerum, uto ¢ = (n) NOAXOAUT IO
TeopeMe Jiljiepa, a JAJMHA IIePUOLa — MUHMMAJIbHOE TaKoe t, 3HAUUT, JJIMHA [IEPUOa He

peBoCXoauT p(n).

m

2.5. BeKTopHble NpoCcTpaHCTBa U MoAaynu

[ToHATHE BEKTOPHOTO MIPOCTPAHCTBA A0JKHO ObITh U3BECTHO YUTATEJIO U3 Kypca CpeHeil
IIKOJIBI M IPYTHX MaTeMaTH4ecKuX KypcoB. OOBIYHO TO TOHATHE ACCOIUMPYETCS C Ieo-
MEeTPUYECKOil MHTepIIpeTalueil BEKTopoB B ipocTpancTBax R? n R3. B aToM paszene namb
U [IpyTue TpUMepbl BEKTOPHBIX MPOCTPAHCTB, KOTOPbIE MCIOJIb3YIOTCS B MOCJIEIYIONNX
TJIaBax /I PelieHnsl 33/1a4, BeCcbMa JANEKUX OT TeOMEeTPUYeCKON MHTEPIIPETAINH.

2.5.1. BeKkTOopHble NPOCTpPaHCTBa

Ilycts F = (F;+,-) — ToJe ¢ omepanueil CI0KeHNsT +, oneparyeil yMHOKEHUS -, ao-
Jumuenoim HEUTPaNbHBIM 2JieMeHTOM (Hysem) 0 u myromuniuxamusnvim (eguauieii) 1.
[Mycts V = (V;+) — abeneBa Tpymma ¢ omepareil + 1 HEUTPaTbHBIM 31eMeHTOM 0.
Ecim cymectByer onepariusg F' X V' — V' (3Hak 3Toll omepaIiuu OIyCcKaeTcsl), TaKkas, 4To
Juist o0bIX a,b € F u 1jist io0bIX X,y € V' BBIMOJHSIIOTCS COOTHOIIEHUST:

1) (a+b)x = ax + bx;
2) a(x+y) = ax + ay;
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3) (a-b)x = a(bx);
4) 1x = x.

TO V Ha3bIBACTCS BEKMOPHLIM NPOCMPAHCMEOM HaJ 110J1eM F, ajleMeHTbl F' Ha3bIBalOTCA
cKanapamu, 3IeMeHThl V Ha3bIBAIOTCS 6eKmMopamy, HeWTPaIbHBIN 3JIeMeHT rpymisl V' Ha-
3BIBAETCS HYAb-6ekmopom u obosHauyaetTcs 0, a Heobo3HaueHHast onepanust F x V — V
HAa3bIBACTCST Y MHONCECHUCM BEKMOPA HA CKALSD.

Mpumepsl
1. Iycrs F = (F'; 4, -) — Hexoropoe nose. PaccmoTpuM MHOKeCTBO KopTeskeii F™. Torna
Def
Fr = (F™ 4),11e (a1,...,an)+ (b1, ...,bp) = (a1+b1,...,a,+b,), aBagerca abere-
o . . Def Def
BOII TPYIIOH, B KOTOPOii —(ay,...,an) = (—a1,...,—ap) 10 = (0,...,0). Homoxum
Def n
alay,...,an) = (a-ay,...,a-ay). Torma F™ sBisieTcsl BEKTOPHBIM TPOCTPAHCTBOM

Hag F pua mo6oro (koHedHoro) n. B uwactHocTH, R™ 4BiIseTCsl BEKTOPHBIM IIPO-

CTpaHCTBOM /1 J110060ro n. BexTopuble npoctpanctsa R? 1 R? uMeloT ecTecTBeHHYIO
reOMeTpPUYECKYI0 MHTEPIPETaIHIO.
2. JlBonunast apubmernka Zp = (Fa;+g,-) siBusiercst noxem, a Oymean (2M:A) ¢
o . o Def
CUMMETPUYECKOH pa3HOCTbIO ABageTca abenesoit rpymmnoit. [Momoxkum 1X = X,

Def .
0X = @. TakuMm 06pa3oM, 6ysreat ¢ CHMMETPUYECKO PA3HOCTBIO SIBJISIETCST BEKTOPHBIM
TTPOCTPAHCTBOM HAJ[ TBONYHOU apu(PMETHKOM.

3. llyerp X = {z1,...,2,} — IPOU3BOJIBHOE KOHEUYHOE MHOXKECTBO, a F = (F;+,-) —
nosie. Paccmorpum MHOKeCTBO Vx Beex (DOPMATIBHBIX CYMM BHAA Y A, THe A\, € F.

rzeX
[Tonoxum

Z Ao + Z Ty Dcf Z e + pz)x, « Z Ao Def Z (o Ap),
reX reX rzeX rzeX rzeX

TIe o, Ay, [ty € F. AcHo, uTo Vi gBIsIeTCS BEKTOPHBIM IIPOCTPAHCTBOM, a X SABJISETCS
€r0 MHOKECTBOM 00pasyiomux. B TakoM ciiydae TOBOPST, 4TO Vx — 3TO BEKTOPHOE
MPOCTPAHCTBO, «HATSIHYTOE» HAa MHOKECTBO X.

4. B ycnoBusix npensiayiero npumepa (X = {z1,...,2,} — NPOU3BOJbHOE KOHEUHOE
MHOKeCTBO, a F = (F;+, ) — noue) paccmorpuMm MHOXkecTBO ®:={f | f: X — F}.
[Tonoxxum

(f +9)(@) 2 (@) + g(x), e fge®, (af)(@) X a-f(x), meacF,fed.

HeprI[HO BU/IETDH, YTO ® aBnsercs BEKTOPHBIM IIPOCTPAaHCTBOM Ha/l I1OJIEM F.

2.5.2. JIuHeliHble KOMOMHaUUN
JIEMMA. Vxe€V (0x=0),Va € F (a0 =0).
JOKASATENbCTBO.

(1] x=(1-1)x=1x—1lx=x—x=0.
[2] a0 =a(0—-0)=a0—a0 = (a—a)0=00=0. O
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Ecim V — BekTOpHOE MpocTpancTBo Hal nojieM F, S — HEKOTOPOe MHOKECTBO BEKTOPOB,
S C V, To xoHe4YHas cymMMa BUIA

n

E a;X;, aiEF,XiES,

i=1
Ha3bIBAETCS AUHElHOU KomOunayuell BektopoB u3 S. [lycts X = {x1,...,Xx} — KOHEUHOE
MHO’KeCTBO BeKkTopoB. Ecin

k
Zaixi =0=Viel.k (ai :O),

i=1

TO MHOXeCTBO X Ha3bIBAETCS JUHEUHO He3A8UCUMbIM. B TTPOTUBHOM cJjiydae MHOKECTBO
X HasbIBaeTCs JUHEUNHO 3a8UCUMDIM:

k k
Jdai,...,ar € F \/ai;«éO&Zaixi:0
i=1 i=1

TEOPEMA. Jluneiino ne3asucumoe MHojicecmao 6eKmopos He CoOepicUm nyib-6eKmopa.

Doka3aTENbCTBO. Ot nporuBHOTO. IlyCcTh TMHENHO HE3aBUCUMOE MHOXKECTBO

S = {x1,X2,...,Xk} CONEPKUT HYJb-BEKTOP W IYCTb JJISI ONpeAeséHHOCTH X1 = O.
Honoxum a1 : =1, az:=0,...,a5:=0. Vimeem Y " | a;x; = 10 + 0x2 + - -+ + 0x,0 = 0,
YTO TMPOTUBOPEYNUT JIMHEWHON HE3aBUCUMOCTHU S. (]

2.5.3. ba3uc u pasmepHOCTb

IMoamHOXKeCTBO BEKTOPOB S € V, Takoe uTo j11060ii s1eMeHT V' MozKeT ObITh IIpeAcTaBaeH
B BUjle JMHEHHONH KOMOMHAIMY JIEMEHTOB S, Ha3bIBAETCS NOPONCOAIOUUM MHOKECTBOM
npocTpaHcTBa V W MHONMCeCmEoM 0Opasyowux. JIMHEITHO He3aBUCKMOE MTOPOYKIAIIIee
MHOKECTBO Ha3bIBAETCS OA3UCOM BEKTOPHOIO IMPOCTPAHCTBA.

TEOPEMA 1. [lycmb éexmopnoe npocmpancmeo V umeem 6asuc B = {ey,...,e,}. To-
20a Kaxncowlil sneMenm 6eKmopHOzZ0 NPOCMPAHCMEA UMeem eOUHCMBEHHOE NPeOCmasienue 6
Oannom basuce.

DokasatEnbCTBO. Ilycte x =Y. jae; ux=y ., be;. Torna

n

0=x—x= ia,;ei — zn:b,;ei = Z(ai *bvz)ei
i=1 i=1

i=1

nviel.n (a,;fbi):(), OTKY/la Vi (ai :bz) O

KoadduimenTsl pasioxkeHust BEKTOpa B TaHHOM (asnce Ha3bIBAIOTCS KOOPOUHAMAMU.

TEOPEMA 2. [lycmv B = {ey,...,e,} — 6asuc, a X = {x1,...,Xp} — JAuneiino
He3asucumoe MHoxcecmso sexmopos. Tozda n > m.
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AoxazatenbctBo. Ot nporusaoro. Ilycts n < m u B — 6asuc. Torga

Jai,...,an € F (x1 =a1€1+ ...+ aney,). Umeem x1 # 0 = \/|_, a; # 0. Ilycrs st
onpenenénnoctu a; # 0. Torna e; = al_lxl — (al_lag)eQ — .= (al_lan)en. Tak xax B
noposxzaaer V, 1o u {Xi,ea,...,e,} Toxe nopoxkaaer V. AHaIOruIHo {X1, X2, €3,...,€,}
nopoxxaaer V. [Ipomoskas mporece, noaydaem, uto {xi,...,X,} nopoxiaaer V. Cieno-
BATENBHO, Xpt1 = Y iy DiX; = Xpp1 — 95y bix; = 0. Takum ob6pasom, X — suHeiiHO
3aBUCUMOE MHOKECTBO, YTO IIPOTUBOPEUYHT YCJIOBHIO. O

CNEOCTBUE. Ecau 6 gekmopHom npocmpancmee 'V MHONCECMB0 8EKMOPO8
X = {x1,...,X,} 2uneiino nezasucumo u sexmopvt muoxcecmeaY = {y1,...,Ym} 6bvi-
PaNcaomes 8 6ude JUHEUHIX KOMOUHAUUI 6exkmopos muoxcecmea X, OpyzuMu clo8aAMU,

Viel.m (yi =30 aijxj), nPUYEM T, > N, MO MHONCECME0 Y — MUHELHO 3A8UCUMOE.

[OKA3ATENICTBO. PaccMOTpUM TOAIIPOCTPAHCTBO V4 BEKTOPHOTO TIPOCTpaHcTBa V, mo-
poskIaemMoe Bektopamu MHOecTBa A. B moampoctpanctBe V4 MHOKecTBO A — (Gaswuc,
a BEKTOPBI MHOXKecTBa Y — asemeHThl. /[lasee ot mpotuBHOro. IlycTh MHOMXKeCTBO Y
JINHEITHO HEe3aBUCUMOE, TOT/IA IO TEOPEME 1 = m, YTO MPOTUBOPEUYHUT YCIOBHIO. d

TEOPEMA 3. Ecuu By u By — 6asucwt éexmoprozo npocmpancmea V, mo |By| = | Ba|.

DOKASATENLCTBO. B, — 0asuc, u By — jnuHelHO He3aBucuMoe MHOxkecTBo. Cienosa-
TesbHO, |B1| = |Bs|. C mpyroii ctoponsl, By — 6asuc, u By — JUHEHHO He3aBUCUMOE
MHO)ecTBO. CiresioBaresbHo, |Ba| > |Bi|. Umeem |Bq| = |Bs. O

Eciu BekTOpHOE mpOCTpaHcTBO V MMeeT Gasuc B, TO KOJUYECTBO 2JEMEHTOB B Oasuce
Ha3bIBAETCS PA3MEPHOCMBIO BEKTOPHOTO TPOCTPAHCTBA M obo3Havaercst dim V. Bekrop-
HOE TIPOCTPAHCTBO, MMEIee KOHEUHBIN Ga3uc, Ha3bIBAETCST KOHeUHOMePHbIM. BekTopHoe
MPOCTPAHCTBO, He MMeloTiiee Hasrca (B CMBICTIE TPUBEAEHHOTO OTIPE/IEJIEHYIS ), HA3bIBAETCST
OECKOHEUHOMEPHBIM.

Mpumepsl

1. OnHos/eMeHTHBIE TIOAMHOKeCTBa 00pasyioT Gaszuc Gyneana, dim 2M = |M|.

2. Koprexu Buza (0,...,1,0,...,0) obpasyior 6a3uc mpocrparctsa F7, dim " = n.
3AMEYAHME

Eciu onpezenuts 6a3uc Kak MaKCUMAJIbHOE JMHEWHO HE3aBUCHMOE MHOKECTBO (TO €CTh MHOKe-
CTBO, KOTOPOE HeJIb3s1 PACUIMPUTH, HE HAPYLIMB CBOMCTBA JIMHEHHON HE3aBUCHMOCTH ), TO ITOHATHE
6a3nca MOJKHO PACIPOCTPAHUTD M HA GECKOHEYHOMEPHBIE TPOCTPAHCTBA.

2.5.4. KoHe4yHble nong
B arom maparpage Ha npumepe MOHATHUS KOHEUHBIX IOJIEH JIEMOHCTPUPYETCS TeCHas
CBS3b Pa3/IMYHBIX Pa3/ejioB O6I.Hel>i 8.]11‘86pr 1 TE€OpUHr 4YuceJ.

[Toxne F,, cocrosiee n3 KOHEYHOTO YUCJA 3JEMEHTOB 7, HA3BIBACTCS KOHEUHLIM NOLEM,
unu nonem lanya.
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3AMEYAHME

Wuorza ucrnonbayercsi o6o3nadenne GF(n) (or anri. Galois Field).

MNpumep. Eciau p — npocroe 4ncio, To Z, — MHOKECTBO KJIACCOB BLIYETOB 110 MOLY.JIIO
p — mnosie lamya (1. 2.4.6).

Ecin nogmuoxectBso G ajieMeHTOB 110JIs F' Takke sIBgeTcs 1nosieM, To (G Ha3bIBaeTCs
cyocenuem onsd F, a F — pacwupenuem nons G.

Mpumep. Ilose Fy = ({0,1,a,b};+, x) siBisieTCss pacuIipeHUEM OIS
Zo = ({0,1}; +, %), ecu OMpeesTUTh OMePAINN CIEAYIOMNM 00Pa3oM:

+‘01ab *‘01ab

+\01 *\01 0/0 1 a b 0/0 0 0 O
Zo: 010 1, 00 O0; Fy: 1|1 O b a, 1{0 1 a b.
1‘10 1‘01 ala b 0 1 al0 a b 1

blb a 1 0 b0 b 1 a

. Def
Beeaém o603HaUeHUE: ga = a+a+...+a. Hopﬂakom 10 C0JNCEeHUI0 DIIeMeHTa a U3 abe-
N———

q pas
JieBOi Trpynmnbl F' HasbIBaeTCs HaMMeHblllee HaTypaJbHOE YMCIO0 ¢ Takoe, 4To qa = 0.
EcJiit TakoTO 4KcIIa HeT, TO TOBOPSIT, YTO MOPSIZIOK 3JIEMEHTA PaBEeH GECKOHEUHOCTH (TAKIKE
MHOT/Ia TOBOPSIT, YTO TOPSIZIOK PaBeH HYJIIO).

He Bo Bestkoii abesieBOM rpyIine 3J1eMEHTbl MMEIOT KOHEYHbIH HMOPSIIOK 10 CJOKEHMIO.
Hanpumep, B rpyne (Z; +) Bce ajeMeHTbI, kpoMe 0, He UMEIOT MOPSIAKA MO CJIOKEHUIO.

3AMEYAHME

He caeyer myTaTh olepanuio YMHOKEHUS 9J€MEHTa Ha YHCI0 ga = a + a + ... + a (g pa3), rue
a € Fy, g € N, c onteparuieit yMHOKEHUSI B KOHEYHOM T0JIe a * b, T7e a,b € [Fy,.

JIEMMA. B koneunom noae y 1106020 s1emMenma cyuecmsyem nopsadok no CAONCeHUIo:
VaeF, (3¢ <N (qa=0)).

JOKASATENIbCTBO. BBHAY KOHEYHOCTH M0JiE B OGECKOHEYHON IIOC/IeA0BATeIbHOCTH
a,2a,3a,... CyImecTBYIOT MOBTOpsIoNIecs aneMeHTsl. [lycts ¢ia = ¢oa, g2 > ¢;. Torma
(g2 — q1)a = 0, caenoBaTENBLHO TOPSIOK dJIEMEHTA a He GOTbIIE ¢y — q1. |

TEOPEMA 1. lio60e koneunoe noxe ¥y, sensemcs pacuupenuem nois, usomop@pmozo Zy,
2de p — nPocmoe wuco.

D OKA3ATENbCTBO. Paccmorpum 1 — eamHuiy mo ymHoxkeHuio B noje . Ilycte m —
nopsiziok 1 mo caoxkerwo. Ecam umcno m — coctaBHOe, TO ecTb m = be (b > 1, ¢ > 1),
o ml =0 = (bc)l =0 = (bl) % (c1) = 0. Tak xak b < m, ¢ < m, umeem bl # 0,
cl # 0. Y Hynsa okasanuch HeHyJIEBbIE [IEJIUTENN, YTO IPOTUBOPEYUT CBOMCTBY MOJIEH
(. 2.3.3), 3uaunt m — mpocroe yuciao. Ho 1 € F, u Vk € N (k1 € F,,). Kaxnomy
anemeHTy k1 (k < m) MOXHO COTIOCTAaBUTbH KJIACC BBIYETOB k U3 TIOJIS BBIYETOB Zyy,. TaKUM
o6pasom, B mosie IF,, MOKHO BIIeUTh MHOKeCTBO G = {0,1,1+1,1+1+1,..., (m—1)1},
U30MOP(PHOE MO0 Zyy,. O
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Yucno p Ha3bIBaeTCs xapakxmepucmuxou noas F.

TEOPEMA 2. [lycmo F,, — xoneunoe none, a G — cyacenue nons F,, usomopgnoe noao Ly,
20e uucno p — npocmoe. Tozda xoneunoe none ¥, — eexmopnoe npocmpancmeo nao ceoum
noononem G.

[OKA3ATENIbCTBO. JJieMeHTHl 10N [F,, ABISAIOTCS BEKTOPAMHM, CIOXEHWE + SBISETCS
BEKTOPHBIM CJIOKEHHMeM, 3JeMeHTbl nossg G aBiagiorcd ckaggpamMu (M OJHOBpPEMEH-
HO BekTopamu!), a omepaiusi YMHOXEHHUS * SIBJISIETCSI YMHOXKEHMEeM Ha cKajsip. 3
JIOKa3aTeIbCTBA TeopeMbl 1 BUIHO, UTO HENTpaJbHBIE 3JeMeHTH B mosix F, u G cos-
nagaoT. Takum 06pa3oM, Bce 4YeThIpe aKCHOMbBI BEKTOPHOTrO mpoctpancTBa (1. 2.5.1)
BBITIOJIHSTIOTCSI, KAK YACTHBIE CJIy4au CBOMCTB OIIEPALIUIl MOJISL. O

CNEACTBUE. I[lycmwv F,, — xoneunoe none, a G — cywcenue nons ¥,, uzomopgnoe nonwo
Ly, 20e uucno p — npocmoe. Tozda cywecmeyem mmoncecmso X = {1, ..., x,, } maxoe, umo
VeeF (Jar,...,am €G (=21 a; xx;)).

LOKA3ATENLCTBO. B kauectBe X MOXKHO B3sTh Jit0060e TOPOKIAMOIIEE JIMHEHHO
HEe3aBUCHMOE MHOKECTBO, TO €CTh Hasuc. O

SAMEYAHMUE

B xoneunom nose IOPA/IOK J1I000r0 3JIEMEHTA 110 CJIOKEHUIO paBeH p.

TEOPEMA 3. B noze lanya F,, xoiuvecmso anemenmos n = p~, zde p € P — npocmoe
uyucno, k € N — namypanvroe uucio.

DOKA3ATENLCTBO. [lycTh p — mopszok 1 1o cioxenuio. B Teopeme 1 mokaszano, 4to B
mosie F,, cymecrsyer noanone G = {0,1,1+1,..., (p—1)1} nopszaka p. Ilo teopeme 2 mose
IF,, sIBJIsieTCsI BEKTOPHBIM IIPOCTPaHCcTBOM Hajl iosieM G u umeer 6asuc X = {z1,...,z}.
Takum 06pazoM, Kaskablii aseMeHT x € I, eduncmsennvim 06pasom TPEICTaBIAETCS B

k o
BUJIE CYMMBI & = ) .| G;*X;, 1 KaXKlasd CyMMa IIpe/ICTaB/IsgeT HeKOTOPLIi ajeMenT. Taknx

cyMM poBHO pF, 10oCKOMbKY KOS(DMUIUEHTDI a1, .. .,a); NPUHUMAIOT BCE P BO3MOKHBIX
3HaueHMH, a k — YMCI0 BEKTOPOB B basuce. (]
SAMEYAHME

Mo:KHO TOKa3aTh, 4YTO BEPHO U 0OpaTHOE, TO eCTh s Jioboro p € P u k € N cymecrsyer noJe
Tanya IF .

2.5.5. Mopgynu

[TonsiTie MOmyJIsT BO MHOTOM aHAJOTUYHO TMOHSITUIO BEKTOPHOTO MPOCTPAHCTBA, C TOU
JINTITh Pa3HUIEH, YTO BEKTOPHI YMHOJKAIOTCS HE HA 3JIEMEHTBI M3 TOJISI, 2 HA 3JIEMEHTBI
U3 TPOU3BOJIBHOTO Kosbla. [lycts R = (R;+,*) — KOJbBLO ¢ omepaiueil caoxeHus +,
orieparueil YMHOKEHUST *, HYJEBbIM 3ieMeHTOM ( U eIMHUYHBIM 3jieMeHToM 1. Abere-
Ba rpynmna M = (M;+) HasbiBaeTcst MOOylem HAJ[ KONBIOM R, ecyiu 3ajlaHa OTepaIisi
YMHOKeHUs Ha ckasip R x M — M Ttakas, 4To:
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1) (a+b)x = ax + bx;
2) a(x+y) =ax + ay;
3) (axb)x = a(bx);

4) 1x = x,

rne a,b € R, ax,y € M. Kak u B ciiydae BeKTOPHBIX ITPOCTPAHCTB, 3JIEMEHTBI KOJIbI[a R
Ha3BIBAIOTCS CKALAPAMU, & DJIEMEHTDI TPyl M — sexmopamu.

Mpumepsl
1. Bexrophoe mpoctpancTBo V Haj noseM F aBisercss MoayieM Haa F, Tak Kak IoJjie o
OTIpe/IEJICHUIO SIBJISIETCS KOJIBI[OM.

2. MHOXeCTBO BEKTOPOB C II€JIOUUCJIEHHBIMU KoopArHaTaMu B R™ sBisieTcst MOIyieM
HaJ[ KOJBIIOM Z.

3. Jliobas abGeseBa rpylia eCTh MOAYJIb HaJ KOJIbLIOM Z, €CJIM Ollepaliio YMHOKEHHUS Ha

Def
cKamap n € Z,n > 0 OHpele/nTh CAeAYIONUM 06pa3oM: nv = V 4V + --- + v, TJe B
CYMMY BXOJIUT 1 CJIATA€MbIX.

Ecitit KOJTbII0 HEKOMMYTaTHBHOE, TO PA3JIMYAIOT 1e6ble MOOY.IU, B KOTOPBIX AKCHOMBI 3aIIH-
CHIBAIOTCSI TaK, KaK YKA3aHO BBIIIE, U NPasble MOOY.Iu, B KOTOPBIX TPETbsI AKCHOMA HMEeT
Buzl (a * b)x = b(ax).

2.6. PewéTkun

Pemérku nHorza Ha3bpIBaIOT «CTPYKTYPAMU», HO CJIOBO «CTPYKTypa» MEPerpy>KeHo, 1 Mbl
He GyIeM UCIIOJb30BaTh €r0 B 9TOM 3HAUCHUM. PeméTku camu 1o cebGe 4acTo BCTpeda-
IOTCS B Pa3HbIX MPOTPAMMUCTCKUX 3aj[auax, HO ellle BasKHee TO, YTO MOHSITHE PENETKU
HEMOCPE/ICTBEHHO MOBOIUT K MOHSITHIO OyJIeBO anreGpbl, 3HAYEHIE KOTOPOIl IS OCHOB
COBPEMEHHOI IBOUYHOIM KOMIIbIOTEPHON TEXHUKHU TPYIHO ME€PEOLEHUTb.

2.6.1. AncTpubyTUBHbIE N OrpaHU4YEeHHble PeLUETKN

Pewémrxa — 910 MHOKECTBO M ¢ IByMs GUHAPHBIMHU OTI€panusamMu, N U U, TAKAUMHU, 4TO
BBITIOJIHEHBI CEAYIONIAe YCIOBUS (AKCUOMBI PETTETKN ):

1) mpemmorenTHOCTE: aNa=a, aUa=a;

2) KOMMYTaTUBHOCTE: aNb=bNa, aUb=0bUgq;

3) acconmaruBhocTh:  (aNb)Nec=aN(bNc), (aUb)Uc=aU(bUc);

4) norsomenue: (aNb)Ua=a, (aUb)Na=a.

Pentérka nassiaetcst ducmpubymusnoi, ecan a U (bNe) = (aUb) N (aUc)
nan(®dUec)=(andb)U(anc).

Ecau B pemérke 30 € M (Va (0Na =0)), To 0 HassiBaercst nysem (W nudicHell epa-
not0) penérku. Ecam B permétke 31 € M (Va (1Ua = 1)), To 1 HassiBaetcst edunuuei

(wmm eepxuell ezpanvio) pemeTku. PeméTka ¢ BepXHENH M HUXKHEH TPaHSMU HA3bIBAETCS
02PaAHUYEHHOTL.

TEOPEMA 1. Ecnu Huxcnss (6epxHsisng) epans cyuecmsyem, mo OHa eOUHCMBEHHA.

DoxazatenbcTtBo. Ilycts 0 — BTOpOit Hysb pemérku. Torma 0 =0N0' =0'N0=0. O


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

2.6. PewéTtkn 145

Mpumepsl

1. Bynean 2M koneunoro muosxectsa M o6pasyeT orpaHUYEHHYIO JUCTPUOYTUBHYIO pe-
METKY OTHOCUTENBHO oriepaliuii mepecedenust N u o6beaunternst U. [TycToe MHOKECTBO
@ o0OpasyeT HIDKHIOIO I'DaHb PEIIETKU, a MHOKECTBO M 00OpasyeT BEPXHIO IDaHb
peméTku. BoiosHenue akcuoM peméTku nposepeno B 1. 1.2.9.

2. MHOXeCTBO HATypPaJbHBIX UKCEJ, T/l B KAYeCTBE OTEPAIliy M B3SIT HAUOOJBIIHIA 06-
mmii geaurens (1. 2.4.2), a B kadyectBe U — HauMeHbliee obOuiee kpatHoe (1. 2.4.3)
SBJISIETCS AUCTPUOYTUBHOM PEIIETKON ¢ HUKHeH rpaHbio. [IpoBepuM aKCHOMBI [IHC-
TPUOYTUBHOI peréTku. VIeMIIOTeHTHOCTD U KOMMYTaTUBHOCTh OYE€BU/IHBL. AcCOTna-
THUBHOCTD IIPOBEPSETCS € UCIIOJIb30BaHUEM CBOHCTB AieanMocTu. IIycTsb
x = ged(ged(a, b), ¢), y = ged(a, ged (b, ¢)). Torna x| ged(a,b) & z|lc =
= zla & z|b & z|c = z|a & x| ged(b, ¢) = x|y. AHasOTNYHO B 06PATHYIO CTOPOHY
U g BTOpo# oneparuu. llorsonienre BpITeKaeT U3 TEOPEMBI 1. 2.4.3 M CJIEACTBUS K
Jemme u3 1. 2.4.2. IuctpuGyTHBHOCTD TPOIIIE BCETO MOKA3aTh, OMUPASICh Ha CIIE/ICTBUE
13 OCHOBHOU Teopembl apudmeturu (1. 2.4.4). B atoii pemérke yucno 1 ssasgercs
HIZKHEW TPaHbIO, BepXHeH IPaHM 3Ta PelIeTKa He UMeeT.

TEOPEMA 2. aNb=b<=aUb=a.

D OKASATENIbCTBO.
[=1] aUb=aU(anNb)=(aNb)Ua=
[=]anb=(aUb)Nb=(bUa)Nb=0b. O

CNEACTBUE. OUa=1Na=a.

2.6.2. PewéTkun ¢ gonosiHeHuem

B orpanuuennoii penérke sneMeHT o' Ha3bIBAeTCs 00NOIHEeHUeM DIIEMEHTA a, ecJiu aNa’ =
0 u aUd = 1. Ecsiu pomoJiHeHEe CYIIECTBYET Y JIIOOOTO 3JIEMEHTA, TO OrPaHUYEHHAST
pelIéTKa Ha3bIBAETCS peuémroil ¢ donoanenuem. Boobie roBopsi, 10MoJHEHNE He 00s3aH0
CYIIECTBOBATh W He 00513aHO OBITH €INHCTBEHHBIM.

MNpumep. MHOXECTBO BCEX HEUEMKUX TIOJMHOKECTB HEKOTOPOro MHokecTBa M obpa-
3yeT, KaKk HeTPYIHO IIPOBEPUTD, OTPAHNYEHHYIO AUCTPUOYTUBHYIO PEHIETKY OTHOCUTENHHO
nepeceyennss u obbegunenus (m. 1.9.6). OgHako, XOTs [JisI HEYETKMX MHOMKECTB J0-
[OJTHEHHE OTIpeliesieHO, TpebyeMble B PEIIETKe CBOMCTBA JOIOJIHEHUS He BBIIOJIHSIOTCS:

min(pa, 1 — pa) # 0, max(pa, 1 — pa) # 1.

TEOPEMA (0 cBolCTBax [OMNOAHeHus). B ozpanuuennoil ducmpubymusHnoil pewémxe
¢ 0ONOIHEHUEM BLINOIHSEMCSL Cledyowee:

1) donomnenue a’ eduncmeseno;
2) dononnenue ungomomusno: o’ = a;
3) ezpanu donommsiom dpye opyea: 1’ = 0,0 = 1;

4) ewinoansiomes 3axonst de Mopzana: (aNb) = a’ UV, (aUb) =d' NV,
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DLOKASATENBLCTBO.

[1] Iyctp x,y — momoauenus a. Torma z =axzN1l=zN(aUy) = (zNa)U(xNy) =
OU(Ny)=2zNy=yNz=0U(yNz)=(yNa)U(yNz)=yN(aUz)=yN1=uy;
[2] (aUd =1=d Ua=1aNd =0=d Na=0)=a=2d";
[31(1N0=0,00N0=0)=1=0,(1U0=1,1U1"=1)=>0=1/

41 (and)N(a’ UY) = (andbNa’) U (andNd’) = (0Nb) U (aN0) =0U0 =0,
anb) U (d' UY) = (aUd UV)N(bUd UY) = (1UV)N(1Ud) =1N1 =1,
Ub)N(a/Nb') = (ana’Nb’) U (bna’Nb’) = (0Nb') U (a/N0) =0 U0 = 0,

ub

[
E
( YU (a'NV) = (aUbUd)N(aUbUY) =(1UbLN(1Ua) =1N1=1. O

a
a

2.6.3. YacTu4HbIN NOPSAAOK B peLlETKe
B 060 peméTke MOXKHO €eCTeCTBEHHBIM 00pa3oM BBECTH YaCTUYHBIA MHOPSIOK,

Def
a UMeHHo: a < b = aNb=a.
TEOPEMA 1. Omuowenue < sS611emcst OMHOUEHUEM YACTNUUHOZ0 NOPAOKA.

JOKASATENBLCTBO.
[ PedpnekcmBHoCTb ] aNa =a = a < a.
[ AuTcummeTpuaroctb ] a <b & b<a=—a=aNb=bNa=">.

[ TpaHautmeHoCTb ] a < b & b < ¢ = aNc = (aNb)Nc=aN(bNc) =aNb=a = a < c.
O

Hannune yacTuyHOro nopsjika B pelIETKe He CIy4ailHo, 3TO e€é XapaKTepuCTHYecKoe
cBoiicTBO. Bosee TOro, 0OBIYHO PEMIETKY OMPEAESIOT, HauMHasl ¢ YaCTHYHOTO TTOPSIIKA,
cremytonuM o6pasom. Ilycts M — 4acTUYHO YHOPSIIOUEHHOE MHOKECTBO € YaCTUYHBIM
mopsiakoM <. Hamomuamwm (1. 1.8.5), 94TO 2/IeMEHT = HA3BIBAETCST HUNCHEU ZpaHUlell Tt
aub ez < a& x < b AHAJIOTUYHO, iy HA3BIBACTCS 6epXHell zpanuyel s a U b,
ecn a < y & b < y. DJIeMeHT = Ha3bIBAETCS HUINCHEL ZPaHbI0 IIEMEHTOB a U b, ecliu & —
HYDKHSISL TPAHWIIA 9JIEMEHTOB a U b 1 I Ji'000i IPyTroil HUKHEN TPaHUIbl v 3JIEMEHTOB
a ¥ b BeImosHsieTcst v < x. ObosHauenue: x = inf(a, b).

AHAJIOTUYHO, iy HA3BIBACTCS BEPXHELL 2PabI0 3IIEMEHTOB a U b, €CIN y — BEPXHSS TPaHUIA
9JIEMEHTOB a 1 b U 1151 1060 APYroii BepXHeii IPaHuIIbl U 3JI€EMEHTOB @ U b BBIIIOJIHSIETCSI
y < u. ObozHauenue: y = sup(a, b).

JNEMMA. Eciu nuscnsas (6epxuss) epais 1o0vix 08Yx s1eMenmos Cyuecmsyen, mo ona
eduncmeenna.

DOKASATENbCTBO. = = inf(a,b) & y =inf(a,0) =y <z &k r<y=z=y. O

TEOPEMA 2. FEcnu 6 uacmuyto ynopsiooueHHoM MHOXcecmae 0st J00bix 08YX SJeMeH-
MO8 CYUeCMBYIOM HUNCHAS U BEPXHASL ZPAHI, MO IMO MHONCECMEO 06pAsyem peuemxy
ommnocumenvHo inf u sup.

DOKA3ATENLCTBO. Ilyctb z Ny :=inf(x,y), z Uy: =sup(x,y).
[1] inf(z,z)=z=2zNz=r, sup(z,z)=c=—=zUzr=ux.
[2] inf(x,y)=inf(y, ) = zNy=yNx, sup(z,y)=sup(y, ) = zUy=yUz.
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[3] inf(z,inf(y, 2)) =i (mf( y),z) = zN(yNz)=(zNy)Nz,
sup(z,sup(y, z)) =su ( sup(z,y), z) = zU(yUz) = (zUy) Uz
[4] sup(inf(a,b),a) =a==(aNb)Ua=gq inf(sup(a,b),a) =a==(aUb)Na=a O

Mpumep. Bxiodenne C ABASETCS eCTECTBEHHBIM YaCTHYHBIM MOPSAAKOM Ha Gyneane
(2M:N,U), nockosbky A C B <= ANB = A.

2.6.4. MNonHble pewéTKn

YacTUYHBII TTOPSIZIOK MOYKHO €CTECTBEHHBIM 06PasoM BBECTH B JII00OIl PEIETKe, HO TIPU
3TOM He BCSKOE MOAMHOKECTBO HOCUTEJSI PEHIETKU 00s13aHO MMETh BEPXHIOI W HUIK-
HIOIO TpaHu. PemméTka Ha3bIBAETCsT NOAHOL, €CTN JTT060e TOAMHOKECTBO UMEET CYTIPEMYM
u nHbumyM. [losHas pemérka L sBJjsgeTcS OTPaHUYEHHOH, ecau momokuTh 0:=inf L,
1:=sup L. Kpome TOT0, ICHO, YTO TIOJTHAS PEIIETKA SBJISETCS JMHEWHO MOJHBIM YACTHYHO
YIOPSITOYEHHBIM MHOKECTBOM. CBONCTBO TOHOTHI PEMIETKY SBJsIeTCsT G0JIee CUTbHBIM,
YeM CBOWCTBO JIMHEWHON TTOJTHOTHI B YACTUYHO YTIOPSI/TIOYEHHBIX MHOXKECTBAX, TO3TOMY B
MTOJTHOU PEINETKE CIIPABE/JIMBA TEOPEMa O HaMMeHbIlell HelOoABUKHON TOUKe (DYHKIUU
npu Gosiee caboM MPEINOIOKEHUE O CBOWCTBAX (DYHKIUH.

Mpumep. bBynean siBisiercst NoaHOI pemeTKoii, mockoabky ecimn X C 2M
tosupX = |J V,infX= Y.
Yex Yex

TEOPEMA. [Eciu L — noanas pewemxa, a pyuxyus f: L — L monomonna, mo Qynxuus
[ umeem HaumeHbULYI0 HENOOBUNCHYIO TNOUKY.

[oKA3ATENBCTBO. Paccmorpum muoxectBo A:={z € L | f(x) < 2} u cyuiecTBytomuii
10 yCJI0BUIO TeopeMbl ajieMeHT a = inf A. meem Va € A (a < ), u 3HauuT,

Ve € A (f(a) < f(z) < ), cienoBaresnbho, f(a) — HUKHSIS TPAHUIA JUIS MHOKECTBA
A u f(a) < a. Janee, f(f(a)) < f(a), u 3naunt, f(a) € A, OTKyAa O OIPENETEHHUIO
ayieMeHTa a uMeeM a < f(a) u 1m0 antTHcuMMerpudHOCTH f(a) = a. Takum obGpasom,
a — HenoxBuxkHast Touka ¢yukipn f. Ilycts Terepb b — obast HEMOABIIKHAS TOYKA
dyukiyu f, To ectb f(b) = b. Ilo pediieKCHBHOCTH €CTECTBEHHOTO YaCTUYHOTO HOPSIIKA
f(b) < b. Tem cambim b € A u 3HaYUT a < b. O

2.6.5. MNonypelwweTkn

EcrecTBeHHBII YaCTHYHBIH MOPS/IOK B PEIIETKE MOXKHO ONPEAEINTH OJHUM U3 JIBYX CIIO-
coboB: a < b:=aNb=auma <b:=aUb=>b. M3 reopemsl 1. 2.5.2 cIeayer, 4TO
9TO OJIHO U TO 3Ke oTHouIeHue. TakuM 06pa3oM, /st OIpe/eJIeHUsT YACTUYHOTO MOPSIIKA
JIOCTaTOYHO UMETDb TOJBKO OJHY MOAXOASIIYIO OIEePaInIo.

MuoxectBo M c omneparueir N: M x M — M Ha3bIBaeTcd NOAYPEUWEMKOU, eCcau
BBIIIOJIHEHBI cJietylole yCaoBus (aKCUOMBI T1OJIyPELIETKN ):

1) wpeMrnoTeHTHOCTB: a Na = a;

2) KOMMYTaTHUBHOCTb: a Nb=0bNgq;

3) accommatuBaocth: a N (bNe) = (aNb)Ne.

Takoit HabGOp CBOICTB BCTPEYaeTCsT AOCTATOYHO YaCTO, TaK UYTO MHOTHE OIEepaIiy
06pasyioT TOJIYPEIETKY.
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Mpumep. Onepanyu 0ObeIUHEHUS U TEPECEUEHUST MHOKECTB 0OPA3YIOT MOy PEIIETKH.

Kak BusHO M3 ZI0Ka3aTeNbCTBA TEOPEMBI I1. 2.5.4, AaKCHOM MOJIYPEIIETKH JOCTaTOYHO JIJIST
OTIPEe/IEIEHNST eCTECTBEHHOTO YACTUYHOTO Topsi/ika a < b:=aNb = a.

SAMEYAHME
Jlnst pokasaresbCTBa PeIEKCHBHOCTH MCHOJB3YETCSI MAEMIIOTEHTHOCTD, [UISI JIOKA3aTeJbCTBA
AHTUCUMMETPUYHOCTN — KOMMYTAaTUBHOCTD, a TPAH3UTUBHOCTD CJICAYET U3 AaCCOIIMAaTUBHOCTHU.

Oyuknust f: M — M, onpeneiéHHas Ha nojypemérke M, HasbiBaeTcsl ducmpuby-
musnoi, ecnin f(xNy) = f(x)N f(y).

SAMEYAHMUE

B repmuHax 1. 2.1.5 auctpubyTuBHast GYHKIMS — 9TO TOMOMOP(U3M.

HerpyznHo Buiers, 4to gucTpuOyTuBHAsS QYHKIMS f MOHOTOHHA:
r<y=z=rNy= f(z)=fxNy) = f(z)N fly) = f(z) < f(y).

ﬂpumep. HepecequI/Ie B 6yJIeaHe MOHOTOHHO, a pa3HOCTb — HET.

[TosrypeméTka Ha3bIBaeTCST 0ZpaHUUEHHOU, €CITN Y Heé CYIIECTBYIOT BEPXHSS U HIDKHIS
TpaHb.

ITockosbKy ecTecTBEHHBIN YaCTUYHBII HOPS/IOK B MOJYPEIIETKE OIIPe/lesIEH, OlIpe/esIeHbI
U BCe Ipyrue TMOHSTHS, TOCTPOEHHBIE HA €r0 OCHOBE:

1) BepxHUe M HIKHUE TPAHUIIHI;

2) BepxHue U HWXKHME TpaHM (CyIpeMyM U UHPUMYM);
3) MakcUMaJbHble © MUHUMAJIbHbBIC JIEMEHTHI;

4) HanGOJIbIITIEe U HANMEHBIIINE 3TEMEHTHI,

5) JuMHEeNHas! MOJHOTA;

6) KOHeuHas BBICOTA.

TEOPEMA. Ecau L — ozpanuyennas noaypeuwémxa koneunou evicomol, a f: L — L —
MOHOMOHNAS PYHKUUSL, MO PYHKUUS [ UMEem HAUMEHLULYIO HENOOBUNCHYIO MOUKY, KOMOPASL
Modxcem Gbimb NOAYUeHA MeMOOOM UMEPAUUT U3 HUNCHEU 2DAHIL.

DOKA3ATENILCTBO. [1OCKOJIbKY TIOJIypeIéTKA OrpaHrueHa, ee HIKHsISA TpaHb O siBIseTcst
HAUMEHBIITNUM 3J1eMeHTOM. [0CKOJIbKY TOJIypeIéTka UMeeT KOHEUHYIO BBICOTY, BCSIKOE
JINHENTHO YMOPSIOYEHHOE TIOJIMHOKECTBO MOKHO PAacCMAaTPUBATh KaK MOHOTOHHYIO TO-
CJIEI0BATEIbHOCTb, KOTOPAs 3aKaHUYMBAETCS HAUOOJBIIAM 3JEeMEHTOM (CYIPeMyMOM).
B uwacrHoctH, nocaegosarenbrocts (f0(0), f1(0), f2(0),...) MOHOTOHHA B CHJLy MOHO-
touHoctn byuknuu f u umeer cympemym a = sup {f"™(0) | n > 0}, KOTOpBI sABISIETCS
HanMeEHbIIEH HEMOABMIKHOW TOYKON (CM. /I0Ka3aTeJbCTBO TEOPEMBbl O HAaUMEHBIICH
HEeNo/BYKHOU Touke B 1. 1.8.7). O

SAMEYAHUE
MoKHO 1OKa3aTh, YTO MHOKECTBO HEIO/IBUKHBIX TOUEK MOHOTOHHOH (DYHKIIMU HA OTPAaHUYEHHOMN
HOJTypeIIéTKe KOHEYHOI BBICOTBI caMO 00pasyeT OrpaHUYeHHYIO MOTYPEETKY KOHEYHOI BBICOTHL.
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Mpumep. Paccmorpum Koneunoe MHOKecTBO A 1 Gymnean 24, Slcno, uto 24 apnserca
OrpaHUYeHHOI HOJTyPemETKON KOHEeYHOH BBICOTB OTHOCHTENBHO Hepecedenusi. PaccMot-
pum dynxmmio f: 24 — 24 rme f(X):=X + a. HauMmenbimeil HemoOABMKHOI TOYKOIX
atoit pyukiuu asiusercs {a}. HeiictBurensuo, f(&) = a, f(a) = a, f(f(a)) = a,....
Bosee Toro, Bce moAMHOKeCTBa 2, comepsKaiine 91eMenT a, ABJISIOTCS HETIO/[BUKHBIME
TOUKaMU (YHKIMU f 1 00pasyloT OrpaHUdeHHYIO TIOJTYPEIETKY KOHEUHON BBICOTBI.

2.6.6. byneBbl anre6pbl

JucTpuGyTHBHAS OrpaHIYEHHAS PEIIETKA, B KOTOPOI JIJIst KAsKIOTO SJIEMEHTA CYIIECTBYET
NIOTIOJTHEHNE, Ha3biBaeTcst Oyaesotl anzebpoii. CoiicTBa GyIeBON anrebpbr:

1) aUa =a, aNa=a — 10 ONpeJIeJIEHUIO PEMETK;

2) aUb=bUa,aNb=>bNa — 110 ONpPeJEJTEHUIO PEIIETKY;

3) aUu(Uc)=(aUb)Uc an(bNe) = (aNb)Ne¢ — 10 ONPeneseHuio PeéETKY;

4) (anb)Ua =a, (aUb)Na=a — 1O ONPeIESEHUIO PENIETK;

3) aU(bne)=(aUb)N(aUc),an(bUc) = (aNb)U (aNc)— mo AucTpubyTHBHOCTH;
6) aUl=1,aNn0=0 — 1m0 OTpaHNYEHHOCTH;

7) aU0=a,aN1=a — 10 CJAEICTBUIO U3 TEOPEMBHI II. 2.5.2;

8) a” = a — mo Teopeme 1. 2.5.3;

9) (anbd) =d UV, (aUb) =a’ N 1o Teopeme 1. 2.5.3;
10) aUd’ =1, aNd’ =0 — 1o omnpeseneHnIo.

Mpumepbl

1. (2M;n,U,” ) — Gyzesa anre6pa, npuuéM M — BepXHssL 'PaHb, & — HIDKHsS TPaHb,
C — €CTeCTBEHHBIN YaCTUYHBIN MOPSIIOK.

2. (Ey; &, V,—) — GyneBa anre6pa, time & — KOHBIOHKIHS, V — AUSBIOHKIIUS, — —
OTpUIaHUE, IPUYEM 1 — BEpPXHIS IpaHb, 0 — HIDKHAA TPaHb, a UMILIMKALAA —> —
€CTeCTBEeHHBIN YaCTUYHBIN MOPSIOK.

3. Ilyctb T — HEKOTOPOE KOHEYHOE MHOXKECTBO B3aUMHO MpoCThiX uucen. [lycts P —
MHOKECTBO BCEX BO3MOKHBIX NPOM3BEJICHUI PAa3JNUHBIX 4ucesa u3 1', BKIOYas IIy-
cToe Tpou3BejeHMe, 1o ompeneienuto pasHoe 1. 3amerum, uto P ~ 27, Torma
(P; ged, lem, ()') — 6ymeBa anrebpa, rae ged — HanGOMBIINGN OOIIHIT IETUTETD,

1 6 ; Def 1 o

cm — HauMeHblIee ob1iee kpaTHoe, a (n)' = = [] ¢, nmpuyém [] ¢ — Bepxusas rpanb,
qeT qeT

1 — HUKHSAS TPaHb, OTHOIIEHUE «N|m» — eCTeCTBEHHbIH YaCTUYHBII TOPS/IOK.

2.7. Matpouabl 1 XagHble anropuTmbl

B aTom pasnesie paccmaTpuBaeTcsl CIeyIONasd IIPOCTasg U 4acTO BCTPEYAIONascs 3KC-
TpeMajbHas 3ajjaya. 3a/laH0 KOHEYHOe MHOKECTBO [, ajleMeHTaM KOTOPOTO ITPUIIMCAHbI
MOJIOKUTEbHbIE Beca, U ceMeiictBo & C 2¥ moamuoxkects muoskectBa E. TpeGyercst
HallTh B cemelicTBe € ajieMeHT (MOAMHOXECTBO E) MaKCHMMaJbHOTO CYMMapHOTO Beca.
OxkasbIBaeTcs1, 4TO €Cii ceMelcTBO € obiazaetT 0cob0i CTPYKTYPOU (SBJISIETCSI MATPOU-
JIOM), TO JIJIS PelleHus 33/J]a4i IOCTATOYHO TIPUMEHUTH OUeHb MPOCTON U 3(hheKTUBHBIN
aropuT™ (GKaJ(HBIN airopuT™). SICHOE TTOHUMAHUE TPUPOJBI U 00IACTH TPUMEHUMOCTH
JKaJHBIX AJTOPUTMOB COBEPIIEHHO HEOOXOAMMO KajKAOMY MPOrpaMMHUCTy. Marpoujsr,
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paccMarpuBaeMble B 3TOM pasjiesie, BOOOIIe TOBOPsSL, HE SIBJSIOTCS anreGpandecKuMu
CTPYKTYyPaMU B TOM CMbICJI€, KOTOPBIH ITPU/IaH 9TOMY IIOHATUIO B IIEPBOM Pasziesie JaHHOU
riaBbl. OTHAKO MATPOUIBI MMEIOT MHOTO OOIIETO ¢ PACCMOTPEHHBIME aarebpandecKuMu
CTpyKTypaMu (B YacTHOCTH, C JIMHEHHO HE3aBUCUMBIMM MHOKECTBAMHU B BEKTOPHBIX
MIPOCTPAHCTBAX W MOJYJISIX) U M3Y4YaIOTCS CXOJHBIMA METOAMU.

2.7.1. Marpounabl

Mampoudom M = (E,E&) HasbIBaeTCs Mapa, COCTOSIIAs M3 KOHEYHOTO MHOXeCTBa F,
|E| = n, u cemeiictBa ero noamuoxkects € C 2F, taknx, 4To BBHINOMHAIOTCS Caemyomme
TPU aKCUOMBI:

M,: e

My: Acé& & BCA=— B¢cé;

Ms: A Be& & |B|=|A|+1=3JecB\A (A+ecf).

SJIGMGHTbI MHOKecTBa & Ha3bIBAIOTCA He3a6UCUMBbIMU, a OCTaJIbHbIE IIO/IMHOKECTBa FE (TO
ecThb 271eMeHThl MHOXkecTBa 2F \ €) — sasucumvimu MHOKeCTBAMM.

3AMEYAHME

Axcmoma My MCKITIOYAeT U3 PacCMOTPEHUS BBIPOKIAEHHBIN ciaydail & = .

MNpumep. CemeiicTBO JHMHEHHO HE3aBUCUMBIX MHOKECTB BEKTOPOB JII0OOTO BEKTOP-
HOTO TIPOCTPAHCTBA SIBJIsIeTCsl MaTpouzoM. Akcuomer My u My Beimonusiores. [lycrs
A:={ay,...,a,} u B:={by,...,by,11} — JUHEHHO HE3aBUCUMbIE MHOKECTBA BEKTO-
poB. Eciii Gbl Bce BEKTOPBHI U3 MHOKECTBA B BBIPaKaJMCh B BUJIE JIMHEHHOM KOMOUHAIINN
BEKTOPOB M3 MHOKECTBA A, TO MHOKeCTBO B GbLJI0 Obl JIMHEHHO 3aBUCUMBIM 110 CJIE/I-
cTBUIO K TeopeMe 1. 2.4.3. Crasio ObITh, Cpelii BEKTOPOB MHOKECTBA B eCcThb 1Mo KpaliHeil
Mepe OIMH BEKTOP b, KOTOPBII He BXOAUT B MHOKECTBO A U He BBIpasKaeTCs B BUIE JIU-
HellHOM KOMOMHAIMKM BEKTOPOB U3 MHOecTBa A. JloGaBiieHne BeKTopa b K MHOKECTBY
A ob6pasyer JIMHEIHHO He3aBUCHMOE MHOKECTBO.

SAMEYAHME
CaMo TOHsATHE MATPOWJA BO3HUKJIO B PE3yJbTaTe HCCJACAOBAHWS JUHEHHOW HE3aBHCHMOCTH
B BEKTOPHBIX [TPOCTPAHCTBAX.

2.7.2. MakcumMmanbHbleé He3aBUCUMbIe NOAMHOXeCTBa

[Mycte M = (E,&) — marpoug u X C E — mnpousBoJbHOE MHOXKeCTBO. Mak-
CUMANLHLIM  HE3aBUCUMBIM ITOJIMHOKECTBOM MHOXKecTBa X Has3blBaeTCs MHOXKECTBO
Y, Takoe, uto Y C X &Y € €&VZ € &€ YCZCcX=Z=Y). Muo-

’KECTBO MAKCHMAJIbHBIX HE3aBHCHMBIX IOIMHOXKECTB MHOXKecTBa X 06o3HaumM X:
x {YCE|YCX&Y€el&VZecl (YCZCX=Z=Y)}. Paccmorpum
cJIe/lyiolee yTBepsKIeHUE:

My: VX YeX&ZeX=|Y|=|Z]),

TO €CTb BCE MAKCHMAaJbHbIE HE3ABHCHUMBIEC IOMHOMKECTBA JAHHOTO MHOXKECTBA PABHO-
MOIIIHBL.

TEOPEMA. [lycmo M = (E,&) u sunonnenvt axcuomot My u Ms. Toeda axcuoma Ms
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u ymeepocoenue My sxeusarenmil, mo ecmo
A Bel & |B|=|Al+1=3ee€B\A (A+e€d),
mozda u moavko mozoa, x0z2davVX (Y e X & Ze X = |Y|=|Z]).

JOKASATENBLCTBO.

[ =1 Ilycrp BeinosHensl yTBepxkaenusd My, My, Ms (to ectb M — matpoun). [lokakem
OT TIPOTHUBHOTO, 4TO BhIonHAeTca u My. Ilycrs YV, Z € X, |Y| # |Z| n ana onpenenén-
HoctH |Y| > |Z|. BosemeM Y/ C Y, rax uto |Y'| = |Z| 4 1. Torna no cBoiictBy M3 umeem
JeeY'\Z (W:=Z+e € &). Takum obpazom, umeem W € &, Z C W, W C X, Z # W,
YTO IIPOTUBOPEUUT HPEATIONOXKEHUIO Z € X.

[« Ilyctp BBImMONHEHHI yTBep:xaeHUs My, My, M,. IlokaxkeM OT TMPOTUBHOTO, UTO
BoinosiHsiercs u Ms. Bossmem A, B € &, tak uto |B| = |A|+1. Jonycrum, uto =Je € B\ A
(A+ecé), toectb Ve € B\A (A+e ¢ E). Pacemorpum C': = AUB. Nmeem A € C. Ho
B € & noatomy 3B’ (B C B' & B' € € & B’ € C). llo ycaosuio My numeem |B’'| = |Al.
Ho |A| = |B'| > |B| = |A| + 1 — nporuBopeune. O

3AMEYAHME

Takum obpasom, My, Mo, My — 9KBUBAJICHTHAS CHCTEMa aKCHOM MaTpPOWUJIA.

2.7.3. Ba3sucsl

MakcumasbHbIe HE3aBUCUMBIE MTOJAMHOKECTBA MHOKECTBA F Ha3bIBAIOTCS OA3UCAMU MAT-
pouga M = (E,¢&). Beskuit Marpous uMeeT 0Aa3WCBI, 4TO CJEAYET W3 aaroputma 2.5.

Auropurm 2.5. Tloctpoenue 6asuca MaTpouga

Bxoa: Marpoun M = (E, £).
Boixoa: Muosxectso B C E aeMeHTOB, 00pasyomux Gasuc.
B:=@ // BHauane 6a3uc mycr
for c € E do
if B+ e € & then
B:=B+e¢ // pacmupsieM 6asuc A0MyCcTUMbIM 00pazoM
end if

end for

OsocHoBAHUE. Ilycth By = @, By, ..., B = B — 110cje10BaTeIbHOCTh 3HAUYEHU TIepe-
MeHHOW B B mportecce pabotsr anropurma 2.5. I[To moctpoenwio Vi (B; € €). [lycts BZE.
Torma 3B’ (BC B & B #B & B ' €¢&). 3B’ (B C B' & B'#B & B’ € £). Bossmem
B"” ¢ B/, tak uro |B"| = |B|+ 1, BC B"” u B” € £. Paccmorpum e € B’ \ B. Jnement
e¢ B, 3naunt 3i ((Bi—1+€¢E&). Hoee B" & B;_1 C B" = (B;_1+ ¢ € £. Ilo akcuome
Ms umeem (B;_1 + €) € & — TIPOTHBOpEYHE. (I

CNEACTBUE. Bce 6asucol Mampouda pasHomouwL.


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

152 Maga 2. Anrebpanyeckme CTPyKTypbl

2.7.4. )XXapHbliA anroputm

Cdopmypyem 6oJiee TOYHO paccMaTPUBAEMYIO IKCTpeMaIbHYIo 3aa4y. [IycTs nmeiorcst
KOHEeuHOe MHOXKeCTBO E, |E| = n, secosas dynkimusa w: E — R, u cemeiicto € C 2%,
Tpebyercst Haiitn X € €, Takoe, 4To
Def
w(X) = maxw(Y), tew(Z) = Z w(e).

Yeé&
ecZCFE

Jlpyrumu cioBaMu, He0OXOAUMO BBIOPATh B YKa3aHHOM CEMENCTBE MOJMHOKECTBO Hau-

Gosbiero Beca. He orpanmduBast 00IMIHOCTH, MOJKHO CYMTATh, YTO BECA YHOPSIOYEHBI 110
yObiBanmio w(ey) >...>w(e,) >0. Paccmorpum anroputm 2.6.

Ausroputm 2.6. JKagHbIit aaroputM

Bxoxa: mHO)ecTBO E = {e1,...,€,}, CEMEHCTBO €ro HOAMHOXECTB £ U BecoBast GyHKIUS
w, w(ey) = ... =2 w(ey) > 0.

Boixox: moamuozkectBo X, takoe, uto X € € n w(X) < r}gaécw(Y).
€

X :=¢g // BHauayne MHOXecTBO X IIyCTO
for i from 1 to n do
if X +e; € € then
X:=X +e; // nobasisieMm B X 1epBblil HOAXOASIIUI dI€MEHT
end if
end for

AJNTOPUTM TaKOTO THIIA HA3BIBAETCS HaOHbiM. COBEPIIEHHO OYEBUIHO, YTO TIO MOCTPO-
€HUIO OKOHuaTesbHOe MHOXxecTBO X € €&. Takke 0OueBMIHO, YTO KAAHBIM AJITOPUTM
SIBJISIETCST UPE3BBIYANHO 3(DHEKTUBHBIM: KOJMUYECTBO 1aroB coctasisier O(n), TO eCcTb
JKQIHBIN aNTOPUTM sIBJIsIeTCS aunelnvim. (He cunras 3aTpaT Ha COPTHPOBKY MHOKECTBA
FE n nposepky He3aBucumoctu X +e; € £.) BosHukaeT Bopoc: B KAKMX CJIyYasIX KaJHbINA
AJITOPUTM JIeMICTBUTENIBHO PEIAeT 33jiauy, IIOCTABJIEHHYI0 B Havyase naparpada? /Ipyrumu
CJIOBAMU: KOT/[A BBHITOAHO OBITH 5KQJIHBIM?

Npumep. Ilycrs gana matpuiia (a). B 3amaue «BbIGpaTh MO OXHOMY IJEMEHTY U3 KAKC-
0020 cmonbuya Tak, 4TOOBI MX cyMMa ObLIa MaKCHMaJbHAa» KaJHbIl aJrOpUTM BbIOeper
aseMeHThl (b), KOTOpbIE JAEHCTBUTENIBLHO SIBJSIOTCS pElleHneM 3ajlaud. B To ke Bpe-
M, B 3ajlaue <«BbIOPATh MO OJHOMY JJIEMEHTY U3 KANC0020 CMOAOUA U U3 KANCOOT CIPOKU
TaK, 4TOOBI WX CyMMa Oblla MaKCUMAaJbHA» JKaIHBIA aJTOPUTM BBIGEPET 2JeMEHTHI (c),
KOTOpbIE He SIBJISIOTCS PENeHNeM, TIOTOMY 4TO (d) — JIydiiiee peleHue.

75 1 1 5 1 5 01
(@ (3 4 3] O3 4 ]| 3 3 @3 4
2 31 2 3 1 2 3 2 1

TEOPEMA. FEciwu M = (E,&) — mampoud, mo ons moboi Qyukuuu w icaonvlii aneo-
DUMM HAX00UM He3asucuMmoe Miovcecmso X ¢ Hauborvuwum éecom; obpamio, eciu yce M =
(E, &) ne asisemcs Mampouoom, mo cywecmeyem maxas Qynkyus w, 4mo muoxcecmso X,
HAUOEHHOE JHCAOHBIM AN2OPUMMOM, He OYOem NOOMHONCECMEOM HAUbOIbULE20 6eCa.
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AokasatenbctBo. Ilycts M = (E, &) — marpoun u X = {x1,...,25} — MHOXeCTBO,
MIOCTPOEHHOE KaZHBIM asroputMoM. Ilo mocrpoennio w(z1) = ... = w(xg) > 0 u MHO-
xectBo X — 6asuc matpomma M. Ilycts temeps YV = {y1,...,Ym} € & — HEKOTOpOE

HE3ABUCUMOe MHOKECTBO, w(y1) = ... = w(ym,) > 0. Umeem m < k. Ilokaxkem ot mpo-
tuBHOTO, yTo Vi € 1.m (w(y;) < w(z;)). lyers 3i € 1.m (w(y;) > w(x;)). Paccemorpum
He3aBucuMble MHOKecTBA A = {z1,...,2;—1} u B = {y1,...,yi-1,y:}. Imeem Fj < ¢
({x1,...,zi-1,y;}) — HesaBucumoe MHOxecTBO. Torma w(y;) = w(y;) > w(x;), OTKy-
na caexyer, yto 3p < i (w(z1) = ... = w(rp—1) = w(y,;) = w(xp)), YTO IPOTHBOPEUUT
TOMY, 4TO *, — 9JIEMEHT C HamOOJBIINM BeCOM, H00ABJIEHNE KOTOPOTO K MHOMKECTBY
{z1,...,2p—1} He Hapymaer HesaBucumoctu. CienosarenbHo, Vi (w(y;)) < w(z;), u
snaunt, w(Y) < w(X). Illycre tenepy M = (E;&) He siBisiercss mMarpoujoMm. Ecium
HapyieHo ycioBue My, To ectb 3A, B (AC B € &), Ho0 A ¢ &, To onpenenum yHK-
Mo w caenyiomnm obpasom: e € A = w(e):=1, e € E\ A = w(e):=0. Torna
A¢g X = w(X) < w(A) = w(B). Eciu xe yciaoBue My BBITOJHEHO, HO HAPYIIEHO
yeaosue Ms, 10 3A,B (|A|=k) & |B| = k + 1 u pia soboro anementa e € B\ A
MHOKeCTBO A + e — 3aBucumoe. Ilycts p:=|A N B|. Torna p < k. Beibepem uucio e
Tak, uto 0 < £ < 1/(k — p). Onpenenum ¢byukimo w: w(e):= if e € A then 1+ ¢ else
if e € B\ A then 1 else 0 end if. 3amerum, uTo TIPU TaKKUX Becax KaJHBIH AJITOPUTM
cHavyasa BeIOEpeT Bee aeMeHThl u3 A u orbpocut asnementsl U3 B\ A. B pesyzbrare 6y-
IIeT BHIOPAHO MHOKECTBO X, BEC KOTOPOTO MEHBINE Beca MHOKecTBa B. JleficTBUTENBHO,
w(X)=w(A) = k(1+&) = (k—p)(1+2)+ p(1-+e) < (h—p)(1-+1/(k — p)) £p(1+2) =
=(k—p+1)+p(l+e)=w(B).

3AMEYAHUE
Tor dakr, uto cemeiicTBO € SIBJISIETCSI MATPOUIOM, O3HAYAET, UTO JIJIs PEIIEHUs] MOCTABJIEHHOM
AKCTPEMAJIBHON 33/1a4 MOKHO NPUMEHHUTD KA[HBIH aJITOPUTM, OJJHAKO U3 TOTO HE CJIE/YEeT, YTO
He MOJKET CyIIecTBOBaTh enié 6osee ahdexrnsHoro anropurma. C Apyroit CTOPOHBI, €CJI CEMENCTBO
€ He SABJIETCS MAaTPOUJIOM, TO 3TO ellé He 3HAYUT, YTO JKA/IHBII aJTOPUTM HE HAHJIET IPaBUILHOIO
peleHnst — BCe 3aBUCHUT OT CBOWCTB KOHKPETHO! (DYHKIIMH w.

OTCTYNJIEHUE

JKazHble anropuTMbl ObLIM UCCIIEAOBAHBI CPABHUTEJIBHO HEJABHO, HO UX 3HAUEHUE B TIPAKTHKE
IIPOrPAaMMUPOBAHUA YPE3BBIYAHO BEJUKO. Ecin yaéres ¢BeCcTU KOHKPETHYIO 9KCTPEMAJIbHYIO 3a-
Jlayy K TaKoil IIOCTaHOBKe, I7le¢ MHOKECTBO JOIYCTHMBIX BAPHAHTOB SBJISETCS MATPOUIOM, TO B
GOJIBLIMHCTBE CJYYAEB CJELYET CPa3y HPUMEHSTb KAJHBII aJIrOPUTM, IOCKOJIbKY OH JOCTATOYHO
s¢deKkTuBeH B MPaKTHYECKOM cMbicyie. Ecin ke, Hao60POT, OKa3bIBAETCSI, YTO MHOKECTBO [OILY-
CTHUMBIX BapHaHTOB He 00pasyeT MaTpou/a, TO 3TO <«IJIOXOW mpusHak». CKopee Bcero, JTaHHAast
3ajlaya OKaKeTCst TPyAHOpeliaeMoil. B a3ToM ciiyuae 1es1ecoo6pasHO UCCIIEN0BaTh 3ajady, 4To0bI
usbesxarb GeCIUTOAHBIX IMOMBITOK «M306pecT» 3(hGEKTUBHBIN AITOPUTM TaM, TJ€ 9TO HA CAMOM
JieJie HeBO3MOSKHO.

2.7.5. Mpumepbl maTponpoB

Hwxe mnpuBesieHbI HEKOTOpPbIE MPUMEPHI MATPOU/IOB, BCTPEYAIOIINXCS B PACCMOT-
PEHHBIX O00JACTSIX AUCKPETHONW MaTeMaTHKU. B TOCieqHUX TlaBaX KHUTH WMEIOTCS
JIOTIOJTHUTEJTHHbBIE TTPUMEPBI MAaTPOU/IOB, CBSI3AHHBIX C TpachaMu.

1. Ceoboonvie mampoudv.. Ecmu E — NPOU3BOJIBHOE KOHEYHOE MHOKECTBO, TO
M = (E,2F) — marponsa. Takoii MmaTpous HasbiBaeTcs c60600nbiM. B cBoGOaHOM
MaTpoOU/Ie KakK0e MHOKECTBO HE3aBUCUMOE.
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Maga 2. Anrebpanyeckme CTPyKTypbl

2.

3.

4.

Mampoudot paséuenuii. Iycts {E1, . .., By} — HekoTtopoe pasbuenue muoxkectsa E

Ha HeIycTble MHOXKecTBa. [[pyrumu cioBamu, Ule Ey.=FE ENE; =0, F; #0.
[Monoxum €:={AC E|1>=|AN E;|}, To ecTh B HE3aBUCHMOE MHOKECTBO BXOJUT
He GoJice YyeM OJUH 3JIEMEHT Kaxaoro Ojoka pasbuenust. Torma M = (E &) —
marpoust. [lelicTBuresbHO, ycaosue Mo Boinosneno. Ecim A, B € € u |B| = |A|+1,
to 3i (|E;NA|=0& |E;NB|=1). O6o3naunm e:=F; N B. Torma A+ e € €.
3HAUYUT, BBITIOJHEHO ycaoBue Ms.

Bexmopnvie npocmparcmea. JINHENHO He3aBUCHMBbIE MHOKECTBA BEKTOPOB JIIOOOTO
BEKTOPHOTO TIPOCTPAHCTBA 00pas3yioT Matpous. JlelicTBuTensuo, yciaosust My u Mo,
OYEBU/IHO, BBHITIOJTHEHB! [[JIs1 INHENHO HE3ABUCUMBIX MHOKECTB BEKTOPOB. YCJIOBUE
M, BBITIOJIHEHO TI0 TeopeMe 1. 2.4.3.

Mampouo mpanceepcanei. Ilyctb E — HeKOTOpoe MHOKECTBO U & — CeMEHCTBO
II0/IMHOKECTB 9TOr0 MHOXecTBa (He obGs3arenbHo pasnnunbix), & C 2F. Tloa-
MHOKecTBO A C E HasbIBaeTCs 4acmuuHou mpanceepcaivio cemeicrtsa &, eciu
A conepsxkut He GoJiee 4eM O OJJHOMY IJIEMEHTY ISt KaXKI0T0 MOAMHOXKeCTBA F;
cemeiicrBa €. Yactuunble TpaHcBepcain Haj E o6pasyioT MaTpou.
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Maesa 3 ByneBbl pyHKUUMN

3aHUMAasICh UCCIeI0BAaHNEM 3aKOHOB MBITIIJICHNS, aHTJTUACKII MaTeMaTuK /[sKopmk ByJIb1
[IPUMEHIJI B JIOTUKE cUcTeMy (DOPMaJIbHBIX 0003HAYEHWIT 1 IpaBuJI, OJU3KYIO K MaTeMa-
tudeckoi. Tak Bo3HMKJIA ainrebpa JOrMKH, wi Oysesa aarebpa. 3HaueHHe JIOTHYECKOI
ajreOpbl J0JIr0e BpeMsl UTHOPUPOBAJIOCH, IIOCKOJIbKY OHA He HaxXO[uJa IPUMEHEHUS B
HayKe U TexHuKe TOro BpemeHHU. C IMOSIBJIEHNEM 2JIEKTPOHHOM TEXHUKHU OTIepalluy, BBe-
neHuble Bysem, okasaiick BecbMa mosie3Hbl. OHM M3HAYaJIbHO OPUEHTHUPOBAHbBI Ha paboTy
TOJIBKO C JIBYMS CYTIHOCTSIMA — WCTUHA M JIOXb, YTO XOPOIIO COTJIACYeTCSI C J[BOMY-
HBIM KOJIOM, KOTOPbIIl B COBPEMEHHbBIX KOMITHIOTEPAX TAKKE IPEJCTABJIISETCS BCETO JIBYMSI
CUTHAJIaMU — HOJIb U €IUHUIIA.

Jlannas rraBa uMmeet ABoitHOe HazHauenue. C OMHOM CTOPOHBI, TIOMIMO OCHOBHBIX (DaKTOB
u3 Teopun OyJeBbIX (DYHKIMIA 3[IeCh 3aTparuBaioTCs BecbMa 00Iie HOHATUS, TaKue Kak
peanusayust GYHKUULL GopMyramu, HopMaivHvle Popmol, OBOUCMEEHHOCTb, NOTHOMA. DTU
[OHATHS 3aTPYAHUTENHHO ONKCATh MCYEPIbIBAIOIIMM 06pa3oM Ha BBIOPAHHOM dJIeMeH-
TapHOM YPOBHE M3JI0KEHUsT, HO 3HAKOMCTBO ¢ HUMHU HeoOxoaumo. [ToaTomy paccMaTprBa-
I0TCS1 YaCTHbIE CJIyYad YKA3aHHBIX IIOHSTUI Ha IIPpOCTeieM puMepe OyieBbiX QyHKIMIA.
C npyroii cTOPOHBI, MaTepPUAJ ITOU TJIABBI CJHYKUT JIJIS «HAKOIIEHUS (haKTOB» M OBJIa-
JeHnst 6a3MCHOM JIOTMYECKOH TEXHUKOH, YTO JOJIKHO CO3/4aTh Y YUTATENs HEOOXOLUMbII
a(hPeKT «y3HaABaHMI 3HAKOMOIO» IIPU U3YYE€HUH TOBOJbHO aOCTPAKTHOTO 1 (hOPMaIbHOIO
MaTepuaja CIeayIoei TIaBbl.

3.1. OnemeHTapHblie OyneBbl PyHKLUU

IMoso6HO TOMY KaK B KJIACCHUYECKOI MaTeMaTHKe 3HAKOMCTBO C OCHOBAMH aHAJIN3a HAUU-
HAIOT C U3YyYEHUs dIeMeHmapHuix Qynxuuti (parmoHaibible (DYHKIIUN OT BeleCTBEHHOM
nepeMeHHON z, €¥, Inx U WX CyNeprio3uiluK), U3JI0KEHUEe TeOpur OyaeBbIX (YHKITHIA
€CTEeCTBEHHO HAYaTh C BBIACJIECHUS, UACHTU(DUKAIINN ¥ U3YICHUS AEMEHMAPHBIX OYIeEbIX
Gdynkyuyl (IM3BIOHKINS, KOHBIOHKIIAS W T. I.).

3.1.1. DyHKunmu anredpbl JIOrMKn

Def
Oyuxiuu f: EY — By, tie By = {0, 1}, Ha3pIBAIOTCA QyHKUUAMU aN2e6pbl 102UKU, T
OyneeoimMu yHKUUsSMU OT N TIEPEMEHHBIX. DJeMeHThl MHOKecTBa Es = {0,1} HasbiBa-

I0TCST UCMUHHOCTIHOIMU 3HaYeHusMU. MHOKecTBO OysieBbIX (DYHKIIUU OT M TepPeMeHHBIX

obostatim Py, Py 2 {f | f: B} — Es).

ByJieBy (hyHKIUIO OT m EPEMEHHBIX MOKHO 33/1aTh MAOAUUCT UCTUHHOCTIU :

T1 .. Tp—1 Tp | f(T1,...,T0)
0 0 0 /(0...,0,0)
0 0 1] f0,...,0,1)
0 1 0| f0,...,1,0)
1 ... 1 1| f@1..,11

! Tkoprx Byas (1815—-1864).
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Eciiit uncsio epeMeHHbIX PABHO 7, TO B TAOJIUIE HCTUHHOCTH UMEETCST 2™ CTPOK, COOTBET-
CTBYIOIINX BCEM PasJMYHbIM KOMOWHAIIMSIM 3HAUeHU TiepeMeHHbIX. Ciie[oBaTeIbHO, CY-
mecTByeT 22" PasIUUHBIX CTOIOIOB, KasKIBIH M3 KOTOPBIX OMpesiesigeT GyneBy hyHKIIHIO
oT n mepeMerHbIX. Takum obpasom, |P,| = 22",

Ecii Hy;KHO 3a7aTh HECKOJIbKO (Hampumep, k) OyaeBbIX GYHKIUN OT 1 IepeMEHHBIX, TO
3TO yIOOHO CAETATh ¢ MOMOIILIO OJHOW TabIUIIbI, MCTOMB30BaB HECKOIBKO CTOJIGIIOB:

1 ... x| Az, x) | ] fe(z, e Tn)
0 ... 0 fi(0,..,0) | ... fx(0,...,0)
EEE S B YC O T DR R Y

Takast Tabsuna Oyaer nuMeTb 2™ CTPOK, n CTOJIONOB JUisl 3HAYEHUIT [IEPEMEHHBIX U €Ié
k cTonbIoB Ay 3HaYeHNH (yHKIHI.

Boo6iie ToBOps1, 3HAYEHUST TEPEMEHHBIX MOKHO HE XPAHUTD, €CJIM TPUHATH COTJIAIICHUE
0 mepevrcieHr HAOOPOB MEPEMEHHBIX B OMPEIEIEHHOM TIOpsijike. Bo Beex Tabmiax wc-
TUHHOCTH B 9TOM yueOHUKe TTepeMEHHBIE BCET/Ia MEPEINCIISIOTCS B JIEKCUKOTPAGUIECKOM
MOPSIZIKE, 2 KOPTEXU OYIEBBIX 3HAYEHUN — B TIOPSIIKE BO3PACTAHUS TIETBIX YKCEN, 3a/1a-
BaeMbIX KOpPTeXXaMHU, KaK IBOMYHBIMU IITKAJaMHU, 9YTO COBIA/ACT C JIEKCUKOTPahUIeCKUM
MOPSIZIKOM Ha KOpTeskaX. Takoil MOPsIZIOK Mbl Ha3bIBAEM YCMAHOGLEHHBIM.

Ecmu k& > 2" (4T0, KaK MOKas3bIBAeT HpeAbiAyiias (HopMysa, He PeIKOCTb), TO Tabiu-
[y UCTUHHOCTU MOKHO «TPAHCIIOHUPOBATH, BBINUCHIBAST HAOOPHI 3HAYEHUIT B CTOJIOIAX,
a 3HaueHus PyHKIMI — B CTPOKaX:

Tn 0 o 1
fi | A0,.500 ... A,...0)
Fo | £(0,,0) o f(1,.. 1)

MnMenHo Takoii criocob 3anucy Tabauibl MCTUHHOCTH UCIoIb3oBal B . 3.1.3 u 3.1.4.

3.1.2. CywiecTBeHHble N HEeCYLLEeCTBEHHbIe NepeMeHHbIe

bynesa dbynkuua f € P, cywecmeenno 3asucum OT TIePeMEHHON x;, €CJN CYIeCTBYeT
Takol HabOD 3HAYEHWIA a1, ..., 0;_1,0diq1, .., Gy, YTO

f(al,...7ai,1,07ai+1,...7an) 75 f(a17...,ai,1,1,ai+1,...,an).

B aToM cayuae x; Ha3BIBAIOT Cyuiecmeennol nepemenHoti, B IpOTUBHOM CJIy4ae x; Ha3bl-
BatOT Hecyulecmeennou ((uxkmueHoll) nepeMeHHON.

Npumep. Ilycts Gynesst byuxuuu fi(r1,z2) U fo(w1, T2) 3aMaHbl TAOIUIIEN UCTHHHO-
cTH, TpuBeNéHHON HIKe. Jlnsg aTuX (QYyHKIWH TepeMeHHass x; — CYIIeCTBEHHa,
a nepeMeHHasi Tz — HeCyIIeCTBEeHHasI.

1 €2

_ - O Ol
_ O = O
v—\»—\OO:ﬁ

OOH»AF
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3.1. dnemeHTapHble 6yneBbl GyHKUMN

ITyctp 3amanbl e OyneBbl GyHKUUU, fi(T1,...,Tp_1) U fo(T1,...,Tp_1,Ty), ¥ MYCTH
nepeMeHHast x,, — HeCylleCTBeHHas it (PYHKIUU f2, a IPU OAMHAKOBBIX 3HAYEHUSIX
OCTAJIbHBIX TIePEMEHHBIX 3HaYeHUsT (DYHKIMI COBIAIAIOT:

V(ll,... ,An—1,0n (fl(al,...,an_l) = fg(al,...,an_l,an)).

B Takom ciydae TOBOPSIT, U4TO fo TOMyYaeTcst M3 f1 86edenuem HeCyIIeCTBEHHO mepe-
MEHHOU T, a f1 MOJyYaeTcs U3 fo yoaseHuem HeCyeCTBEHHOU MepeMEeHHON Ty,

3AMEYAHME

[IponenypHo BBe/ieH e U yaJeHHe HECYIIIECTBEHHBIX IEPEMEHHBIX BBIITOJIHSAIOTCS JOCTATOYHO 11PO-
cro. YTo6bl BBECTH HECYIIECTBEHHYIO [IEPEMEHHYIO, HYXKHO TIPOYOIMPOBATH KAXkK/IYI0 CTPOKY Tab-
JIVIIIBl UCTUHHOCTH, A00ABUTh HOBBINA CTOJOEI] U 3alOJHUTH ITOT CTOJOEI] YepPeayIMMUCS 3Ha-
yeansaMu 0 1 1 (uim 1 n 0, 9TO HeCyIIeCTBEHHO). YaaJeHne HecyIeCTBeHHON IepeMeHHOH BHI-
HOJIHSIETCS] AHAJIOTUYHO: HY3KHO OTCOPTUPOBATH TAbJIMILy UCTHHHOCTH TaK, YTOOBI OHA COCTOSIIA U3
ap CTPOK, Pa3IMyaioNInXcs TOJIBKO B Pa3psijie HeCyIeCTBCHHO IePEMEHHOI, TI0CJIe Yero yIaIUTh
croJibel] HeCyIeCTBEHHOI TIePEMEHHOI 1 yIAIUTh KaKAYI0 BTOPYIO CTPOKY TaOJIHIIBI.

Beiony B manbHeiinieM GyJieBbl (QYHKIUKM PACCMATPUBAIOTCS € MOYHOCMbIO 00 Hecyuye-
CMBEHHBIX NePEMEeHHbIX. ITO TO3BOJIIET CYMTATh, YTO Bee OyJsieBbl (MYHKIMU (B JAHHON
cucteMe (GYyHKIWI) 3aBUCAT OT ONHUX M TeX Ke MepeMeHHbIX. /[y atoro B mamHOU
cucreMe OysieBbIX (DYHKIMII MOMKHO CHadaja yAAJUTh BCE HECYIECTBEHHbIE IMepeMeH-
HbI€, a II0TOM J0OAaBUTh HECYIIeCTBEHHbIE IIepeMeHHbIe TaK, YTOObI yPaBHATh KOJUYECTBO
MepeMEHHbBIX Y BceX (QYHKITUT.

3.1.3. byneBbl GyHKUMMN OAHON NepeMeHHOW

B crenyomeit tabiuie cobpanbl Bee OyneBbl QYHKINN OQHOI IIepeMeHHoi. [Be u3 Hux
(bakTHUeCcKM ABIAIOTCS KOHCTAHTAMU, IOCKOJIbKY WX 3HAUYEHUS He 3aBUCAT OT 3HAYEHUS
apryMeHTa.

MepemeHHas z | 0 | 1
HaseaHue O603HayeHne HecywiecTBeHHbIe
Hynb 000 | =
ToxpecTBeHHas z |01
OTpuuaHve -z, %, x’,~x|1]0
EovHuua 111z

3.1.4. bynesbl yHKLUN ABYX MEPEMEHHbIX

B caenyromieii tabsuiie coGpanbl Bee OysieBbl (DYHKIIUU JBYX TepeMeHHbIX. V3 HuX [Be
SIBJISIIOTCST KOHCTAHTAMM, Y€ThIPE 3ABUCIT OT OJHOI TIepEMEHHON U TOJBKO NECSTh CyIIe-
CTBEHHO 3aBUCST OT 0OEUX MePEMEHHBIX.
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MepemeHHasi z | 0 [0 | 1
[MepemeHHas y 1 1
HassaHne 0O603Ha4eHne HecyLwiecTBeHHbIE
Hynb 0/0|0|0|0]|=x ¥y
KOHBIOHKUMS L&, A]0]0(0]1
0/0]1]0
0j0|1|1]y
01010
O|1]0|1]|=x
CnoxeHve no mogyno 2 | +, +2, %, ®, A [0 1|10
An3bloHKkuma vV i0[1]1]1
Ctpenka Mupca’ Ll1]olo]lo
OKBUBaANIEHTHOCTb =|1]0]|0|1
11010
11011
111/0]0 ]|y
niormyeckoe cnegoBaHue
Mmnnnkauuns —,=,D|1]1]0]|1
LWTpux Leddepa? | |1 1]0
EonHnua 1)1 11|z, 9
3AMEYAHUE

IIycrorer B cronbuax «Hassanme» u «O6o3nadeHue» B MpeablAyIell TabJHUIlE 03HAYAIOT, Y4TO
GyJieBa (DYHKIMS PEIIKO MCIIOJIB3YETCsI, & TOTOMY HE MMEET CIIEI[HATbHOTO Ha3BaHUsI 1 0003HAYEHNSI.

3.2. DYHKUMM k-3HAYHOWN NOMMKKN

Paccmorpum mHO%ectBO Ep = {0,1,...,k — 1} u mMuHOXecTBO dyHKIUl Py ,,, UMEIO-
NIMX 7 aprYMEHTOB Tula Fj W Bo3Bpamaionux 3HadyeHue tumna FEj. Takue (ynkimm
HA3BIBAIOTCS PYHKUUAMU K -3HAUHOU T02UKYU T SABJSIOTCS 00001eHeM (DyHKIMIA aareGpbi
aorukn: Py, = P,. Oynkiun k-3Ha4HOIl JOTMKN MOXKHO 33/[aBaTh TaOJIMIIAMH, 1107[00-
HBIMU TabJIUIAM MCTUHHOCTH 7 OOBIYHOM JIBY3HAYHOW JIOTHKH, MPUYEM B TabJIMIax
HCTIOJIb3YIOTCS 9JIEMEHTBI U3 MHOKeCcTBa Fy, a He u3 MHOKecTBa Fo. HeTpynHo Buzets,
uTo | Py | = k*". Uucno dyukiuii k-3Haunoil Joruku pactet emté ObicTpee, 4eM YHCJI0
OyneBbix GyHKIMiL Tak, yxKe 1 TPeX3HAYHOM JTOTHUKY aHaaor Tabauue! 1. 3.1.4 171 Beex
GbyHKIMiT IBYX TIepeMeHHbIX comepkuT 37 = 19683 CcTPOK M He MOKET GBbITh MOMEIIEH B
KHUTY.

DyHKuIo k-3HAYHON JIOTUKKA MOKHO IIPEICTaBUTh KaK cUCTeMy (PYHKIMNA 0ObIYHON ABY-
3HAYHOMN JIOTUKH caeayomumM odpasom. Oyuxnus f(xq,...,z,) € Py, TpencTaBiseTcs
cucreMoil pynkmit

{gl(yllv"'ay1m~~'ayn17'°'7ynm)7"'7gm(y11a'°'7y1m7"'7yn17°"7ynm)}7

rae m = [log, k]. 3uauenust pyukinuu f U MEPEMEHHBIX X; IPUHALJIENKAT MHOKECTBY
Ey, a sHayenna GyHKIUI g; U IepeMeHHbIX ¥;; IPUHaAIeKaT MHOKeCTBY Ly, IIpn aTom

! Qapies Cangepe Iupe (1839-1914).
2 Tenpu M. Illeddep (1882-1964).
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ecJ/Ii 3HaueHHe IIePEMEHHON x; UMeeT ABOUYHBIA KO a1 . . . Ujm, TO 3HaYEHUE DYHKIUU
f(z1,...,x,) UMeeT TBOUYHBII KO

gl(alla'-'7a1ma'-'aan17~'~7anm)~--gm(a117"-7a1ma-~'7an17~"aanm)-

TUMU CJIOBaMU, (DYHKINS g; BBIYUCISIET j-10 1N B /IBONYHOM TIPENCTABICHUN
j
yucaa f(1,...,%n).

Takum o6pasoMm, XOTsl k-3HauyHas JIOTMKAa MOET ObITh CBeleHa K IBY3HAYHOI JIOTHU-
Ke ¥ MHOTHe TI0JIe3Hble YTBEP:KAeHUs JBY3HAYHOI JIOTUKU PACIPOCTPAHAIOTCS Ha CJIy-
yail k-3HaYyHOW JIOTMKU, HO BBIYMCJIMTEJIbHBIE IPOIELYypbl BO BCEX CJIydasx SABIAIOTCS
CYIIECTBEHHO OoJiee TPYAOEMKUMU it (DYHKIUI k-3HAUHON JIOTHKH.

Mpumep. B rtpéxsnaunoii soruke Fs = {0,1,2}, k = 3 u m = [log, 3] = 2. Paccmor-
puM (YHKIIMIO «TPEX3HAUHASA KOHBIOHKIUSI», KOTOPYIO MOKHO OIPENEIUTh, HAllPUMeED,
KaK MUHUMYM HCTHHHOCTHBIX 3HAYE€HWI apryMeHTOB: 1 & o :=min(z1,z2). B Takom
ciydae TabInna MCTUHHOCTH MMEET CIeLYIONIi BIL,

1 | y11y12 | T2 | Y21y | 71 & T2 | 9102
0 00 0 00 0 00
0 00 1 01 0 00
0 00 2 10 0 00
1 01 0 00 0 00
1 01 1 01 1 01
1 01 2 10 1 01
2 10 0 00 0 00
2 10 1 01 1 01
2 10 2 10 2 10

Takum 06pa3soM, KOHBIOHKIUIO TPEACTABISET CIAEMyIoIas cucreMa (hyHKITHIA:

91(y11,y12,y21,922) =y & yo1,
92(Y11, Y12, Y21, ¥22) = Y12 & Y22 V Y12 & Y21 V y11 & yoo.

DyHKINU k-3HAYHON JIOTUKHU Jajiee B 3TOM yueOHUKE He PacCMaTPUBAIOTCS.

3.2.1. dopmynbi

B aTom pasmene 06CyKAaeTCs TETbIA PSAM BAKHBIX MOHATHUH, KOTOPbIE YaCTO CYUTAIOTCS
CaMOOYEBUIHBIME, a TIOTOMY WX OGBSICHEHHE OIyCKaeTcs. TAKUME TIOHSTUSIMU SIBJISI-
I0TCSI, B 9aCTHOCTHU, CaMO IOHSTHE popmynvt, pearudayus GyHKIui HopMmysiamu, un-
mepnpemauust GOPMYJI JUII BBIYUCJIEHUS 3HAYeHNN (DYHKITUHN, pasHocuibHocmy hopMy.,
nodcmanosxa w 3amena B Gopmyaax. Mexay TeM IporpaMMHasi peajusaiusi paboThl ¢
dopmysmamu TpebyeT yuéTa HEKOTOPBIX TOHKOCTEH, CBS3AHHBIX C AAHHBIMU TOHSTHSIMU,
KOTOpBIE T[e7eCO00pa3Ho SIBHO YKa3aTh U 0OCYAUTD.

3.2.2. Peanuzauusa ¢yHkuui popmynamm

Hauném O6Cy)K].IeHI/Ie C IIPUBBIYHOTO ITOHATUA (l)OpMyJIbI.

Boobuie roBops, popmysa — 3TO 1eNoYKa CUMBOJIOB, UMEIOIINX 3apaHee OTOBOPEHHDII
cMbics. O6BIYHO (DOPMYJIBI CTPOSTCS TIO OTIPEAEAEHHBIM TIPABUJIAM U3 0003HAYEHUT 00b-
€KTOB U BCIIOMOTaTeJbHBbIX CUMBOJIOB — paszesnuteseil. [IpumenuTesbHo K paccMaTpuBa-
€MOMY CJIy4aio OOBEKTAMU SIBJISIIOTCSI TIePeMeHHbIe 1 0yJieBbl (DYHKI[UH, TIEPEUUCTECHHBIE
B Tabmumax mm. 3.1.3 u 3.1.4, a pasgenuTenaMu — CKOOKHU «(», «)» U 3aImdTas <,». Mbl
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cumTaeM, yTo 0003HAYEHUS BCeX OOBEKTOB 3apaHee OTPEAeJeHbl U CHHTAKCUYECKU OTJIU-
YUMBI IPYT OT IPYTa U OT PasfieuTeNel, a IpaBuia COCTaBIeHNsT (hOPMYJT OOTIEN3BECTHBI.

3AMEYAHMUE
Jlst 0603HaueHHsT OOBEKTOB HCIIOJIB3YIOTCST KAK OT/eJIbHbIE CHMBOJIbI, TAK U TPYIIIBI CHMBOJIOB, B
TOM 4YUCJIE CO CII€NUAJIbHBIM HaY€PTaHWEM: BEPXHUE U HUKHNE WH/IEKCbI, HAKJIOH LupmbTa n T. II
JlomyieHne 0 CHHTAKCUYECKOI Pa3IMINMOCTH OCTAETCST B CHJIE JUUISI BCEX TAKUX OCOOEHHOCTEIN.

Mpumep. Omnepanuio CIOKEHUs BELUIECTBEHHBIX YMCEJ] IPUHSATO 0003HAYATH 3HAKOM
«+», +: RxR — R, a pyHKIUIO «CUHYC» — CJIOBOM <Siny, KOTOPOE 3aIKChIBAETCS
TIPSIMBIM TPU(TOM U CUNTAETCST OJHUM CUMBOJIOM, sin: R — R.

OTCTYINJIEHUE

B MaTeMaTHYECKUX TEKCTAX YACTO MCHOIb3YeTCsT Heaunetinas hopma sarucy HopMmyJ, TPU KOTOPOH
opMmyJia He sIBJISIETCSI TIETIOYKOI CUMBOJIOB. IIprMepamMu MOTYT CJLyKUTb APOOH, PAIUKAIIBI, CYMMBI,
unrerpaibl. [logobHble HenuHeliHble (HOpMbI 3arucy GOPMYJI IPUBBIYHBL 1 YA00HbBL. VICI10/1b30Ba-
HYe HeIMHEeWHOH 3amucu (hopMyJ He SBISIeTCS] TPUHINIINAIBHBIM paciiipeHreM s3bIka (opMyJI.
Mo:xHO OTPAHUYUTHLCA TOJIBKO JIMHENHBIMUA eIro4YyKaMm CUMBOJIOB, 4TO 6JIeCTFH_L[e IIOATBEPIKAAET
cuctema TEX, ¢ TOMOIIBIO KOTOPOI MOATOTOBJIEHA 9Ta KHUTA.

Iycts F = {f1,..., fm} — HEKOTOPOE MHOKECTBO OYJIEBBIX (DYHKIIUU OT N MEPEMEHHBIX.
@opmynoti F nan F uasviBaeTcst BeipaskeHue (I[e0YKa CUMBOJIOB) BUIA

?[F] :f(tla"'7tn)7

rne f € F u t; — 1mbo nepemennas, aubo dopmyia Hag F. MHoxecTBo F HasbiBaer-
ca 6asucom, GyHKIMA f HasbiBaeTCs 2iaenoll (émewmnetl) onepanueil (GyHKuen), a t;
HasbiBatoTC nodpopmyiamu. Eciu 6asuc F sceH M3 KOHTEKCTa, TO €ro 0G03HaueHHe
omyckaioT. MHOKecTBO Beex dhopmyn Hax 6asucom F' 3mech obosmavaercst F[F].

3AMEYAHME

O6bruHO 11pu 3amucu hOPMYJI, COCTABIEHHBIX U3 2JieMEHTAPHbIX OyJeBbIX (DYHKIUN, 0003HAYEH IS
GuHapHbIX OyJieBbIX (YHKIMN 3alIMCHIBAIOTCS KaK 3HAKK olepaluii B uHGUKCHON (hopme, oTpuIiia-
HUe 3aIlUChIBAETCSI KAK 3HAK YHAPHOII onepaiuy B ipeuxcHoit hopme, ToxIeCTBEHHBIE (DYHKIIH
3anucpiBaloTes kak koHcertauTsl 0 u 1. Kpome toro, ycranaBiamBaercs mpuopuret onepanuii (-, &,
V, —) U JIMIITHAE CKOOKH OIyCKAOTCS.

Bceskoii hopmysie F oHO3HAYHO COOTBETCTBYeT HeKOTOpas (GyHKIMs f. ITO COOTBET-
CTBYIE 33/IA€TCS AI20PUMMOM UHMEPNPEMAayuil, KOTOPBII TI03BOJISIET BEIYUCIUTH 3HAYEHUE
opmyabt F ipu 3a/laHHBIX 3HAYEHUSAX MTEPEMEHHBIX.

OTCTYINJIEHUE

HexoTopble MporpaMMUCTCKIE 3aMEYaHus [0 ToBoAy nporenypbl Eval.

1. Tlpu mporpaMMHOI peajusalu ajiropuT™Ma WHTEpIpeTaluu (HGOPMYJ BaKHO YYUTHIBATB, 4TO
B OGIIEM CJIyyae pe3yJIbraT BhIYMCJIeHNsT 3HaYeHUsT OPMYJIbl MOKeT ObiTh He onpeaeséH (fail).
I10 MMeeT Mecto, ecau (HOpPMysa TOCTPOEHA CUHTAKCHYECKU HEMPABWJIBHO WU €CIU B Hel
UCIOMB3YIOTCS (DYHKIUK (OTeparum), cnocod BEIYUCIEHUS KOTOPBIX He 3a/[aH, TO €CTh OHU He
BxozsT B 6asuc. Takum 06pasoM, He06X0AMMO MO0 IPOBEPATH MPABUIBHOCTH (hOPMYJIbI 10 Ha-
yasia paboThl AJIrOPUTMA UHTEPIIPETAIUH, JTUGO TIPEyCMATPUBATH HEBO3MOKHOCTD BHIYUCIECHUS
3HAYEHUS B CAMOM QJITOPUTME.
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Ausroput™m 3.1. NnTepuperanust hopMya — pexypcuBHas dyukiums Eval

Anroput™m unmepnpemayuu GOPMYJIbL.

Bxoxa: dopmyna F, muoxkectso F dhyHKIMiT 6a3uca, 3HAYCHUST TEPEMEHHBIX T1, - . . , Tp.
Beixox: sHauenue ¢opmyasl F Ha 3HAYEHUSAX T1,...,T, WiIH 3HaudeHue fail, ecou
3HaueHue (DOPMYJIbI He MOXKET OBITh OMPENETIEHO.
if 7 ="x,; then
return x; // 3HadyeHue nepeMeHHOU 3aJjlaHO
end if
if ¥="'f(t1,...,t,) then
if f ¢ F then
return fail // ¢pyHkuus He Bxoaut B Gasuc
end if
for ¢t € {t1,...,¢,} do
yi:= Eval (¢;, F,x1,...,x,) // 3HaueHue i-T0 apryMeHTa

if y; = fail then
return fail // aprymeHT He MOKeT OBITh BBIUUCJICH
end if
end for
return f(y1,...,Yyn) // BbIUNCJIEHHOE 3HAYEHUE TJIABHOUN Onepainn
end if
return fail // ato He dhopmyiia

2. ITO He eIMHCTBEHHbIA BO3MOKHBIN QJrOPUTM BBIYUCIIEHUs 3HaueHUs1 (HOpMyJibl, Hojiee Toro,
OH He caMblii Jydniuit. J[Jisi KOHKPEeTHBIX KJIaccOoB (pOpPMYJI, HATIPUMED IJisi HEKOTOPBIX KJIaCCOB
opmyJr, peasusyiomux OyJsieBbl (YHKINHU, u3BecTHbI Oosee 3hdeKTUBHbIE aIrOPUTMbL (CM.,
Harnpumep, 1. 3.5.3).

3. Cama ujiest 3TOro aJropuTMAa: «CHAYAJIA BBIYUCIISIOTCS 3HAUEHUST ADTYMEHTOB, a TIOTOM 3HAYeHe
pyHKIUU» — He SIBJSETCS JTOTMOIA.

Hamnpumep, MOKHO TIOCTPOUTD TAKOH aJTOPUTM UHTEPIIPETAIINH, KOTOPBIN BBIYHCJISET 3HAYCHUS
TOJIBKO HEKOMOPbIX aPTYMEHTOB, a IIOTOM BBIYHCIISAET 3HaueHUe (OPMYJIBI, B pe3yJsbTaTe 4ero
IIOJIyJaeTcsl HOBask (opmyna, peayusyionas (GyHKINIO, KOTOPas 3aBUCUT OT MEHBIIEro Yucja
apryMeHTOB. Takoif alrOpUTM MHTEPIPETAINN HA3bIBAETCS CMEUANHBIMU BLIYUCTIEHUIAMU.

4. TlopsiloK BBIYMCIIEHUST aPTYMEHTOB CYUmMaemcs HeOIpeIeJEHHBIM, TO €CTh TIPE/II0JIATaeTCs, YTO
GasucHble (DYHKIUU He UMEIOT nobounvix apgexmos. Ecnn xe 6asucHble QYHKIMU UMEIOT 110-
60unbie 3(DDEKTI, TO PE3yJIBTAT BHIUMCICHUS 3HAUCHUS (DYHKIMU MOKET 3aBHCETh OT MOPSIIKA

BBIUMC/IEHNA 3HAYeHUH aprymeHTtoB. Ilo6ounble 3QQeKThl MOTYT UMETh pas3JMuHble IIPUY-
Def
nbl. Hanbosee wacrtas: ucnosb3oBanue robaibHbIX NepemenHbix. Hanpumep, ecan f(z) =

Def .
a:=a+ 1;return z + a, g(x) = a:=a* 2;return = * a, TPUIEM IIepeMeHHAs ruobajbHa, To

(ecmm a # 6) f(2) +9(3) # 9(3) + f(2).

Ecau dopmyna F u 6asuc F 3amansr (npuuéMm F ABISETCS MPABUIBHO TOCTPOEHHOM
dopmymoit Hax 6asucom F'), To npoueaypa Eval(F, F,x1,...,x,) ABiIseTcs HEKOTOPOI
OyneBoll pyHKIMEH f NEPEMEHHBIX T1,...,T,. B 9TOM ciy4ae roBopsr, uto dopmyaa F
pearudyem QyHKINIO f M 3aMUCHIBAIOT 9TO Tak: funcF = f.

3AMEYAHUE
[l 0603HAYEHNS PEATM3yeMOCTH TIPUMEHSIOT U ApyTre NpuéMbl. Boeibpantoe obosnadenue obia-
JlaeT TeM JTOCTOMHCTBOM, YTO COLJIACOBAHO C APYTUMU 0603HAYEHUSMU B KHUE.
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3Hast TabJUIBl UCTUHHOCTH I (DYHKIMIT 6a3uca, MOKHO BBIYMCIUTD TabJIMILy MCTHUH-
HOCTH TOH (DyHKITMH, KOTOPYIO Peanu3yeT JaHHas GopMmya.

Mpumepsl
1. F1 : :(1’1 N Ig) V ((Il /\fz) \Y (fl A\ Iz))
X X2 T1NATg | T1N\XT2 (1‘1 /\52) V (51 A\ .IQ) T1A\xo |
0 0 0 0 0 0 0
0 1 0 1 1 0 1
1 0 1 0 1 0 1
1 1 0 0 0 1 1
Takum o6pasom, hopmyna Fy peanusyeT AU3bIOHKIHIO.
2. Fy: :(1‘1 AN 1'2) — X
T o X1 /\l‘g Fg
0 0 0 1
0 1 0 1
1 0 0 1
1 1 1 1
Takum obpasom, hopmyna Fp peanusyer KOHCTaHTY 1.
3. Fs: :((.271 N 1‘2) + 1‘1) + X9
T Ty 21 Nao | (11 Axo) + 21 | (1 Axe) +21) + 29
0 0 0 0 0
0 1 0 0 1
1 0 0 1 1
1 1 1 0 1

Takum o6pasom, opmyia F3 Takke peanusyer IU3bIOHKIIHIO.

3.2.3. PaBHOCUJIbHBIE POPMYIJIbI

Onna HYHKIMS MOKET MMETh MHOKECTBO peayuaaluii (Haj AaHHbIM 6azucom). Dopmy-
JIBI, PeANU3YIONNe OHY U Ty Ke (QYHKIINIO, HA3BIBAIOTCS PABHOCULLHOIMU:

Fi=F 23 (funcF) = f & func Ty = f).

OTHollleHrne PaBHOCUJILHOCTH (POPMYJI SBJISIETCS 9KBUBAJIEHTHOCTBIO. VIMeoT MmecTo,
B YACTHOCTH, CJEIYIONIE PABHOCUILHOCTH.

YaVva=a, aNha=gq

2)aVvb=bVa aANb=bAg

Navibve)=(a@Vvd) Ve an(bAc)=(aAb)Ag

4) (anb)Va=a, (aVbAa=a

3 aVvbre)=(aVbA(aVe) aNbVe)=(aAb)V (aAc)

6) avi=1, aNn0=0;

7 aVvVO0=a aANl=gq

8) ——a =g

9) =(aAb)=-a Vv —b, —(aVb)=-aA b
10) a V ma=1, aA-a=0.

Bee ykazaHHbIE PABHOCHJIBHOCTH MOTYT OBITH JIETKO MPOBEPEHBI TIOCTPOEHUEM COOTBET-
CTBYIONUX Tabauir ucTuHHOCTH. Takum obpazoM, (Ea; V , A, =) — Gyesa aarebpa (1. 2.6.6).


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

3.2. OyHKUMM k-3HAYHOWN NOTUKM 163

3AMEYAHUE

CunraeM HeOOXOAUMBIM OBTOPUTH 3/€Ch C YTOUYHEHUsIMU 3aMedanre 13 11. 1.2.6. Ecin Hexoropast
6uHapHasi Omeparns acCONMaTuBHA, TO B (hOpMyJe, TOCTPOCHHOW ¢ MPUMEHEHNEM TaKOW ormepa-
1Y, TIOPSIZIOK BBIMIOJIHEHVSI ONEPaIliii He BaKeH U CKOOKM MOJKHO OIYCTUTb. J[pyrumu cioBamu,
ACCOIUATHBHAS OMHAPHASI OTIEPAIUST OTIPEIENISIET ZPYNNOsYI0 ONePayulo, TPUMEHUMYTO He TOJIBKO K
nape, HO U K Jilo6oMy HaboOpy apryMeHTOB. B aTOM ciiyuae yrmoTpebsisioT TakkKe TEPMUHBI Kpam-
Has onepawus i eapuapzymenmuas onepavusi. Eciu xe onepaiyst B106aBOK KOMMYTaTUBHA, TO He
TOJIBKO CKOOKH MOKHO OITYCTHTB, HO U aPTyMEHTBI TPYIIIIOBOII OIIEPAIIMU MOKHO 3aIHCHIBATD B JIIO-
60M TOpsiaKe. BBUAY BBITIOIHEHNST PAaBHOCUIBHOCTEH 2 1 3 MOKHO OTIPENETUTH KPATHDIE OTIEPATTHH
JIM3BIOHKIMY U KOHBIOHKIIUY, JIJIsI KOTOPBIX UCIOJIBb3YIOTCS CIIEAYIOUIne 0603HAYEHUS:

n n

Def Def Def
\/xi:xlv...Vxn, /\xi:xl/\---/\xn:ml...xn.
=1 =1

AHaJIOTHYHBIMHU CBOHCTBAMHU O6HaZIaIOT CJIOJKEHNE N YMHOKEHNE YUCeJI, O6’I)eZII/IHeHI/Ie n 1iepecede-
HHWE€ MHOJKECTB.

3.2.4. MNoacraHoBKa n 3amMeHa

Ecau B dopmysny F BXOAUT MepeMEHHAsT X, TO 3TO 0OCTOSATENBCTBO 0003HAUAETCS TaK:
F(...z...). CoorBercTBenHo, 3anuch F(...G...) obozHauaet, uTo B hopmysy F BXOAUT
nogdpopmyna G.

Bwmecto noschopmysibl (B 4acTHOCTH, BMECTO TT€PEMEHHOI) B (POPMYITy MOXKHO TMOJCTA-
BUTBH IPYTYIO GOPMYITy (B YaCTHOCTH, IEPEMEHHYIO), B PE3YJIBTATE YETO IOTyUUTCS HOBast
MIPaBUJIBHO TTOCTPOEHHAsT GopMyJa.

Ecmm mopcranoBka dopMysbl § TTPOM3BOAUTCS BMECTO 8CeX BXOXKIEHWUU 3aMeHsIeMOM
nepeMeHHON x (Mau TOAGMOPMYIIbI), TO PE3YIIBTAT MOACTAHOBKY 0O03HAYAETCS CJEMYIO-
mum obpasom: F(. .. x ... )[G/x]. Ecou ske TOACTAHOBKA TIPOU3BOIUTCS BMECTO HEKOMOPHIX
BXOK/IEHUU (B TOM YHCJIE BMECTO OHOTO), TO PE3YJBTAT TOJICTAHOBKU HE MMeeT o0iile-
npuHATOro 0603HaYeHUs. B aTOM yuebHUKE NPUHATO AyOJIUPOBATH 3HAK MOJACTAHOBKU
U MHCATh MEXIY 3HAKAMH CITCOK HOMEDPOB BXOXKIEHUH, TTO/IJIEKAIUX 3aMEeHe.

Mpumepbl

1. 3amena Bcex BXOaeHUN mepeMeHHOn: x V —xzly A z/x] = (y A z) V =(y A 2).
2. 3amena BceX BXOXAEHUN moadopmyss: x VyV z[-x/y V z] = x V .

3. 3aMeHa TE€PBOrO BXOK/EHUsI TIEpeMeHHoil: x V —z[y/1/x] =y V —.

4. 3amena 1epBoro BxoxaeHust noadopmyist: 'V y V z[-x/1/yV 2] =z V —.

VI3BeCcTHBI [[Ba MIPABUIIA: NPAGULO NOOCMAHOBKU Y NPABUILO 3AMEHbL, KOTOPbIE TI03BOJISIIOT
peoGpasoBbIBaTh (GOPMYJIBI C COXPAaHEHHEM PABHOCUIBHOCTH.

TEOPEMA 3 (Mpasusio noactaHoskm).  Eciiu 6 08yx pasHOCUIbHBIX YOPMYLAX BMECTNO 8CeX
BX0XHCOCHULL HEKOMOPOT NEPEMEHHOU T NOOCMABUMYb 00HY U MY Hce POPMYIY, MO NOLYUAMCS
PasHOCUNILHBIE POPMYTIbL:

VG (Fi(z.)=Fo(cz..) = Fi(..x..)[S/2] = Fa(...x...)[S/2]).

DOKAZATENLCTBO. UTOOBI [I0Ka3aTh PAaBHOCUJIBHOCTH ABYX (DOPMYJI, HYKHO MOKa3aTh,
YTO OHU PEANU3YIOT OZHY U TY ke (DYHKIINIO. A 3TO MOXKHO C/I€IaTh, €CIM B3SATH IIPOU3-
BOJIbHBIN HAOOD 3HAUYEHWIT MEPEMEHHBIX U YOEAUThCs, YTO 3HAUECHUS, MOJTYYCHHBIE TIPU
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BbIuucaeHr (GOPMYJI, COBIIAZAOT. PaccMOTpUM IIPOM3BOJIbHBII HAaO0Op 3HAYEHUI
A1,...,0g,...,0, DEPEMEHHBIX T1,...,T,...,T,. O603HaUNM
a:=Eval(§, F,ay,...,az,...,a,). [lo onpeaesenuio ajJropurMa WHTEPIPeTanu

Eval(F1[G/z], Fya1,...,04,...,an) = Eval(F1, Fyay,...,a,...,a,)
U, aHAJIOTHYHO,
Eval(F3[G/x], Fya1,...,az,...,a,) = Eval(Fa, Foa1,...,a,...,ay).
Ho F; = F3 n, 3nauur,
Eval(&1, F,aq,...,a,...,a,) = Eval(Fo, Flaq,...,a,...,a,),
orkyzna Eval(F1[G/z], F,a1, ... Gz, ...,a,) = Eval(F2[G/x], Fya1,... 0z, ..., an). O

3AMEYAHUE

B mpaBmie OACTAHOBKHU YCIOBHE 3aMEHBI 6CeX BXOXKACHHIN CYIIECTBEHHO:
Hampumep, ¢V -z =1luzV —zly/z] =yV -y =180 2V ~zly/1/z] =y V -z # 1.

TEOPEMA 4 (Mpasuno 3amenbl). Ecau 6 gpopmyne samenumo 1exomopyo noopopmyiy
DPABHOCUTLHOT (POPMYIOLL, O NOSYUUMC POPMYLA, PASHOCULLHAS UCXOOHOTL:

JOKASATENILCTBO. PaccMOTpUM IIPOM3BOJIBHBIN HAOOP 3HAYEHUH a1, . . . , Gy, TIEPEMEHHBIX
T1,...,2T,. IMeeM G1 = Go 1, 3HAUUT,

Eval(G1, F,a1,...,a,) = Eval(Ge, F,a1,...,an),
orkyna Eval(F(51//G1], F, a1,...,a,) = Eval(F[S2//G1], F, a1, - .., an). O

ycts F ={f1,..., fm} 1 G ={g1,...,9m}. Torna rosopsar, uro ¢popmyasl F[F] u §[G]
UMETOT 00UHaKosoe cmpoenue, eciu F COBIANAET ¢ PE3YIBTATAMU TOICTAHOBKU B (hOpMy-
ay § dynknuit f; BMecto dynkuyii g;: F[F] = G[G][f,;/9;]7 -

3.2.5. Anre6pa GyneBbix GYHKUUIA

Bysesbl Gysknuu V, A, — (1 J00ble Apyrue) MOTYT PACcCMAaTPUBATBCSA KaK OIEePaL
Ha MHOKecTBe OyseBbiX GyHKIWii, V,A: P, x P, — P,, —: P, — P,. JleiictBureb-
HO, TIycThb (opmyJsibl F1 U Fo PAaBHOCUIIBHBI M peanusyioT GyHKnuio f, a ¢dopmyabl Gp
1 Go PAaBHOCUIBHBI U pealm3yioT ¢yHKIuo g: funcF; = f, funcFe = f, funcG; = g,
func G = g. Torma, mpuMeHsIsT TPABUJIO 3aMEHBI HYKHOE YHCJIO Pa3, UMeeM

F1 VG =FV Ga, F1 AG1 = Fo A Gy, =F1 = —Fy. Takum obpasom, eciiu B3SATH JIO-
6bie opmyasl F u G, peanusypoiue GYHKIUU f U g COOTBETCTBEHHO, TO KasKAasl W3
dbopmynr FAG, FV G u ~F peanusyer ofHy U Ty Ke (DYHKIUIO, HE3ABUCUMO OT BBI-
6opa peaymsyionmx Gopmya F u §. CrenoBaresnbHo, (HyHKIIUH, KOTOPbIE PEATU3YIOTCSI
COOTBETCTBYIONUMHU (hOPMYyJTaMU, MOSKHO TT0 OIIPEIEIEHUIO CIYMTATh Pe3yJbTaTaMy MpH-

MEHEHUS COOTBETCTBYIONUX otepaiuil. Jpyrumu cinoBamu, eciu funcF = f, func§ = g,

TO fAg et func(FAG), f Vg et func(F v §), =f et func(—F). Anrebpanveckast

crpykrypa (Py; V, A, —) Ha3bIBaeTCs aneeOpoll 0yneevix hyHKuui.

TEOPEMA. Azebpa 6ynesvix Qynxuuil asisemcs 6yiesou aizeopoi.
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L OKA3ATENLCTBO. /leiicTBUTENbHO, PABHOCUILHOCTHU, MEPeUncieHtbie B 1. 3.2.2, MOTyT
OBITh IIPOBEPEHBI IyTeM MOCTPOEHUsT TaOJIML MCTHMHHOCTU. SICHO, Y4TO 5T Tab/MLBl HE
3aBUCAT OT TOTO, OTKY/Ia B3SIMCh 3HAUeHUs a, b, c. TakuM 0OpasoM, BMECTO a, b, ¢ MOX-
HO MOJCTaBUTH JIF0Oble (DYHKIMM, a 3HAYUT, JH0Oble peannusyoline ux (GopMyJbl, ecau
TOJIbKO BBIIIOJHEHO IPaBUJIO mojcraHoBky. CiemnoBaTebHO, aKCUOMbI OyJ1eBON aareGpbl
BBITIOJIHEHBI B anrebpe (P; V , A, =), (]

[Iycts [F] — mHOKecTBO GopMyJ1, paBHOCHIBbHBIX F (TO €CTh KJIaCC 9KBUBAJIEHTHOCTH
10 OTHOIIEHNIO paBHOCHIBHOCTH). PaccMoTpmm MHOkecTBO K KIaccoB 3KBHBAJIEHTHO-
cTU 10 oTHOMeHno paBHocuibHOCTHU. [TycTh omeparun V,A: K X K — K, =1 K — K
OTIPE/IENIEHBI CJAEIYIOMMUM 00Pa3oM:

Def Def Def
[F1] V [Fo] = [F1 V T, [Fo] A [Fo] = [FL AT, —[F1] = [F1].
Torga ¢yHkima func, conocrasnsmomas Gopmyse OyneBCKy0 GYHKIUIO, KOTOPYIO OHa
peasn3yeT, SIBISeTCs TOMOMOP(MU3MOM OTHOCUTENBHO Olepanuii A,V, -, U K Hell MOX-
HO TPUMEHUTHh Teopemy O romomopdusme (1. 1.7.6). B artom cayuae Imfunc C P, u
Dom func = §[V, A, ).

3AMEYAHUE

B . 3.4.3 u 3.6.4 nokazano, uto func(F[V, A, 7]) = Pn, TO €CTb I0CTATOYHO PACCMATPUBATD TOJIBKO
dopmyJibl, ocTpoerHble Haj Gasucom {V, A, —}.

[IpumeHenue Teopemsl 0 roMmoMopduaMe rnacut F[V, A, 1|/ ker func ~ (P,; V, A, =) .
Jpyrumu ciroBamu, ajrebpa KJIacCoB PaBHOCHIbHBIX (opmyi (arzebpa Jundenbayma—
Tapckozo) usomopdHa anrebpe OyneBbX QYHKIUN U, CI€A0BATENbHO, ABISETCSA OYIeBOM
asre6poii. Hocurenb aT0ii anre6pbl — MHOKECTBO KJIACCOB (GOPMYIL.

OTCTYMJIEHUE
Ha mpaktuke Mbl TOBOpUM O (DYyHKIMSX, a muiieM (GopMyJsbl, X0Ts GHOpMyJabl U GYHKIUHT —
pastble Bemu. Hanpumep, hopmysi 6ecKoHEUHO MHOTO, a GyHKIuA (Oy/aeBbiX GYHKIUMN n 11epe-
MEHHBIX) — TOJIbKO KOHEYHOE UUCJI0, U cBOOOoHAs anreOGpa hopmyJn He usomopdua anrebpe GyHK-
muii. Ho anre6pa dyHKuuil usomopgua anrebpe KIaccoB PaBHOCUIILHBIX (DOPMYJI, YTO TTO3BOJISET
MaHUMYJIUPOBATh GOPMYJIaMU, UMest B BULY (DYHKIIUU.

3.3. A BOMCTBEHHOCTb U CUMMeETPUS

IMoHsTHE IBOWCTBEHHOCTH U CUMMETPHUH C YCIIEXOM ITPUMEHSIETCS B CAMbIX Pa3HbIX 00J1a-
CTSIX MaTeMaTUKU. MBI paccMaTpuBaeM BOMCTBEHHOCTb M CUMMETPUIO Ha MPOCTEHIeM
npumepe OyJIeBbIX (hYHKITHIL.

3.3.1. ABOMCTBEHHbIE U CaMOABONCTBEHHbIe (PYHKLUU

Iycte f(z1,...,%,) € P, — OyneBa ¢yukims. Torma dyuruus f*(z1,...,z,), onpe-

. % Def 7r—————~ .
JeJéHHast caeayommM obpasom: f*(z1,...,x,) = f(T1,...,T,), Ha3bIBaeTCSA dgoticmeaer -

Hotl K pyHKIMU f.

W3 onpenenenus jerko BUAHO, YTO ABONCTBEHHOCTh UHBOJIOTUBHA: f** = f, n 110 3TON
OpPUYMHE OTHOIIEHUE «ObITh IBOMCTBEHHON K» Ha MHOXKECTBE OYJIEBBIX (DYHKIMHA CHM-
MEeTPUYHO, TO ecTh ecau f* = g, To g* = f.

Ecan B tabiuie uctvuHHOCTU OysieBod (PyHKUMM f MHBEPTUPOBATH 6Ce 3HAYEHUS, TO
MOJIy4uM TabJIUIy UCTUHHOCTH JIBOUCTBEHHOM (byHKIUU f*.
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Mpumep.
1 X9 | T1 /\1172 1 X2 (:El /\1’2)* Tr1 T2 (1’1 /\Ig)*
0 0 0 1 1 1 0 0 0
0 1 0 =11 0 1 =0 1 1
1 0 0 0 1 1 10 1
1 1 1 0 0 0 1 1 1

Takum croco6oM MOXKHO ONPEIAETUTh ABOMCTBEHHYIO (BYHKIUIO st 1060l OyneBoil
ynxum.

SAMEYAHMUE

Ecim (I.)yHKLII/II/I IIBOIL/'ICTBCHHLI, TO UX OTPULAHUA TaKKe I[BOIjICTBeHHbL

Mpumep. B rabiuie HUKe NIPUBEIEHBI BCe aphl ABOMCTBEHHBIX (DYHKIUHI ABYX Iepe-
MeHHBIX. L7151 Kakmoil HyHKIUK yKa3aH BEeKTOP 3HAYEHWH MPU YCTAHOBJIEHHOM TTOPSIIKE
nepevyrcIeHs KopTexeil n o00o3HaueHne, eCIu OHO BBefeHo B Tabymue 1. 3.1.4.

f 10000 | 0001 | 0010 | 0011 | 0100 | 0101 | 0110 | 1000 | 1010 | 1100
0 |z&y x Yy | zHoy|zly| —x -y
1 |xzVy x y x=y |z|ly | —=x -y
f* (1111 0111 | 1011 | 0011 | 1101 | 0101 | 1001 | 1110 | 1010 | 1100

DyHKINSA Ha3bIBACTCS CAMO0B0UCMEeHHoU, ecnu f* = f.

Mpumep. ToxknecTBeHHas YHKIMS W OTPUIIAHWE CAMOIBOMCTBEHHBI, Bce (DYHKIIMHN
JIBYX CYTIECTBEHHBIX TIEPEMEHHBIX, a TaKK€ KOHCTAHTHI HE CAMO/[BOMCTBEHHBI.

3AMEYAHUE

Ecnu dynkius camonBolicTBeHHA, TO ee OTPUIIAHNE TAKKe CAMOJBONCTBEHHO.

TEOPEMA. Cywecmgyem 22" camodeoticmeenmvix Pynxyuli n nepementvLx.

DOKA3ATENLCTBO. 113 anroputma 1OCTpoeHUS NBOMCTBEHHOH (YHKIMU CJIELyeT, YTO
(ynkmsa camoznBolicTBEHHA TOT/la M TOJBKO TOI/A, KOIZlA BEKTOpP 3HAYeHUN (PyHKIIMU
B TabyinIle UCTUHHOCTHU SIBJISIETCS] 3€PKAJIbHO MHBEPCHBIM OTHOCHTENBHO CBOEH cepeiu-
Hol. [losydaercs, 4To mepBast TOJIOBMHA BEKTOPA 3HAYEHWH CaMOBONCTBEHHON DYHKINN
OZITHO3HAYHO 3a/Ia€T BTOPYIO. O

MNpumep. Dyukiws «roaocoBanus» m(x,y,z) (9Ty GYHKIMIO HA3BIBAIOT TAKXKe Ma-
HCOPUMAapHOU) TPUHUMAeT 3HadeHHe 1, ecsqu GOJIBITMHCTBO EPEMEHHBIX MTPUHUMAIOT
snauenue 1. VI3 npuBe€HHON TaOIUIBI HCTUHHOCTH (DYHKIIMU FOJIOCOBAHUS BUHO, YTO
OHa CaMOJIBOMCTBEHHA.

oSO OO
O|l— O O
—_]_—_ O
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_—_ = =
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3.3.2. Peanusauua o BONCTBEHHON (DYHKUUMN

Dopmyiia, peanusyiomas ABOWCTBEHHYIO (DYHKIIMIO, OTPEAENEHHBIM 00pa3soM CBA3aHA
¢ dopmyJI0ii, peanusyionieil UCX0HYI0 (DyHKIINIO.

SAMEYAHMUE

Jasnee ucnonbayercst obosnadenne f(---) Def FICEEDE

TEOPEMA. Ecnu pynxuyus p(x1, ..., T,) peaiu3osana gopmynot
f(filze, . xn), oo, fu(21, .oy 2n)), mo popmyna

i, smn), oo iz, .- - ) peanusyem pynxyuio ©*(z1, ..., 2y,).
L OKABATESNIbCTBO.

30*(:1717 o 7.’17»,1) = @(fla' .- afn) = f(fl(jla oo 7571)7' . ',fn(fla .- jn)) =

=T @ Tn) e (P E0) = PP (@1, oy @)y Fr (@1 0)) =
= *(ff @y, zn)y e (@, Tn)). 0

3.3.3. MpuHUMN ABONCTBEHHOCTH

IIpunyun deoticmeennocmu YCTaHABJIUBAET CBSI3b MEXKIY CTPYKTypaMu (HOpMYJI, peasiu-
3YIOIIUX IIapy ABOMCTBEHHBIX (MYHKIMI. PaccMoTpuM aBe crucTeMbl OyJeBbIX (hyHKIIMIA,
F={f1,...,fm}u F*={f7,..., [%}, u BBeném obo3nauenue

F(F*) 2 FF ) £

TEOPEMA (MpuHumn ggovicteeHHoctw). Ilycmo F'={f1, ..., fim} — cucmema byresvix gymx-
uui, a F*={fy,..., fx} — cucmema deoticmeennvix pynxyui. Tozda eciu gopmyra F nao
6asucom F peanusyem gpynuxuuio f, mo gopmyna F* nao 6asucom F*, nonyuenias samenoi
Qymxuuil f; deoticmeennvimu pynxuusmu f;*, pearusyem dyuxuyuro f*:

func FF] = f = func F*[F*] = f*.

[okA3ATENbCTBO. UMHmykius o ctpykrype dhopmysasr F. baza: ecmn opmyna F nmeer
Bun f(x1,...,%,), tae f € F, o dopmyna F* = f*(x1,...,x,) peamusyer QyHKIuio f*
1o onpejesennio. MHAYKIIMOHHBIN TIepexo/1 1o TeopeMe 11. 3.3.2. O

CJEOCTBUE. T =9, = J," =93,".
Mpumep. U3z, A zg = T1VZs 110 IPUHIIUIY ABOWCTBEHHOCTH UMEEM X1 V To = T1/ATo.

OTCTYINMJIEHUE

XopoIro u3BecTeH MPUHIAI MAaTeMATHYECKOM MHAYKIMH [T HATYPAJIbHbBIX UHCEL:

(P(1) & (P(n) = P(n+1))) =VneN (P(n)).
ITOT IPUHIMII SIBJSIETCS CIPABEJIUBBIM U [JISL IPYTUX MHOMKECTB, YIIOPSIIOUEHHBIX (oJiee CII0XK-
HBIM 00pa3oM, Hexken HaTypasibhble uncaa (1. 1.8.9). Hanpumep, B 1oKa3aTeabCTBE TMPEIbIAyIIEi
TeOpeMBbI OBLT MCMOIb30BaH MTPUHITUIT WHAYKIMKA B CJIEAYIONel hopme.
ITycTp 3amana nexoropas uepapxus. [Ipenmnosnoxum, uto: 1) HekoTopoe yTBepxkIeHue P crpases-
JIUBO JIJIs1 BCEX Y3JIOB MEPAPXUM HIDKHETO YPOBHS; 2) M3 TOTO, YTO yTBEpKAeHUe P CIIPaBeIIBO

JUISL BCeX Y3JIOB, NMOJUUHEHHBIX JaHHOMY Y31y, CJlefyeT, 4TO yTBepsk[eHHe P clipaBelJIuBO JJIs
nmaHHOro y3ia. Torza yTBepikjieHue P cIpaBe/InBo /I BCeX Y3JI0B HepapXuu.
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3.3.4. CummeTpuyeckne pyHKuUmn

bynesa dyHKINS n mepeMeHHBIX HA3bIBAETCS CUMMEMPUUECKOU, €CTTN €€ 3HAUeHNe NHBA-
PUAHTHO OTHOCHUTEJIBHO MEPECTAHOBOK 3HAYEHUI apryMeHTOB. 3aMeTUM, 4TO IPU Iepe-
CTaHOBKe 3HaYeHUll B Habope oliiee KOJNYECTBO HyJIeil U eauHMIL coxpaHsiercs. [Tonsarue
CUMMETPUYECKON (DYHKIIMU MPUMEHUMO TOJNBKO K (DYHKIMAM ABYX U OOJBIIETO 4nCia
TTepeMeHHbBIX.

Mpumepsl

Hynb, KOHBIOHKITHS, CIOXEHUE MO MOAYJIO 2, AM3bIOHKIMS, cTpenka [lmpca, sxBuBa-
JeHTHOCTH, MTpuX [lleddepa n enunUIIA ABAIIOTCS CUMMETPUIECKIME (DYHKITMSMU IBYX
nepeMeHHbIX. [Ipyrux cummeTpuiecknx (GyHKIUN BYX TT€PEeMEHHBIX HeT.

TEOPEMA. Cywecmsyem 2" cummempuueckux pynxuuii n nepemenwix.

LOKABATENLCTBO. SIcHO, uTO Ha J0O0M Habope 3HAUYEHUIT M MEPEMEHHBIX, B KOTOPOM
conepxuTcs k 3navuenuii 1 (M cOOTBETCTBEHHO n—k 3HaueHuit (), cumMeTprudeckas GyHK-
LUt IpUHUMaeT ofaHo 1 To ke 3Hadenue (1 mam 0). Takum 06pasoM, CUMMETPUYECKYIO

(byHKIUIO f OT n MEPEMEHHBIX MOKHO 33/1aTh OyJeBCKUM BeKTOPOM (fo, f1,-- -, fn), THE
fi — sHadenue GpyHKIUYM Ha HAGOPaxX 3HAYEHUT, CoepIKaNKX 4 eAuHKIL. Beero cymecTBy-
er 2"t takux HaGopoB. O
Mpumepsl

DyHKIINS TOJOCOBAHUS SIBJISIETCSI CUMMETPUYECKOIL.
Dopmyna —z Ay Az V zA-yAz Ve AyA -z peanusyer QyHKIUIO, KOTOPAsT TAKXKe
SIBJISIETCST CUMMETPHUYECKON.

3.4. HopmanbHbie ¢dpopmbl

B mamHOM pasiesie Ha prMepe OyJIeBbIX (QDYHKIHI 00CY/KIAETCS Ba)KHOE TIOHSITHE <HOP-
MasibHast (hOpMay, TO eCTh CUHTAKCUYECKU OJHO3HAUYHBIH crtocob 3anucu ¢hopMyJibl, pea-
JIM3YIONIeN 33/IaHHyI0 (DYHKIIMIO.

3.4.1. PasnoxeHune OyneBbix PYHKLUA NO NepeMeHHbIM

Tomomum ¢ 2 2 A y V T Ay. OueBUIHO, YTO
¥ =x =y = if y then z else T end if = if x =y then 1 else 0 end if.

TEOPEMA (O pasnoxeHun 6yneson GyHKLMM N0 NepeMeHHbIM).

fl@1, o Ty Tt 15, Tn) = \/ PPN AT A f(O1, . O, Tty - - T,

(0'1,...,0'7,,,)

20e JussronKus 6epémcs no 6cem 603MONCHHIM HAGOPAM 3HAUEHUU (T, . . ., Opm,).

DOKASATENIbCTBO. PaccMorpuM 3HayeHnue (opMyJibl B IIPaBOil yacTu Ha Habope 3Haye-
HU# aq,...,a,. IMeeM

Vo a2l A AZT A (01, Oy Tl -5 En) | (@1, an) =
(0150 ,0m)
= V  al* Ao Aal A f(o1,.. ., 0m, Gmtt, - - -, Gn). BCE KOHBIOHKIINH, B KOTOPBIX

(01,-50m)
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i a; # 0y, paBubl 0, 1 UX MOXKHO OILyCTUTH, II09TOMY OCTAETCS TOJBKO OZHO CJAraeMoe,
st kotoporo Vi € 1.n (a; = 0), 3Ha9UT ai* A. .. Aa2 A fa1, ..., Qmy Gmg1y - -y Gn) =

= f(al, vy (ln).

3AMEYAHME
37ech JJoKasbIBaeTCs, YTO HeKoTopas ¢dopMysa peanusyeT safaHHyo ¢yHKnmio. /a1 atoro mo-
CTaTOYHO B3SITh MPOU3GONLHHIY HAOODP 3HAYEHUH apryMeHTOB (DYyHKIMH, BBIYMCJIUTH HA 9TOM Ha-
Gope 3Hauenue (HOPMYJIBI, U €CIN OHO OKAXKETCS] PABHBIM 3HAYEHWIO (DYHKIMM Ha 9TOM Habope
apPryMEHTOB, TO U3 3TOTO CJIAEAYET AOKa3bIBAEMOE YTBEPIKICHUE.

CNEQOCTBME 1 (PaznoxeHue 6ynesont GpyHKLMM N0 OOHON NEpPeEMEHHON).
flar,.. o xn1,2n) = (@ A fz1, ...y Zp-1,1)) V (Tn A f(21,...,20-1,0)).

MNpumep. Pazioxenne GyHKIUKU TOJOCOBAHUS TI0 mepemenuon z: m(x,y,z) = (z A
m(1,y,2)) V(@ Am(0,y,2)) = (x A (yV2) V(TA(YA=2).

CNEACTBUE 2 (PasnoxeHue 6yneBoi GyHKLMN MO BCEM MEPEMEHHbIM).

f(@1,.. o an) = \/ oTVA L AT
{(o1,.c,on)|f(o1,..,00)=1}

3.4.2. MnHumMmanbHble TepMbl

Boipaxkenue Buga x7' A- - - AzZ", KOTOPOE IPUCYTCTBYET B CJIEACTBUU 2 TEOPEMBI O PA3JIO-
KeHuu OyeBoil (DyHKITMU TI0 TIEPEMEHHBIM, UMeET OOJIBIII0e 3HAYCHNE B TEOPUY GYJIEBbIX
(hYHKIUN U HOCUT CHENUATbHOE HA3BAHUE: MUHUMALLHBLY MEPM, I COBEPULEHHDLT 00~
HOUNEH, WA KOHCMUmMyenma eOunuubl, Wi, Hanbosee KOpoTKo, Munmepm. Herpymnno
BUZIETh, YTO MUHTEPM — 3TO peanusaliis OysieBoil (GYHKIMH m MEPEMEHHBIX, KOTOpas
uMeeT 3HaueHue 1 POBHO Ha OfHOM HaGope 3HAYEHUl MePeMEHHBIX, a UMEHHO Ha Habo-
pe (o1,...,0,). OTCiONa ¥ U3 CJENCTBUS 2 BBITEKAET €Ille O[HO CJIEACTBUE K TEOPEME O
passioxkeHnu OyJieBoit (DYyHKIIUH TI0 EPEMEHHBIM.

CNEACTBUE 3. Jhobyio 6yresy pynkuuio, kpome 0, MONCHO NPeOCMasumy Kax OUssionx-
UUI0 HEKOMOPLIX MUHTNEPMOB.

sleno, yro mpu (PUKCUPOBAHHOM 1 MMEETCS POBHO 2" Pa3iM4HbIX MUHTEPMOB. OObIu-
HO MUHTEpM 0003HAYalOT my;, Ile i € 0..27~1 4 maspiBaercs HOMEPOM MUHTEPMA, UIN
IPsSIMO YKA3BIBAIOT OYJIEBCKUU BEKTOp (071, ...,0,), HA KOTOPOM MUHTEPM HPUHUMAET
sHauenue 1. VI3 cTpykTypbl hopmyJibl, 3aiat01eil MUHTEPM, HETIOCPEICTBEHHO CJIE/yeT,
4TO IBOMYHOE IIPEACTaBJIeHNe HOMepa MUHTepMa 3agaeT TOT Habop sHaveHuil (B ycra-
HOBJIEHHOM TIOPSIIKE), HA KOTOPOM MUHTEPM NpPUHUMAaeT 3HayeHue 1.

ToBopsT, uTo cucTeMa OyJIeBBIX (DYHKIMI OpPMOZOHANbHA, €CIU MX KOHBIOHKIUS ECTh
TOKIECTBEHHDIN HOJIb.

Mpumep. Cucrema {x, T} opToroHasbHA.

JIEMMA 1. Jho60e mioscecmeo us 06yx uiu 601ee pasiuiiblx MUHMEPMOE OPMOZOHANLHO.
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DokazaTENbCTBO. He cymecTByer Takoro Habopa 3HaUEHUIT, HA KOTOPOM JiBa Wju OoJiee
Pa3JIMYHbIX MUHTEPMA IIPUHUMAIOT 3HaueHue 1. O

rOBOpHT, YTO CHUCTEMa 6y]IeBI)IX (bYHKHI/Iﬁ 6blnoJHUMA, €CJIN NX JU3BIOHKIMA HE €CTb
TO)KZIeCTBeHHHﬁ HOJIb.

MNpumep. Cucrema {x, T} BbioJHUMA.

JIEMMA 2. J1060e MHONCeCE0 MUHMEPMOE 6bLNOJHUMO.

DOKASATENLCTBO. /[M3BIOHKIIUS BBITIOJIHSIETCS HA BCEX HAOOpaX 3HAYEHWI, Ha KOTOPHIX
KaKo#-11M0b0 U3 MUHTEPMOB MPUHUMaET 3HaYeHue 1. O

JIBOMICTBEHHBIM K MUHTEPMY SIBJISIETCST Makcmepm — OyneBa (DYHKIHS, KOTOpas MPH-
HUMaeT 3HaueHue () HA €UHCTBEHHOM HAabope 3HAYeHUI TepeMeHHbIX. SICHO, YTO Mak-
crepM peasusyetcs popmymnoit x{' V ... V zZ». Vcnonb3dys IPUHIMUIT JIBOHCTBEHHO-
CTH, Ha MaKCTEPMbI HETPYAHO PACIPOCTPAHUTH BCe HAOIIOAEHNUS, KOTOPBIE CAENAHBI JIJIsT
MUHTEPMOB.

3.4.3. CoBepLUeHHbIe HOpMaJibHble HOpPMBbI

ToBopsit, uto HekoTopsIit KiIace popmya K umeem nopmanvnyio opmy, ecim 3ajiad Apyron
kimace popmysn XK', KoTopble Ha3bIBAOTCS HOPMAJIbHBIMU (OPMaMH, TaKoii, 4To Jitobast
dopmyira kmacca K umeer eduncmsennyo paBHOCUIbHYO (hopmyrny us kinacca X'. Eciu
3ajlaH aJITOPUTM, TO3BOJISIFOIIINN J1J1sT JIDOOH (HOPMYJIBI TIOCTPOUTH €é HOPMATBHYIO (hopMY,
TO Hajuuue y Kjiacca (hOpMyJ HOPMAJIbHOU (HOPMBI 00€CTIEUUBAET PASPEUUMOCTDL, TO
€CTh HaJU4Yue aJTOPUTMA TTPOBEPKU PABHOCUIBHOCTH. JefCTBUTETHHO, B 3TOM CJIydae
JIOCTATOYHO CPABHUTH HOpMasIbHbIe (DOPMBI IBYX (hopmysi. OauH u TOT ke Kiaacc K MoxeT
HMMETh HECKOJIBKO PA3JIMYHBIX HOPMAJIBbHBIX (POPM, TO €CTh HECKOJIBKO PA3JIUYHbIX KJIACCOB
XK' (mm. 2.2.3 u 2.2.4).

PaccMoTpuM TOHSITHE HOPMATBbHON (hOPMBI TIPUMEHHUTENBHO K OyJieBbiM (yHKImsiM. Pe-
anuzanus 6yneBoit pyHkuuu f(x1,...,%,) B Buge GOPMYIIbI
(on] On
VANV ANY i
{(o1,mon)lflor,mon)=1}
Ha3bIBAETCS COBEPULCHHOU OU3BIOHKMUEHOU Hopmaiviol ¢popmoti (CITHD).

SAMEYAHUE
CAH® naspiBaeTcsi COBEPUIEHHOH, MOTOMY YTO KaXK/[0€ CJIaraeMoe B IM3BIOHKIINU BKJIOYAET BCE
IepeMeHHbI€; IN3bIOHKTUBHOMN, IOTOMY YTO IJIaBHAs Ollepallusl — AU3BIOHKIINS; HOPMAJIbHOI, 110-
tomy uro CJH® enuncTBeHHa, Kak MOKA3aHO B CJEMYIONIEN TeopeMe.

TEOPEMA 1. Bcaxas 6yresa pynxuus umeem eduncmeeniyio CTHD.

DOKA3ATENLCTBO. [lo ciencTBuio 2 K TeopeMe O pasjioskeHur OyJaeBOH (YHKIMU 110

HepeMEeHHBIM UMeeM f(xy,...,%,) = V 7" A oA agr. Ecom nipn
{(o15y0n)[f(o1,00000)=1}

samucu CAH® wucrmonb3yercst yeraHOBIeHHbIH opsiiok, To C/IH® ogHo3HauHO OTIpe-

JeJISIeT MHOYKECTBO HAaGOPOB 3HAYEHUI MePEMEHHBIX, Ha KOTOPBIX (DYHKIIUS, Pean3yemMast


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

3.4. HopmasnbHble GopMbl 171

COAH®, npunumaer 3nHayenue 1. Tem cambiv CAH®D ozpnosHayHo onpegensier Tabauiy
UCTUHHOCTY PeannsyeMoii pyHKIuY, a 3HaUnT, 1100bie a8e pasanunbie CAHO nax ogaum
U TeM e HabOPOM IIepeMEeHHbIX HEPABHOCUJIbHBL O

Mpumepsl

1. CIH® xonbionkuuu z Ay =z Ayl

2. CIH® ausvionkimu z Vy = 20 Ayt Val Ay? val Ayl
3. CIH® ummmkamuu z — y = 2° Ay° vzl Ayt vl Ayl

3AMEYAHME

IIpu paccMoTpeHuu AM3BIOHKTUBHBIX (M KOHBIOHKTUBHBIX) (DOPM MbI MMeEM JIeJio ¢ (popMmysiaMu

Buma \/ S;i u A S;, tme I — HEKOTOPOE MHOKECTBO MHIEKCOB, & S; — HEKOTOpbIe (hopMyJibl. MHO-
iel i€l

JKECTBO MHAEKCOB MOXKET OBITh MycTO. B 9TOM ciiydae yA06HO CYUTATD, YTO TyCTas AU3BIOHKITHS

nmeet 3Hadenue 0, a mycTass KOHBIOHKINS — 3HaYeHue 1:

I:@:>\/S¢:0, I:®:>/\Si:1.

iel i€l

CNEACTBUE. Bcsaxas byiesa ynxyus moxcem Ovims Guipadicena uepes OUSsIONKUUIO, KOHs-
touxyuio u ompuyanue: ¥ f € P, (3F € F[V, A, 1] (f = funcF)).

3AMEYAHME

Ecmn f =0, 10 {(01,...,00) | f(01,...,0,) =1} = &. B cooTBeTCTBUU C COIJIANIEHUEM IPEIbI-
nyiiero 3amedanus mnycrast popmysa cuutaercss CAH® nyss.

TEOPEMA 2. Bcakas 6yresa (ynxuus umeem eOUncmeeHHyi0 cOBEPULEHHYI0 KOHBIOHK -
musny1o nopmarviyio popmy (CKHD):

flz, ... xn) = /\ 7PV oain.
{(0'1,...70'")‘]"*(0’1,...,0'"):1}

D OKA3ATENbCTBO. [lo IpUHIMITY ABOMCTBEHHOCTH M3 TIPEABIAYIIEH TEOPEMBI. O

Mpumepsl
Hopmasbhbie (hopMBI CYTIIECTBYIOT Y PA3IMUHBIX (OPMY.JI.

1. CIH® u CKH® sBisiorcst HopMabHbIMKU (opMaMu it GysieBbIX (opMyJT Hal

JIOOBIM Oa3UCOM.

2. MopmyJibl BUa Z?:O a;irt m (... (apT+an_1)T+...+a1)r + ag ABAAIOTCA HOPMAb-

HBIMM (DOpMaMU /I TIOJIMHOMOB OJIHOH 11€PEMEHHOI CTeleHH n.

3. MHoxecTBO (HhOPMYJI, TOCTPOEHHBIX CYIIEPIIO3UIINEN U3 PAITMOHAIBHBIX (DYHKITMH 011
HOI TiepeMeHHOl, €* 1 Inx (TO ecTh MHOKeCTBO (DOPMYJI, PEATTUIYIONTUX dJIEMEHTAP-
Hble (DYHKIUKU MaTeMaTHYeCKOTO aHajiu3a), HOpMaubHOH (opMbl He umeet. lokasa-
TEJbCTBO TOCTETHETO YTBEPKAEHUS BBEIXOAUT 32 PAMKH 9TOTO yUeOHUKA.
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3.4.4. dkBuBaneHTHblie Npeobpa3oBaHusa

Vcmonb3yst yike AOKa3aHHBIE PABHOCHUIBHOCTH, MOXKHO TPe0OPa30OBBIBATD TIO TTPABHIY
3aMeHbI OJIHU (DOPMYJIBI B IPYTHE, PAaBHOCUIbHBIE UM. [IpeobpasoBanue (hopMyJibl B paB-
HOCWJIbHYIO €l HA3bIBAETCS SKBUBALCHIMHBIM NPeoOpa308aHUeM.

Mpumep. Vcrnosib3ys paBHOCHIBHOCTHU U3 11. 3.2.2, TOKaXKeM, YTO UMEET MECTO NPpasuio
cxneusanus,/pacuenienus: (x & y) vV (x & —y) = z. JlefictBuTeIBHO,

(m&y)\/(x&ﬁy)ix&(y\/ﬁy)gm&lix.

SAMEYAHME
Ecan paBHOCHJIBHOCTD U3 NPebLIYIero NpuMepa IPUMEHsIeT s JIJIs1 YMEHBIIeHNs Yucya omeparuit
B (hopMyJie, TO TOBOPST, YTO [POU3BOAUTCS CKACUBANHUE, & €CIIU HA0OOPOT, TO paciyenienue.

TEOPEMA. /lus nio6bix 08yx pasnocunrviolx gopmyr F1 u Fo cywecmeyem nocaredosa-
MeALHOCMYb IKGUSALCHMHBIX npeodpasosanuil us F1 6 Fo, noryuaemas nocpedcmeom pas-
HOCULLHOCMEL, YKA3AHHVIX 68 1. 3.2.2.

BOKAZATENLCTBO.  JIto6yio opmyiy (KpoMe TeX, KoTopbie peaiusyior 0) MOKHO npeol-
pasoBath B C/IH®D ¢ moMoIpio paBHOCWJIBHOCTEN U3 I1. 3.2.2 W MpaBUJa pacileTieHus
13 TPEIBIIYIIEro TIPUMepa 10 CJIeYIONEMY aJITOPUTMY.

1. Snumunavus onepauuii. Jlobas Gynesa ornepaiust peanusyercss Gopmynoil Hax 6asu-
com {A, V,—} (manpumep, B Buse CIIH®D). Takum 06paszom, obast MPUCYTCTBYIONIAS
B hopmyie moacdopMyJia ¢ TIaBHOU omneparyei, OTIUIHOHN OT AN3IBIOHKITNN, KOHBIOHK-
U ¥ OTPUIAHUS, MOKET OBITh 3aMeHeHa MOoAMOPMYJIOi, CoIepIKaIeil TOJBKO TPH
GasucHble omepaiui. Hampumep, sJUMUHAINNS UMILIHKAINN BBITOJHSIETCS € MOMO-
HIbI0 PABHOCUJIBHOCTH 1 — T2 = —x1 V 2. B pesysbrate mepBoro mara B popmyJie
OCTAIOTCS TOJMBKO GA3UCHBIE ONEPAIUH.

2. IIpomacxusanue ompuyanuii. C MOMOIIBIO MHBOJIOTUBHOCTU OTPULIAHUS U TIPABUJI [Ie
Moprana onepaiysg OTpUIIAHUS <IIPOTACKUBAETCS» K llepeMeHHbIM. B pesyssrare BTO-
poro miara OTpUIIAHUS MOTYT IIPUCYTCTBOBATb B (pOpMyJie TOJBKO HEHOCPEJCTBEHHO
nepes; epeMeHHbIMU.

3. Packpvimue cxo6oxk. Tlo mucTprOyTHBHOCTH KOHBIOHKITHU OTHOCHTETHHO U3 HIOHKITN
PACKPBIBAIOTCST BCe CKOOKH, SIBJISIIOIINECS ONEPaHIaMU KOHBIOHKIMU. B pesyssrarte
TpeTbero mara (opmyJia mpuobperaer Bu dusstonkmusnot gopmor: \/ (A; A -+ N Aj),
rie Ay — 910 GO MepeMenHast, TGO OTPUIAHIE TTEPEMEHHOM.

4. Yoanenue nyneti. Ecnu B ciaraeMoe JU3BIOHKTUBHOM (DOPMBI BXOIAT TIEPeMEHHast U
eé orpunanue (x & —x), TO Takoe cjaraemoe ynajisiercs. Eciu nipu atom ¢dopmyia
OKa3bIBaeTCs MYyCTOH, TO TIPOIECC TIPEPHIBACTCSA W CUNTACTCS 3aBEPIICHHBIM (MCXOTHAS
dopmyna peanmusyer 0).

5. Pacwennenue nepemennvix. 1lo npaBuny paciierieHus B KOKAYI0 KOHBIOHKIIUIO, KO-
TOpast COJEPKUT HE BCe MEPEMEHHDBIE, TOOABISIIOTCS HellocTaoue. B pesyJibrare Iie-
cToro mara (opMmysa CTAaHOBUTCSI «COBEPIIEHHOW», TO €CTb B KaXK0W KOHBIOHKITMI
cojiepKaTcs Bce IepeMeHHbIe.

6. IIpusedenue nodobnvix. C TTOMOIIBIO UAEMITOTEHTHOCTH KOHBIOHKIIUHU YAATSIIOTCS TIO-
BTOPHBIC BXOK/ICHUS IIEPEMEHHBIX B KaXK/yI0 KOHBIOHKIINIO, a 3aTeM C IIOMOIIBIO U/IEM-
TTOTEHTHOCTU JU3BIOHKIINN Y/ATISAIOTCS TTOBTOPHBIE BXOXK/IEHUSI OJMHAKOBBIX KOHDB-
IOHKIIMI B TU3BIOHKIINIO. B pesysibrate maToro mara ¢hopMyJia He COMEPKUT <JTUITHUX>
NIepeMEeHHbIX U <«JIMIIHUX» KOHBIOHKTUBHBIX CJIaraeMbIX.
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7. Copmuposrxa. C OMONIBIO KOMMYTAaTUBHOCTU TIEPEMEHHbIE B KaXK/[OH KOHBIOHKIIUH,
a 3aTeM KOHDBIOHKIIMM B AU3BIOHKIIUU COPTUPYIOTCS B YCTAHOBJIEHHOM TIOPSIIKE
(1. 3.1.1). B pesyabrare cempmoro mara gopmyJia npuobdperaer sy CAHD.

3aMeTHM, uTO BCe yKasaHHbIe IpeobpasoBatus oOparumbl. Eciu Tereppb ganbl ase dhop-
Mmy.Jibl, mpeoGpasyem ux B CAIH®D ykazanubiM asroputMoM. Ecii pesyJibraThl He COBITAIH,
3HAUUT, (POPMYJIBI HE PABHOCHJIBHBI M 9KBUBAJICHTHOE TPe00dpa3oBaHue OHOM B APYTYIO
HEBO3MOKHO. Ec/n jke pesysbraTbl COBIA/IM, TO, IIPUMeHsIst oOpaTHbIe peodpasoBaHKs
B oOpatHoM mopsazake, mpeobpasyem nonydennyio CAHD Bo sropyio dopmyny. O6b-
eUHAIA TIOCIIEN0BaTENbHOCTD peobpasoBatuii nepsoii popmysisl 8 CIHD u o6paTHbix
npeo6pasosanuii CAH® Bo Bropyro (opmyily, MMeeM HCKOMYIO II0CJIeI0BATENbHOCTh
peobpasoBaHuil. O

MNpumep. Iloxaxkem, uto dopmymst =((y V —z) — (-y & —z)) - 2 u

(x Vy) = (- = y) & ~(—2 & y)) paBHOCUIABbHLL [{iist aTOTO ITpUBEneM TepByio Gop-
myay Kk CAH®, ucmonbayst maru 1—-7 U3 10Ka3aTerbCcTBA TEOPEMBI.

1. Qnumunaius nmivmkanun: ~—(-(y V —z) V (-y & —z2)) V a.

[TporackuBanue orpunianuii: ((—y & z) V (-y & —z)) V .

Packpoitie ckobok: (—y & z) V (—y & —z) V .

Ynanenue Hymei: Her.

G W

Pacmienienvie nepemennnix: (~y & z & ) V (w & z & ) V (-y &~z & x)V
V(g & 2& ) Ve & y&-2)Ve&-y&2))V(e&y& 2)V(z&y&z2).

6. Ipusenenue mopobunix: (~y & z & z) V (~y & 2 & —~z) V (-y & =z & z) V
V(g & 2 & ) V(e &y& —2) V(e &y&k=2).

7. CoprupoBka: (mx & gy & —2) V(2 & w & 2) V(e & w & -2) V(& -y & 2)V
(x&y&—2)V (x&y&2).

Anajniornyno obpabaTbiBaercst BTopast (popmyJia

(z Vy) = ((cz = y) & ~(-z & y)).

1. Omumunanusa nmivmkanun: —(x V y) V ((-0-z V y) & =(-z & ).

2. IporackuBanue orpunanuii: (—x & —y) V ((z V y) & (x V —y)).

3. Packpoitue cko6ok: (~z & —y) V (z & x) V (z & —y) V (y & z) V (y & —y).

4. Ynamenus nyneit: (—x & —y) V (z & x) V (z & —y) V (y & ).

5. Pacmensienne nepemennbix: (—x & -y & —z) V (-2 & —y & z) V
Vie&ao& w&2)Ve&es&y&2)Vie&e&ky&k 2)V&krs&y&z)V
Ve & gy &-2)Ve&-y&z2)Vigy&kes&-2)V(y&az&:2).

6. Ilpusenenue nopobubx: (—z & —y & —2) V (-z & y & 2) V (2 & -y & —2)V
Vie& w&z)V(e&y&-2)V(x&yk:z).

7. CopTUpOBKa: HeT.

Takum 06pasoM, (HOPMYJIbl PABHOCUJIBHBI.
[IpuBemeHHbBIN IPUMED TTOKA3BIBAET, YTO XOTSI MOCTPOECHUE TIOCTIEI0BATETHHOCTH SKBHBA-

JIEHTHBIX TIPeoOpa3oBaHuil 3a cuer npuBesieHust GOPMYJ K HOPMAJIbHOU GopMme Beerzia
BO3MOJKHO, 3TO He BCer/la PalliOHAJIBHO.
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MNpumep. B ycaosusx npeasiayuiero npumepa —((y V —z) — (-y & —2)) = z u
(x Vy) = ((mz = y) & ~(—z & y)) MOKHO TIPOBECTH CJEYIONINE IKBUBAJIEHTHbIE
Ipeo6pa3OBaHMS:

“((y vV 22) = (y & =z)) 2 x=—2(=(y V -z) V (y & 2)) Voz =
=((ry&2)V(w&-2)Ve=(yV(z&2)Ve=—yVua

C mpyroii croponsr, (z V y) — ((-z = y) & ~(—z & y)) =
=@ Vy V(2 vy &a(aky)=(r&kyV@&yVvy)=
=(z&-y)Ve=(xVz)&(-yVa)=—-yVua

OTCTYIMJIEHUE
IKBUBAJIEHTHDBIE TIPEOOPA3OBAHUS, PACCMOTPEHHBIE 37I€Ch, SIBJISIIOTCST YACTHBIM CIIyYaeM CUCMEMbl
NOOCMAHOBOK MEPMO8, WU CUCTEMbL NPAGUL NePENUCHIBANUsL, PACCMOTPEHHbIX B 1. 2.2.3. B 061mem
cJlydae B TaKOUW cUCTeMe 3a1aeTcst Kiaace GopMy T 1 Habop MpaBuUIl MPpeoOpa3oBaHmsT ITHX (HOPMYJI.
ITpaBusia MOryT ObITH OOPATUMBIMK ¥ BCET/A IPUMEHUMbBIMU (KaK B CJly4ae 9KBUBAJIEHTHBIX IIPE00-
pasoBaHuii OyJsieBbix (OPMYIT), HO MOTYT HE UMETh OOPATHBIX U ObITh 00ycioBieHHbIME. C 3THMU
CUCTeMaMU CBsI3aH IEJIbIH psij mpobJjeM Teopuu anroputMoB. Hampumep, ajist 3agaHHO# cucre-
MBI [IPABHJI U JIBYX 3a/[AHHBIX (POPMYJI, OIPENENUTh, MOKHO Ji TIpeoOpa3oBaTh ofHy GhopMyry B
JPYTYIO U HAlTU KpaT4yalliyio 110CIe[0BaTeIbHOCTD T1peobpasoBanuil. CUCTEMbI IOJCTAHOBOK Tep-
MOB HallTM MHOJKECTBO IIPAKTUYECKU BAKHBIX IPUMEHEHUI B MaTeMaTU4eCKOH JIOTHKe, B TEOPUU
AJITOPUTMOB U B IIPAKTUYECKOM ITPOTPAMMUPOBAHNUN. 3aMETHUM, OIHAKO, YTO ocTpoeHue 3P HeKTNB-
HOTO QJITOPUTMA OTHICKAHMSI KpaTyailllieil IIOCIIe/0BaTeIbHOCTU SKBUBAIEHTHBIX IIPeoOpasoBaHuil
SIBJISIETCSL HEIPOCTON 3amaveil naxe st OyseBbix (OPMyJ, HE TOBOPSI yKe O [APYTUX KJaccax
MaTeMaTHYeCKNX OOBEKTOB M JPYIUX CHCTEMAX MePEIUChHIBAHMSL

3.4.5. MnHumMasnbHble AU3bIOHKTUBHBIE (POPMbI

Bynesa dyHKIMS MOXKeT ObITh 3aaHa GECKOHEYHBIM YUCJIOM PA3JUYHBIX, HO PABHOCHJIb-
HBIX (hopMys. BosHuKaeT ecTecTBeHHas 3a/ava: Ui JAHHOU OyIeBON (hyHKIMU HalTH
peasnayomyio hopMyJry, 06JaIaIoNyI0 TEMU UM WHBIMU CBOMCTBAMH.

ITpaktuueckn Hambojiee BOCTPEOOBAHHON OKazasiach 3ajlada MUHMMU3AIMU: HAaUTH MU-
HUMAJBHYIO (hopmyIy, peamusyroniyo Gynkiuio. Ho m B aToli mocTaHOBKe 3a/1a4a NIMEET
MHOKECTBO BAPUAHTOB:

1) maiitn peanmmsyioniyio opmyiry, cofep:Kailyo HauMeHblllee KOJMIeCTBO TTePeMEHHBIX;

2) HaiiTu peanusyionyio GopMyJIy, COEPKAILY 0 HauMeHbIIee KOJNYECTBO OlPele/IEHHBIX
oTiepaIuii;

3) HaiiTu peasusyiollyio OpMYyJIy, COIEPKAILYIO HAUMEHbIIIEe KOJIMYECTBO T10/popMy.I
OTIPE/IETIEHHOTO BUJIA.

Kpome Toro, MOryT GbITh HAJIOKEHBI OTPAHUYEHUST HA CUHTAKCMYECKMH BUJ MCKOMOWM
dhopmybl, HabOp oMepanuii, KOTOPbIE Pa3pelaeTcss MCHoNb30BaTh B (Gopmyse, U T. 1.
13 Bcero aT0T0 pasHoobpasust Hanboree AeTaNbHO, TIO-BUANMOMY, H3yUeHa 3ajada OThIC-
KaHWS JU3IBIOHKTUBHBIX (POPM, MUHUMATBHBIX 110 YNCTY BXOXKAECHUN MEPEMEHHBIX. JTY
3aj1auy MbI GETJI0 PACCMATPUBAEM B 3aKJIOUUTENBHBIX Taparpadax JaHHOTO pasfesa.

Jussronxmuenoil popmoti HazbiBaeTcst popmyia Buga

k m4

\/ KZ‘, rae KL = /\ x?”.
P

i=1 p=1
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Dopmyaa K; Has3bIBAeTCsI 2JIEMEHTAPHON KOHBIOHKIIUEH, TTEPEMEHHBIE B 3JIEMEHTAPHYTO
KOHBIOHKIIUIO BXOJSIT B YCTAHOBJIEHHOM TOPsi/iKe (XOTsI U He 00s13aTesibHO Bee ). Kosu-
YeCTBO MEPEMEHHBIX B KOHBIOHKIMY Ha3biBaeTcs eé panzom (obosnauenue |K;|).

n
TEOPEMA.  Yuc/i0 pasiuunvix OUsoIOHKMUGHBIX (DOPM 1 NepeMennblx pasto 23

DOKA3ATENbCTBO. Ilepemennas GO He BXOAUT B HIEMEHTAPHYIO KOHBIOHKITHIO, JIU-
60 BXOAUT € OTpHUIaHWEM, JubO BXOAUT Oe3 orTpuianus. Takum o6pa3oM, CyIIeCTBYeT
3™ aleMEHTApHBIX KOHBIOHKIMH, a Kak[oe IIOAMHOXKECTBO MHOXKECTBA 3JIeMEHTapHBIX
KOHBIOHKITUHN A€T AMIBIOHKTUBHYIO (DOPMY. ]

W3 210l TeopeMbl MOKHO M3BJIeYb /[Ba IPAKTUYECKUX BbIBOZA, BaXKHBIX JIJIS1 pacCMaTpH-
BaeMOH 3a/1a4¥ MUHUMU3ANWH ANIBIOHKTUBHON (hopMBI. Bo-TIepBbIX, CyIiecTByeT TPUBH-
AJIbHBIN aJITOPUTM pellieHust 3a/1aun: epebpaTh Bee (HOpMbI (MX KOHEUHOE YHCJI0) U BbI-
6path MUHUMAJIbHYI0. BO-BTOPBIX, KOJIMYECTBO TU3BIOHKTHBHBIX (DOPM C POCTOM 1. PACTET
04eHb OBICTPO, U yKe TPU HEGOJBIIUX 7. TIOMHBIH epebGop MPAKTUYECKU HEOCYTIIECTBUM.

3.4.6. leomeTpuyeckas nHTepnpeTauus

ITpu o6cyKIeHNN 3aj1ad, CBA3aHHBIX ¢ OYJIEeBBIMU (DYHKIMSIMU, OYeHb OJIE3HA CIIYI0-
I1ast reoMeTprdYecKas MHTepIperaus. J BonuHbiM HabopaM 13 1 9JIEMEHTOB MOKHO B3aMMHO-
OJIHO3HAYHO COMOCTABUTH BEPIIMHBI 7-MEPHOTO €ANHUYHOTO runepkyba E™.

MNpumep. Ha puc. 3.1 npeacrasien runepky6 aus n = 3.

ITpu atom OyneBa dyuruust f(x1,...,T,) 33/aeTcsI MOAMHOKECTBOM N BEPIIMH THIIED-

Ky0a, Ha KOTOPbHIX €€ 3HaueHKe paBHO 1: N Def {(a1,-..,an) | flar,...,an) =1},
Apumep. /[lna dyuxuun g umeem N = {(0,0,0), (0,0,1),(0,1,0),(1,1,0)}.

Ha puc. 3.1 BbIzeseHbl BEPIIMHBI, COOT-

BeTcTByIomme Gyuximu g(z, y, z), IMeIo- 011 111
el Cyeyonyo Ta6JII/H_Iy WUCTUHHOCTHU:
z y z|g(®y2)
0 0 0 1
0 0 1 1
01 0 1 110
0 1 1 0
1.0 0 0 >
1o t| 0 000 100~
1 1 0 1 Puc. 3.1. lMpeacrtaBneHne bGyne-
11 1 0 BOW PYHKLMM B BUAE runepkyba

Kaxoit ssementaphoil koubonkimu K = x7" A ... A x7¥ cOOTBETCTBYeT MHOXKeCTBO
BEPITNH TUTEPKY0a, ¥ KOTOPBIX T, = 01,...,T;, = Ok, & 3HAUEHUS OCTATBHBIX KOOPIN-
HAT TPOU3BOJIBHBL. [[pyruMu cioBaMu, 3jieMeHTaPHOU KOHBIOHKITMU K COIMOCTaBISETCS
MHOKecTBO BepiuH {(ay,...,an) € E™ | K(a1,...,a,) = 1}, Ha KOTOPBIX KOHBIOHKITH
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umeer 3HaveHue 1. Mbr o603HAUaeM OJHOI U TOi ke GYKBOU U 3JI€MEHTAPHYIO KOHD-
IOHKIIMIO, 1 TO MHOKECTBO BEpIIMH, HAa KOTOPOM OHa npuHuMaer 3HaueHue 1. Jlerko
BUJIETH, YTO HIEMEHTAPHAS KOHBIOHKITS k TIepeMeHHBIX 00pasyeT (n — k)-MepHyo TpaHb
runepkyba E™.

Mpumepsl

1. dmemeHTapHON KOHBIOHKINHN —x A —y cooTBeTcTBYeT pebpo ((0,0,0), (0,0,1)): Ha pu-
CYHKE 3TO pebpo BBIIEJIEHO.

2. DJieMEeHTapHOU KOHBIOHKIIMU 2z COOTBETCTBYET BEPXHsIsI TPaHb Kyba.

Tenepb sICEH reOMETPUYECKUIT CMBICT 3A0QUU MUHUMUSAUUU OUSBIOHKMUGHOU dopmbL. la-
HO MoAMHOecTBO N BepuinH runepkyba E™. Tpebyercst HailTu Takoil Habop rumeprpa-

" k
Heii R;, 4To6bl OHM B COBOKYIHOCTH 06pasosbiBaym nokpeitue N (N = |J;_; K;) u cymma

k
panros Y |K;| O6bL1a MUHHMA/IbHA.
i=1

3.4.7. CokpaléHHble AU3bIOHKTUBHbIE (POPMbI

W3BecTHO HECKONBKO PA3JIMYHBIX METOAOB PEIleHUs 3a[aud MUHWUMU3AINHU AU3BIOHK-
TUBHOI (hopMbl. Bce 0HU UCIIOMB3YIOT OJIHY U TY K€ WJIEI0; YMEHDIITUTD 110 BO3MOKHOCTU
MHO’KECTBO PACCMATPUBAEMBIX 3JIEMEHTAPHBIX KOHBIOHKIINI U 3aTeM HAWTU MUHUMAJb-
HYIO IU3BIOHKTUBHYIO (hOpMY, repebupast OCTaBIIMeCsS KOHBIOHKIIMU. PaccMOTpUM OfinH
13 CaMBIX MTPOCTBIX METOJIOB 3TOTO THUTIA.

ITycts dyHKImMsa f 3amaHa MHOKeCTBOM N BePIIMH eAWHUYHOTO runepkyba E™. Ecim
K C N, ro koublonkius K HasbiBaercst donycmumoid i GyHkuuu f. SIcHo, 4To B MU-
HUMaJIbHYIO (12 1 JII00YI0 APYTyIo) AU3bIOHKTUBHYIO (hOpMy PYHKLIUU f MOTYT BXOAUTH
TOJBKO fomycTuMble KoHblOHKIMU. Ecim K N (E™ \ N) # &, to K — HemonycTumas
KOHBIOHKIUSA. [ToaTomy st kaskaoro Habopa (ay,...,a,) u3 MHOXKecTBa E™ \ N creny-
€T yZIAJINTh U3 MHOKeCTBa BceX 3’ KOHBIOHKIMN Te 2" KOHBIOHKIINH, KOTOPbIE MOKHO
HOCTPOUTH U3 coMHOXHTenaen {x]t, ..., xor}.

Mpumep. /[lng dyHKIMN g TMeeM

g(x,y,2) =0 Heornyctumbie KOHBIOHKIHH
0,1,1) 1 = y 2z —zAy —-xzAz yANz T AYyAz
(1,0,0) 1 o —y =z zA-y zA-z —yA-z A YyA-z
1,0,1) 1 = -y 2z zA-y ANz YAz A YAz
1,1, 1) 1 =z y 2z xTANy Az YAz TAYNz

Ynangs n3 MHOXKecTBa BceX 27 KOHBIOHKIIUNA Te, KOTOPbIE HE SBJISIOTCS JOIYCTUMBIMH,
MOJTyYaeM CJIEYIONMI CITUCOK JOTMYCTUMBIX KOHBIOHKITUI:

YyN—z, g Ay, "x ANz, cAYN -z, " AyNAN -z, " Ay ANz, "z N\N-y Nz

Kounbionkius K Ha3bIBAeTCS MAKCUMAALHOU JIJist GYyHKIMU f, ecyiu
KCN&(KCK cN= K =K).

OueBuzHO, YTO BCAKAs [0IIyCTUMas KOHBIOHKIMS COJAEPAKUTCS B HEKOTOPOH MaKCUMaJIb-
HOU. T103TOMY COBOKYITHOCTh BCEX MAaKCUMAJBHBIX KOHBIOHKIHI 06pasyer MOKPBITHE
MHOKeCTBa N, TO €CTh INZBIOHKTUBHYIO (hOPMY, KOTOPAsT HA3BIBAETCS COKPAUEHHOU OU3D-
1OHKMUHOU Hopmanvioll ¢opmou. CokpaiéHHas AMIBIOHKTUBHAS HOpMalbHas ¢opma
otipeziesieHa 17151 GYHKIUU f OHO3HAYHO (C YYETOM YCTAHOBJICHHOTO TIOPSIZIKA ITePEeMeH-
HBIX).
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Mpumep. /[ling yHkimu g cokpaménHas AM3bIOHKTUBHAS HOpMajbHasA (opma nmeet
Buzt (—x A —y) V (mz A -z) V (y A —z), 4ro cymiecTBeHHO Kopoue, yeM CJ/IH® sroit
byaxmun: (mx A-yA-z) V (tx Ay Az) V (me2 Ay A-z) Vo (z Ay A-z).

Ha puc. 3.1 soipesnensr pé6pa (000—001, 000-010, 010—110), cooTBeTCTBYIONUE COKPa-
MEHHO JIM3bIOHKTUBHOW HOPMaJIbHOU (hopMe.

TEOPEMA. Munumanvias Oussionkmuenas Gpopma saeisiemcs noopopmyiou coKpauén-
HOU OU3BIOHKMUBHOU HOPMALLHOL (POPMbL.

[oka3aTENbCTBO.  OT mpotuBHOTO. IlycTh MUHMMambHAs dhopMa COMEPKUT HE MaKCH-
MaJIbHYIO0 KOHBIOHKIHIO. ToTma 3Ty KOHBIOHKIIMIO MOXXHO 3aMEHUTH COOTBETCTBYIOIIEN
MaKCUMAaJbHOU, TIPU 3TOM IOKPBITHE COXPAHUTCS, & CYMMa PAaHTOB YMEHBIIUTCS, YTO
[IPOTUBOPEYUT MUHUMATBHOCTU (DOPMBIL. O

Mpumep. /[lng dyHKIMKM ¢ MUHUMAJIbHAS TU3BIOHKTUBHAS (popMa MMeeT BU]
—x Ay V yA-z.

JleiictBurenbHo, Ha puc. 3.1 BugHo, yto pébpa 000—001 u 010—110 sBisioTCs Makcu-
MaJbHBIMU KOHBIOHKIIUSIMH ¥ B COBOKYITHOCTHU ITOKPHIBAIOT MHOKECTBO NN.

3.5. MpepncraBneHue O0yneBbix PyHKUUN B NporpaMmmax

Jlnst ipesictaBsieHnst O0yJieBbIX (DYHKIUI MOKHO UCIIOJIb30BaTh CTaHAaPTHBIE METO/BI TPE/-
craByienust (yHKIMN, a TakXe HEKOTOPble ClielrajibHble TPUEMbI, U ITH UJEU YaCTO
OKa3bIBAIOTC [IPUMEHUMbBIMU JJIS IIPEJCTABIEHUs APYIUX, O0jiee CI0KHBIX 00bEKTOB.

3.5.1. TaGnunyHble NpeacTaBneHns

O6Jracth omnpezneeHuss U 00/1acTh 3HAUEHUH y OyJieBoi (DYHKIMM KOHEYHA, [I0ITOMY
OysieBa (DYHKIIUS MOKET OBITH TpejicTaBaeHa MaccBoM. CaMoe GeCXUTPOCTHOE MTPEICTaB-
JIEHHE MPSIMO BOCIPOM3BOAUT TaOJUIy UCTUHHOCTU. ECIM yCIOBUTBCS, YTO KOPTEKU B
TabJmile Beerga UAyT B yCTAaHOBJIEHHOM IOPSIKE, TO [JId IpeAcTaBaeHus OyaeBoi QyHK-
un f(z1,...,T,) IOCTATOYHO XPAHUTH CTONOEI] 3HAYEHUIL:

Fy : array [0..(2" —1)] of 0..1

Mpumep. B 3toM ¥ mocieayoIUX MpUMepax paccMaTpuBaercst OyJieBa (DYHKIIUS
g(z,y, 2), 3amaHHas cienywoiei Tabauieil HCTHHHOCTH:

r y z|g(xyz2)
0 00 1
0 0 1 1
010 1
0 1 1 0
1.0 0 0
1.0 1 0
1 1 0 1
11 1 0
Fi(g) : array [0..7] of 0..1:=(1,1,1,0,0,0,1,0)
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JlanHoe 1pejcTaBieHre — He camoe adexTruBHoe. B yacTHOCTH, ecin Habop apryMeHTOB
3ajiad MaccuBoM z : array [l..n] of 0..1, To /s BbIUUCIEHUST 3HAYeHUsT DYHKIUU | C
HOMOIIBIO IpeJcTaBIeHns Fy HeoOX0AMMO CHaYala BBIYUCAUTD UHIEKC d (TO eCTh HOMEP
KOPTeka B YCTAHOBJIEHHOM TIOPSIZTKE), YTOOBI 3aTeM MOTYyYUTh 3HaueHue F[d]. Mumekc d
HETPYIHO BBIYUCIUTH, HAIPUMED, C TTOMOIIBIO CJEIYIONIETO aITOPUTMA.

Anropurm 3.2. Beruucienve HoMepa KOPTeXKa B yCTAHOBIEHHOM TOPSIKE

Bxoa: xoprex z : array [1..n] of 0..1 3HaueHwUit TEPEMEHHDIX.
Boixoa: HOMEp d KOpTeka x MpHU NepedrcaeHnn KOpTekel B yCTaHOBJIEHHOM IOPSI/IKe.
d:=0 // HauanbHOe 3HaueHUE MHEKCa
for i from 1 to n do
d:=d=*2+ z[i] // ciBuraeM BJeBO U J00aBJsIEM Pa3psi
end for

OBOCHOBAHME. Ecim paccMarpuBaTh KOpTesk Oy/IeBhIX 3HAYEHUI KaK ABOMYHYIO 3aIIMCh
YKCIa, TO 9TO YUCJIO — HOMEP KOPTEXa B YCTAHOBJIEHHOM IHOpsJKe. 3HaYeHHe yucaa d,
3alaHHOTO B MO3UIIMOHHON JABOMYHOHM cucTeMe cuuc/ieHus LUUBPaMU T . ..T,, OIpeIe-
JISI€TCS CIIEAYIONMM 0Opa3oM:

n
d=z:2"" 4.+ 2,20 = Zmﬂ”ﬂ' =2(2(...2x1+x2)...) + Tp-1) + Tp.
i=1

Hukn B anropuT™Me HEMOCPEACTBEHHO BBIUUCISET MOCJIEAHION (HOPMYITY, KOTOpas SBJS-
eTcsd YacTHBIM ciiydyaeM cxemul lopuepa. (]

3AMEYAHUE
ITo cxeme TopHepa MOKHO OIPEAENUTh 3HAYECHUE YKCIIA d 10 3AMUCU L1 - . . T, B 060U TO3ULUOH-
HOIi CHCTeMe CYMCJICHNsSI ¢ OCHOBaHWMEM b CIIEIyIONUM 00pa3om:

d="0b0(...(bx1 +x2)...) + Tn-1) + Tn-

Bosee ahhexTUBHBIM TIpeCTaBIEHUEM TAaOJUIILI MICTUHHOCTU SABJISETCS MCIIOJAb30BaHUE
n-mepHoro maccusa: Fy : array [0..1,...,0..1] of 0..1 B ciyuae ucrnonb3oBanus mpej-
crapienust Fy snauenvie GyHruun f(z1,...,T,) 331a€Tcs BoIpaKeHueM Fh[xq,. .., Ty].

MNpumep. /11 yHKIUM g U3 TIPEABIAYIIETO TIPUMepa
Fy : array [0..1,0..1,0..1] of 0..1 = (((1,1), (1,0)), ((0,0), (1,0))).

SAMEYAHMUE

Mpb! IpyHMMaeM, YTO MHOTOMEPHBIE MACCUBBI PACIIOJIATAIOTCS B JIMHEHHON MaMSTH <TI0 CTPOKaM».

IIpencrasienus 6yneBoil (PyHKIUU n IIEPEMEHHBIX B BHAE MACCHBa 3aHUMAIOT HaMSTh
o6péMom O(2m).

3.5.2. CtpokoBble nNpeacTaBsieHUs

ByneBy GyHKIINIO MOXHO TPEACTABUTH C TIOMOIIBIO peaynusyiomnieii eé (hopMyJibl.
CyiecTByer MHOKECTBO CIIOCOOOB IIpejcTaBieHust GopMyil, HO HanboJee yI0OHOM s
YeJI0BEKA ABJISIETCS 3aIUCh B BU/IE IENOYKK CUMBOJIOB HAa HEKOTOPOM (DOPMAJIbHOM SI3bIKE.
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Kak yske ykasbIBajoCh, Ajist Jii060ii Oy/ieBoll (DYHKIUU CYIIECTBYeT OGECKOHEYHO MHOIO
pasIMYHBIX peanuayomux eé dopmyir. OxHako GyseBbl (GYHKIUM UMEIOT HOPMAaJbHbIE
dopmbi, B vactaoctu CAH®D, u npu ycranopsiennoMm mopsiake mepemennbix C/IHOD
€/IMHCTBEHHA.

COH® OyneBoil yHKIMU MOKET OBITH MOCTPOEHA TI0 3aJaHHON TabJIUIle UCTHHHOCTH
C TIOMOIIBIO CJIEJYIONIETO aJTOPUTMA.

Anropurm 3.3. [Toctpoenne CITHD

Bxoa: Bektop z : array [1..n] of string nneHTHOUKATOPOB MEPEMEHHBIX,
BekTOp F} : array [0..2" — 1] of 0..1 3HaueHuil HYHKIUU TIPU YCTAHOBJIEHHOM MOPSIIKE
KOpTexXeil.
Boixoa: mociieoBaTebHOCTh CUMBOJIOB, oOpasyiomux 3sanuch Gopmyiasl CIAHD mia
3a/IaHHON (DYHKIUU.
f:=false // npusHak NpUCYTCTBUS JIEBOTO OIl€PaHIa AU3BIOHKIIM
for 7 from 0 to 2" — 1 do
if F1[i] =1 then
if f then yield 'V’ else f:= true endif // 3Hak AM3BIOHKIUN
g:= false // npusHak npuUCyTCTBHS JIEBOTO OllepaHia KOHbIOHKIIUI
for j from 1 to n do
if g then yield ‘A’ else g:= true endif // 3HaK KOHBIOHKI[UK
v:=(i div 2771) mod 2 // j-ii paspsan i-To KopTexa

if v =0 then
yield '=' // 3Hak orpunaHus
end if
yield z[j] // nobasnemue B Gopmyny mepeMeHHOM
end for
end if
end for

OBOCHOBAHUE. J[aHHbII anropuT™M OYKBAJIbHO BOCIIPOM3BOAMT CJOBECHYIO 3alUCh CJie-
AYIOIIEro MPaBHJIa: st KaX/I0 CTPOKU TabIUIBI UCTUHHOCTH, JJIST KOTOPON 3HAUYeHUe
(ynkimm pasHo 1, nmocTpouTh NU3BIOHKTUBHOE cjaraeMoe, BKJIoYalollee Bce IepeMeH-
Hble, IPUYEM Te TlepeMeHHbIe, KOTOpble UMeloT 3HaueHne () B 9TOI CTpoKe, BXOJAT CO 3HA-
KoM oTputianus. OCTajbHOE B 9TOM aJITOPUTME — MEJIKIE TPOTPAMMUCTCKUAE «<XUTPOCTU,
KOTOPBIE TIOJIE3HO OJIMH Pa3 TIOCMOTPETh, HO HE CTOUT 0OCYK/IATh. (]

Mpumep. /[lna dysHKIMU ¢, MCTIOJAB3yeMON B MpUMEPAX JAHHOTO pasiesia, ajJroOpuTM
HOCTPOUT CTPOKY =L A~y A—-2 V mz A= yAzV ~x AyAN—zV Ay -z

[IpencraBnenue GyHkimu B Buze GoOpMyJibl, BHIPAKEHHON KaK CTPOKA CMBOJIOB, COBEP-
[IEHHO HEeOGXOANMO TIPU pean3alini uHTepdeiica moab30BaTelst B CUCTEMAaX KOMITIO-
TePHOIT asreOphl, HO KpaiiHe HeyI0OHO TIPY BBITTOJTHEHUY IPYTHX MAHUTIYJISIIAN ¢ GopMy-
jgamu. B crenytomniem maparpacde pacemarpuaercs npezcrtasiaenue CIITH®D, 6omee ymob-
HOe, HAalIpUMeP, [IJIs1 BBIYUCJIEeHNS 3HaYeHUs (DYHKIIUU.

3.5.3. Anroputm BblYMCNIEHUA 3Ha4YeHus OyneBoi GpyHKLUN

Hekoropbie kiaacchl popmyJt fgoryckaior 6ojiee s3(pPeKTUBHYIO HHTEPIPETALMIO 110 CPaB-
Heruio ¢ aaropurmoMm Eval (1. 3.2.1). PaccMoTpuM aJirOpuT™M BBIYKMCICHUS 3HAYECHHS
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OyseBoit dyukuuu, 3aganHoi B Buge CAH®D, g 3amaHHbIX 3HAUEHMN [E€PEMEHHBIX
Z1,...,T,. B3TOM aITOpUTME UCTIOIB3yeTCs caeayiolee peactasaenue fanupix. C/IHO
3amana maccuBoMm Fj: array [l1..k,1..n] of 0..1, tme crpoka Fili,*| comepskut mabop
3HAYEHUH 071, ..., 0p, AT KOTOPOTO f(01,...,00,) = 1,1 € 1..k.

Mpumep. [lra dyskiunm g
Fy: array [1..4,1..3] of 0..1 = ((0,0,0),(0,0,1),(0,1,0), (1,1,0)).

OTCTYNMJIEHUE

Boicrpoe oruncienne 3uadenusi CIHD umMeer, moMUMO TEOPETHYECKOTO, HOIIBIIOE TPAKTUYECKOE
3Havenre. Harprumep, BO MHOTMX COBPEMEHHBIX MPOTrpaMMax ¢ rpadudeckuM uHTepdeicoM st
COCTABJIEHUsI CJIOKHBIX JIOTUYECKUX YCJOBHIl UCIOJIb3YETCsl HATJISAHBIN ONaHK B BUjle TaGJIMIIBL:
B KJIETKAX 3alUCHIBAIOTCS YCJIOBUSI, TIPUYEM KJIETKH OHOTO CTOJIONA CYUTAIOTCS] COEMHEHHBIMU
KOHBIOHKIIMEH, a cTonOIbl — NU3bIOHKIKEN, To ecTh obpasytor JJH®D (unu Haobopor, B TakoMm
cayuae nosyyaercss KH®). B wactHocty, Tak ycrpoeH rpaduueckuit untepdeiic QBE (Query-by-
Example), npumensiemMblii 17151 hOPMYTHPOBKHU JIOTHYECKUX yeaoBuil mpu 3ampoce k CYB/I.

Agropurm 3.4. AnroputMm Bbhrumcsaenus snadennst C/IHO

Bxoa: maccus, mpeacrasmstionuit CITH®: f : array [1..k,1..n] of 0..1;
MHOKECTBO 3HAYEHUIl ITlepeMeHHbIX « : array [1..n] of 0..1.
Boixox: 0.1 — sHauenue OyJieBOil (DyHKIUN.
for i from 1 to k do
for 7 from 1 to n do
if f[i,j] # x[j] then
next fori //z;#o0; =12 =0= 217" A... Ny, =0
end if
end for
return 1 // 217 & . & wy T =1=V,, 2 A Aalr =1
end for
return 0 // Bce ciaraemble B TU3BIOHKIINN PAaBHBI HYJIO

OBOCHOBAHME. AJITOPUTM OCHOBAH Ha CJIEAYIONINX (OUeBHIHO, BEPHBIX ) TTpaBuiIax. Mosxk-
HO TIPEKPATUTD BHIYKCJIEHNE KOHBIOHKITUH, KAK TOJBKO ITOJTyYeH KOHBIOHKTUBHBIN COMHO-
JKUTENb, paBHbIN O (BCST KOHBIOHKINS MMeeT 3HadeHre (). MOKHO MPEKpaTUTh BbIUKC-
JIeHWe AM3BIOHKINY, KaK TOJbKO MOJYYEeHO JU3BIOHKTHBHOE cjaraeMoe, paBHoe 1 (Bcs
JIM3BIOHKIINS UMeeT 3HaueHue 1).

ITOT aJTOPUTM B XYJIIIIEM CJIy4ae BBITIOJHSIET k - n CPABHEHUN, a B CPEJIHEM — TOPA3I0
Menblie. Takum 06pasoM, OH CyIECTBEHHO s deKTUBHee 00IIEro aJropuTMa HHTEpIpe-
TalliH.

3.5.4. MNpencraBneHne 6ynesBbix GyHKUNI apudMeTU4ECKUMU
NnoJINHOMaMM

CymecTByeT ynobHoe mpencraBieHie 6yieBbix (hYHKIHI, TPOCTOE B TIOHUMAHUU U -
(beKTHBHOE B peasnsalii, OCHOBAHHOE Ha TIPUMEHEHNH 0OBIYHBIX apu(pMETHIECKUX OTIe-
paruii k 6ysiesckuM 3HaveHusiM 0 u 1.
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Apumep. Herpyauo ybeautsest, uto —x = 1 — x.

BosHUKaeT BOMPOC: MOXKHO JIM TPEACTaBUTh TPOM3BONBHYIO OyJieBy (YHKIMIO TAKUM
06paszom?

Apugmemuuecxum norunomom P(xy,...,x,) muas 6ymeBoit byuknuu f(xq,...,z,) Ha-
3BIBAETCS TTOJIMHOM 7. TIEPEMEHHBIX X1, ...,T, C IEIBIMUA KO3(DhUIMEHTAMI TaKo, 4TO
Vai,...,xn (P(x1,...,2q) = f(z1,...,2,)).

MNpumep. Paccmorpum  Oy-

z y z|(@Vy &zlrzt+yz—ayz
JieBy (byincumo, peanusyemyio 0 0 0 0 0
dopmymnoit  (z V y) &z m 0 0 1 0 0
IOJMMHOM T2 + Yz — XTY=Z. 0 1 0 0 0
IIpsimoe BBIUMCIEHUE, MPOBE- 0 1 1 1 1
JeHHOe B TabJIuIle, TOKA3bIBAET, 1.0 0 0 0
YTO 3TOT TIOJTMHOM SIBJISETCS 1 0 1 1 1
peanus3yionmuM 9 JaHHOU 11 0 0 0
by 111 1 1

Koncranrsr (OysieBcKre 3HaYeHUs) ABJISIIOTCS CBOMMU api(pMETHYeCKUMHU OJTMHOMAMHU.
ApudmMeTnyeckuii ITOTUHOM TOXKAECTBEHHON (DYHKIIMU COBIAJIAET C HEll, a apudmeTnye-
CKUl TIOJIMHOM OTPUI[AHMS TOCTPOEH B IIPUIMeEpeE BHIIIE. AprdMeTHIecKue MOJNHOMBI 7SI
OysieBbIX (DYHKIMI JIBYX CYIIECTBEHHBIX MEPEMEHHBIX TAKKe MOCTPOEHBI M TIPUBEIEHBI
B cJIefiytoleil Tabiuie.

Ilepemennast z |0 [0 | 1|1
Ilepemennassy [0 |1 [0 |1
HaszBanue Dopmya [HonuHom
Konbronkius TAY 000 |1]ay
xA-y (0|01 |0]|x—ay
T AY 01110]|0|y—ay
Crnoxenune o mogyo 2 | x4y |01 ]|1|0|x+y—2zy
Jn3bproHKINS zVy Oj1|1|1l|x+y—ay
Crpenka Ilupca T ly 110(0]|0|1—z—y+ay
IKBUBAJIEHTHOCTh T=y 11001 |1—2z—y+ 22y
xV -y 11011 |1—-y+ay
Nmnnukarusa T =y 11|01 |1—-24+2y
rpux leddepa x|y 111(1]0]1—xzy

TEOPEMA. /[ns m060ti 6ynesoti pynkuuu cywecmsyem pearusyrouuil eé apugpmemuue-
CKULL NOAUHOM.

DOKA3ATENLCTBO.  JI106y10 OysieBy (DYHKIHIO MOKHO 33/1aTh (DOPMYJIOH, OIIEPaIlUsME KO-
TOPOI SABJSIOTCS (DYHKIINH, JIJISI KOTOPBIX U3BECTHBI Peayndyiolue apudmerndeckue mo-
JIMHOMBL. B wacTHOCTH, /1100Yy10 GyJ1eBy (QYHKIMIO MOKHO BBIPA3UTh Yepes AU3bIOHKIIUIO,
KOHbBIOHKITUIO U oTputianue (1. 3.4.3). Torga moamHOM MOKHO IOCTPOUTD, TOJICTABJISS
apupMeTHUECKHEe MMOJTMHOMBI JIJIsT KaKIOU orepanuy (GOpMyJibl, HAUMHASI C BHEITHEH,
a 3areM YOPOCTHUTb IMOJYYUBIIUICS MOJMHOM, PACKPBIB CKOOKH, BBIYMCJIUB CTEIIEHH U
pUBE/s MOAOGHBIE. U
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3AMEYAHME

ITockompky Vn > 0 (1" =1 & 0™ = 0), BbIYUCIIEHNE CTENEHEN CBOANTCSI K OTOPACBIBAHUIO TTOKA-
3aresieil cTeneHN mepes] AaNbHEHIIUME YIIPOIIEHUSIMIL

OTCTYIMJIEHUE
IIpencraienve GyseBbix GYHKIMNA apu(GMETHYECKUMU HOJINHOMAMHU MOKeT OBITb BBITOJHO, TaK
KaK BBIUMCJICHME 3HAUEHUIl JIMHEWHBIX MOJMHOMOB IPOrPAMMHO BEChbMa IIPOCTO, KOO CBOAUTCS
K CyMMHPOBAHUIO KO3(GUIINEHTOB MPH MTePEMEHHBIX, He PABHBIX HYJIIO.

Mpumep. I[lpeacraBum apudmeTnyecKnM MOTMHOMOM (PYHKIIUIO g, PACCMAaTPUBAEMYIO

B TipeabIAymuxX Taparpadax. M3 mpumepa B 1. 3.4.6 W3BeCTHO, YTO €€ MUHUMAaJbHAS

MM3bIOHKTUBHAsS (opma umeer Buj (—x A —y) V (y A —z). Hanee umeem:

1-2)1-y)+y(l-2) - (A -2)0-yy(l-2) =

=l-z—y+tay+y—yz—(l—az—y+ay)(y —yz) =
zl—x—y+xy+y—yz—y+a:y+y2 —xy2+yz—a:yz—yzz+xy22=
=l-z—yt+ayt+y—yz—ytay+y—ay+yz—ayz —yz +ayz =
=l—-z+2y—yz.

PaccmorpuM emné ogun c1iocob peanusanuu 0yJieBoil QyHKIUN, OCHOBAHHBII Ha TOHN e
uzee. [ycrs 6ysea Gyukuus f 3anana popmysioi F B 6azuce {A, V, =} HEKOTOPOH 113b-
IOHKTUBHOH (hopmoii. Boinosnum B hopmysie ciepyroniye 3aMeHbl JJOTHYECKUX Ollepaini
apubmeTnueckuMu: ~x — 1 —z; x Ay — xy;  Vy — x +y. Takue 3aMeHbl yMECTHO Ha-
3BaTh Oykearvivimu. [lomyanrcs apubmeTndeckoe Boipakenue A(F'), KOTopoe peannsyer
HekoTopyto GyHKIMO fi. B 0bieM ciayuae GyHKIUE f U fi Pas/IMYHBL

Mpumep.
F=uxVvy][A(F)

—_—_—0 QR
_ o, ow
—_ = O

Opnaxo, ecau hopmyna F' IpeIBaApUTEIbHO OPMOZOHAIUSUPOBAHA, TO €CTh SKBUBATIEHTHO
npeobpazoBatHa K TAaKOMY BHJLY, KOTJIA BCE 3JIEMEHTAPHbIE KOHBIOHKI[MH OPTOrOHAJIBHBI,
10 3HavyeHust F u A(F) npu GyKBaJbHBIX 3aMEHAX COBIAJIAIOT.

3AMEYAHUE
Opmozonanusayust CBOIUTCS K CUCTEMATHYECKOMY TIPUMEHEHWIO TOKIECTBA
aVb=aAbV-aAbVaA —b.

Mpumep.

x yl|F=axAyV-aoAyVeA-y|AF)=zcy+ 1 —-2)y+z(1—y)
0 0 0 0

0 1 1 1

10 1 1

11 1 1
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OpToroHanusaimst ycJaoKHIeT UCXOAHYI0 (OpMYJy, HO MO3BOJIIET YIPOCTUTH 3aMEHBI
IIPU [TOCTPOEHUU apU(DMETUIECKOTO MTOJUHOMA.

Nmeetcst cmocod n3besxarth OPTOTOHATMBAINK W TIPU 9TOM COXPAHUTHh OYKBATHHYIO TTPO-
CTOTY TIpe0OPa30BaHMsI IOTHIECKON GOpMybl B apudmeTndeckyio. [list 3TOTo mocTaToy-
HO 3aMETHTh, YTO OPTOTOHANU3AIMS (DAKTUIECKU MO3BOJISIET OTOPOCUTD B apudMeTHye-
CKOM TOJIMHOME JIM3BIOHKIIMM * + Y — Xy CJlaraeMoe xy, MOCKOJIbKY OHO BCETZa PaBHO
HYJII0O B OPTOTOHAJIU3UPOBaHHON (hopmyre. OTOpachiBaeMoe cjiaraeMoe HeOTPUIATEb-
Hoe, moatomy F = (A(F) > 0), To ecTh B KayecTBe 3Ha4eHUsT (DYHKIUM MOKHO GpaTh
3Hax 3HAYEHMS apU(METHYECKOTO BBIPAsKEHUS, TIOJYYEHHOTO OYKBAJbHBIMU 3aMEHaMU.

Mpumep. Ilycts HekoTopas GyHKIM 3alaHa HEOPTOTOHATM3UPOBAHHON U3 bIOHKTHUB-
HOH popMoii zAyVyAz. O6muil aaroput™ 1aét apudMeTUUECKU OJUHOM TY+Y2 —TYZ.
BykBasbHas 3aMeHa Maét 6oJiee TPOCTOE BBIPAKEHUE Ty + Y2, 3HAK KOTOPOTO COBIAJIAET
€O 3HaUYeHueM apu(MeTUIECKOTO MOJTUHOMA U (DYHKIUU.

3.5.5. Kaptbl KapHo

Kapma Kapno' (uctomnp3yercst Takske TepMHH Ouazpamma Betiua) — 310 3aMedaresib-
Hoe mpezcTaBieHne OyaeBoil yHKIUY, 03BOJISAIONIEe HALISHO U 9(h(MEKTHO OIKMcaTh U
peasn30BaTh MHOTHE, B TOM YHCJIE CJIOKHbIE, OTepaIu ¢ OyieBbIMEU (QDYHKIUSIMEI 1 pea-
JqusyionMu ux popmynamu. B kaprax KapHo npumensiorcest cpa3y HECKOIbKO TTOHSITHI,
paccMarpuBaeMbix B aToM yuebHmKke: ko Ipes (1.3.3), tabuunbl uctuauoctu (3.1.1),
muHTEpMBI (3.4.2), exuununbiii runepky6 (3.4.6), TabauuHble MpeACTaBIeHUS OyIeBON
dbynxmmu (3.6.1).

Kapra Kapuo nss npencraBienus (pyHKIIMI 1 TIepeMEHHbIX SIBJISIETCSI TTPSIMOYTOJIBHOMN
Tabnunei, KoTopast copepKuT 2" gueek. Eciu n uétHoe, n = 2k, To Tabau1a COLEPKUT ok
crpok u 2% cronbos, a ecu neuétHoe, n = 2k+1, To 115 ya06¢TBA 0TOOPaAKEHIA OOBIYHO
IPUHUMAIOT, 4To Tabsuia conepkut 2F crpok u 281 cronbios. O603HaUMM YHCIO CTPOK
B Tabauie 7(n) : = 2"V 2 yucno cronbuos B Tabmure c(n) : =27 div2nmod2 qloekonp-
Ky BCEro CYIIECTBYeT 2" MUHTEPMOB [IJIsI N I€PEMEHHBIX, MOKHO CYUTATh, YTO KasKIast
sgueiika kapTel KapHO cCHUMBOJIMBUPYET OMH MUHTEDPM, & BCS KapTa B IEJIOM SIBJISIETCS
MepeynciIeHneM MUHTEPMOB.

Boobiite roBops, cymiectByeT 2"! croco60B paccTaBUTh MUHTEPMBI 0 sUEHKAM KapThl
Kapno. Hanpumep, cienyionuii mpsiMOJIMHENHBIN aJTOPUTM 3allOJTHEHUs KapThl KapHo
MUHTEPMAMH B YCTAHOBJIEHHOM IIODPSI/IKE.

Ausroput™ 3.5. 3anosnenvie Kaptel KapHo B MOpsijike BO3pacTaHUsI MUHTEPMOB

Bxox: 4iciio epeMeHHbIX 7.
Beixoa: kapra Kapro K : array [1..r(n), 1..c(n)] of array [1..n] of 0..1
m:=0
for i from 1 to r(n) do
for j from 1 to c(n) do
Kli,j]:=B(m) // B(m) — IBOWYHBII KOJ YuC]Ia M
m:=m+1
end for
end for

1 Mopuc Kapuo (pom. 1924).
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3AMEYAHME

[ToJsie3HO COTIOCTABUTH ATOT AJITOPUTM € aaropuT™Mom 1.3.

OpHako UCIOJIb30BaHUE OOJiee CIOKHBIX AJTOPUTMOB MEPEYMCIEHUS] MUHTEPMOB TI03-
BOJISIET TIOCTPOUTH KapTy KapHo, 061amaonyio psiaoM MoJIe3HbIX CBOWCTB. Bo-TepBhIX,
OPSMOYTOJIbHYIO TabJIMIly MOKHO PAacCMAaTPUBaTh KaK PasBEPTKY TOPA, TO €CTh CUUTATH
BEPXHIOI0 CTOPOHY CMEKHOW ¢ HUKHEH, a TpaBylo — c JieBoil. B aToM ciyuyae y Kaxkmoi
SYEKU VIMEIOTCsI YeThIpe cocefia. Bo-BTOPBIX, MOXKHO PACIOJIOKUTh MUHTEPMbI TAaKUM
obpa3zoMm, uTo JObIE 1Ba COCEHUX OTIUYAIOTCS POBHO B OJHOM paspse. ITomo6HbIM ke
CBOCTBOM 06JIa1aI0T KOJbI [pest ¥ BEPIUHBI IMHUIHOTO THIepKyHa.

3adukcupyeM OfUH U3 BO3MOKHBIX CIIOCOOOB IOCTPOEHUs KapThl KapHo ¢ yKasaHHBIMU
CBOWCTBAMU C TIOMOIIBIO CJEAYIONIEro ajJroput™a. PazoO6béM MHOKECTBO MEPEMEHHBIX
Ha JIBe TPYIIIBI, B OJHOM 7(n) MEPEMEHHBIX, a B APYroil c¢(n) mepeMeHHbIX. MHOXKECTBO
KOPTEXel 3HAYeHWi MEePEeMEHHBIX KaXKIOUW TPYIIBI MEPEUNCTVM HE B YCTAHOBJIECHHOM
MOPSIJIKE, a B MTOPSI/IKE, 3ajaBaeMoM ajroputmom 11. 1.4.2 (kox I[pest). DT KObI OTMEYAIOT
CTPOKU U CTOJOIBI KapThi KapHO, COOTBETCTBEHHO, 4 MUHTEPM B SIU€iiKe MOJIyYaeTcst
KOHKaTeHaIMel KoJ0B CTPOKH U cTosi611a. JIErko BUIETh, uTO TOJIyYeHHast KapTa 0bJaaer
TpebyeMbIMU CBOIICTBAMU.

Auaroputm 3.6. IToctpoenue nBymepHoTo Koma Ipest

Bxox: 4Kc/io epeMeHHbIX 7.
Beixoa: xapra Kapuo K : array [1..r(n), 1..c(n)]. of array [1..n] of 0..1
for ¢ from 1 to r(n) do
for j from 1 to c(n) do
K|G(i),G(j)]: =G()G(j) //G(i) — neBblit 3epKabHbIil Ko Ipest
end for
end for

3nech G(i) — neBbii 3epranbubiil Ko [pest (. 1.3.4), a onepanust KOHKATEHAIUH KOJIOB
Hukak He obosHavaercs (1. 1.1.5). lasee B aToM yyeOHUKE JaHHBIH CIIOCOG 3aMOTHEHIS
kaptel KapHo cunTaercs (pUKCHPOBAHHBIM.

SAMEYAHUE
IIpusenentblii criocob moctpoeHust kaptel KapHo naneko He eAnHCTBEHHBIA. MOKHO BapbUPOBAThH
NPUBEAEHHBI aJITOPUTM: pa3bUBaTh II€PEMEHHbIE HA [[BE IPYIIIIBI POM3BOJIBHBIM 00pa3oM, a He
10 TIOPSAJIKY, MCII0JIb30BaTh pasyHble KOAbl [pest, a He TOJBKO JIeBBIH 3€PKaJIbHBIN, Pa3JInuyHbIM
06pasoM CIETIATH Pa3psiibl KOIOB CTPOKH U CTOJOIA, a He TOJbKO KOHKATeHHpPoBaTh UX. Bo Beex
CIIy4asix MOJIy4aloTCsI KapThl, B KOTOPBIX COCEAHNE MUHTEPMBI OTJINYAIOTCA POBHO B OTHOM paspsijie.

Huxe nmpusenenst kaptel KapHo miss n = 2, n = 3, n = 4 u n = 5, IOCTPOEHHbIE
TIPUBE/ICHHBIM aJITOPUTMOM.

n=2 To

0] 1
21100001

10 | 11
n=3 To, T3

00 | 10 | 11 | 01
xz1 | 01]000| 010|011 | 001
11100 | 110 | 111 | 101
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n=4 T3, T4

00 10 11 01
x1,22 | 00 | 0000 | 0010 | 0011 | 0001
10 | 1000 | 1010 | 1011 | 1001
11| 1100 | 1110 | 1111 | 1101
01| 0100 | 0110 | 0111 | 0101

n=>5 T3, T4, Ts

000 001 011 010 110 111 101 100
1,22 | 00 | 00000 | 00001 | 00011 | 00010 | 00110 | 00111 | 00101 | 00100
10 [ 10000 | 10001 | 10011 | 10010 | 10110 | 10111 | 10101 | 10100
11 { 11000 | 11001 | 11011 | 11010 | 11110 | 11111 | 11101 | 11100
01 {01000 | 01001 | 01011 | 01010 | 01110 | 01111 | 01101 | 01100

XpaHuTh B mporpamme UHMGOPMAIUIO, TPEACTABIECHHYIO B 9TUX TAOJUIAX, COBEPIIEHHO
He 00s13aTeJIbHO, TOCKOJIbKY TIPH (DUKCUPOBAHHOM CIIOCOO€ 3ATI0JTHEHUST KAPTHI JIETKO BbI-
YHCJIUTh MUHTEPM, Haxozsiuiics B kietke K[i, j]. Apyrumu cinosamu, dyukims K (i, 5),
JIOCTABJISIIONIAST KO/l MUHTEpMa B stueiike K [i, j], BBIYHCIISIETCS TaK:

K(i,5) : =G(i)G(j) = (B(i) +2 (B(i) div 2))(B(j) +2 (B(j) div 2)),
rae byukiusa G(i) gocraBisieT i-i 3epkaibHbI Ko Ipest (cMm. teopemy 1.3.4), dyHk-

st B(i) MOCTaBJsieT IBOMYHBIN KO YUCJA 7, a OTlePanus KOHKATeHAIINH GUTOBBIX MK
HUKaK He 0003Ha4YaeTcs.

3.5.6. MpencraBneHne 6ynesoit pyHkuumn Ha kapte KapHo

ITockosbKy Bestkast OyJieBa (hyHKIMS HPEACTABILETCS JU3bIOHKIMEeR MunTepMoB (11 3.4.2),
yKazaHue HEKOTOPOIo noOMHOYcecmea siaeek Kaptbl KapHo siBisiercs npedcmasienuem 6y-
sieBoii pyukiuu. Jlomyctum, uto kapra KapHo /i 3a1aHHOTO 71, TO €CTh pacIlIpe/lesieHIe
MUHTEPMOB 110 si4efikaM TabJIiIIbl, 3apaHee BbiuncieHa. Torga MOKHO ITOCTPOUTD CJIEY-
foliee mpezcTaBaeHue OyreBoil GYHKIUY, 3aJaHHON Tabauiell ucTuHHOCTH. PaceMoTpum
6yneBy marpuiy K : array [1..r(n), 1..c(n)] of 0..1 Toro ke pa3mepa, uto u kapta Kapwo.
Kaxmoit cTpoke TabiuIlbl HCTUHHOCTH COOTBETCTBYET HEKOTOPBIM MuHTepM. Ecim 3Ha-
YeHWe B 9TOU CTPOKe paBHO 1, To 3amuceiBaeM 1 B COOTBETCTBYIONIYIO SYEHKY MATPHUIIbI,
B IPOTUBHOM ciydae 3anucbiBaeM 0. DakTvyecku, JeMeHTbl BEKTOpa 3HaueHuil Tab-
JIUIIBI UCTUHHOCTH OyJIeBoil (DYHKIUU PACK/IANbIBAIOTCS 110 sST9eiikaM OyJIeBOil MaTPUIIBI,
a TIPaBUJIO PACKJIAJIBIBAHMS 3a/1aeTcst KapToi KapHo.

Npumep. DOyuxius g(z,y, z), 3aganHas B npumMepe 1. 3.6.1, uMeer caexyioree mpei-
cTaBJeHue Ha Kapte Kapho.

111101
0[{1]0(0

B mporpamme Takas KapTa HpeACTaBJISIETCST MACCUBOM
Fy(g) : array [1..2,1..4] of 0..1 : =((1,1,0,1),(0,1,0,0)).

Kapra KapHo meficTBUTEIBHO SIBJISIETCS TIPEACTaBICHIEM OYJIeBOM (DYHKIMH, TIOCKOIbKY
¢ e€ TIOMOIIIBI0 MOKHO BBITIOJIHATH OCHOBHYIO HPUCYILYIO (DYHKIIUSIM OIEPAIUIO; BHIYKC-
JIATh 3HaYeHue (YHKIMK 110 3aJaHHBIM 3HAYEHUSAM aprymMeHToB. Boobie roBops, eciau
OyneBa (byHKIUS IpeacTaBieHa Kaproil KapHo u 3amaH Habop 3HaYeHWil IIepeMeHHbBIX


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

186 Mmaea 3. bynesbl GyHKLMM

O1,-..,0n, TO OTBET TIOJIy4AETCsI 33 OJIMH Iar: 3HaueHne (GYHKIMKU Ha 3aJaHHOM Habope
CO/IePKUTCS B s4eiiKe, COOTBETCTBYIONe MuHTep™my (27! & ... & z9~).

Ausroput™m 3.7. Boruucnenve 3Hauenus OyJeBoit dbyHkimu o kapre KapHo

Bxoa: xapra Kapmo K : array [1..r(n), 1..c(n)] of 0..1,
MacCUB 3HAYEHWIT mepeMeHHbIX « : array [1..n] of 0..1.
Boixoxa: 0..1 — 3HaueHue OyJieBOil (hyHKIHHL.
i:= Grey2Int(r(n), z[1..r(n)]) // Homep cTpoku
j:=Grey2Int(c(n), z[(r(n) + 1)..n]) // nomep cronbiia
return K[i,j] // Bo3BpaiiaemMoe 3HaU€HHE

PexyppeHTHBIE TOPa3psIAHbIE BBIYUCAEHUS BHITOMHSIOTCS B hyHKIMKT Grey2Int, KoTopas
BBIUMCJISIET [IEJI0€ YUCTO — HOMEP 3a/[aHHOTO Kojia [pest 3alaHHOM JJTHHBIL.
Bxoa: n — mymHa koma Ipes, G : array [1..n] of 0..1 — kox Tpest.
Boixoa: 1esioe HEOTpUIIATETBHOE YUCTIO — HOMEP KOJIA.
d:=0 // BbIUMCIsIEMOE 3HAUEHHUE YUCIIa
p:=0 // 3HaueHWe NPEABIAYINETO Pa3psi/ia ABOUTHOTO KOJA YUCIIa
for i from 1 to n do
b:=Gli] +2 p // ouepennoii pas3psi ABOUYHOTO KOJAA YHCJIA
p:=0b // Upenpiayunii pa3psi ABOMYHOTO KOJA YMCa
d:=d=2 // casur uncna ByieBo Ha 1 paspsn
if b =1 then
d:=d+1 // nobapjisieM eIUHUILY B YUCIIO
end if
end for
return d

OBOCHOBAHUE. [Ipu BeIGpaHHOM criocobe 3amosHeHus KapThl Kapruo ko Ipest Homepa
CTPOKHU paciioyiaraercst B JieBbIX r(n) paspsizax, a Koj Ipest Homepa cTosbiia B MPaBbIX
¢(n) paspszpax. B nukie mo ciencteuio 2 Teopembl 1. 1.3.4 ompenensercst oyepenHOI
paspsil IBOUMYHOTO KoJa 1 1o cxeMe [opHepa Bhruucisiercst 3Hadenne yncia d (1. 3.5.1).

O

Hapsany c Beruncienuem 3HayeHuH, KapTbl KapHO 103BOJSAIOT CTPOUTD pasyinyHbie Gop-
MYJbHbIE TIPECTaBIeHNs It OyieBbIx (yHKIWA 1 nx kombuHanuii. Kapra Kapro mis
ONHON 3alaHHON (GyHKIMK o4eBUAHBIM oOpasoM 3amaer eé CIIH®D — mocrarouno co-
eIMHUTD WX 3HAKAMU MU3BIOHKIINA MUHTEPMBI, YKa3aHHbIe sueiikaMu, cojepxamumMu 1.
Croub ke mpocto moxkuo moctpouts C/IH® pist orpunanusi, TU3BIOHKIMN W KOHb-
IOHKIUK 3afaHHbix GyHkimi. Juas nonydennst CAH® oTpuiianust 10CTATOYHO TPOCTO
unBeprupoBarb Matpuity. st monyuenuss CIH® koHbIOHKIINN WU AU3BIOHKIIUU TIPO-
U3BOJIBHOTO YUCa k OYyNeBbIX (GYHKIUH MOXKHO MOCTYIUTH CIEAYIONUM 00paszoM. BasaThb
MAaTpUILYy, 3aTI0JHEHHYIO HYJIsAMH, U 100AaBUTH B KKIAYIO sueiky HesaBucumo 0 wim 1
s kKaskaot pyakumn. [Ipm aTom B HEKOTOPBIX suelikax okaxkercs: 0, B HeKOTOpbIX 1,
a B HEKOTOPBIX KaKHUe-TO YKCJIa BILIOTH 10 k. Bee HeHymeBbie sueiiku obpasyor CIHO
JIM3BIOHKIIMK, Bee styeliku, pasHble k, obpasyior CAH®D koHbOHKINM.

3.5.7. Muunmunzauunsa dopmyn kaptammu KapHo

Kapter KapHo ABISIOTCST HATJISHBIM CPECTBOM PEIIeHUs 3aJa4ll MUHUMHS3AIIH [3b-
IOHKTUBHBIX (hopM, obcysxmaemoit B it 3.4.5-3.4.7. Ilycts GyseBa DyHKIUS [IPEACTAB-
sena kaptoit Kapno. Eciiu ipu aToM B coceTHUX sT4eiikax OKasaauch 1, TO M0 OCHOBHOMY
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cBolicTBY KapT KapHo cOOTBeTCTBYyIOIME MUHTEPMBI OTIUYAIOTCS TOYHO B OIHOM pas-
psifle, ¥ 3HAYUT, K HUM MOKHO NPUMEHUTh TIpaBuio ckiewBanus (1. 3.4.4). B takom
ciTyyae TU3BIOHKIUIO JAaHHBIX MIHTEPMOB MOKHO 3aMEHUTh 3JIEMEHTAPHON KOHBIOHKIIU-
eit (1. 3.4.5) panra n — 1. Ha kapre KapHo COOTBETCTByIOLIME TYECHKU MOKHO OGBEIN-
HUTD, TIOKA3bIBast, YTO OHU 00PA3YIOT KOMRAKMHYIO epynny. Pe3ynsrar CKICHMBaHUS JIBYX
MHUHTEPMOB OOBIYHO TaKKe 0003HAYAIOT MUHTEPMOM, MPUYEM B TOSUIMH Pas3psijia, o
KOTOPOMY ITPOBEJIEHO CKJIEMBAHUE, TIOCTABJIEH TIPOYEPK.

MNpumep. Pesyubrar ckiuensannst muarepmos (0101) u (0111) obosznauaercs (01-1).

Ecyiit moSyqnincs 1Be CMesKHbIE HETTEPECEKAIONINECST KOMITAKTHDIE TPYTINBI, 00Pasyiolie
MPSMOYTOJIBHUK, MX MOKHO TI0 IPABUJIY CKJIEHBaHUsI OObEIMHNATH B KOMITAKTHYIO TPYIIIY,
COOTBETCTBYIOTIYIO 3JIEeMEHTAPHON KOHBIOHKIIMK PaHTa 1. — 2 U T. /. KOMIAKTHbIE IPYTIITbI
MOTYT BKJIIOYATBCA JIPYT B JIPYTa, MOTYT I€PECEKAThCS, MOTYT IIPUMBIKATh APYTY K IPY-
ry, HO He 00pa30BBIBATH HOBOI KOMITAKTHON Tpymbl. KOMIakTHAS TpyIia, KOTopasi He
BXOJIMT HU KaKyIO JPYTYI0 KOMIIAKTHYIO T'DYIILY, HA3bIBAETCH MAKCUMATILHOU.

Omnepanys CKIEHBaHUS SABJSETCS SKBUBAJEHTHBIM IpeoOpasoBanueM (1. 3.4.4), coxpa-
HSIeT JAM3BIOHKTUBHOCTH (POPMBI U [IPU ITOM COKpAIAaeT KOJUYECTBO BXOXKIEHWH Iepe-
MEHHBIX, TTO3TOMY OTIEPAIIVS BBIAEIEHUS W CKICHBAHUS KOMITAKTHBIX TPYIIIT — OCHOBHOE
CPEICTBO MUHUMM3AIUN TU3HIOHKTUBHBIX (DOPM.

Kaxaas npsMoyrosibHass KOMIAKTHAs Tpynna u3 2% cMexHbIX sueek, copepkammx 1,
COOTBETCTBYET 3JieMeHTapHON KOHBIOHKIIMM paHra n — k. B yacTHocTH, eciu sdeiika
cojiepxaias 1, n3omupoBaHHas (HET CMEXKHBIX dg4YeeK, cojep:kanux 1), To aTa sdeiika
o6pa3yeT KOMIAKTHYIO TPYINY, COOTBETCTBYIOIIYI0 MUHTEPMY, TO €CTh 3JIEMEHTapHOM
KOHBIOHKIIMU paHra n. TakuMm o0pasoM, 3ajauya MUHUMU3AIUK JU3BIOHKTHBHON (Bop-
MBI CBOJMTCA K OTBICKAHWMIO IIOKPBLITUS BCeX sdeek, cofepxkamux 1 mHa kapre KapHo,
MUHUMAJTbHBIM KOJUYECTBOM KOMIIAKTHBIX TPYIIIL.

Mpumep. Ha puc. 3.2 nokazansl TpU KOM-
MAKTHBIE TPYIIIIBI, KOTOPBIE UMEIOTCST Ha KapTe
Kapno dyuknun g(x,y,z) us npumepa 3.6.1.
KowmmnakTasre rpymmst (00-) u (-00) vHe epece-
Kaforcs, a komnaktHeie rpymisl (0-0) u (-10),
a takxe (00-) u (0-0), Haporus, epecekaoT-
cs1. Bece Tpu KOMIaKTHbIE TPYIIIBI SIBJISIIOTCS
MaKCHUMAaJbHBIMI. XOTsI BCE YEThIPE €MHHIIbI
Ha 9TOM PUCYHKE HAXOJSITCS B COCEHUX STUEH-
KaxX, KOMIIAKTHYO TPYIIY OHU He 00pasyor, -10
MMOCKOJIbKY (hopMa He npsiMoyrosibHast,. Munu-
MaJIbHOE MOKPbITHE Ha KapTe KapHo comeput
nBa asemenTa: (00-) u (-10), uto coorBet-
CTBYeT IW3BIOHKTUBHOW (opme —z & —y V
y & —z.

Puc. 3.2. Tpu kOMNakTHbIE rpynnbl

SAMEYAHUE
DJIEMEHTAPHYI0 KOHBIOHKIMIO, COOTBETCTBYIOULYI0 KOMIIAKTHON TPYIIIE, YACTO HA3bIBAOT UMNIU-
Kanmotii, TMOCKOJIbKY €CJM g — 3JieMEHTapHash KOHBIOHKIIMS, COOTBETCTBYIOIIAS HEKOTOPOW KOM-
MAKTHON rpymre Ha kapte Kapuo ¢yHkiuu f, To mMeer MecTo MMILTHKAIMSA g — f.
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Mpumep. Paccmorpum kapty Kapro, mpusenennyio Ha puc. 3.3 ciaeBa. Ha atoit kapte
nmMeetcst 14 KOMITAKTHBIX TPYIIT panra 3 (B IeHTPe) U ellle 3 KOMIIAKTHBIE TPYIITbI paHTa
2 (cmpaBa). /Ipyrux KOMITAKTHBIX TPYIIIT HET.

1|11 @@ (ﬂ@ CEINEEEY;

0 [1]0]1 0 0 Cﬂ} 0 [[1|| 0 |1

0 (1|11 0 (QQ 0 ({1 1 [1
0

Clie\®)

1|10l o @

Puc. 3.3. Kapta KapHO 1 KOMNakTHbIE FPynnbl Pa3/iyHbIX PaHroB

(1 [l1)| o | o

OmpenenuTb KOMIIAKTHBIE T'PYIIIBI, IIOKpbIBaiolue Bce sg4eliku ¢ 1 Ha kapre KapHo,
MOKHO MHOTHMHU DPasJHYHBIMUA CIIOCOOaME, B 9TOM W COCTOUT TPYAHOCTH 3a/audl MU-
HUMU3AIUK JU3BIOHKTUBHOM (HOPMBI. VI3BECTHBI Pa3MyHbIE AJTOPUTMBI HAXOXKIAEHUS
MUHUMAJTBHBIX U3BIOHKTUBHBIX (opM ¢ TomoIrbio kapt Kapuo. Bce atm anropurmbl
nepeGopHble W UCTOJIBb3YIOT METOIbI COKpAIeHusT mepebopa, OCHOBaHHbLIE Ha (haKTax,
YCTaHABJIMBAEMBIX B CJICAYIOIMNX JIEMMaXx.

NEMMA 1. /locmamoyuro paccmampugams mojvKo MaKkCUMAIbHble KOMNAKMHbLE 2PYNNbL.

[OKA3ATENLCTBO. MakcuMasbHble KOMIIAKTHBIE TPYTITBI COOTBETCTBYIOT MAKCUMATHHBIM
KOHBIOHKITHSIM, TO ecTh cokpariénnoit JJHD, namee mo Teopeme 3.4.7. O

Mpumep. MakcuMaibHble KOMIAKTHBIE TPYIIIIBI 7T pacCMaTPUBaeMoil (OYHKITHH MTPH-
BeJIeHbI Ha puc. 3.4 B IIEHTpeE.

Ecau xakag-to 1 Ha kapre KapHO 1OKpbIBaeTcs TOJIBKO OAHON KOMIIAKTHOH IPYIIIOH, TO
FOBOPSIT, UTO 3Ta TPYMIA 8x00um 6 i0po (JAHHOTO TIOKPBITHST ).

JIEMMA 2. Bcsakas xomnaxmuas epynna, 6xo0suas 6 s0po cokpauénnoi [[HD, exodum
6 munumanvryio JIHO.

DOKA3ATENbCTBO. [lo emme 1 mocTatouno paccmatpuBath cokpaiienuyio JHD. (]

Mpumep. KommakTHble TPYIIb], MOKasaHHbIe Ha puc. 3.3 cipaBa, 06pasyoT sAPO CO-
kpamtennoit [JH®, nokasannoit Ha puc. 3.4 B eHTpe.

3AMEYAHUE

Ecsin Bce MakcuMasibHble KOMITAKTHBIE PYIIITBI OKA3JIUCH B sipe, TO cokpaiénnas JHD spisercs
MUHUMAaJIbHOM.



https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

3.5. MpeacTaBneHne GyneBbix GYHKUMIA B NpOrpaMmmax 189

KOMIAKTHYIO TPYIILy HA3bIBAIOT #30bumouoii (B JAHHOM IIOKPBITHH), €CIA €€ MOXKHO
YIQJIUTD U3 TOKpbITUsT Ge3 motepu sxBuBaseHTHOCTH ucxoxnoi CAHD. Tlokpoitue (i,
coorBercTBerHO, [[HMD) HasbIBaeTCA MynuxosviMm, €CJIU OHO HE COMEPKUT M3OBITOYHBIX
KOMITAKTHBIX TPYTITL.

JIEMMA 3. Munumanvnas /IH®D sensemcs mynuxogotl.

DOKASATENLCTBO. B nporusHom ciaydae JJHD ne 6bLaa Obl MUHUMAJIbHOI. |

OTciona BBITEKAET OCHOBHAS HJlesl METO/Ia MUHMMH3AINHI: TIOCTPONTH cokpaiiennyio JJHO,
moCTPOUTD €€ si7ipo, nepebpath Bee TynukoBbie JH® 1 HAllTH MUHUMAIBHYIO.

Mpumep. KommakTHble IPyIIIIbL, IIOKa3aHHbIe Ha PUC. 3.4, 00pasyIoT MOKPHITHE, HO CO-
orerctByomas [JHD He siBjisieTcss MUHUMAJIBbHOM (OHA COAEPKUT 6-3 = 18 uTepasion).
Crpasa npuBe/ieHa ofHa U3 TPEX MUHUMAIbHBIX JTH® nannoit GyHKImyu, comepxaiias
32+ 2.3 =12 smTepanos.

D)D) CmINEEIEY) (@ EInI
0 m 0 ﬂ o [|1]] 0 iQJ o [|1]] o
0 MQQ o |(1]] @1 0|1 (
(1] Djo]o (1 [[1)]| 0 | o CHIDIN

Puc. 3.4. Hekotopasa OH®, cokpawéHHasa AHD 1 muHumansHas JHO

=} — — s
1Y

3.5.8. OepeBbs peLueHuin

Haub6oJiee s (HeKTUBHBIMU ¢ TOYKU 3PEHUST SKOHOMUM MAMSITH U BPEMEHU OKa3bIBAIOTCS
[IPEJICTABIEHNUS, KOTOPbIE He MUMEIOT MPSIMOI CBSI3U C «eCTECTBEHHBIMU» MPeJCTABJIEHNU-
amu QyHKImu B Buzie rpaduka (MaccuBa) uiau Gopmybl (BbIpaXKeHUs ), HO CIEIUATBLHO
OPUEHTUPOBAHBI HAa BBIMOJHEHNE OTePAINIi.

Hauném ¢ mpocroro Habmoaenus. Tabnuiy ucTuHHOCTH OyJIeBON (DYHKIMK n epeMeH-
HBIX MOKHO TIPEACTABUTh B BUJE TIOJHOTO GUHAPHOTO JIepeBa BBICOTHI 1 + 1.

SAMEYAHUE

BuHapHbie epeBbsi, PABHO KaK W JPYrve BUJBI JIEPEBbEB, a TAKKe CIIOCOObI UX MPEICTABJIEHUS
B IIPOrpaMMax M COOTBETCTBYIOIIAS TEPMUHOJIOTHS, PACCMATPUBAIOTCS B rJaBe 9.

Apycsl nepeBa COOTBETCTBYIOT IIepeMEHHBIM, JAYTH JlepeBa COOTBETCTBYIOT 3HAYEHUSIM Tie-
pPEMEHHBIX, cKaskeM, JjieBad ayra — 0, a nmpaBast — 1. JIucTes nepeBa Ha TOCTeIHEM sIpyce
XpaHAT 3HaUeHue (PYHKIMU HA KOPTEXKEe, COOTBETCTBYIONIEM IIYTH M3 KOPHS B 9TOT JIUCT.
Takoe siepeBo Ha3bIBaeTCst depegom pewteHuti (I CEMAHMUUECKUM 0ePesoM).

ZlepeBo pemeHHﬁ MOJKHO COKPATHTb, €CJIM 3aMEHUTb KOPEHb KaX/I0T'0 I1OJ/I€PEBa, BCE
JIUCTBbA KOTOPOTO MMEIOT OJHO W TO K€ 3HA4YEHHE, STUM 3HAYCHHEM. Wnuorma takoe co-
KpallieHne 3Ha4YuTEJIbHO YMEHbIIAET 00BEM JlepeBa.
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Puc. 3.5. [lepeBo pelleHnii n CoKpalLEHHOE AEPEBO pPELUEHN

MNpumep. Ha puc. 3.5 cieBa npeacTaBieHo AepeBo pelenuil 1t GYHKIUNT g, a cripaBa
NIPe/ICTABJIEHO COKPAIIEHHOE JIEPEBO PelleHui Uit QYHKINH g.

Boruncnenve 3HaueHuss (PyHKIIUU OCYIIECTBJSIETCS TIPOXOJIOM IO JIEPEBY PeEIIeHui, KaK
nokasaHo B ajroput™e 3.8. ITpu aToM THIl y3ja gepesa N onpeaenéH ciemayomum obpa-
3om: N = struct {;: 0..1; [, : 1 N}.

Asropurtm 3.8. Boruucnenue 3nauenust QYHKIUU TI0 JIEPEBY pPeIIeHUI

Bxoa: ykaszatens T : 1 N Ha KOpeHb /lepeBa pelieHui,
MaccuB x : array [1..n] of 0..1 3HaYeHUil TTEPEMEHHBIX.
Boixox: 0.1 — sHauenue OyJieBoil QyHKIUU.
for i from 1 to n do
if 7.0 = nil & T.r = nil then
return 7.i // 1UCTOBON y3es — BO3BpalllaeM 3HAYeHUe
else
if z[i] then
T:=T.r // 1 — nepexoj BIpaBo
else
T:=T. //0 — nepexoj BJIeEBO
end if
end if

end for

JlepeBo perieHmit MOKHO CIeNaTh €mé KOMITaKTHee, €CJIU OTKA3aThCs OT APEBOBUIHOCTU
CBS3€H, TO eCcTh JIOMyCKaTh HECKOJBKO AYT, BXOAAIIUX B y3esld. B TakoM ciydae MBI T10-
JydaeM 6unapnyio ouazpammy peuenui. BuHapHas guarpaMma pelieHuil 1mojydaercs 13
GUHAPHOTO JIepeBa pelieHnil TpeMs MOCIeI0BATEIbHBIMU TIPe0OPa3OBaAHISIMHU.

1. OToxIecTBASIOTCS JTUCTOBBIE Y3Jbl, conepskaniue 0 u comepxkamue 1.

Mpumep. Ha puc. 3.6, a MokazaHo UCXOAHOE MOJHOE JAEPEBO PelleHwi /st HGyHKIUN
g, a Ha puc. 3.6, 6 — pe3ysbraT MEePBOro MPeobPasOBAHUS.

2. B ArarpaMme BbIACJIAIOTCA I/ISOMOP(I)HI)IG nogaAvarpaMMbl M1 3aMEHAIOTCA €JUHCTBEH-
HBbIM HX 9K3EMILJIAPOM.

MNpumep. Ha puc. 3.6, 6§ BUIHO, 4TO [1BA TIOAAEPEBA, KOPHSIMEU KOTOPBIX SIBJISIFOTCSI Y3JIbI
z, HaxojdIIuecs B cepeauHe, nuzomopdubl. Ha puc. 3.6, ¢ mokazan pesyJsbrar BTOPOTO
npeobpasoBaHus.
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3. Uckimovatores y3iibl, 06e UCXOAAIINe YT KOTOPBIX BEAYT B OAUH Y3€L

Mpumep. Ha puc. 3.6, ¢ BuiHO, 4TO KpaiiHue y3Jbl z U3JIUIIHNA — 3HaUYeHUE DYHKIIUU
OT 3HaueHus z He 3aBUCUT. OHU YJAJISIIOTCS, 2 BXOASIINE U3 HUX JyTU IPOAOJIKAIOTCS 10
TeX y3JI0B, B KOTOpble BeJu Nyru u3 y3snos z. Ha puc. 3.6, 2 mokasan pesyJbraT TpeTbero
npeoGpasoBaHust, KOTOPBII SBJSIETCS MOCTPOECHHON AMarpaMMoil peleHuil.

Wurepriperaiyst GUHAPHOI MarpaMMbl pellieHuii (BbIUMCIeHNE 3HaYeHNsT (PYHKIIUN) TIPO-
M3BOJUTCS B TOYHOCTH TaK e, KaK U [V JlepeBa PelleHuil, To ecThb 110 ajaroputmy 3.8.

Puc. 3.6. lNocTpoeHne GMHApHON AvarpamMmmbl PELLEHWI

PesysbraT mpeoGpasoBaHuUs AepeBa PEleHUH B [UarpaMMy PEIEHUN CyIIeCTBEHHO 3aBU-
CUT OT TOTO, B KAKOM TIOPSIZIKE PACCMATPUBAIOTCS TIePEMEHHbIe MTPU TIOCTPOEHUU UCXOI-
HOT'O TIOJTHOTO JiepeBa PellleHui.

Mpumep. Ha puc. 3.7 nokasaHbl I0CAEL0BATENLHOCTD IPE0OPA30BAHUN U OKOHYATEIb-
Has JiuarpaMMa penteHuil /st (PyHKIMU g B TOM CJydae, KOT/a epeMeHHble PacCMaTpH-
BAIOTCS B CJIEAYIOIIEM MOPSIJIKE: Y, T, 2.

[TosmyyenHas auarpaMMa KOMIAKTHee: BbIUMCICHUE 3HaueHus (yHKimu g Tpebyer Bce-
ro aByx omneparuil. MakTHYecKy, AUarpaMmMa TOKa3bIBaeT, yTo (HYHKIUS g MOKET OBbITh
peann3oBaHa CJIeLYIOIUM yCJIOBHBIM BbIpaKeHUEM:

if y then —z else —z end if.

OTCTYIJIEHUE

HOCJIGZIHHI?I pa306paHHb11?1 IIpuMep CBUAECTEJIbCTBYET, YTO MHOI'JTda MOKHO IIOCTPOUTDH TaKO€ CIIeI -
aJIbHOE TIpeACTaBJIeHEe (byHKI_[I/II/I, KOTOPO€ IMO3BOJIAET XPAHUTH MEHbIIIE I/IH(i)OpMaL[I/II/I " 1Ipu 3TOM
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Puc. 3.7. BuHapHas gvarpamma pelueHuii npu Apyrom nopsiake nepemMeHHbIX

[POU3BOAUTD BHIYUC/IEHUsI OBICTPEE, YEM 3TO B MIPUHIIUIIE BO3MOKHO [IPU MCIIOJb30BAHUY YHUBEP-
CQJIbHBIX MATEMATHYECKUX METOJIOB IPeCTaBIeHust GYHKIUN ¢ TTOMOIIbIO rpadhuKoB (MACCUBOB)
u dopmyir (Boipaskenuii). CoBeryeM ymuTareasiMm o6ayMarh 9TOT (BaKr.

3.6. MonHble cuctembl 6yneBbix GYHKLUA

B tummuHoil coBpeMeHHON 1IPOBOIT BRIYMCINTETBHON MalimHe 1udpamu spJsiorcs 0
u 1. CienoBaTeIbHO, KOMAH/IBI, KOTOPbIE BBITIOJIHSIET TIPOTIECCOP, CYTh GyJIeBbl (DYHKITIH.
Bpitte mokasano, uTo sobas 6yreBa QYHKIHS PealTu3yeTcsl yepe3 KOHBIOHKITUIO, TU3H-
IOHKINIO U oTpuranue. CienoBaTesbHO, MOXKHO ITOCTPOUTL HY)KHBIH IPOIIECCOP, MMest
B PaCIOpSKEHUM 3JIeMEeHTBI, pean3yIolife KOHBIOHKINIO, AU3BIOHKIINIO U OTPHUIlAHUE.
ITOT paszies1 MOCBANIEH OTBETY HA BOIPOC: CYMIECTBYIOT Jid (M €CJIU CYNIECTBYIOT, TO Ka-
KHe) WHbIE CUCTeMBbI OyJIeBbIX (QYHKINH, 06JaIaI0MINX TEM CBOWCTBOM, 4TO € UX TIOMOIIIO
MO’KHO BBIPa3UThb Bce Apyrue QyHKIUH.

3.6.1. 3amMkKHyTble KNnaccChbl
IIycts F = {f1,...,fm}, Vi € 1L.m (f; € P,). 3amvikanuem F (obosnagaercst [F])
HA3BIBAETCS MHOKECTBO BCeX OyJeBbIX (DYHKIMIA, peayusyeMbix (hopMmyiamu Hajx F:

F] 2 (fep,|f=tfwmcT & T e F[F]}.

OTMmeTuM ciieiyionire cBolicTBa 3aMbikauust (cM. Takxke 2.1.2).
1. F C[F].

2. [[F) = [F).

3. Fi C F, = [F|] C |Fy).

4. ([F1|U[F]) C [F1 U Fy).
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Knacc (muoxkectBo) dbynkuuii F' HasbiBaeTcs 3amkuymoim, ecau [F| = F.
Pacemorpum cieyionue kiaacebl hyHKITUI:

{f17£0,...,0)=0}.

o Def
1. Knace dynxiwmii, coxpansiowux 0: Ty =

2. Knacc dpyukuuii, coxpansiowux 1: Ty 2 {f | f(1,...,1)=1}.
3. Kumacc camodsoiicmeennvix dyuxunii: T, e {flf=r7r.
4

. Kimacc monomonnwvix dynximit: T Def {fla<p= f(a ) f(B}
rne a = (ay,...,a,), B = (bl,... bn), a;,b; € Es, « 6 Dl v/ (a; < b;).

5. Knace nuneinvix dyuaxunii: TL { flf=cot+cazi+- - +chan},
rje + 0003HaYaeT CJAOKEHHE [10 MOAYJIIO 2, a 3HAK KOHBIOHKIIUU OILYIIEH.

Mpumepsl

1. PaccMoTtpuM oTpuiianve U BBeEM oGo3Hauenme o(x):=1T. Umeem ¢ ¢ Ty, Tak Kak
©(0) =1, o ¢ Ty, Tak Kak (1) =0, ¢ & T, Tak Kak 0 < 1, HO ¢(0) > ¢(1). C npyroit
cropousl, @ € Ty, Tak Kak ¢*(z) = @(T) = ~p(-x) = =T =T = ¢(x), u ¢ € Ty, TaKk
Kak p(z) = + L.

2. PaccMOTpUM KOHBIOHKITMIO U BBEAEM oGo3Hauenue (z,y): =z A y. Umeem: ¢ € Ty,
Tak Kak 0A0 =0, ¢ € T, Tak kak 1 A1 =1, ¢ € T, tak kax ¥(1,1) =1, u V (a,b) #
(1,1) ((a,b) < (1,1) & 9(a,b) = 0). C mpyroii croponsl, ¢ ¢ Tk, Tak Kak P*(z,y) =
x V y, u & Tp. JleficTBUTENBHO, OT TPOTUBHOTO, TIYCThb (2, y) =
= ax + by + c¢. Torma umeem: ecu x = 0 u y = 0, T0 a0 + b0 + ¢ = 0, u, 3ga9UT, ¢ = 0;
ectmxr =0y =1,T0 a0 +bl+0 =0, u, 3Haunt, b = 0;ecitm x =1 u y = 0, TO
al4+0-04+0=0, u, 3sayut, a =0;ecmor =1uny=1,1100-14+0-14+0=1, u,
3HayuT, 0 = 1 — mpoTtuBOpeyne.

TEOPEMA. Kuaccor Ty, Ty, Ty, T, Tt 3amxnymo.

LOKABATENLCTBO. UTOOHI OKA3aTh, YTO HEKOTOPBIH Kaace £ 3aMKHYT, JOCTATOYHO II0-
Ka3aTh, 4TO ecyu (DYHKIUS peasn3oBaHa B Buje HoOpMyJbl HaJ F', TO OHA TIPUHAJIEKUT
F. [TokasaTb, 4TO MPOKM3BOJIbHAsA (hopMyJia 00JaJaeT 3aJaHHBIM CBOMCTBOM, MOKHO C I10-
MOIIBI0 MHAYKIMU 10 cTPYKType (opmys (1. 3.3.3). baza maaykinn oueBuaHa: QyHK-
1uu 13 F peajnsoBaHbl Kak TpUBUaJbHbIe (HopMmyJibl Haj F. Takum o6pasoM, 0CTaloCh
0060CHOBATh MHIYKIIMOHHbIE TI€PEXOAbI JJIS IIATH PACCMATPUBAEMbIX KJIACCOB.

[TO] HyCbeafla"'afneTOH(I) f(fl(xh <oy Iy )a"'afn(xla . 7xn))
Torma ®(0,...,0) = f(f1(0,...,0),..., fn(0,...,0)) = f(0,...,0) =0 u ® € Ty.
[Tl] HyCbe,fl,...,anTll/Iq) f(fl(acl,...,x ),...,fn(.ljl,.. xn))
Torma ®(1,...,1) = f(fi(1,...,1),..., fu(1,..., 1) = f(1, )711/1<I>€T1
[T*] HYCTB f,fh...,anT*I/Iq):f(fl(irl,...,xn),...,fn($17...7$n))-
Torma ®* = f*(ff (@1, ., Tn)y- ooy fi(@1, ..., 20)) =
:f(fl(xla-'wxn)a-'-afn(xlv--'vxn)):q)H(DgT
[T<] Lyers f, f1,..., fn€T<n ® = f(fi(z1,...,Zn)s- ., fo(T1,. .., 2n)).

Torna a < = (fi(@),..., fa(a)) < (f1(B),..., fa(B)) =

= f(fi(a),..., fa(@)) < f(F1(B)s- -, [u(B) = @(a) < ®(B) m @ € Tk.

[T ] HYCTI) f,fl,...7fn elTrn <I>:f(f1(x17...,xn),...,fn(ml,...,xn)). Torna
f=coteirit. . Aenmy, fi=ci+azi+.. +ckx,, ..., fa=citctai+. . 4z, [logcraBum
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ot popmyiibl B hopmyiy aist ®. Umeem (21, . .., z,) =co+cy (ch+cia+...+chan)+
coten (@GRt A Qa™)=do+diz+. . . +dpx,. CanenoBarensno, ® € 1. O

Npumep. Tabmuna MPUHALIEKHOCTH OYJIEBLIX (DYHKIUN ABYX TEPEMEHHBIX PACCMOT-
PEHHBIM BBIIIIE 3AMKHYTHIM KJIACCAM:

M

0
z &y

x

Y
T+2y
T Vuy
zly
rT=y

Y

-z
=y | —
|y | -

1 _

I+ 4+ 1

L+ +++++H 8
L+ 1+ 1+ 1 +4++ 1|3
L4410

I N RS R EEE

e e e I B S S

+
I

Takum o6pasom, paccMoTpenHble kiacesl T, T, T, T, T, nOapHO Pa3JINYHbI, HE ITyCThI
1 He COBIIAAAIoT ¢ P,.

SAMEYAHUE
[IBe dpynxmuu, mrpux llleddepa u crpenka Ilupca, ne mpuHALTEKAT HU OJHOMY U3 pacCMaTpH-
BaEMBIX 3AMKHYTBIX KJIACCOB.

3.6.2. MNMonHble cucTtemMbl PYHKLUNA
K]IB.CC (byHKI_[I/II'/JI F HaspiBaeTcd NOJIHbIM, €CJIN er0 3aMbIKaHNE COBIIaZla€T C Pni
[F] = P,.

JlpyruMu  cjioBamMu, MHOKeCTBO (ByHKIMIT F 0Opasyer IMOJHYI0 CHCTEMY, ecyiu Jobas
(bynkims peamusyema B Buze GopmyJinl Hax F.

TEOPEMA. Ilycmv F ={f1,..., fm}uG ={g1,..., gx} — 06e cucmemvt pynxyuii. Tozda,
ecnu cucmema F nona u sce ynxuuu us F peanusyemor popmynamu nao G, mo cucmema
G maxace noama: ([F) = P, & Vi € 1.m (f; = func §;[G])) = [G] = P.

DokasatensctBo. Ilycre h — npoussonbHas byskuus, h € P,. Torna [F] = P, =
= h = func F[F| = F[9;/ fi] — bopmyna nax G. Cnenosarenvho, h = func §[G|.

Mpumepol

Cucrema { V,A,—} — noanas (1. 3.4.3). CienoBaresbHo:

1) cucrema {—, A} mosHas, Tak Kak x1 V xg = —(—xy; A 12p);

2) cucrema {—,V} mosHast, Tak Kak 1 A xg = —(—x1 V 0xs);

3) cucrema {|} monHas, Tak Kak —x = x | &, v1 Axa = (21 | x2) = (1 | 22) | (z1 | z2).
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Cucrema {0,1,A,+} mosnas, Tak Kak - = = + 1 (37lecb + 0O3HAYAET CJIOKEHUE II0
moxymio 2). Ilpencrasnenve Gynesoit dyukimu Hax 6asucom {0,1,A,+} HasbiBaeTcs
noaunomom JKezankuna. Taxum o6pasoM, Besikas GysieBa (GYHKIUS MPeJCTaBUMA B BUIE

(315000585)

rjie Y — CJOXKEHHe 110 MOAYJIO 2, 3HaK - 0003HAYaeT KOHBIOHKINIO U a;, . ;. € Es.

SAMEYAHUE
®Dakrtnyeckn, B monmuHoMe JKerankwHa Y asy,.. i @iy - ... Tiy = p &i - Ti,, TOCKOJIBKY €CIU
Giy,....i, = 1, TO 3TOT KOI(DPULUUEHT MOKHO OLYCTUTb, & €CHIU a4, ,....i; = 0, TO MOKHO OILyCTUTb
BCe cJiaraemMoe. 3HaK KOHBIOHKIIMU OOBIYHO TAKKe OIYCKAIOT.

Mpumep. —z=zx+ 1, z2Vy=zy+zt+y,z=y=z+y+ 1L

SAMEYAHUE
Ecan B nosmuome Kerasikuna IpousBecTy cJelyolne 3aMeHbl JIOTMYECKHIX onepaiuii apudmeru-
YECKUMU: T A Y — TY; T +2 Y — T + Yy — 2xy, TO NOJYIUTCS apUDMETHUYECKHIT TIOJTMHOM, KOTOPBIi
MOJKHO YIPOCTUTH U UCIOJIb30BATh JIJISl BBIYUCJIEHUS 3HAYEHUsT OYIIeBOil (hyHKIIUN.

3.6.3. NMonHoTa ABOUCTBEHHOW CUCTEMbI

TEOPEMA. Ecau cucmema F = {fy, ..., fx} norna, mo cucmema 080ticmeennvix Qpynxuyuii
F* ={ff,..., [} maxoce noana.

[okA3aTENbCTBO. IlycTth  — mpomsBosbHag ¢ysknus, h € P,. Paccmorpum mBoii-
crBennyto ¢dyukiuio h*. Cucrema F 1osna, tak uto h* = func H[F]. [lo npunnunmy
nBolicTBenHocTH h = func H*[F*]. O

Mpumep. Cucrema{0, 1, A, +} mosiHa, ciaenoBaresbho, cucrema {1,0, VvV, =} takxe moJHa.

3.6.4. Teopema lMocTa

Teopema Ilocta ycranaBinBaeT HeOOXOIMMbIE U JOCTATOYHbIE YCJIOBUS MOJTHOTBI CHCTE-
MBI GYIE€BBIX (DYHKITHIA.

TEOPEMA. Cucmema byresvix Qynxuutl F norna mozda u moivko mozoa, kozda oHa co-
depocum xomsi 6ot 00HY QYHKUUIO, He COXPAHAIOULYIO HYLb, XOMsL Obl 00HY PYHKUUIO, He CO-
XPAHIOULYI0 eOUNULY, XM Obl 00HY HECAMOOBOUCMBEHHYI0 PYHKUUIO, XOMsL Obl 00HY HEMO-
HOMOHHYIO PYHKUUIO U XOMSL Obl 00HY HELUHETIHYIO QYHKUUIO:

[Fl=P, <<= -(FCTyVFCTh VFCT,VFCT¢V FCTy).

[ OKABATESIbCTBO.
[ Heo6xogumocts ] Ot niporusnoro. Ilycrs [F] = P, u

FclyVFCThVFCIT,VFCTI¢<VFCTr.
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Bsenem obo3nauenue: i — OAUH U3 MHIEKCOB, 0, 1, x, < nim L.

Torna T, = [T;] = [F) T, = P, C T, = P, = T;, vo P, # T; no tabiuiie u3
m. 3.6.1.

[ AocratouHocTb ] Ilyctes =(F C Ty VEF C Ty VF CT.VF C T¢ V F C Ty,). Torma

IF = (fo. fi.fe f<, ) (fo@To & f1 €Th & fo €T & f< T< & fr, ¢ T1). 3ame-
™M, 4T0 GYHKIWMA fo, f1, fx, f<, fL He 00s3aTebHO Pa3INYHBl U He 005I3aTENBHO HC-
yeprnpiBatoT F. [lokaxkeMm, 4To OTpPUIIAHNE W KOHBIOHKIINS PEATU3yIOTCS B BHe (OpMYJI
Hag F'. Tem cambiM Teopema Oyzer nokasana (m. 3.6.2). IlocTpoenue POBOAUTCS B TPU
JTana: Ha 1epBOM CTposTcst (hopMyJibl, peasndyiomue KoHcTanTbl 0 1 1, KoTOpbIEe HYXK-
HBI Ha TpeTheM aTare. Ha BTopom arame ctpoutcs Gopmysia, peaausyiomas OTpUIaHHe.
Ha Tperbem aTare crpoutcst hopmyia, peamusyoniasi KOHbIOHKIIUIO.

[ KoHcTanTel ] [octponm dopmyiry, peanusytomtyio 1. [lycrs ¢(z): = fo(x, ..., z). Toraa
©(0) = fo(0,...,0) # 0 = ¢(0) = 1. Boamosxns! jiBa cayyas: ¢(1) = 1 mwim ¢(1) = 0.
[Tyctb ¢(1) = 1. B atom ciayuae dopmyaa ¢ pearmsyer 1. [Tycts ¢(1) = 0. B aTom cay4dae
dbopmyiia ¢ peanusyer orpuiianue. Toraa pacemorpuM hyHkimo f,. Mmeem

f« €T = Jaq,...,a, (f*(al,...,an)#ﬁ(&l,...,ﬁn)).

CuenoBarenbho, fi(ai,...,a,) = fu(@1,...,a,). llycts Teneps ¢ (z): = fi(x®,. .., x%).
Torna

P(0) = £.(0%,...,0%) = fu(@1,...,Gn) = fula1,...,an) = fu(19Y, ..., 1%) = (1).

Takum obpasom, ¥(0) = (1), otkyma ¢ = 1 nam ¢ = 0. Ecim ¢ = 1, To TpeGyemas
koHcTtanTa 1 nocrpoena. B npotusnom cayuae ¢ peanusyer 0, u, 3Hauurt, o(¢(z)) = (x)
peasusyet 1. IlocTpoerne O aHAJIOTMYHO, TOJBKO BMECTO fu HY’KHO MCIOJIB30BaTh f1.

[ Otpuuanue 1 Paccmorpum dynknuio f¢. Mmeem
f<ETc = Fa=(a1,...,an),8 = (b1,...,bn) (a< B & f<(a) > f<(B)).
Tormaa < = Vi (a; =b; Va;, =0 & b; =1). Ho
f<la)# f<(B) = a#pf=3JCln (jeJ=0a;=0&Db; =1).

Jpyrumu cioBamu, J — 3TO MHOXKECTBO MHIEKCOB j, 1A KOTOPHIX a; # b;. Ilyctsb
o(x):=f<(er,...,cn), The ¢ji=x, ecmn j € J, u ¢j:=a;(= b;), ecm j ¢ J. Torma

0(0) = f<ler,.. en)0/a] = f<(a) > f<(B) = f<(er,. o en)[1/3] = p(1). Unmeenm
©(0) > ¢(1) = 9(0) =1 & (1) =0 = p(z) =T

[ KonbtoHkumsi ] Pacemorpum dynkmmio fr. meem

fLePn:>fL: § Qayyqyeya;Ligs ey Lig-

Ho fr ¢ Ty, cnepoBaresbHo, B nojuHoMe JKerajkuHa CyIliecTByeT HeJIMHEHHoe cJa-
raeMoe, cojiep:kaiiee KOHBIOHKIIMIO TI0 KpaliHell Mepe AByX repeMeHHbIX. IlycTs, nms
OTIpe/ieIEHHOCTH, 3TO 1 U x3. Toraa

Jo=x1-w2- fo(ws, ... xn) 21 f(xs, ..., 2n) + +22- fe(X3, ..., 20) + fa(z3, ..., 20),

npuaéM f,(x3,...,x,) # 0. CrepoBarensro, Jas,...,a, (fo(as,...,a,)=1). llycts
b:= fulas,...,an), c:= felas,...,ap), d:= fq(as,...,an) 1

o(z1,22): = fr(z1,22,a3,...,an) =21 -2+ b-z1 + - 20+ d.


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

3.6. MonHble cuctembl ByneBbix GYHKLMIA 197

IIyctp panee ¢(z1,x2):=@(x1 + ¢, 2 +b) +b-c+d. Torna

Yz, 22) = (x1+¢) - (22 +b)+b-(x1+c)+ec-(xa+b)+d+b-c+d=
=x1-To+cCc-x2+b-21+b-c+b-x1+b-c+c-x3+b-c+d+b-c+d=
=T *X9.

CDyHKuI/H/I Z + a BBIPA3UMDI, Tak Kak £ + 1 =7, £ + 0 = z, a KoucranTe 0, 1 1 oTpunianue
YK€ TTOCTPOCHBL. ([l

MNpumep. B cucreme {—, A} orpuiianue He COXpaHsieT KOHCTAHT U HEMOHOTOHHO, & KOH'b-
TOHKITNS HECAMOJIBOMCTBEHHA U HEJWHEIHA.
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NlNaea 4 Jlornyeckume
NcYnUcCNeHnd

C npeBHEWUNINX BpeMEH YeJIOBEYECTBY M3BECTHA JIOTHKA, UJIM UCKYCCTBO MTPABUJIBHO pac-
cy’kzmaTh. Boobiie TOBOps, CMOCOOHOCTh K PACCY/KAEHUSM — 9TO MMEHHO HCKYCCTBO.
Umea kakue-TO yTBepKAeHUS (TOCBUIKK), UCTHHHOCTh KOTOPBIX IIPOBEPEHA, CKAXKEM,
Ha OIIbITE, JIOTUK IyTEM YMO3DUTEJIbHBIX IOCTPOCHUN IPUXOAUT K JIPYTOMY yTBepiKie-
HUIO (3aKJIIOYEHUIO), KOTOPOe TaKKe OKa3blBaeTCs UCTUHHBIM (B HEKOTOPBIX CJIyyasx).
OubIT ApeBHUX (YKCTO HAOJMIOAATENBHBIN) ObLT cucTeMaTH3upoBaH Apucroresem. OH
paccMOTpesl KOHKPETHbIE BUABI PACCYKAECHUN, KOTOPble Ha3Basl CULIOZUSMAMU. A AMEH-
HO, APHCTOTENh PACCMOTPEN TaK HA3bIBAEMBIE KAME2ZOPUUECKUE YMEEPHCOeHUS TETHIPEX
BunoB (A, B — xamezopuu):

1) Bce A obmapaior coiictBoM B (Bce A cyTh B);

2) Hekoropbie A obmagaroT cBolictBoM B (Hekotopbie A cyTh B);

3) Bce A He obmazaior cBoiictBoM B (Bce A cyTh He B);

4) mexoropsie A He obiagaior cBoiictBoM B (HekoTopbie A cyTh He B) —

n 38.(1)I/IKCI/IPOB3JI BCe CJjiy4daH, KOora M3 IOCBIJIOK TaKOT'0 BH/Ia BBIBOAATCA 3aKJ/JIIOYEHUS
O/IHOI'O M3 9THUX K€ BHUOB.

Mpumepbl

1. Bce miogu cmeptabl. Cokpar — 4desnoBek. CiemoBaresbHo, CokpaT cMepTeH. DTO pac-
CysK/leHre TPaBUJIbHO, IIOTOMY YTO IMOJAXOMMT IIOZ OIAMH U3 00pasioB CHIJIOIM3MOB
Apucrotens.

2. Bce paukapu packpaiimBaioT cBou Jinila. HekoTopble cOBpeMeHHbIE MOJIOJbIE JIIOIU
packpanmBaioT cBou Jinia. CiieoBaTeIbHO, HEKOTOPbIE COBPEMEHHBIE MOJIOJIbIE JIIO-
1 — JUKApHU. DTO paccyKJieHre HelPaBUJIbHO, XOTs, BUIUMO, BCe BXO/ISAIIE B HETO
YTBEPKACHUS UCTUHHBI.

Jloruka ApI/ICTOTe]IH — 9TO KJaccuueckas JOrnuKa, TO €CTb HayKa, TPAAUIIMOHHO OTHOCA-
I1as1Ca K TYMaHUTapHOMY IMUKJIY U TEM CaMbIM HaXO/AIasICA BHE PaMOK 3TOT'O y‘{e6HI/IKa.

IIpemmeToM 3TOM TMaBbI SBISIOTCS HEKOTOPBIE 3JIEMEHTHI JIOTUKU MAMeMamuueckotl, KO-
TOpasi COOTHOCUTCS C JIOTUKOW KJIACCUYECKOM TTPUMEPHO TakK, Kak s3bIK [lackanb cooTHO-
CUTCS C aHTJIMHCKUM SI3BIKOM. JTa aHAJIOTHUsI JOBOJIBHO TOYHA M IO CTEMeHN (DOPMaIN30-
BAHHOCTH, 1 110 MTUPOTE TPUMEHNMOCTH B PEATbHOM KU3HU, U TI0 3HAYUMOCTH JIJISI TIPaK-
TUYECKOTO TporpaMMupoBanmsa. MaTtemMarnmieckas JJOTHKA He SBISETCS MaTeMaTHIeCcKOM
MOJIEJIBIO KJIACCUYECKON JIOTHKH, TIOZ00HO TOMY Kak sI3bIK Ilackajib He SIBJISIETCST MOJIENIBIO
AHTJINICKOTO s3bIKa. [[JIsT MaTeMaTHUecKol JIOTUKU XapaKTepHa (opManu3aliis JoTude-
CKHUX oIlepanuii, abcTparupoBaHie 0T KOHKPETHOTO COAePKaHUs TIPEJIOKEeHI, BbIpaska-
IOIUX Kakoe-nubo cyskaeHue. VICTHHHOCTDh WJIM JIOKHOCTh BBIBOJA 3aBUCUT TOJBKO OT
ero (hopMbl, HO HE OT KOHKPETHOTO COJIEPKAHUS COCTABJISIONIUX €r0 TPe/JIOKEHUH,

I1aH TJIaBbI COCTOUT B TOM, YTOOBI HA OCHOBE HEOOJIBIIOTO TPEBAPUTEIHHOTO PACCMOT-
PEHUsI BBECTH HOHATHE «(hOpPMajbHAs TEOPUsI», MU <UCUYNCIeHHe>, B HauboJiee obIeM
BHUJIE, a 3aTeM KOHKPETH3MPOBATh 3TO TOHITHE MPUMEPAMU JIBYX HauboJjiee YacTo HC-
MIOJIb3YEMBIX UCUMCJIEHUI: NCYNCIIEHUS] BBICKA3bIBAHNI U MICUNCJIEHN NIPeANKATOB. [71aBy
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3aBepHIAIOT J1Ba pasziesa, IeMOHCTPUPYIOINIUE CBA3b MATEMAaTUYECKON JIOTUKU C TPOTPaM-
MUMPOBAaHUEM: HaWBHAS TEOPHS aJITOPUTMOB U aBTOMaTHYeCKOE 10Ka3aTeIbCTBO TEOPEM.

4.1. Jlornyeckme CBAA3KM U KBaAHTOPbI

ITens panHOrO pasiesna — HeOPMAJIBLHO BBECTH CIIELU(PUUECKYIO «JIOTUYECKYIO» TEPMU-
HOJIOTHIO U yKa3aTh Ha e€ CBA3b ¢ MaTepuajioM IIpe/llecTBYIOIUX IJaB. B mocieayomux
pasziesiax TJIaBbl OIPEAEJICHHUA 9TOTO pasjiesia YTOUHAIOTCA U KOHKPETU3UPYIOTCA.

4.1.1. BbiCKa3blBaHNS U CBA3KM

JTeMeHTaMU JIOTHYECKUX PACCYKIEHUN SBISIOTCS YTBEPKIEHMSI, KOTOPBIE TUOO MCTHH-
HBI, OO JIOXKHDBI, HO HE TO ¥ JPyroe BMecre. TaKue YTBEP/KAEHUs HA3BIBAIOTCS (Mpo-
cmuimMiL) 8bicKkasvleanusimu. TIpocTbie BBICKa3bIBAHUS 0O03HAYAIOTCST NPONOSUUUOHATILHDL-
Mu nepemennvimy. IlpornosuimonanbHasl epeMeHHast MOXKET IPUHUMATh OJHO U3 JBYX
UCTUHHOCHBIX 3Hauenuil, 06o3HaYaeMbIX cuMBoIamMu «T» 1 «F».

SAMEYAHUE

VICTUHHOCTHBIE 3HAaUeHKsI 0603HAYAIOT Pa3IMYHBIMU criocobamut: tatuHckumu OykBamu T u F, kak
B 9TOM yuebHuKe, pycckumu GykBamu U u JI (ot cios «Mcrunay u «Jloxbs), uudpamu 1 u 0, cre-
UaibHbIMU 3HauKaMu 1 1 L. Kas/plii u3 crioco6oB 0603HaYeHMsI HCTHHHOCTHBIX 3HAYEHUN UMeeT
cBou jpocTouHcTBa U Hepocrartku. [lapa cumBosioB, T u F, BboiOpana Hamu, BO-1IEPBBIX, [Jist y100-
CTBA YTEHUS, BO-BTOPBIX, TAK KAK 9T CUMBOJIbI HE UCTIOJIB3YIOTCS B y4eOHUKE B APYTOM CMBICJIE, H,
B-TPETHUX, Pall aCCOLUALUM C AHIJIMICKUMU cioBamMu «true» u «false», Kotopeie ucnosb3ywTcs
BO MHOTHX SI3bIKaX MPOrPAMMUPOBAHUS JJIsi 0003HAYEHVS] UCTMHHOCTHBIX 3HAYEHUIL.

W3 mpOCTHIX BBICKA3BIBAHUIN C TIOMOIIBIO L02UYECKUX C8S30K MOTYT OBITh TIOCTPOEHBI CO-
cTaBHbIe BbicKasbiBaHusg. OObIYHO PacCMaTPUBAIOT CJIEAYIOLIME JOTHUECKIE CBA3KM.

Hazsanme [Ipoutenue O6osnauenue
Orpuianuve He =
Konbronknusa u &

JI M3 BIOHKITIS WJIn vV
Nmnnukarnus €CJIN. .. TO —

4.1.2. dopmynbi

[IpaBusIbHO TTOCTPOEHHDIE COCTABHBIE BBICKA3BIBAHUST HA3BIBAIOTCS (MPONOUUUOHATLHL-
mu) popmynamu. DOpMyIBI UMEIOT CIEAYIONINI CHHTAKCHUC:

(popmyma)::= T|F|

(TIPOTIO3UIINOHATIBHAST TIepEMEHHAs) |

(~(dbopwyra) ) |
({dopmyta) & (popmya)) |
({dopmya) V (opmyaa)) |
((opmyaa) — (chopmryra) )

SAMEYAHUE
[[JI}I OIIKMCaHWA CUMHTAaKCHUCA A3blKa Mbl UCIIOJIb3YyEM OJAWH U3 CTaHAapPTHBIX HpI/IéMOBZ KOHTEKCTHO-
CBO6OZ[HyIO IIOPOKAAIONIYIO I'PaMMATUKY B d)opMe E:—)Kyca—Haypa. 3[[6CI) Ha3BaHUA CHMHTaKCHU4e-
CKHX KOHCprKHI/Iﬁ 3aKJII0YalOTCA B YIJIOBbIE CKO6KI/Iy METACHMMBOJI «::=» O3Ha4YaeT «3TO», Me-
TaCHMBOJI <<|>> O3Ha4YaeT «HJn», BCE OCTa/IbHble CHUMBOJIbI O3HA4YalOT CaMM cebst. I/IcqeprIBalomee
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UBJIOKEHIEe TeOpUU (HOPMATHHBIX TPAMMATHK TPUMEHUTETHHO K TPOrPAMMHUPOBAHIIO MOXKHO HAUTH
B KHure [4].

JList yIpoIeH st 3alUCcy BBOIUTCSI CTAPITUHCTBO CBSI30K (-, &, V, —) U JIUIIHUE CKOOKU
YaCcTO OITYCKAIOTCSI.

HMcTtunHocTHOE 3HAueHUE (bOpMy.TIbI orpenesidaeTca 4epe3 MCTUHHOCTHBIE 3HaY€HUSI eé
COCTaBJIAIONINX B COOTBETCTBHUU CO C]Ie,ZIYIOHIeﬁ Ta6]II/IHeI>'IZ

A B -A A& B AV B A— B

F F T F F T

F T T F T T

T F F F T F

T T F T T T
4.1.3. UnTtepnpetauusa
[Mycrts A(x1,...,x,) — OPOIO3UIMOHATbHAS (DOPMYJIA, TAE T1, . . . , Ty — BXOJSIIINE B HEE
ITPOTIO3NITNOHAJIbHbIE TTIEPEMEHHDBIE. KOHerTHbeI Ha60p NCTUHHOCTHbBIX 3Haqu1/11?1, npu-
MMUCAHHBIX TIEPEMEHHBIM I1, . . ., Ln, Ha3bIBAETCS unmepnpemauueti hopmyist A. Oopmy-

Jla MOKeT ObITh MCTUHHOU (MMeTh 3HayeHWe T) Mpu OJHOW MHTEPIPETAIMI W JIOKHOU
(umeTh 3HaYeHue F) mpu apyroit mHTEpnperanuu. 3HaueHue GopMmyasl A B WHTEpIpe-
tauu I obosnaunm I(A). Mopmysia, UCTUHHAS TIPU HEKOTOPOU WHTEPIPETAINH, HA3bI-
Baetcst gunoanumol. Mopmysia, UCTUHHAS TIPU BCEX BO3MOXKHBIX WHTEPIPETANUSIX, Ha-
3bIBaeTcs obuesnauumot (uan masmonozuetr). opmyJia, J0KHAL [IPU BCEX BO3MOKHDIX
WHTEPIIPETAINAX, HA3bIBACTCI HEeSbiNOAHUMOU (MU NPOMuUsopeduem).

Mpumepsl

AV —=A — rtaBrosorus, A & —A — mporuBopeune, A — —A — BeImoTHUMasS (HOPMYJIa,
oHa ucrunna 1pu I(A) = F.

TEOPEMA 1. [lycmv A — nexomopas popmyna. Tozda:

1) ecau A — maemonozus, mo —A — npomusopeuue, u Haobopom;

2) ecau A — npomueopeuue, mo ~A — maemonozust, u Hao6opom;

3) ecau A — masmonozus, mo HesepHo, umo A — npomusopeyue, HO He HA0OOPOm;
4) eciu A — npomusopeuue, mo HeeepHo, umo A — masmonozus, Ho He Haobopom;
3) ecau —A svinornuma, mo Hegepro, umo A — masmonozus;

6) ecau A svimonnuma, mo Hegepho, umo A — npomugopeuue.

DOKA3ATENLCTBO. (OUeBUIHO W3 OIpe/IeIeHUN. (I

TEOPEMA 2. Ecau gpopmyrvt Au A — B — masmonozuu, mo popmyra B — masmonozus.

DokasaTENbeTBO. Ot 1porusnoro. Ilycts I(B) = F. Ho I(A) = T, tak kak A — TaBTO-
gorust. 3uaunt, I(A — B) = F, 9410 IPOTUBOPEYUT HPEIIIONOKEHUIO O TOM, 4TO A — B —
TaBTOJIOT U, (]
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4.1.4. Jlornyeckoe crsieaoBaHMe U norndyeckKass aKBUBaNIeHTHOCTb

Tosopsrt, uto dopmymna B aozuuecku ciedyem us dopmynst A (obosnauenne A = B),
ecin hopmysia B umeer 3Hadenue T 1Ipu Bcex MHTEPIIPETAIINSIX, TIPU KOTOPHIX (hopMyJia
A umeer sHadenue T. Toopar, uto dopmyisl A u B aozuuecku sxeusaienmmot (0603Ha-
yaercss A <= B wiu npocto A = B), eclii OHU SBJSIOTCS JIOTHYECKUMU CJIECTBUSMU
npyr apyra. OueBUIHO, YTO JIOTUYECKU HKBUBAJEHTHbIE (DOPMYJBI UMEIOT OJJMHAKOBBIE
3HAYEHUs TIPU JIOOON MHTEpPIPETALNH.

TEOPEMA 1. P~ Q=-P V Q.

DOKA3ATENLCTBO. /7151 I0Ka3aTebCTBA OCTATOUYHO TPOBEPUTH, YTO (DOPMYJTBI JIE€HCTBU-
TEJIBHO UMEIOT OJJMHAKOBbIE MICTUHHOCTHDBIC 3HAYEHUS TIPU BCEX MHTEPIIpEeTaInsX.

P Q P—Q -P -PVQ
F F T T T
F T T T T
T F F F F
T T T F T

O

TEOPEMA 2. Eciu A, B, C — n06vle hopmy.ivt, Mo umerom mecmo cielyroujue 102udeckue
IKBUBANECHMHOCTU:

1. AVA=A4A A& A=A

22 AvB=BVvV AA& B=DB& A
3.3LAVBVC)=(AVB)VC,A&B&C)=(A& B) & C.

4. AV(B&C)=(AVB)&(AV (), A& BV C)=(A& B) VvV (A& C).
5. (A& B)vVA=A(AV B)& A=A

6. AVF=AA&F=F.

7. AvT=TA&T=A.

8. —=(—4) = A.

9. -(A& B)=-AV -B,~(AV B)=-A& -B.

10. Av-A=T, A& -A=F.

LOKA3ATENLCTBO. [IpoBepsieTcst MOCTPOEHUEM TaOJIUI] HCTUHHOCTH. O
SAMEYAHME

Takum obpasom, anrebpa ({T,F}; Vv, &,—) sBasiercst GysieBoit anrebpoii, KOTOpasi Ha3bIBaeTCsI
an2ebpoil BbICKA3LIBAHUI].

TEOPEMA 3. P &...& P, = Q mozda u monvko moeda, koeda (P & ... & P,) = Q —
maemonozus.

JOKA3ATENIbCTBO.

[=1 Iycrs I(Py &...& P,)=T. Torna I(Q)=T u I(P, &...& P, — Q) = T. Ilyctp
(P& ...& P,)=F. Torna I(P, & ... & P, — Q) = T npu mo6oii unrepuperanyu 1.
Taxum o6pasom, popmyna P& ... &P, — Q obiesHaunma.
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[<=] lycrp I(P1 & ... & P,)=T. Torna I(Q) =T, unaue dpopmymna P, &...& P, —Q ue
ObL1a 6b1 TapToIOrMEl. TakuM 06pasoM, hopMya Q — JIOrHYeCKoe CaeacTBre GopMyJIbl
P& ... & P,

TEOPEMA 4. P &...& P, = Q mozda u moavko mozoa, kozda P, & ...& P, &—Q —
npomueopeuue.

[okasaTENbCTBO. [lo mpenpiaynieit Teopeme P & ... & P, = ) ToTAa M TOJBKO TO-
raa, korga dopmyna P & ... & P, — @ — taBrosnorus. Ilo mepsoit teopeme 1. 4.1.3
dbopmyna P, & ... & P, — @ sBiseTcs TaBTOJIOTHEN TOT/Ia U TOJIBKO TOT/a, Korjaa ¢hop-
myna -(Py & ... & P, — Q) aBisiercst npotuBopeuneM. Vmeem

(P &... &P, Q) =P &...&P)VQ)="(PL & ... & P,) & Q=
=P &...& P, & Q. |

4.1.5. NopacraHoBKa n 3amMmeHa

[Iycte A — dopMmyJia, B KOTOPYIO BXOAUT IepeMeHHas x (0603HayaeTcst

A(...x...)) wmm BXoaut HekoTopas moadopmyaa B (obosuadaercs A(... B...)), u IycTh
C — uexoropas dopmyna. Torma A(...z...)[C/z] obo3navaer Gopmyny, TOTYIEHHYIO
u3 ¢opmysabl A noactaHoBKoi ¢Gopmysibl C' BMECTO 6CeX BXOXKIEHUIN IlepeMeHHO x,
a A(...B...)[C//B] o6osnauaer Jyiobyio dbopmyJy, moaydeHnyo u3 dhopmyasl A moa-
cTanoBkoii (popmysiel C' BMECTO Hekomopwvix (B YACTHOCTHU, BMECTO OTHOTO) BXOXKIEHUI
nofpopmyibt B.

TEOPEMA 1. FEcmu A(...x...) — maemonoeus, a B — mobas opmyna, mo ¢opmyia
A(...z...)[B/x] — masmonozus.

DokA3ATENLCTBO. [lycte C:=A(...x...)[B/x]. [lycts I — unreprperanus GopMybl
C' (dbopmyna yxe He cOepsKUT nepeMernoi x). [octponm unrepnperanuio I’ hopmyibt
A, nonoxuB z:=1(B), a 3HAYeHUs OCTATBHBIX IIEPEMEHHBIX B3sIB TAKUMH K€, KaK B
unrepnperamuu I. Torna I'(A) = I(C), Ho I'(A) = T, caenosarensHo, I(C) = T. O

TEOPEMA 2. Ecmu A(...B...)uB=C,aD:=A(...B...)[C//B],mo A= D.

DOKA3ATENLCTBO. IlycTs I — s06ast nHTEpIIpeTalys, CoAepKalias 3HaYeHUsT ISl BCeX
nepemennbix B opmysax A, B u C. Torna I(B) = I(C), 3nauut, I(A) = I(D). O

Teopewmbl 1 1 2 aHATIOTUYHBI TIPABUJIAM TIOJICTAHOBKY M 3aMEHbBI, U3JI0KEHHBIM B T1. 3.2.3.

4.1.6. KBaHTOpBbI

Ouenb BaKHBIM JJIEMEHTOM SI3bIKA MATEMATUYECKOH JIOTUKH SIBJSIETCS MOHSITUE <IIpe-
mukaTs. Odnomecmuvim npeduxamom P (Hag MHoskectBoM M) HasbiBaercst (BDyHKIIHS
P: M — {F,T} (cm. takxke n. 1.9.4). Ecoim « € M, 1o Bbipaxkenue P(z)
06J1alaeT UCTHHHOCTHBIM 3HAYEHUEM, U TIOTOMY MOJKET PACCMaTPUBATHCS KaK TPOCTOE
BBICKa3bIBaHe. AHAJIOTUYHO n-MecmHuiM npeduxamom P(xq, ..., x,) HaszpiBaeTcst GyHK-
uust P: My x -+~ x M,, — {F,T}, npuuém z; € M;. IlockosbKy mnpsiMmoe IpousBele-
HUE MHOKECTB TaKXe sIBJISIeTCS MHOMKECTBOM, jlajiee B 3TOM Iaparpade B IprMepax
U OTpe/leJIeHUsIX PACCMATPUBAIOTCS [JIsT KPATKOCTH TOJIBKO OJHOMECTHBIE MPEIUKATHI,
[T MHOTOMECTHBIX MTPEAUKATOB BCE AaHAJIOTHYHO.
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Mpumepsl

BrickasbiBanue «4uciio msaTh 6OJII)I_H6 qucJa IBa» MMeeT NCTUHHOCTHOE 3HAUYCHUEC T u aB-
JIAETCA IIPOCTBIM BBICKA3bIBAaHUEM, HO HE ABJIAECTCA IMPEANKATOM, ITIOCKOJIBKY HE COACPKUT
IIepeMEHHDIX. Bricka3piBaHmne <«4ucJjIo T 60]IbI_He ABYX» ABJAETCA OJHOMECTHBIM IIpE/IN-
KaTOM U CUMBOJIMYECKU 3aIIMCbIBAETCA * > 2, a BBICKa3blBaHUE «4MCJI0 2 OOJIble Yncia
Y» ABJISECTCA IBYXMECTHBIM IIPEAUKATOM W CHUMBOJIMYECKU 3aIllUCBIBACTCA X > .

3AMEYAHUE
O/IHOMECTHBII IPEAUKAT COOTBETCTBYET XapaKTepUCTHUecKol (pyHKiuu noamuoxkectna (1. 1.9.2),
a M-MECTHBIH TIPEANKAT COOTBETCTBYET XapaKTePUCTHIECKON (DYHKITMY OTHONIEHISI.

Onepayusi c63b16aHUs KBAHMOPOM 8CE00UHOCMU COTIOCTABIISIET IPEAUKATy P, onpeesé-
HOMY Ha MHO)KecTBe M, BbICKasbiBanme, obGo3nadaemoe Vz € M (P(z)), uctuunoe B
TOM ¥ TOJBKO B TOM CJydae, KOT/a BbiCKaspiBanue P(x) umeer 3nadenue T st Bcex
x € M, u JIO)XHOe B TPOTHBHOM ciydyae. BoickasbiBanue Vo € M (P(z)) HasbiBaercs
YHUBEPCATDHBIM BbICKA3bI6ANUEM IS TIPeAUKaTa P.

SAMEYAHUE

Ecam MmuOXKecTBO M MOAPa3yMeBaeTcst, TO TIPU 3aMich ero omyckaiot: Va (P(x)).

CuMBOJI Vr HA3BIBAETCS KEAHMOPOM 6CCOOUHOCMU TIO TIEPEMEHHON .

Mpumepbl

IIpenuxar x < 10, ompenenéHHBIN Ha MHOXKeCTBe R, He gBJISETCA TOXIECTBEHHO UCTUH-
HBIM, [103TOMY BbIcKasbiBanue VvV € R (z < 10) umeer s3Hauenue F. [Ipeaukar z2 >0,
OIIpe/IeIEHHBIN Ha MHOXKeCTBe R, SIBJISIETCS TOXKAECTBEHHO MCTMHHBIM Ha MHOKeCTBe R,
1109TOMY BbicKasbiBatue Vo € R (22 > 0) umeer snavenne T.

Ecmn npenukar P(x) 3aaH Ha KOHEYHOM MHOXeCTBe M, TO OIepalys CBSI3BIBAHUI
KBaHTOPOM BCEOOITHOCTH BBIPAKAETCS Yepe3 KOHBIOHKI[HIO!

M={ay,...,an} &Yz € M (P(x)) <= P(a1) & P(az2) & ... & P(ay).

Onepauyusi ces3v16aHUs KBAHMOPOM CYU,LCMB08AHUS COIIOCTABJISET TIpefuKaty P, orpe-
JenéHHOMY Ha MHOKecTBe M, BbicKa3biBanue, oboznauaemoe 3z € M (P(z)), ucrunnoe
B TOM U TOJIbKO B TOM CJIydae, Korja BbickaspiBanue P(z) umeer suadenue T xoTst Obl
IUIs OHOTO 2 € M, W JIOXKHOe B MPOTUBHOM ciyvae. BoickaspiBanue 3z € M (P(x))
Ha3bIBACTCS IKIUCMEHUUANIDHBIM BbICKA3bI6aHUEeM 1A IIpeauKaTa P.

3AMEYAHUE

Ecau muoxecTBO M moApasyMeBaeTcsi, TO TIPH 3anicu ero omyckaiot: 3z (P(x)).

CumBoJI Jr Ha3bIBAETCS K6aHmMopom cyw,ecmseosanitst 110 HepeMeHHOﬁ xX.

Mpumepsl

[Ipepukar © = = + 1, onpezeseHHbI Ha MHOXecTBe N, SIBJISETCS TOXK/IECTBEHHO JIOXK-
HBIM, 1103TOMY BbIcKasbiBanue 3x € N (z =z + 1) umeer 3HaueHue F. B To xe Bpems
BoickazpiBanue 3z € N (x + 1 > 10) umeer 3HavyeHue T, Tak KaKk CyIlecTByeT 3HaU€HHE
x € N, nanipumep 10, Ha KoTopoMm npeukat x + 1 > 10, onpenienéHHbIN Ha MHOKecTBe N,
uMmeeT 3HavyeHue T.
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Ecan nmpemukar P(x) 3aan Ha KOHEYHOM MHOKecTBe M, TO omepalusi CBsSI3bIBAHUS
KBAaHTOPOM CYIIIECTBOBAHWST BBIPAYKAETCS Yepe3 MU3bIOHKIIUIO:

M={a1,...,an} &Iz € M (P(x)) <= P(a1) V P(az) V ... V P(ay).

Wuorna ucnombayercss MOANGUKAIMS KBAHTOPA CYI[ECTBOBAHMS, KOTOPAst HA3bIBAETCS
KBaHTOPOM CYIIECTBOBAHUSI M €AUHCTBEHHOCTU. Onepauus ces3vl6aniisi K6aHmopom cy-
wecmeosanus u eOUHCMEEHHOCMY COIIOCTABIISIET IPEANKATy P, OIpe/ie/IeHHOMY HAa MHO-
&KectBe M, BbicKasbiBaHme, obo3nauaemoe 3z € M (P(z)), HCTUHHOE B TOM U TONBKO
B TOM CJIy4ae, KOTJIa npeaukar P(z) uMeeT HCTHHHOCTHOe 3HadeHre T B TOYHOCTH st
OJIHOTO dJIeMeHTa & € M U JIOKHOEe B IIPOTUBHOM CJIydae.

SAMEYAHME

Ecan muOKecTBO M TozipasyMeBaeTcsi, TO IIpH 3amucu ero omyckaor: 3!z (P(z)).

CumBost 3!z HasbIBAETCS KEAHMOPOM CYUCCMBOBAHUS U eOUHCMBEHHOCU TIO TIEPEMEH-
HOH .

Mpumepsl
BoickaspiBanne 3z € N (x+1 = 10) umeer 3Hayenue T, Tak Kak CYIIECTBYET €IMHCTBEH-

Hoe 3HaueHue 9 € N, Ha koTopoM Tpeankar = + 1 = 10, onpezneseHHbIil Ha MHOKecTBe N,
nMeet 3Havyenue T.

KBaHTOp CyImecTBOBAHUS U €IMHCTBEHHOCTH SIBJISIETCS He OOJiee YeM «CHHTAKCHYECKIM
caxapoM», MOCKOJIBKY BBIPAKAETCST Yepe3 KBAHTOPHI CYIIECTBOBAHNS, BCEOOTITHOCTH U TIPO-
BEPKY PaBEHCTBA 3JIE€MEHTOB:

Nz e M(P(z)) < Jaxe M (P) &Vae,ye M (P(z) & P(y) »x=vy).

Bsaumocss3b MEKAY YHUBEPCAJIbHBIMU 1 9K3UCTCHIIMAJbHBIMU BbICKAa3bIBaHUAMUN leO6-
HO TIPE/ICTABJIATb B BU/IE JIOZUUECKOZ20 Keaapama, I/1306pa>KéHHOFO Ha pUCYHKeE 4.1.

YuuBepcasbable BoickasbiBauug Vo (P(x) u Vo (—P(z)), cTosmue B IByX BEPXHUX Bep-
HIMHAX KBA/IpaTa, He MOTYT OBITh OJJHOBPEMEHHO MCTUHHBIMU. Takue BBICKA3bIBAHUSI Ha-
3BIBAIOTCSI KOHMPAPHbIMU. DKIUCTEHIMAIbHbIE BbicKasdbiBanust 32 (P(z)) uJz (-(P(x)),
CTOAIINE B JIBYX HIDKHUX BEPITHHAX KBA[PaTa, He MOTYT OBITh OMHOBPEMEHHO JIOKHBI-
mu. Takue BbICKa3bIBAHUS HA3BIBAIOTCS CYOKOHMPapHbiMU. BbICKa3bIBAHUS, COENHEHHBIE
IUATOHAJISIMU KBAJ[PaTa, SBJIAIOTCS OTPHLAHUSAME IPYT Apyra. Taxkue BbICKAa3bIBaHUS Ha-
3BIBAIOTCST Konmpaouxmophvimu. 1o/ KaskbIM YHUBEPCAJbHBIM BBICKA3bIBAHIEM CTOUT
BBICKA3bIBaHKe, JJOTMYECKHU CJIE/LYIOIee U3 HEro.

3AMEYAHME

KoHTpapHble BbICKa3bIBaHUsI MOTYT OBITh OJHOBPEMEHHO JIOKHBIMU, CYOKOHTPAPHbIE BBICKA3bIBA-
HUSI MOTYT OBITh OZIHOBPEMEHHO MCTHHHBIMIL.

OTCTYINJIEHUE

SI3bIK JIOTMYECKUX CBSI30K M KBAaHTOPOB OY€Hb ITPOCT. OﬂHaKO IepeBecTu TEKCT Ha €CTECTBEHHOM
SA3BIKE B 3TOT A3bIK HE BCET/la TaK YK IIPOCTO.

PaccMOTpUM TEKCT Ha eCTECTBEHHOM SI3bIKE — HAUYaJIbHBIM (DparMeHT M3 3aMedaTesbHON KHUTH
. Tunpbepra «OcHoBanust reomerpun» (¢ HeOGOJNBUIMMU COKDAIIEHUSIMU [UISI 9KOHOMHU MeCTa
U C yrporieHrneM (OpMaTUPOBAHMS ).
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KOHTPAapHOCTh
Va(P(x) €% Vx(-P(x)

CIEICTBUE
CJIEJICTBUE

v &  /

Ix(=P(x))

(LX) >

CyOKOHTPapHOCTb

Puc. 4.1. Jlornyeckuii ksagpat

IlepBas rpynna akcHOM: aKCHOMBI CO€MHEHUS (IPUHAIESKHOCTH).

AKCHOMBI 3TOii IPYIIIbl YCTAHABIUBAIOT OTHOIUIEHUS TPUHAJIE)KHOCTU MEX/y BBEIEH-
HBIMU BBIIIIE€ BEMIAMU — TOYKAMHU, NMPSIMBIMU U TJIOCKOCTSIMHM — W TJIACAT CJIEAYIONIM
o6paszom.

I;. [lnst m06bIx ABYyX Touek A, B cyllecTByeT IpsMas a, IPUHAJIEKAIAs KaKA0U 13
3TUX JBYX ToueK A, B.

I2. st iBYX TOYek A, B cyliecTByeT He 6osiee OMHON MPSAMOM, IIpUHAAIEKALIIEH Kaxk [0
u3 Touek A, B.

3/1ech, KaK U B IIOCJEYIONIEM, TIO/L IBYMSI, TPEMS, ... TOUKaMU (IIPSIMbBIMHU, IIJIOCKOCTSIMU )
BCET/Ia TI0/Ipa3yMeBaloTCs Pa3jInyHble TOYKU (TIPSMBle, TIJIOCKOCTH). BMmecTto TepmumHa
«IIPUHAJTIEKAT> MBI OYJIEM TI0JIb30BATHCS TaKKe U APyruMu (opmysrposkamu. Hampu-
Mep, BMECTO «IPsIMasi a MPUHAIEKUT KaXKI0il 13 Touek A u B», Mbl Oy/ieM rOBOPHTH:
«IIpsMast a MPOXOJAUT yepe3 ToYku A 1 By nim «npsamas a coefinnser Touku A u By; ...
I5. Ha mpsimoii cytecTByIOT 10 KpaifHeit Mepe nBe Touku. CyIIecTBYIOT TI0 KpaifHeii
Mepe TPU TOYKHM, He JiexKalue Ha OJHOM NPSIMOIL.

3pech obsacTu uaMeHeHust U 0003HAYEHUST IPEIMETHBIX II€PEMEHHbIX 3ananbl. O6o3HaunM P —
MHOKECTBO TOYEK, L — MHOXKECTBO TIPSIMbIX. BO3MOXKHBI pas/indHble BAPUAHTHI BBEJIEHUS MTPE/IN-
KaToB. EC/M BBECTH TPEXMECTHBIN MpPeAnKaT
R: Px P xL— {T,F},
O3HAYAIONMH TPUHAIEKHOCTD JIBYX TOYEK OAHOM MPSIMOIA, C OTPAaHUYEHHEM, YTO /(BA MEPBBIX ap-
TyMEHTa CyTh PA3JIMYHbIE TOYKH, TO TEPBBIE ABE AKCHOMBI 3AMWIIYTCS B BHUIE OJHOW MPOCTOIl
Gopmyer
VAVB3la R(A, B, a),
a TPeThsl AKCHOMa 3aIHIIETCS B BUJE IBYX (HOpMYJI:
Va3A3B R(A,B,a) n 3A3IBICVa(~(R(A,B,a) & R(B,C,a) & R(C, A,a))).
Bropast yacTb TpeTbeil aKCHOMBI TIO3BOJISIET OIPENETUTD HOBBIII IIPEANKAT:
S(A,B,C):=Va (- (R(A, B,a) & R(B,C,a) & R(C, A, a))),
O3HAYAIOIHH, 4TO TPU TOUYKHU He JIEKAT HA OHOU MPSIMOiL. B TakoM cirydae 3amuch TpeTheil akCHOMBI
emté GoJsiee YIPOCTUTCS:

Va3dA3IB R(A,B,a) u 3JA3IB3C S(A,B,C).
Takoii myTb COKpalaeT KoJMYeCTBO BXOKACHUH ITPENKATOB B (DOPMYJIbI, HO MOXKET 3aTPYAHUTD 10-

HUMaHne (1)0pMyJI, IIOCKOJIbRY IIPpEJAUKATDI IOJYYaAIOTCA JOCTATOYHO CJIOKHDBIE U COIIPOBOKIAIOTCA
OTOBOPKaMM IIPO pa3JIMYHbI€ 3HAYEHUS ITEPEMEHHDbIX.
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MoskHO TONTH O APYTOMY IyTH, OTPeIeSB IByMeCTHbIN npenukar € pr,: P x L — {T, F}, ogna-
YAIOIINI, YTO TOYKA JIEKUT Ha MPSIMOMU, ABHBIN IPEIMKAT PAaBEHCTBA TOUEK

=p: Px P — {T,F} u npeaukar pasnuuus touex: #p (A, B):=-(=p (A, B)). Ananorn4aso
MOKHO BBECTH TIPEJIMKATHI PABEHCTBA U HepaBeHCTBa NPsIMbIX: =1 : L X L — {T,F},

#1 (A,B):=-(=1 (A, B)). IlockojibKy mpeauKaThl ABYXMECTHBIE, MOXKHO HCIIOJIb30BATh HH-
(puxcHylo 3amuch, @ UHAEKCHI Y 3HAYKOB OIyCKaTbh, HOCKOJbKY 3TU MHJEKCHI YKa3bIBAIOT Ha TUIIBI
apryMeHTOB, KOTOPbIE MOXKHO BOCCTAHOBUTb U3 KOHTEKCTA.

B aToM cirydae akCHOMBI 3aIMIIyTCsT GOJIee AIHHHBIMH, HO, MOJKET OBITD, Gosiee TOHATHBIME (op-
MyJIAMH:
VA B (A#B —3a (A€a& B€a)),
VA B Va,b (A#B& Aca& Beca& Acb& Beb—a=bH)),
Va (3A,B (A€a & B€a)),
3A,B,C (-3a (A€ca& Bea & Ce€a)).

Takum 06pas3oM, TIpH TIEPEBOJIE BHICKA3BIBAHUIL C €CTECTBEHHOTO SI3bIKA Ha SI3BIK MATEMATUYECKOU
JIOTHKY GOJIBLIOE 3HAUEHUE UMEET BHIOOP CHCTEMBI IIPEIMKATOB, KOTOPbIIl HU B KOEW Mepe He sIBJIsI-
€TCs OJIHO3HAYHBIM U IPEIOTIPe/IeIEHHBIM, a BCET/la 3aBUCUT OT 1ieJiel, Pajil KOTOPBIX IIPOBOINTCS
Gpopmanusavus.

4.2. dopmanbHbie TeOpUN

Vcropudecku nousiTrie (popMasbHOM Teopuy ObLJIO pa3paboTaHO B MEPUO/ HHTEHCHBHBIX
UCCIEN0BAHUI B 00aCTH OCHOBAHUI MaTeMATUKH 1151 (POPMAIU3ALUU COOCTBEHHO JIOTH-
KU ¥ TeOpuH JloKazaTesbcTBa. Ceifuac aTOT arnmapaT NIMPOKO UCITOTb3YETCS TIPU CO3/IAHUU
CIEIUAIbHBIX UCYNCTIEHUN JIJIs1 pENIeHUsT KOHKPETHBIX TPUKJIAIHBIX 33/1a4. PaMKu KHUTH
He TI03BOJILIOT [IPUBECTH PasBEPHYTHIE IIPUMEPHI MOAOOHBIX CIEIUAIbHBIX UCYUCIEHUI
(OHU JIOBOJIBHO BEJIMKH), HO TeM He MeHee TaKue IIPUMePbI CYIeCTBYIOT.

4.2.1. OnpepeneHue popmManbHON TEOpPUMN
Dopmanvras meopus T UMeET CIEAYIONNE COCTABISIONINE:

1) MHO)ecTBO A CHUMBOJIOB, 06Pas3yOIIUX aLpasum;
2) muosxectBo JF cioB B andasute A, F C A*, KoTOpble HA3BIBAIOTCA POPMYIAMU;
3) nmoamuHoxectBo B dopmyi, B C F, KOTOpble HA3BIBAIOTCS AKCUOMAMU,;

4) MHOxecTBO R oTHowmeHMH R Ha MHOxecTBe gopmys, R € R, R C F7*! xoropble
HA3BIBAIOTCS NPAGULAMU BbLEOO.

MHOKeCTBO CUMBOJIOB A MOKeT ObITh KOHEUHBbIM Miin GeckoHedHbIM. OObIYHO 711 0Opa-
30BaHMsI MHOKECTBA CUMBOJIOB A HCIIONIb3YIOT KOHEYHOE MHOKECTBO OYKB, K KOTOPBIM,
€CJIM HY’KHO, IIPUIICHIBAIOTCS B KAYECTBE MHAEKCOB HATypaJbHbIE YKMCJIA.

MuoxectBo Gopmyn F 06bIYHO 3a1a€TCSI UHAYKTUBHBIM OIPE/IeTICHIEM, HATPUMED, C TI0-
MOTITHIO TIOPOsKAATONIEH (HOPMATBHOI rpaMMaTuku. Kak mpaBuiio, 5T0 MHOKECTBO HeCKO-
HeuyHo. MHOXecTBa A 11 F B COBOKYITHOCTH ONPEAECIISIOT A3blK, WIN cUzHamypy, GopMab-
HOII TEOpUH.

MHoskecTBO akcoM B MokeT OBITh KOHEYHBIM Wi OECKOHEYHBIM. Ecin MHOKECTBO ak-
CHOM OECKOHEYHO, TO OOBIYHO OHO 3aaéTCS € MOMOIBI0 KOHEYHOTO MHOMKECTBA CXeM
AKCHOM W TIPABUJI MMOPOXKIECHWS KOHKPETHBIX aKCHOM M3 CXeMbl akcnoM. YacTo akcwo-
MBI JIJIATCS Ha JiBa BUJIA: JoZuyeckue akcuombl (06Iue Jis 1eJoro Kjaacca (hopMaiib-
HBIX TEOPHii) U Herozuueckue (UIn cobcmeenivie) akcoMbl (OIIpeIessaIomme CrennduKy
U coziepskaHne KOHKPETHOH TeOpHH ).

MHozxecTBO IIpaBUJI BbIBO/a R 4arie Bcero KOHEYHO.
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4.2.2. BbiBOAMMOCTDb

[ycts Fi, ..., F,, G — dopmynsl Teopun 7T, To ectsb Fy,. .., F,,G € F. Ecau cymecTByeT
Takoe mpaBuyio BuiBoga R, R € R, uro (F,...,F,,G) € R, To ToBopsrt, uto dopmyna G
Henocpedcmsenio 6vieoduma us Gopmya Fy, ..., F, 1o npasuiy BbiBoga R. OObIYHO 9TOT
(haxT 3aUCHIBAIOT CJEAYIOIUM 00Pa3OM:

..., F,
G

3necw opmynsl Fy, ..., F, Ha3piBaoTCa nocvlakamu, dopmyna G — 3axmouenuem, a R
sIBJIsIeTCsT 0003HAYEHIEM MPABUJIA BBIBOJIA.

3AMEYAHUE

OGo3HaueHNe TPaBUJIa BBIBOJA CIIPaBa OT YEPThI, PA3JAEJSIONIEN MOCHIKU ¥ 3aKJIYEHHE, YACTO
OITYCKAIOT, €CJIM OHO SICHO U3 KOHTEKCTa.

Buwigodom dopmyiist G u3 bopmya Fy, ..., F,, B bopManibHON Teopuu T HA3BIBAETCS TAKas
nocJjenoBaTenbHocTh Gopmyn Ey, ..., Ey, uto Ey = G, u mobas dopmyna E; (i < k)
saysiercst 6o akcuomoit (E; € B), nmubo ucxoxnoit dbopmynoit F; (E; = Fj), mu6o
HeTIoCpe/ICTBEHHO BBIBOAMMA U3 paHee HOoIydenHbx Gopmyna Ej,, ..., K (j1,. .., jn < 9).

Ecom B Teopum T cymectByer BbiBoJ hopmysinl G u3 dopmya Fi,..., F,, To 3TO 3a-
MUCHIBAIOT cieAyomuM obpasom: Fi,...,F, kg G. @opmynsl Fi, ..., F, HaspBaior-
ca eunomesamu BbiBoga. Eciu teopus T moapasymesaercs, To eé o003HaueHHe 00BIYHO
OTIYCKAIOT.

Ecnu g G, To dopmyna G HasbiBaeTcs meopemoil Teopun J (TO eCcTb TeopeMa — 3TO
hopmya, BBIBOAMMAS TOMBKO U3 aKCHOM, 6e3 THIOTe3).

Eciu I’ F5 G, 10 oueBuano, uto I' A b4 G, tne I' u A — jo6ble MHOKecTBa (POPMY.I
(TO ecThb mpu HOGABIEHUN JIUIIHUX TUIIOTE3 BHIBOAUMOCTD COXPAHSIETCS).

SAMEYAHUE

ITpu usyuenun HoOpMaIbHBIX TEOPHI HY’KHO PA3JUYaTh TEOPEMBI camoi (HOpMaybHOIl Teopuu u
TeopeMbl 06 9moi (hOPMaAIBHON TEOPHHU, WU MeMameopemsi. ITO pasjmire NHOTIA He GopMansy-
€TCsI SIBHO, HO BCET/IA SIBJISIETCSI CYIIIECTBEHHBIM. B 9Toii ry1aBe TeopeMbl KOHKPETHOHN (hopMasibHOi
TEOPHUH, KaK MPABUJIO, 3AMUCHIBAIOTCS B Bujie GOPMYJ, COCTABJIEHHBIX U3 CIIEIMATBHBIX 3HAKOB,
a MeTaTeopeMbl (hOPMYJIHUPYIOTCST Ha €CTECTBEHHOM sI3bIKe, YTOGBI UX Jierde GBbLIO OTINYaTh OT
TeopeM caMoli (OPMabHOW TEOPH.

4.2.3. UHTepnpeTauus

B sTom naparpade BBoautcsa 6oee 0b1iee U CTPOTOE OMPeAeIeHNe IOHATUS HHTEPIIPETa-
I[1U 110 cpaBHEHUIO ¢ 11. 4.1.2. Humepnpemayueti popmasiboii Teopun T B 06JacTh UHTED-
nperaiuu M HazpiBaetcs pynkimsa : F — M, xotopas kaxaon dopmysie GopManibHON
Teopuu T OIHO3HAUHO COMOCTABJISIET HEKOTOPOE COZIepP:KATeTbHOE BhICKa3bIBaHIE€ OTHOCH-
TeJbHO 00bEKTOB MHOKeCTBa (aarebpandyeckoil cucreMbr) M. ITO BHICKA3bIBAHUE MOKET
ObITh UCTUHHBIM WJIM JIOXKHBIM (MJIM He UMETh UCTUHHOCTHOTO 3HadyeHus ). Eciu coorser-
CTBYIOITlee BHICKA3bIBAHUE SIBJISIETCSI UCTHHHBIM, TO TOBOPSIT, 4TO (hOPMYJIa 8bINOIHAEMCS
B JIaHHO¥M MHTEPIIPETAIINN.
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OTCTYNJIEHUE
B koHeuHOM cuéTe HAc MHTEpecyoT Takue (hOpMasibHble TEOPUU, KOTOPBIE OMUCBHIBAIOT KAaKUE-TO
peasbHble 0OBEKTHI U CBSI3W MEKAY HUMU. Pedb MAET mpexkie BCEro 0 MaTeMaTHYeCKnX 0ObeKTax
U MaTeMaTHYEeCKUX TEOPUsX, KOTOPBIE BBHIOMPAIOTCS B KauecTBe 06JacTH WHTEPIIPETAINH.

Wuteprperanus [ Ha3bIBaeTCs Modeavto MHOKeCTBA (hopmy ', ecin Bee (hOPMYIIBI 3TOTO
MHOJKECTBA BBITIONHAOTCS B uHTeprnperanuu I. MHrepnperarust [ HasbiBaeTcst Moode-
avt0 (HOpPMaIBbHON Teopuu T, ecii BCce TeOpeMbl 9TOH TEOPUU BBLITIOJHSIOTCS B WHTEP-
npetaruu I (TO ecTbh BCe BBIBOJAUMBIE (DOPMYJIbI OKA3bIBAIOTCS MCTUHHBIMM B JIAHHOU
UHTePIIPETAINN ).

4.2.4. OOWE3HAYMMOCTb U HENPOTUBOPEYUBOCTDb

@opmyna HasbiBaeTcs obuesnauumoll (WM MaAemoiozZueil), eCiu OHa UCTUHHA B JIO-
60it unTepnperanuu. MopMyJia HA3BIBAETCS NPOMUBOPEUUBOL, ECTI OHA JIOKHA B JIIOO0N
UHTEPIIPETALINH.

Gopmyna G HasblBaeTCs Jlo2uUecKkum credcmeuem Muoxectsa ¢opmya I, ecin G BbIIO-
Haercd B oboit Mmogesn I

DopmasibHast Teopusi T HA3bIBAETCSI CEMAHMUUECKU HENPOMUBOPEUUBOLL, €CJIU HU OHA €€
TeopeMa He SBJSIETCs IPOoTUBOpedreM. TakuM oOpa3oM, popMaibHast TeOPHs IPUTOLHA
JUIS OIMCAHMA TeX MHOXKeCTB (asrefpamdecKuxX CUCTeM), KOTOpbIe SBIISIOTCS eé Mojie-
ssamu. Mojesb it hopmasibHOl Teopunt J CYIECTBYET TOTJA U TOJIbKO TOT/AA, Korpa J
CEMAHTUYECKN HETIPOTUBOPEUYNBA.

DopmanbHas Teopust T Ha3BIBAETCS (POPMATHHO HENPOMUBOPEUUBOL, €CTTU B HEN He SIB-
JISIOTCS BBIBOMUMBIMU OJTHOBpeMeHHO opmyJil F' u —F. Teopus T dhopmaibHO HENpo-
THBOpeYnBa TOTJ[Aa U TOJIBKO TOT/A, KOT/Ia OHAa CeMaHTHYeCKN HellPOTHBOpeYnBa.

S3AMEYAHME

Ilocnennue YTBEPKACHUA ABJIAIOTCA JOKa3yEMbIMI ME€TaT€OpEMaMH, OKAa3aTEJIbCTBA KOTOPBIX OITyC-
KaloTCSI U3-3a TEXHUYECKUX CJIOKHOCTEH.

4.2.5. NonHoTa, HE3aBUCMMOCTb U pPa3peLIMMOCTb

[Iyctp naTepnipetamus I : T — M aBisercs Mozesbio hopmanbHoi Teopun J. Toraa ¢op-
MaJsibHast Teopust T HasbIBAeTCs n0aHOU (I a0eKeammoil), eCau KakIOMy HCTHHHOMY
BBICKa3bIBaHUIO 00JACTU MHTepIpeTanuu M COOTBETCTBYET TeopeMa Teopuu J.

Ecan mins muOKecTBa (anrebpandeckoit cucrembl) M cyiectByer (hopMasibHast TTOTHAS
HenpoTUBOpeunBas Teopust T, To cucrtema M Ha3bIBaeTcs akcuomamusupyemou (M
dopmanusyemoi).

Cucrema akcuoM (WU aKCcMOMaTU3aIns ) opMaJbHO HETPOTUBOPEUNBON Teopuu J Ha-
3BIBAETCS] HE3ABUCUMO, €CT HIUKAKasd U3 aKCMOM He BBIBOJAMMA W3 OCTATBHBIX IO TIpa-
BUJIaM BBIBOjIa Teopun T.

@opmasbHas Teopusl T HA3bIBAETCS Pa3pewiuMot, ey CyIecTBYeT aJTOPUTM, KOTOPBIT
st oGO GOPMYITBI TEOPUT OTIPENIENSIET, SIBASIETCS TN 9Ta (HOPMYJIa TEOPEMOTT TEOPHH.
@opmasbrasi Teopusi T Ha3bIBAETCS NOAYPA3PEUUMOT, €CTU CYHIECTBYET AJITOPUTM, KO-
TOPBII st JTI060it hopmyibl F' Teopuu Bbigaet oTBeT «J[A», eciiu F' siBJisieTcst TeopeMoit
TEOPHUH, U, MOKET OBbITh, HE BBIIAET HUKAKOTO OTBETA, ecau F He sBJISETCS TEOpeMOi
(TO ecTh aJITOPUTM IPUMEHUM He KO BceM (hopMyJiam).
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4.3. UcuucneHue BbicKa3biBaHUM

B aTom paszerne mano onucanue GopManIbHON TEOPUU MCYUCICHUS BbICKa3biBaHui. [lo-
CKOJIbBKY WCYMCJIEHWEe BbICKA3bIBAaHUI YK€ 3HAKOMO YUTATENI0 M0 MaTephajiaM pasjie-
goB 3.1 u 4.1, 3/1ech c/lelaH CUJIBHBIN aKIIEHT UMEHHO Ha (opMaivHoll TeXHUKe. 3Ha-
KOMCTBO C YHCTO MEXaHWYECKMM XapaKTepoM (OpPMasJbHBIX BBIBOAOB ITOATOTABIUBAET
paccMOTpeHre MeTO/I0B aBTOMAaTHUYECKOro JI0Ka3aTeibCcTBa TeopeM B pasjelie 4.6.

4.3.1. Knaccuuyeckoe onpepneneHne UCHYUCIEHNa BbiCKa3biBaHUM

Hcuucnenue svickasvieanuii — 3to ¢hopmasibaas teopust £, B KOTOPOU:

1. Andasur: U — — CBA3KU;
(, ) — cayxebHBIE CHMBOJIBI;
a,b,...,a1,b1,... — NPONO3UUUOHATLHIE NEPEMEHHDLE.

2. Mopmyasl: 1) mepeMeHHBbIE CYTh (POPMYJIBI;
2) ecim A, B — cdopmyuer, To (—mA) u (A — B) — dopmysL
3. AKCUOMBL: A (A= (B— A);
A (A= (B—=C))—= ((A—=B)—= (A= 0C)));
Az : (B — —-A) = (B — A) — B)).
A, A— B
B

3necy A, B u C — niobvie popmysibl. Takum 06pazoM, MHOKECTBO aKCHOM Teopuu L
GECKOHEUHO, XOTS 33[]aHO TPEMsI CXeMaMu akCuoM. MHOKeCTBO MPAaBUJI BBIBOJA TAKKe
GECKOHEYHO, XOTS OHO 3alaHO TOJIBKO OIHOU CXeMOIL.

4. Ilpasuio: (Modus ponens).

3AMEYAHMUE

JlatuHckoe coBocodetanne Modus ponens 0OBI9HO TEPEBOAAT Ha PYCCKHN KakK npasui0 OmOoeeHUs.
u obosznavaror MP.

[Tpu 3anucu HopMyJI JUIITHEE CKOOKU OIYCKAIOTCsI, €CJIM HTO HE BBI3bIBACT HEI0OPasyMe-
Huii. [[pyrue cBsI3KU BBOJATCA OIIpe/leJICHUSIMU:

A& BY ~4—-B), AvBZ-A-B

Jliobast (hopmysia, coiep:KaIias 3TH CBA3KU, PACCMATPUBAETCS KAK CHHTAKCUYECKOE CO-
Kpamienue coOcTBeHHOI (hopMyibl Teopun L.

OTCTYIMJIEHUE
Kiaccnueckoe 3amanne Teopurt £ ¢ IIOMOIIBIO CXEM aKCHOM HAJ JIIOOBIME (DOPMYJIaMK BIIOJIHE
COOTBETCTBYET MaTeMaTHYeCKOU Tpaauiiuu (Mbl riuinem (a + b)2 = a%+42ab+b?, monpasymesast 1oy
a 1 b He TOJIBKO JI0OBIE YKCIIa, HO U JiioObie Boipakerusi!). B To ske BpeMst 910 He 04eHb y00HO 115t
npezictaBiaeHus GoOpMaNbHBIX TEOPUI B TporpamMMax. B cienylomux Tpéx maparpadax BBOAWTCS
olpejieJieHre UCYHUCJIEHNsT BBICKAa3bIBAHMH, GoJiee yaoOHOe /ISl TIPOrPAMMHON Pean3aIin.

4.3.2. YacTHbii cny4yan popmynbl

Ecnu B hopmysty A BMECTO MEPEMEHHBIX 1, ..., T, MOJACTaBUTH (HOPMYJIbl By, ..., By,
TO TosTyunTcs hopmysia B, KOTOpasi Ha3bIBAETCST YACMHbIM Cayuaem GopMynnr A:
Def

B=A( oz, ) B/l
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Kaxnas ¢opmyna B; MOACTaBISETCS BMECTO 6CeX BXOMKIEHMII IepeMeHHOi x;. Habop
IOJICTAHOBOK [B; /x;]}_ | HasbiBaetcst ynuguxamopom. Dopmymna C' Ha3bIBAETCSI COBMECHL-
HbIM YACTHBIM carydaeM dopmyn A u B, eciu C ABISIETCS 9aCTHBIM cIydaeM HopMmyssl A
U OJIHOBPEMEHHO YACTHBIM cJiydaeM (HOpMYJIbl B TIPU OJHOM U TOM Ke Habope MOICTaHO-
Bok, T0 ectb C = A(...,z;,...)[X;/z,)i_, u C = B(...,z;,...)[X;/z,;];_, . DopmyusL,
KOTOpble MMEIOT COBMECTHBIN YaCTHBIN CJy4ail, Ha3bIBAIOTCA YHUDPUUUPYEMbIMU, & Ha-
6op mozcTaHoBOK (X /2] |, C MOMOIIBIO KOTOPOTO TOIYYAeTCs] COBMECTHBIN YaCTHBIN
ciayyail yHudunupyeMmoix (opmyJ, HasbiBaercs obuum yHudukaropoM. HamMeHbiuit
BO3MOJKHBIN YHUDUKATOP HA3BIBAETCS HAUOO0ACE 0OUUM YHUDUKAMOPOM.

Boustee Toumo, o Ha3biBaeTCst Hanbosee o6MuM yHUDHUKATOpOM, ecau: 1) o sBIsIETCS yHU-
dbukaropom; 2) ayst 060T0 APYroro yHUGHUKATOPa § CYIIECTBYET TaKash MOJACTAHOBKA A,
YTO YHUDUKATOP § BbIpAXKaeTCS Yepe3 CyNepro3uiuio o u A, § = g o A (cM. ipumep 2 B
m 2.2.3).

Mpumepsl

1. @opmymbr: —a — y,x — —b. Yaudbukarop [—a/z, —b/y]. COBMECTHbII YaCTHBIN CJIy-
yaif: -a — —b.

2. @opmyabl: ~a — y, x — —b. Yuudukarop [z/a, ~w/y, —z/x,w/b]. CoBMecTHbII YacT-
HBII cayvail -z — —w, HO TIPU 3TOM [z/a, ~w/y, —z/x, w/b] =
= [~a/xz, =b/yle[z/a, w/b].

3. @opmyner: —a — x,x — —b. DopMyJIbl He YHUDUITIPYEMBI, TAK KaK HYKHO OJHOBpe-
MeHHO [—a/x] u [—b/z], 4TO HEBO3MOKHO.

4. @opmyaibl: x, T, & TAKKE T, T — y WIK T,y — T U MOJ00HBIE UM He yHUUIUpPYe-
MBI, IOTOMY YTO KOHEYHOE JIEPEBO HE MOKET ObITh H30MOPGHHO CBOEMY COOCTBEHHOMY
TIO/L/IEPEBY.

SAMEYAHME

Xors nogcraHoBka BuAa [f(z)/x] CHHTAKCHYECKH JIOIyCTUMA, OHA HUKOI/IA HE MOJXKET I0SIBUThCS
B yHU(DUKATOPE, TTOCKOIBKY KOHEYHOE JEPEBO HE MOXKET OBITH U30MOPGHO CBOEMY COOCTBEHHOMY
HIOZIIEPEBY, a IIOTOMY TaKHe MOACTAHOBKU MOXKHO He PacCMaTpUBATh.

Hab6op dopmyn By, ..., B, HasbiBaercss wacmuvim cayuaem nabopa gopmyir Ai,. .., Ay,
ecau Kaxkjast popmysa B; sBJseTcs 4acTHBIM ciyyaeM (GopMyJibl A; TIpU OJIHOM U TOM
ke Habope mozictanoBok. HaGop dopmyn C4,. .., C,, Ha3bIBAETCSI COBMECTHIM JACTHBIM
ciyyaeM Habopos dopmya Ay, ..., A, u By, ..., By, ecin Kaxaas popmyia C; apisiercs
YaCTHBIM cirydaeM (hopmys A; v B; TIPU OJHOM U TOM ke Habope TOJCTaHOBOK.

4.3.3. AnroputmMmbl YHUdukaumm

CHayvajia pacCMOTPUM OOLIMIT aITOPUTM YHU(DUKAIMH, TPEAJIOKEHHbI POGUHCOHOM BMe-
cTe ¢ MeTozioM pe3osioiinii (cM. paszen 4.6). B atom anroputme yHUDUIMPYIOTCS Ba
tepma (1. 2.1.3). Ilpu aTOM HHIYEro He TPeAIIOaaraeTcss OTHOCUTEIbHO CUTHATYPBI (hyHK-
ITUOHAJIBHBIX CUMBOJIOB, BXOJISINIMX B TePMBI. [IpezmonmaraeTcst TOMbKO, YTO MOKHO OTJIU-
4uTh (QYHKIIMOHAIbHBIE CUMBOJIBI OT CUMBOJIOB TIEPEMEHHBIX M CUMBOJIOB KOHCTAHT. Tak-
’Ke cumraercs, uTo 3aana GpyHknus firstNeqSubTerms, KoTopast OTBICKUBAET B 33JIaHHBIX
TEePMaX camble JIeBble BXOK/IEHUST HECOBIIAIAIONINX IO TEPMOB.
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Asroput™ 4.1. OpuruHanbHbI# anroputM PobuHcoHa

Bxoa: dopmynst A u B B TepMasibHON opMme.
Beixox: false, eciiut hopmyibl He yHUGDUIIUPYeMb; true 1 Hanbosree 06K yHI(DUKATOP
0 B TIPOTUBHOM CJIyYae.
0:=9
while A # B do
[A1, By]: =firstNeqSubTerms (A, B)
if —([A1, B1] ~ [v,t] & v € t) then
return false //dpopmysibl He yHUDHUITHPYEMbBI
end if
o:=oot/v]; A:=A[t/v]; B:= Blt/v]
end while
return true

3SAMEYAHUE
3HaK ~ B 3TOM QJIrOPUTME O3HAYAeT, YTO Ta Iapa IOATEPMOB, KOTOPYIO BO3BpallaeT (YHKIUS
firstNeqSubTerms, o6pasyeT [OICTAHOBKY, TO €CTh COCTOMT U3 MEPEMEHHO v K HEKOTOPOTO TepMa t.
[Tpu 3TOM IOTIOJHUTENBHO HAKJIA[BIBAETCS YCJIOBHE, UTO v ¢ t (CM. 3aMeYaHue Ha MPebIAyIEM
cnaiize).

Mpumep. B npumepe paccMarpuBaercs yHUDUKAINS IBYX TEPMOB, IIPU 3TOM HECOB-
Hajalonlie moATepMbl, HallgeHHble Gyukimein firstNeqSubTerms, mogquépkHyTHI.

Pla,z, f(g(y))) Pz f(2)f(w)) o =[a/3
P

P(a,z, f(9(y))) a,f(a), f(w)  o=la/z f(a)/x]
P(a, f(a), f(9(y)) Pla, f(a),f(w)  o=la/z f(a)/z,9(y)/u]
Pla, f(a), f(9(y))) Pla, f(a), f(g(y))) Tepmpr comazaior

Eciu s13p1k (opMyJ1 yIIOBIETBOPSIET ONPENEJEHHBIM YCIOBUSIM, TO MOKHO NPOBEPUTH,
SIBJISTIOTCSI JIH [IBE 33IaHHble (POPMYJIbI YHU(DHUIIMPYEMBIMH, 1 €CJIU 9TO TaK, TO HANTHU HaM-
6osee obumit yaudukatop. B yacTHOCTH, 9TO BOSMOKHO /s TUITUYHOTO SI3BIKA (hOPMYT,
ommcanHoro B 1. 4.3.1 ¢ momonrsio anroput™a 4.2.

B anropurme 4.2 npeanonaraercs, 4To QYHKIUS f OCYNIECTBJSIET CUHTAKCUYECKUI pa3-
6op (opMyJsibl ¥ BO3BpallaeT 3HAK TJIaBHOM omepaunuu (TO €CTh —, — MM IPU3HAK
TOTO, 4TO (hOopMyJa SABJSIETCS TIEPEMEHHON), a (GyHKIWHU [ ¥ 7 BO3BPAIAOT JIEBBIH U
MPaBbIli OTepaH/bl TJIABHOW OIEpalud, TO eCTh MOoAGOPMYJbl (CUMTaeM, YTO OTPHUIla-
HUe MMeeT TOJIbKO IIpaBbiil onepany). Habop nojcranoBok (yHuMUKATOP) HMpeAcTaBiIeH
B BHje IJ00aJbHOr0 MaccuBa S, 3HaYeHUsSIMU MHJEKCa KOTOPOIO SIBJSIOTCS MMeHa Iie-
PEMEHHBIX, a 3HAYEHUSIMU IJIEMEHTOB — (OPMYJIbI, KOTOPBIE TTOACTABJSIIOTCSI BMECTO
COOTBETCTBYIOIIUX TIEPEMEHHbIX.

OBOCHOBAHUE. IIpu JTOGBIX MOACTAHOBKAX (DOPMYJ BMECTO MEPEMEHHBIX TJIABHAsS OTle-
pammsi (cBsA3Kka) (GopMyJibl OCTaércs HemaMeHHoM. [loaToMy ecsn TIaBHBIE OTepaIin
(hopmys paznuunbl, To HOpPMYIBI 3aBeOMO He yHUGbUIMPYEeMbl. B IpoTUBHOM ciydae,
TO €CTb €CJIM IJIaBHbIEe OllePalliU COBIAAAIOT, (hopMyJibl YHUMDUIIMPYEMBI TOT/Ia U TOJIBKO
Torja, Korza yHudunupyeMmbsl 1oAGhOpMyJIbl, gBJdIONMecs ollepaHjaMyu IJIABHOH orle-
parun. JTa peKypcusl 3aKaHYMBAETCs, KOTZAa COTOCTaBJeHNEe JOXOAUT /10 TIepEMEHHBIX.
IMepemennas yuuduuupyercs ¢ aoboi Gopmysioii (B 4aCTHOCTH, ¢ APYTroi epeMeHHOM’ )
MIPOCTON TOICTAHOBKOW 3TOHM (hopMysIbl BMeCTO TlepeMeHHOH. Ho ToficTanoBKY /1711 BCeX
BXOXJIEHUN ONHOU TTepeMeHHOU JOJIKHBI COBITA/IATD. O
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Ausroputm 4.2. Pexypcusnas dyukims yaudukanun Unify

Bxoxa: dopmysst A u B ucuucienus BBICKa3bIBAHUIA.
Boixox: false, eciiu hopmyiibt He yHudumupyemsr; true 1 Haubosee 001Ul yHIU(pUKaTOP
S B IPOTUBHOM CJIyYae.
a:=f(A);b: = f(B)
// o6e hopMysibl — HepeMeHHbIE
if var(a) & var(b) then
if @ = b then return true end if

if S[a] = @ & S[b] = @ then S[a]:=b {wmu S[b]: =a}; return true end if
if Sla] = @ & S[b] # @ then Sla|:= S[b]; return true end if
if S[b] = Sla] # @ then S[b]:= S[al; return true end if
if S[a] 7é S[b] # @ then return (S[a] = S[b]) end if
end if

// onHa GhopMysia — mepeMeHHast, a Apyras — Her
if var(a) Vv var(b) then
if var(a) & a € B then
return false
else
if S[a] = @ then Sla|:= B; return true
else return (S[a] = B) end if
end if
if var(b) & b € A then
return false
else
if S[b] = @ then S[b]: = A; return true
else return (S[b] = A) end if
end if
end if
// 0be hopMyJIbl He TlepeMeHHbIe
if a # b then return false end if // rnaBHbIe onepanyy pasaudHbI
if a = - then return Unify(r(A),r(B)) end if
if a =— then return Unify(I{(A),1(B)) & Unify(r(A),r(B)) end if

4.3.4. KOHCTPYKTUBHOE onpepnesieHue UCYUCIIeHNA BbiCKa3bliBaHUM

Andasut n muoxectBo hopmys — Te ke (cM. 1. 4.3.1). AKCHOMBI — TPU KOHKPETHBIE
opmybr:
Ar: (a— (b—a));
As: ((a—=(b—=¢) = ((a—=b) = (a—0));
Asz: ((=b— —a) — ((-b — a) = b)).
[IpaBura BBIBOZTA:
1. IIpaBumio MOACTaHOBKY: ecJu HopMyTa B SBISETCS YaCTHBIM cIydaeM (hOpMYJIb A,
TO B HemocpesicTBEHHO BBIBOAMMA U3 A.

2. Tlpaswio Modus ponens: eciu Hab6op dopmyn A, B,C sSBASETCS YaCTHBIM CITy-
qaem HaGopa dopmyn a, (a — b), b, T0o opmyna C SBJISETCS HEMOCPEACTBEHHO
BBIBOZIMMOI u3 dopmys A u B.
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3AMEYAHUE

3nech a, (a — b), b — 3TO TpU KOHKpeTHBIE (HOPMYJIBI, TOCTPOECHHBIE € TIOMOIIBIO MEPEMEHHBIX
a, b 1 CBSI3KH —.

4.3.5. MpousBogHbie NpaBusia BbIBOAA

Vcuuncienne BhicKasbiBaHUl £ — 9TO A0CTATOYHO GoraTast (hopMasibHASI TEOPHS, B KOTO-
POii BBIBOJMMbBI MHOTHE BaKHBIE TEOPEMBDI.

3AMEYAHUE

BoiBosnmocTh dopmyst B Teopun L 10Ka3bIBaeTCA IIyTEM IIPEIbsBJICHUS KOHKPETHOTO BBIBOIA,
TO €CTb I10CJIe/I0BATEIBHOCTH (DOPMYJI, YIOBJIETBOPSIOIINX OIpe/lesIeHuIo, JanHoMy B 11. 4.2.2. [l
yno6ceTBa uTeHus (HOPMYIIBI OCTENOBATEILHOCTH BHIBOJIA BBITUCHIBAIOTCSI IPYT MO/ APYTOM B CTOJI-
OUK, cJieBa YKa3bIBAOTCS UX HOMEPA B MOCJEIOBATEJIBHOCTH, a CIPaBa YKa3bIBAETCS, HA KAKOM
ocHOBaHUU (OpMyJia BKJIOUEHA B BBIBOA (TO €CTb SIBJIIETCS JIM OHA TUIIOTE30M, WM IIOJydeHa
13 CXeMBbl aKCHOM YKa3aHHOU IIO/[CTAHOBKOW, WMJM IIOJydeHa U3 HpeAllecTBYIOMUX (GopMys 1o
YKa3aHHOMY ITIPaBUJIy BBIBOJA U T. 7L.).

BCHKyIO JA0Ka3aHHYIO BbIBOAMMOCTD MOKHO MCIIOJIb30BATh KaK HOBO€E (npouseoauoe) pa-
BMJIO BbBIBOJA. HaanMep, cjaeaytoliast fO0Ka3aHHadA BbIBOAUMOCTD HA3bIBACTCA NPABUIOM
seedenus UMNIUKAUUU:

A +

B— A (=7)-
TEOPEMA 1. Al B — A.
DOKASATENBLCTBO. BrIBO/:
1. A TUIIOTE3A.
2. A—-(B—A) A
3. B~ A MP; 1,2. O
3AMEYAHUE

Masioe KOJIMYECTBO aKCMOM W IPABUJI BBIBOJA HE BJIEYET JIAKOHWYHOCTH BBIBOIOB B (hOpMalb-
HOH Teopun. Hampumep, B HUCIIONb3yeMOH akCHOMAaTHKe MCYUCJIEHUS BLICKA3bIBAHUN BCEro TpU
CXeMbI aKCHOMbI M OJHO IIPABHUJIO BBIBOJA, OHAKO [ake MPOCTBIE TEOPEMBI MOTYT MOTPe6GOBaTh
CPaBHUTEJILHO JIJIMHHBIX BBIBOJIOB.

TEOPEMA 2. . A — A

JOKA3ATENbLCTBO. BrniBos:

1. (A= (A= A) = A) Aq;[A — A/B.
2 (A= (A=A = A)—
(A= (A= A) = (A= A)) A [A— A/B,A/C).

3. (A-(A—=A4)—=(A—=A) MP;1, 2
4. A— (A— A) Ay A/B.
5 A=A MP; 4, 3. O
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4.3.6. Oepykums

B Teopun £ MMILIMKAIMA O4€Hb TECHO CBSI3aHA C BHIBOAUMOCTDIO.
TEOPEMA (o geaykumun). T, A ¢ B mozda u moavko mozoa, xozdal -, A — B.

D OKASATENBLCTBO.

[ Heobxogumocts ] Ilycrs Ey,...,E, — BeiBog B u3 I', A. E, = B. Unaykiueii 1o i
(1 <4 < n) mokaxkewm, uro I' -5 A — E;. Tem cambiM Teopema Oyzer pokasana. basa:
1 = 1. Bo3MOXXHBI TpU cJryyasi.

1. Ilycre By — axcuoma. Torma paccmorpum BeiBOA Ey, B4 — (A — E4p), A — Ej.
Nmeem H; A — Ej.

2. Ilycts E; € T'. Torma paccmorpum BwiBOn Eq, E1 — (A — Ei), A — E;. Umeem
', A— Ej.

3. Illycts By = A. Torza 1o nepBoii TeopeMe MpebIayiiero maparpada
Fe By — Eq, asgauut, o A — Ej.

B mobom ciayuae I' Fp A — E;. Takum oOpasom, Gasa MHAYKIMM J0OKasaHa. IlycTb
tenepb I' Fp A — E; nudg Bcex ¢ < k. Paccmorpum Ej. Bo3MOXHBI 4eThIpe cirydas:
mubo Ey — akcuoma, qubo Ey € T, mubo E = A, mubo dopmynaa Ej mosydena 1o
npasury Modus ponens us dopmyn E; u Ej, npuuém i,j < k u E; = E; — Ej. lna
nepBbiX TPEX ciydaeB umeeM I' , A — Ej anajormyHbiM obpasoM. Jljist 4eTBEPTOTO
cyYast 1Mo MHAYKIIMOHHOMY IpeIosoxeHnio umeercs BoBog [' o A — E; 1 BbIBOJ
'ty A— (B; — Eg). O6beIVHIM 3TH BBIBOJLI U OCTPOUM CJIEAYIONNN BBIBOJ:

n. (A= (E; > Ey) - (A= E;) = (A— Ey)) A [Ei/B,E;/C].
n+1l. (A—E;)— (A— E) MP; j, n.
n+2. A— Ey MP; i, n + 1.

Takum obpasom, I' b A — E) mia mo6oro k, B yactHoctu aiaa k = n. Ho E,, = B,
toectb '+, A — B.

[ DoctatouHocte ]| Wmeem BoiBon ' A — B, cocrosinuii u3 n popmyt. Jloctpoum ero
CIIeAYIOIUM 06pasoM:

n. A — B.

n+1. A TUIIOTE3A.

n+2. B MP;n+1, n.

Takum ob6pasom, umeem I', A . B. O
3AMEYAHUE

Cxema akcnoM Az Teopun £ He HCHOTb30BaJach B I0KA3aTEJIbCTBE, TI0OITOMY TeOopeMa AeLyKINN
UMEET MECTO He TOJIbKO Jijist Teopuu L, HO U JiJIst IE0OBIX TEOPHid, B KOTOPBIX BBIIIOJHEHBI AKCHOMbI
A1 n Az ¥ IeficTBYeT 1IPaBUJIO OT/IEJICHNUS.

CNEACTBUE 1. A | B mozda u moavko mozoa, kozda -, A — B.

DOKA3ATENbLCTBO. [':=@. O

CNEACTBUE 2. A— B, B—>Cht;A—C.
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JOKA3ATENbLCTBO. BuniBos:

1. A— B TUIIOTE3a.

2. B—=C TUIIOTE3a.

3. A TAIIOTE3A.

4. B MP; 3, 1.

5. C MP; 4, 2.

6. A—-B,B—C, At C 1-5.

7. A—-B,B—>Cks; A—C 10 TeopeMe AeNyKITUU. O
3AMEYAHUE

ITO IIPOU3BOJIHOE ITPABUJIO HA3bIBACTCA nNpaAsuiom mpaH3umueHocmu.

CNEACTBUE 3. A — (B— C),BlF; A— C.

DOKASATENBLCTBO. BrIBO:

1. A= (B—=0) TUIIOTE3a.

2. A TUIIOTE3A.

3. B—>C MP; 2, 1.

4. B THUIIOTE3a.

5 C MP; 4, 3.

6. A (B—C),B,At; C 1-5.

7. A—-(B—C),Bry; A— C 1o TeopeMe [IeAyKIuu. O
3AMEYAHUE

ITO IIPOU3BOJIHOE 1IPABUJIO HA3bIBAETCA NPABUIIOM CEUEHUA.

4.3.7. HekoTopblie TeopeMbl UCHYNCIIEHUS BbiCKa3biBaHUMN

MHoskecTBO TeopeM Teopun £ GeCKOHEUHO. 3/1eCh MTPUBEIEHBI HEKOTOPBIE TEOPEMBI, KO-
TOpBIE UCIIOIB3YIOTCS B IaJIbHEHIIINX TOCTPOEHUSIX.

3AMEYAHUE

Kaxnasa nokasannas teopema (To ecTb (opMysa TEOPHUH, /U KOTOPOH MOCTPOEH BBIBO/L) MOXKET
WCIOJIb30BATHCS B JIAJbHENIINX BBIBO/IAX HA TIpaBaX aKCHOMBIL.

TEOPEMA. B meopuu £ 6vb1600umbl cAe0y0uie meopemol:

a) kg A — A

0) Fc A— A

B) by -A— (A — B).

r) bz (B — —-A) — (A— B).

n) s (A— B) = (-B — —A).

e) b A— (-B — (A = B)).

x) bz (A— B) = ((mA — B) — B).
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D OKASATENbLCTBO.

[a) Fg ——mA = A]

1.
2.
3.

4.
3.

(mA— ——A) = (FA— -4) = A)

-A—-A
(—\A — —\—\A) — A

——A = (-A = ——A)
-—A— A

[6)"@14—)—!—\14]

[B)

—_ = =

1.

TR W

MmO OLXONDA WD~

(m——A = —A) —

= (A = A) = ——A)
——=A - A

(m——A = A) —» ——A
A= (-——A— A)
A——--A

c—A—> (Ao B)]

-A

A

A— (=B — A)
—-A — (B — —A)
-B— A
-B—-A

(-B = —-A) = ((-B — A) — B)
(-B— A)— B
B

-A, Ak, B
—\AI—L A— B
Fe-A— (A— B)

[Nk (-B—-A)— (A— B)]

—_

[

COLXND R W=

-B — -A

A

(=B —-A) = (-B— A) = B)
A— (-B— A)

(-B— A)— B

A— B

B

-B—-A At B
-B—-Ar, A— B

Fe (B — —A) — (A — B)

n) ks (A— B)— (-B— -A)]

As;[A/B,—A/A]

nepBas teopema 4.3.5; [~A/A].
Ciu. 3;

[-A — ——AJA,-A — -A/B,A/C].
Ay;[~~AJA,~A/B).

Cr 2; [-~A/A, A — ~~A/B, A/C).

As; [ﬁﬁA/B]'

a; [~A/A].

MP; 2, 1.

Aq; [-——A/B].

Cun. 2; [-——A/B,AJ/A,~—A/C].

TUIIOTE3a.
ruIiores3a.
Av:[~B/B].

Al; [_'A/A7 _'B/B]
MP; 2, 3.

MP; 1, 4.

As.

MP; 6, 7.

MP; 5, 8.

1-9.

Teopema JIeAyKITUN.
TeopeEMa ey KINN.

TUAmnoTe3a.

TUIIOTE3A.

As.

Ay; [~B/BJ.

MP; 1, 3.

Cn 2; [-B — A/B,B/C).
MP; 2, 6.

1-7.

TeopeMa JeLyKIHU.
TeopeMa JeLyKIUU.
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1. A— B TUIIOTE3A.

2. -—A—- A a.

3. -—-A— B Can. 2; [A/B,~—A/A, B/C].
4. B — —-—B 6; [B/A].

5. -—A — —-—B Can. 2; [—A/A,—-—B/C].
6. (=—A — —--B) = (B — —A) ¢, ["A/B,~B/A].

7. -B — —A MP; 5, 6.

8. A— Bty -B—-A 1-7.

9. Fe (A— B) —» (=B — —A) TeopeMa JeAyKIUH.
[e)F¢ A— (=B — —=(A— B))]

1. A TUTIOTE3a.

2. A— B TUTIOTE3A.

3. B MP; 1, 2.

4. AA— Br. B 1-3.

5. Ary, (A—B)— B Teopema JIeAYKIIUH.

6. F; A— ((A— B) — B) TeopeMa JIeAYKIUN.

7. Fs ((A— B) — B) — 0; [A — B/A|.

— (#B — =(A — B))
8. Fe A— (-B— —(A — B)) Cn 2; [((A— B) — B)/B;

[X)F¢ (A— B) = ((mA— B) — B) 1]

(=B — —(A— B))/C].

1 A—B TUIIOTE3a.

2 -A— B TUIIOTE3a.

3 (A— B) = (=B — —4) 0.

4. -B—-A MP; 1, 3.

3. (wA — B) —» (=B — ——A) 0; [-A/A}.

6 -B — ——A MP; 2, 5.

7. (-B— ——A) = ((-B— —-A) = B) A3 {[~A4/A}.

8. (-B—-A)— B MP; 6, 7.

9. B MP; 4, 8.
10. A— B,-A— BFr; B 1-9.
11. A—Brgy (-A— B)— B TeopeMa JeAYKIINH.
12. Fe (A— B) — (A — B) — B) TeopeMa ACAYKIUN. O

4.3.8. MHOXeCTBO TEOPEM MCHYUCIIEHUS BbiCKa3biBaHUN

IIyctp opmyna A comep:kuT mepeMeHHbBIE a1, . ..,dn, U IYCTh 3a/laHAa HEKOTOpas WH-

tepriperaiiug I ¢dopmysisl A, TO €CTb IEPEMEHHBIM a1, . . . , Gy, TPUIUCAHBI UCTUHHOCTHBIE

De

f . .
snavenus. O6osnaunm A if a; = T then a; else —a; end if,

A2 e (A) =T then A else —A end if B ganHOI WHTEpIpETAIINN.
NEMMA. Ay, ... A, g A

DOoKA3ATENLCTBO. UHaykius 1o crpykrype dopmysibl A.
[NepemenHasn] Ilycts A =a. Torma a bz a u —a bz —a.
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[OTpuuanve] Ilycts A = =B u I — npousBoJsbHasg unteprperanus dopmyast A. Bos-
moxkubl fBa ciaydast: [(B) = T wnmu I(B) = F. Ilycts I(B) = T. Torma I(A) = Fu
A’ = = A = —=—B. llo unaykuuonHomy mpezanosnoxenuio A}, ..., Al +, B.Hot, B —
—=B 1o teopeme 1. 4.3.7 6, ciemoBarenvro, A, ..., Al gy =B = A’. TlycTb Temnepb
I(B) = F. Torma I(A) = Tu A’ = A = —B. Tlo UHAYKIIMOHHOMY TIPEANOIOKEHUIO
Al,... Al b, -B=A.

[Mmnmukaumna] Tlycte A = (B — C) u I — npousBosibHast uHTepipeTaiust Ghopmy-
bl A. Ilo wHayKImonHoMmy mpeanosnoxennto A'y,..., A’y by B'u A'q,... A, b O,
Boamoskust tpu cayvast: I[(B) = F, wimm I(B) = T u I(C) = T, nmm xe I(B) = T
ul(C)=F.

IIycts I(B) = F. Torna nesaBucumo ot 3HauerHus I(C) umeem: I(A) = T u B’ = =B,
A=A HoAl,...,A, - -B,\s =B — (B — C) 1o Teopeme 11. 4.3.7 6, CJI€/10BaTEJIBHO,
Ay, AL F, B C=A

Ilycts I(B) = T u I(C) = T. Torna I(A) = TuC' =C, A/ = A=DB — C.
Nmeem Al,..., Al F; C, Fz C — (B — C) (akcuoma A; c nojacranoskoii [C'/A]),
cnenoBarenbio, A}, ..., Al F; B—~C=A"

ITycts Teneps [(B) =T u I(C) =F. Torma A’ =-A==(B—C), B =BuC =-C.
Nmeem Af,... Al by B, Ay,..., Al - =C, kg B — (-C — =(B — () no tTeopeme
0. 4.3.7 e. CienoBarenpbo, A}, ..., Al b, ~(B—C)=A". O

TEOPEMA. Teopemamu meopuu L s6AAI0MCS 00UESHAUUMbLE POPMYTLL U TOLLKO OHU:
s A <= A — TaBTOJIOTHUSI.

JOKA3ATENbLCTBO.

[ <] Ilycrs A — TaBrosorus. Torma Af, ..., Al b A B mob6oii nunteprperanuu. Takum
obpaszom, umeercst 2" pasnuuHbiX BhiBoguMocteir A}, ..., A’ . A. Cpenu HUX ecTh
IBe, KoTopble pasnuuaorcst B Al Ay, .. Al _j,an g Au Ay, AL —a, b A
[To reopeme nemykimu A}, ..., Al _; Fz ap, = Au A,... A, | bz —a, — A. Ho
Fe (an — A) = ((—a, — A) — A) 110 Teopeme 11. 4.3.7, o, € TIOACTaHOBKOI [a, /A, A/B],
crenoBaresnbho, AY, ..., Al _; b A. IloBropus ator npoiiecc emnié n— 1 pas, nmeeM - A.

[ =1 Akcuombl Aq, Az, As cytb TaBrosioruu. IIpasuno Modus ponens coxpaHsieT TaB-
TOJIOTUIHOCTD, CJIEJIOBATETHHO, TEOPEMBI TeOpHH L CYTh TaBTOJIOTUN. O

CNEACTBUE. Teopus L ¢opmanvro nenpomusopeuusa.

JLOKASBATEJ/IbCTBO. Bce TEOPEMbI L CyTb TaBTOJIOTHH. OTpI/IHaHI/Ie TaBTOJIOTUM HE €CTb
TaBTOJIOTHA. CJIe,Z[OBaT(EJI]':zHOy B £ Her TEOpEMbBI 1 eé OTpUIaHMAI. ([l

4.3.9. Apyrue akcuoMmaTU3aLuum UCHUCNIEHUA BbiCKa3biBaHUN

Teopus £ He sBAsIeTCS €IMHCTBEHHON BO3MOKHON aKCHOMaTU3aIluel HCYNCIEHS BBICKA-
3pIBaHuil. E€ 0CHOBHOE JOCTOMHCTBO — JIAKOHMYHOCTH IIPU COXPAHEHUU OIpeleI¢HHON
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Harnganoctu. [lefictBuTenbHo, B Teopun L BCETO JIB€ CBSI3KHU, TPU CXEMBI aKCMOM U Of[-
HO TipaBuJIo. VI3BeCTHBI U MHOTHE JIPYTHe aKCMOMATU3AIUU UCUYKMCJIEHUST BBICKA3bIBAHU,
TIpeJIoKeHHbIE PAa3TNYHBIMU aBTOPAMU.

1. Tumsbepr' u Akkepman®, 1938.

Cas3ku: vV, (A— B ERYRY B)
AKCHOMBI: (AV A)— A,
A— (AV B),
(AV B)— (B V A),
(B—>C)=((AV B)—=(AV ()
[IpaBuo: Modus ponens.
2. Poccep?, 1953.
ChssKi: &, (A—>B%E (4 &-B)).
AKCHOMBL A— (A& A),
(A& B) — A,
(A= B) = (0(B & C) = —=(C & A)).
[IpaBuo: Modus ponens.
3. Kumnn', 1952.
CBs3Ku: -, &, V,—.
AKCHOMBL: A— (B— A,
(A-(B—-C))—= ((A—=B)— (A—0)),
(A& B) — A,
(A& B)— B,
A— (B— (A& B)),
A— (AV B),
B — (AV B),
(A=-C)—= (B—=C)— ((AV B)—=()),
(A— B) = ((A— —-B) —» —A),
—A—= A
[IpaBuo: Modus ponens.
4. Hukop, 1917.
Cas3ka: l; (A| B=-AV -B).
Akcroma: (AlB1O) (DD ]|D)) |
I((illg\(c(A\E)l(AlE))))
ITpasuio: : ‘C(' 1)

! Masun TunsGepr (1862-1943).

2 Bustbresibm Axxepman(1896-1962).
3 [lxon Bepxiu Poccep (1907-1989).
4 Credan Kmmmu (1909-1994).

5 Kam Hukon (1893—1924).
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4.4. UcuncneHve npeaukaTtos

Omnucanne (bOpMa]IbHOfI TEOPUMN MCUUCJICHUW TPEANKATOB B 9TOM pas/eji€e HOCUT KOH-
CIIEKTUBHBIN XapaKTepP, B HaCTHOCTU, MHOTUE TEXHUYECKHU CJOKHbBIE /I0Ka3aTE€JIbCTBA OITy-
IIEHBI. B T0 xe BpeMs yA€JIECHO BHUMaHNE IIPparMaTUYE€CKUM aCIl€eKTaM Te€Oopuu, TO €CTb
OTBETY Ha BOIIPOC, YTO BBIPA3UMO U YTO HEBBIPASUMO B MCUYUCJICHUN TNIPEANKATOB.

4.4.1. OnpepeneHve NcYUcNeHs nNpegukaTos

(HQucmoe) ucuucaenue npeduxamos (nepsozo nopsioxa) — ato dopmaibhas Teopust K,
B KOTOPOH ONpeIeJIeHbl CJeAYIONNe KOMIIOHEHTRL: anhaBuT, (hOPMYJIbI, aKCUOMBI U TIpa-
BMJIA BBIBOJIA.

1. Andasur:

CBS3KU OCHOBHBIE -, =
JIOTIOJTHUTEThHbIE &, v

caysKeOHbIE CUMBOJIBI (,)

KBaHTOPBI gceobupocmu v
CYwecmeo8anus 3

IpejMeTHbIE KOHCMAaHMbL a,b,...,a1,b1,...
nepemenible Tyl ey L1, YLy - -

MpeIMeTHBIE npeduxamot PQ,...
PynKyUOHaIbHBIE CUMBOIbL a9, ...

C kaxAbIM 1pequKaToM U (GyHKIIMOHAJIBHBIM CMBOJIOM CBSI3aHO HEKOTOPOE HATY-
pajJbHOE YHCJIO 1, KOTOPOE Ha3bIBACTCS aAPHOCMbIO, MECMHOCMbI0 U 8MECmUMO-
cmwio.

2. DopMyJibl UIMEIOT CJIEAYIONINNA CUHTAKCHC:

(popmyma) 2= (aToMm) |
~(dbopmyra) |
((bopmya) — (popurya)) |
V (niepementast) ({¢dbopmyia)) |
3 (nepemennast) ({dopmya))

(aTom) (nmpeaukart) ((CIMCOK TEPMOB))
(CTIICOK TEPMOB) = (repm) | (Tepm), (CITUCOK TEPMOB)
(Tepm) ::= (KOHCTaHTa) |
(mepemennas) |
(pyukunoHaIBHBIN CUMBOI) ((CIIUCOK TEPMOB))

ITpu 9TOM JOJKHBI OBITH BBIIIOJHEHBI CJAEAYIOIME KOHTEKCTHBIE YCIOBUA: B mepme
f(t1, ..., tn) QYHKIIMOHATIBHBIA CUMBOJ f OJKEH OBITH n-MeCTHBIM. B amome (uim
amomapnoti bopmyne) P(tq,...,t,) npeaukar P 1oykeH ObITh n-MECTHBIM.

Jlo6as mepeMeHHast MOJKET BXOAUTH B (hOpMY HECKOJIBKO pa3. IIpu aToM pasind-
HbIe BXOXKIEHUS OMHOU U TOU ;Ke MepeMeHHON B (hOPMYJIy MMEOT Pa3HbIH CMBICI,
B 3aBHCMOCTH OT TOTO, B KaKOH CUHTaKCHYECKOI MO3UIINN PAaCCMATPUBAETCS BXOXK-
nenue. [Ipesx/e Bcero, HEOOXOAUMO PA3IUYATH CB0600HBLE U CBAIAHHDIE BXOKICHWUS
nepeMeHHON. BXOKIEHYsT TePEMEHHBIX B ATOMAPHYIO (DOPMYJTY CIUTAIOTCS CBOGOI-
ubiMu. CBOGOJIHBIE BXOXKIEHHSI TIepEMEHHBIX B (hopMmysiax A u B 10 OIpe/ie/leHrIo
cunraioTcss cBoboaHbBIMU B opmynax ~A u A — B. B dopmynax Vz (A) u Jz
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(A) hopmyra A, Kak IpaBuIIO, UMeeT CBOOOHBIE BXOKICHUS TIEPEMEHHOI x. Bxox-
nenusi niepeMentoil x B dopmyasl Va (A) u Jz (A) cuuTaioTcsl CBSI3aHHBIMIUL
Bxoskmennst Apyrux mepeMeHHbIX (OTIUYHBIX OT T), KOTOpbIe ObLIM CBOOGOIHBIMU
B opmysie A, IO OTPeNeNTeHNI0 OCTAIOTCs CBOOOAHBIMU U B opmynax Vz (A) u
Ja (A). Oxna u Ta XKe IepeMeHHas MOXKET UMeThb B OJHON u TOH ke (opmyiie
Kak cBOGOJIHBIE, TAK W CBsI3aHHbBIE BXOXKAEHUsS. EciM Bce BXOXKAEHUS TE€PEMEHHOI
B (hopMmysy cBg3aHBI, TO IlepeMeHHas Ha3blBaeTCs c8A3aHHOU (B NaHHOW (opmy-
ne). @opmyia, He coepsKamas cBOOOIHBIX BXOKIACHUN MEPEMEHHbIX, HA3bIBAETCS
3amxnymoti. B 3aMxHyTOI (hopmyse Bce iepeMeHHbIe CBSI3aHBI.

MNpumep. Paccmorpum dpopmyrny Vz (P(z) — Iy (Q(z,y))) u eé mondopmyisl.
B noadopmyny Iy (Q(z,y)) mepeMeHHast z BXOAUT CBOOOIHO, & BCE BXOXKIECHMUS TIe-
PeMEHHON y cBsi3aHbl (KBAHTOPOM cyliecTBoBaHus ). Takum o6pasom, ata moadop-
myJa He 3amkHyTa. C APyroil CTOPOHBI, TO K€ CaMOE BXOJKIEHUE TIEPEMEHHON & B
noadopmyy Q(z,y) saBusercs cBs3anubiM B hopmyte Vr (P(x) — Jy (Q(x,y))).
B aroit opmysie Bce BXOXKIEHUST BCEX TIEPEMEHHBIX CBI3aHbBI, & TOTOMY (opMyJia
3aMKHYTA.

SAMEYAHME

SI3pik Teopuu L He COAEPKUT KBAHTOPOB, TOITOMY TMOHSITHSI CBOGOAHOTO M CBSI3aHHOTO
BXOJKZICHWS TIePEMEHHBIX He MPUMEHNMBI HeToCPeCTBeHHO. MOKHO pacIImpuTh MCUnCe-
HUe BBICKAa3bIBAHUM, JOIMYyCKas 3aMKHYTble (hOPMYJBl MUCUNCIEHNS TIPeIuKaToB HapaBHE C
[IPOIO3UIIUOHAJBHBIMU TIePEMEHHBIMU. B TakoMm cirydae st yao0CcTBa OOBIYHO MOJIATAIOT,
41O BCe (HOPMYJibl TeOpuH L 3aMKHYTBL

Dopmyael Bufia A m —A, T7ie A — aToOM, Ha3bIBAIOTCS IUMEPALbHbIMU HOPMYTAMA
(nwmu aumepanamu). B dopmynax Va (A) u dz (A) nogdopmyna A HasbiBaeTcs
obracmwio deticmeus KBauTopa 10 x. OOBIYHO CBSI3KU U KBAHTOPBI YIIOPSAOUNBAIOT
10 IPHOPUTETY cJIeLyiommuM obpaszoM: —,V, 3, &, V, —. JIuiHue cKOOKK 1Py 9TOM
MHOT/A OITyCKAIOT.

TepMm ¢ Ha3bIBaeTCsT ¢80000HbIM TSI TIepeMeHHON x B (opMmysie A, ecm HUKAKOe
cBOGOTHOE BXOXKIEHUE TTEPEMEHHON = B GOpMYJIy A He JIEKUT B 00JACTH [edCTBUS
HUKAKOTO KBaHTOPa IO IepeMeHHOU y, BXoadiieidl B TepM t. B yactHOCTH, TepM t
cBoboen st Moo TepeMenHoit B hopMyse A, ecam HUKaKast TlepeMeHHast TepMa
He SBJISIETCS CBSI3aHHOU TepeMeHHo# (opmyibt A.

Mpumep. Tepm y cBoGOIEH IS TIEpeMeHHO B hopmyie P(x), HO TOT jke TepM
y He cBOOOIeH [ist epeMeHHol x B dopmyie Vy (P(x)). Tepm f(z,z) cBoGomeH
st iepeMentoil x B dopmyise Vy (P(z,y) — Q(x)), HO TOT Xe TepM f(x,z) HE
cBoboznen st nepemennoit x B hopmyse 3z (Vy (P(z,y) — Q(x))).

3. Akcmombr (JTormueckue): o6as CHCTEMA aKCHOM UCYMCJIEHNUST BHICKA3BIBAHUIT TLTIOC

rie TepM ¢ cBOOOJEH /Ui TIepeMeHHO x B (hopmyie A.


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

222 agea 4. Jlornyeckme ncHncneHuns

4. TlpaBusa BBIBOJA:
A A—>B B — A(x) " A(z) - B n
B B —=Vaz (A(x)) ), Jz (A(z)) — B S

rie ¢popmysia A cogepxkuT cBOOOAHbBIE BXOXKIEHUS IIEPEMEHHOI T, a popmysa B ux
HE CONIEPIKUT.

(Modus ponens),

Vcuucienne penkaToB, KOTOPOE He COAEPIKUT TPEAMETHBIX KOHCTAHT, (DYHKIIMOHATb-
HBIX CHMBOJIOB, TIPEJANKATOB U COOCTBEHHBIX aKCHOM, HA3BIBAETCS uucmuviM. Vicuucie-
HU€e [PEeIUKATOB, KOTOPOE COAECPIKUT MPEAMETHBIE KOHCTAHTHI 1/MIH (PYHKIHOHATbHbIE
CUMBOJIBI W/VJI TIPEJUKATHI M CBSI3BIBAMOIINE UX COOCTBEHHBIE AKCUOMBI, HA3BIBAETCS
NPUKIAOHBLM.

Wcuucienue IIpEANKaTOB, B KOTOPOM KBAaHTOPbI MOTYT CBA3bIBATb TOJIBKO IIPEJIMETHDBIE
IIEpEMEHHDbIE, HO HE MOTYT CBA3bIBATH (l)yHKL[I/IOHaJIbeIQ CUMBOJIbI UJIN TIPE/IMKAThI, Ha3bI-
Ba€eTCA UCHUCJIEHUEM nepsozo nopﬂﬁica. I/ICLII/ICJIEHI/IH, B KOTOPbIX KBAHTOPbI MOT'yT CBA3bI-
BaTb HE TOJIBKO IIPpEAMETHBIC IIEPEMEHHDBIC, HO 1 (bYHKHI/IOHaJIBHbIe CHUMBOJIBI, TIPEANKATDI
I MHble MHOJKECTBa O6'b€KTOB, Ha3bIBAIOTCA UCUHUC/ICHUAMU BbLCUIUX nopﬂfhcoe.

HpaKTI/IKa IIOKa3bIBA€T, YTO IIPUKJIQJHOIO NCUHUCJIEHUA ITPEAUKATOB IIEPBOTO IMMOPAJAKa OKa-

3bIBA€TCA NOCTATOYHO [JIA (bOpMaJII/ISoaL[I/II/I CO/IEPIKaTEJIbHBIX TeOpI/Iﬁ BO BCEX pPa3yMHbIX
CJIyqasix.

4.4.2. UHTepnpeTauus

Humepnpemauus I (IpUKIAAHOrO) McUncieHus npeankaroB X ¢ 06J1acThio HHTEPIIPETa-
uny (unn wocumenem) M — 510 HaGOp (PYHKIMIA, KOTOPHIE COMOCTABJISIOT:

1) xaxmoil npeMeTHON KOHCTaHTe a aneMeHT Hocutess I (a), I(a) € M;

2) KaxIoMy n-MecTHOMY (BDyHKIHMOHATBHOMY cuMBoiy f omepamnuio I(f) Ha HOCHUTEIE,
I(f): M™ — M;

3) xaxmomy n-mectHomy npenukary P oruomtenue I(P) na nocurene, I(P) C M™.

Iycts @ = (x1,...) — Habop (TOCTEMOBATENBHOCTD) TTEPEMEHHDBIX (BXOAAMNX B (HOp-
Mmyny), a s = (s1,...) — Habop 3HaueHwit w3 M. Torma Besikuit tepMm f(t1,...,t,)
uMeeT 3HaueHue Ha s (u3 obmactu M), To ecThb cymiecTByer GyHKImsa s*: {t} — M,
orpeiesisieMast CJIEYIONIM 00pa3oM:

Def Def

s*(a) %fl(a), s*(xi) = 84, ST(f(t1,---0tn) = I(F)(s™(t1),. .., s (tn)).
Bcesikuit atom P(tq,...,t,) UMeeT HAa s UCTUHHOCTHOe 3HaueHue s*(P), ompezessieMoe
crenyommm o6pasont: s*(P(ty, ... tn)) = (s*(t1), ..., s*(tn)) € I(P).

Ecau s*(P) =T, to roBopsit, uto dhopmyna P evnonnena Ha s.

Dopmyna —A BBITIOIHEHA HA § TOTZA U TOJBKO TOrAa, Koraa (opmysa A He BBITOTHEHA
Ha s. @opmyna A — B BBINOJIHEHA HA § TOTAA U TOJHKO TOTAA, Korma dopmyna A ne
BhITIOJTHEHA HA s win dopmysa B Beimosnena na s. @opmyna Vx; (A) BbimosneHa Ha s
TOTJIa U TOJIBKO TOTJIa, KoTjia (hopMyJia A BBITIOJIHEHA Ha JIIOO0M HAbope s', OTIMYaoIeMcst
oT s He OoJiee yeM cBOMM i-M kommoneHToM. Mopmyna 3z; (A) BbimoJHeHA HA § TOTAA U
TOJIBKO TOTJIA, KoT/a (hopMysia A BBITIOJHEHA Ha KaKOM-JIu60 Habope s', OTIMYAIoNEMCsT
oT s He GoJiee YeM CBOMM i-M KOMITOHEHTOM.

@opmysia HA3BIBAETCS UCMUHHOU B TAHHOW MHTePIpeTaiuu I, ecau OHA BBHIIOJIHEHA Ha
mobom Habope s snementoB M. DopMmysa HasbIBaeTCs JOXCHOU B JaHHOI MHTepIIpeTa-
iy I, ecin OHA He BBITIOJIHEHA HU HAa OIHOM Habope s sjieMeHToB M.
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WHuTepriperanust Ha3bIBaeTCsT MoOeabto MHOKecTBa opmya I, ecim Bee opmysint uz T
HUCTUHHBI B JaHHON MHTEpIIpeTaIUN.

Besikast saMknyTast hopMyJia MCTHHHA MJIM JIO)KHA B IAHHOW uHTeprperanun. Omxpuimast
(To ecth He 3amMKHyTast) popmyia A(x,y, z,. .. ) ICTUHHA B JAHHOW WHTEPIIPETAI[UH TOTIA
U TOJIBKO TOT/a, Korja eé samvixanue Vo (Vy (Vz--- A(z,y,%,...))) ICTHHHO B JJAHHOM
MHTEPIIPETAIUL

3AMEYAHMUE

IT0 06CTOATENBCTBO OOBSICHSET, MOYeMy COOCTBEHHbBIE AKCUOMbI TIPUKJIAJHBIX TEOPUN OOBIYHO
MUIIYTCS B OTKPBITOH (hopMme.

4.4.3. OOLWEe3Ha4YMMOCTb

Dopmyrna (UCUUCTEHUST TPEIUKATOB) 00U4e3HAUUMA, €CIIV OHA UCTUHHA B 000 MHTEP-
MIpeTaIuu.

TEOPEMA. @opmyraV z (A(zx)) — A(t), 20e mepm t ceob60den dns nepemenioil x 6 pop-
myne A, obuesnauuma.

DOKABATENBCTBO. PaccMOTpUM TPOM3BOJIBHYIO MHTEPIPETANnio I, POU3BOJIBHYIO T10-
CJIENIOBATENBHOCTH 3HAYEHMIT 13 006JACTH WHTEPIPETANUN § U COOTBETCTBYIONIYIO (hYHK-
o s*. 3amerum caenyioiiee. [Iycts t1 — TepMm u s*(¢1) = aq. [lycts t(x) — HEKOTOPBIN
npyroit tepm, a t':=t(...x...){t1/z}. Torma s*(¥') = si(t), Tme s} wMeer 3HAUEHUE a;
Ha mecre z. Ilycts tenepp A(z) — dopmyaa, a Tepm t cBobonen mwist x B A. ITonoxum
A(t):=A(...z...){t/x}. Umeem s*(A(t)) = T < si(A(t)) = T, rue s} uMeeT 3HaueHUE
s*(t) Ha mecre z. Econ s*(Vz (A(x))) = T u tep™ t cBoGoaeH 1ist T B A, To s*(A(t)) = T.
CaenoBaresbHo, hopmysa ¥V (A(x)) — A(t) BbIIOTHEHA HA BCEX TTOCIIEN0BATEIBHOCTSIX
B [IPOM3BOJILHON WHTEPIIPETAIUN. (]

SAMEYAHUE
MoskHo moka3ath, 4To dopmyna A(t) — Jx (A) (x), rae Tepm t cBOOOMEH s TIEPEMEHHON T
B dopmysie A, oblie3HaunmMa.

4.4.4. HenpoTUBOPEYMBOCTb U MOJIHOTA YUNCTOr0 UCUYUCIIEHUS
npeavkaros

PacemoTpum nipeoGpasoBanue i GOpMYyJIbl HCUUCAEHUST TIPEIUKATOB B (DOPMYJIY HCUKC-
JICHUST BBICKA3bIBaHWIi, KOTOPOE <«3a0bIBaeT» BCE, YTO CBS3aHO C UCYUCJICHUEM TIPE/IH-
KaTOB, OCTaBJISAS TOJBKO NPONOSUUUOHATLHYIO CMPYKMYPY, KOTOPas SBJseTcs hopMyIoi
WUCYUCTIEHUST BBICKA3bIBAHU.

[Tpu npeobpasoBaHuy h B (hOPMYJie HCUNCIEHUS TPEANKATOB OIIYCKAIOTCS BCE KBAHTOPBI
U TEPMBI BMECTE C COOTBETCTBYIOIIMMHU CKOOKAMU ¥ 3AISATBIME, OCTAIOTCSI TOJIBKO TPEIU-
KaTHbIe CUMBOJIbI (KOTOPbIE PACCMATPUBAIOTCS KAaK TPOINO3UIIUOHAIbHbIE TIEPEMEHHbIE)
U CBS3KU.

Npumep. h(Va (P(z) =3y (Qz,y))) =P = Q.
Hetpyano Bugers, uto h(—A) = =h(A) u h(A — B) = h(A) — h(B).

TEOPEMA 1. @opuanvras meopus K nenpomusopeuusa.
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[OKASATESILCTBO. PaccMOTpUM TIPOMO3UIIMOHAIBHYIO CTPYKTYPY AKCHOM HCYUCJIEHUS
npeaukatoB X, TO ecTh MPUMEHMM K akcuoMaMm mpeobpasoBanue h. SIcHo, 4TO Bee m0-
JIy4eHHbIe (DOPMYJIBI CYTh TAaBTOJIOTHH, MOCKOJBKY akcuoMbl Aq, As, A3 camu 1o cebe
COBIIA/IAIOT CO CBOMMU TIPOMO3UITMOHAIBHBIMU CTPYKTYPAMU, KOTOPBIE SIBJSIOTCS TABTO-
sorusmu. [l aKCHOM MCYMCIIEHUST TIPEIUKATOB UMeeM

h(P1) = h(Vx (A(z)) — A(t)) = A — Au h(P) = h(A(t) —» Jz (A(x))) = A — A
Ianee, npasusio Modus ponens coxpaHsieT TABTOJOTHYHOCTD MPOMO3UITMOHATBHON CTPYK-
Typbl, TO ectb ecin h(A) nu h(A — B) — TaBrosorun, To h(B) — TaBrosorusi. Takum
o6pasom, ecant dopmyna A sBasieTcss Teopemoit Teopun K, To dopmyna h(A) sBiser-
csi TaBrosiorueit. Jlanee or nporusnoro. Ecim Fx A u Fi —A, To h(A) u —h(A) —
TaBTOJIOTUH, YTO HEBO3MOKHO. O

CJIGI[yIOH_[I/Ie ABE€ METATEOPEMbI YCTaHaBJIMBalOT CBOIMCTBA TOJHOTHI UCYUCIEHUS npeauv-
KaTOB, aHaJIOTUYHbIE TEM, KOTOPbIC YCTAaHOBJICHDbI AJIsI NCUUCJICHUA BbICKA3bIBAHUIA.

TEOPEMA 2. Bcsikas meopema uucmozo uCHUCIeHUst npeduxamog nepeozo nopsoxa oo-
wesnauuma.

TEOPEMA 3. Bcsaxas obuesnauumas popmyia seisemcs meopemo Yucmozo UCHUCLeHUs
npeouramos nepsozo nopaoka.

AOKA3ATENLCTBO. Dbe3 mokasaresabcTBa. O

4.4.5. Jlornyeckoe csiegoBaHMe U iorm4Yeckas 3KBMBaJZIEHTHOCTb

®opmvyna B sBisietcst aozuueckum ciedcmseuem dopmynsl A (obosnauenne A = B),
ecu ¢opMyia B BhIToMHEHa Ha J060M Habope B JOGONH MHTEPIIPETAINH, Ha KOTO-
pom BbINOJTHeHA dopmysa A. Dopmyissl A 1 B nozuuecku sxeusaienmivt (0603HaUeHME
A= Bumu A< B), eciiu OHU SIBJISIIOTCSI JIOTUYECKUM CJIEJICTBUEM JPYT Apyra. MoxKHO
MMOKA3aTh, YTO UMEIOT MECTO CJEAYIOIINEe JOTUIECKIE CIEe0OBAHNS U 9KBUBAJIEHTHOCTH:

1. =Vz (A(z)) =3Jz (-A(x)),
(

2. =3z (A(x)) =V (-A(z)),

3. Vz ((A(z) & B(x))) =Va (A(z)) &V (B(z)),
4. 3z (A(z) v B(z)) =3z (A(z)) V Jz (B(x)),
5. dz (A(z) & B(x)) = Jz (A(z)) & Fz (B(x)),
6. Vo (A(z)) VVz (B(z)) =V (A(x) V B(x)),
7.Vx (Vy (A(z,y) =Vy (Vo (Az,y))),

8. 3z @y (Al,y) =3y Bz (Alx,)),

9. Vz ((A(z) & C)) =Vaz (A(z)) & C,

10. Va (A(z) v C)=Va (A(x)) v C,

1. 3z (A(z) & C) =3z (A(z)) & C,

12. 32 (A(z) v C) =3z (A(x)) v C,

13. C = Vz (A(z)
14. C - dz (A(x)
15. 3z (Vy (A(z,y)) = Yy 3z (Az,y))),
16. Vz (A(z) — B(
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rie (opmyna C He COAEPKUT HUKAKUX BXOKICHUHN MEPEMEHHON .
s Besikolt 3aMKHYTOM (hopMy Tl A CyTIIECTBYET JIOTUYECKN 9KBUBaJIEHTHAs el hopmyJia

A’, nmeromas npedsapénnyio popmy: A' = Qa1 ... Qpnxy A(x1, ... 20), 10 Q1,0 v, Q@ —
HEKOTOpbIe KBAaHTOPBI, a A — Gecksanmopnas hopmyia.

4.4.6. Teopus paBeHCTBa

Jrot naparpad HaAYMHAET CEPUI0 MPUMEPOB MPUKJIAIHBIX UCUYUCTEHUN TIPEANKATOB.

3AMEYAHUE

Besikoe npuKIIagHOe MCYHCAEHNE TPEANKATOB COJAEPIKUT B cebe JMCTOe MCUMCITEHHUE MPEIUKATOB,
[I09TOMY IIPU OIIMCAHUU IIPUKJIQJHOIO UCYUCIEHUS aKCUOMDBI U BCE TEOPEMbI YUCTOTO UCYUCICHUSA
[O/[PAa3yMEBAIOTCS!, YKA3bIBAIOTCSI TOJIBKO COOCTBEHHbIE (DYHKIMOHAIbHBIE CUMBOJIbL, TIPEAUKATBI U
AKCHOMBIL.

Teopuﬂpaeeucmea & — aro NPUKJIaJHOE NCYNCJICHUE ITPETUKATOB, B KOTOPOM NMEIOTCA:

1. CobGcTBEeHHBIN ABYXMECTHBII npeaukar = (MHMUKCHAs 3allUCh T = y).
2. CobcTBeHHDBIE aKCUOMbI (CXEMbI aKCHOM ):

Ey: Vz (z=ux),

Ey: (z=y) = (Alz) = A(x){y/z}).

TEOPEMA. B meopuu & 6b1600umbl credyouue meopemoL:

1. ke t =t Ons w6020 mepma t.
2.ltexz=y—>y=n=x
B btex=y—=>(y=2z—x=2).

D OKASATENIbCTBO.

[1] U3 E; u P; no Modus ponens.

[2] Unmeem: (x =y) — (x = ¢ — y = ) u3 Ey pu noacranoske {z = x/A(x)}. 3nauwr,
r=y,x=xtegy=uz Hote x =z cregoBatenvro, r = y k¢ y = z. Ilo Teopeme o
MeAyKIu e © =y — y = x.

[3] Nmeem: y =2 — (y = z = & = z) usd FEy npu noacranoske {x = z/A(z),y/z, x/y},
sHaunt, y =z k¢ (y = 2 > o = 2). Ho x = y k¢ y = z, 10 MpaBWIy TPaH3UTUBHOCTH
x=yke (y=2z— x=2), 10 TEOpeMe O JeAyKIMU ¢ (z=y) > (y=2z -z =2). O

Takum O6p8.30M, PaBEHCTBO ABJIACTCA 3KBHUBAJEHTHOCTDHIO. Ho PaBEHCTBO — 3TO 6ouee
CHJIbHOE CBOfICTBO, YyeM HKBUBAJIEHTHOCTh. AKCHOMa E2 BbIpayKa€T HeOmaiuduumocms paB-
HBIX 3JIEMEHTOB.

4.4.7. PopmanbHaa apudpmeTuka

Dopmanvhas apupmemuxa A — 3TO TPUKITATHOE WCUNCIECHUE TPEAUKATOB, B KOTOPOM
UMEIOTCS:
1. Ilpenmernas koncranta 0.

2. JIByxmecTHbIe (DYHKIIMOHATbHBIE CUMBOJIBI + U -, OMHOMECTHBIN (DYHKIIMOHATbHBIN
!
cuMBoJL .

3. JIByXMeCTHBIU TIpe/IuKaT =.
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4. CobcTBEHHBIE AaKCUOMBI (CXEMbBI aKCHOM):

Ar: (P0) & Vz (P(x) = P(2'))) = Vo (P(x)),
AQZ tll :tQ,—>t1 = to,

A32 ﬁ(t/ = 0),

A42 tlztg—)(t1:t3—>t2:t3),

A5Z t1 = to *)tll :tgl,

AGZ t—|—0:t,
A7t 4t = (1 + ),
Ag: tOZO,

Ag: ty -t =ty -ta+ 1y,

rae P — mobas popmyia, a t,t1,ty — Jr00ble TepMbl TeOpUu A.

SAMEYAHMUE

BHepBbIe JlaHHasd CUCTeEMa aKCUOM JIA apI/I(pMeTI/IKI/I ObL1a TpeiosKeHa HeaHo1, a Al — 9TO CXeMa
aKCHOMBI MaTeMaTH4eCKOH WHAYKIUN.

4.4.8. HeakcuomaTusaupyemblie Teopum

B sToM maparpade Ha mpuMepe HEKOTOPBIX MOHATHIT Teopun (abesieBbixX) rpyin Hedop-
MaJIbHO YCTAaHABJIMBAIOTCSI TPAHUIIBI TPUMEHUMOCTH WCYHUCJIEHUS TTPENKATOB MEPBOTO
OPsIIKA.

Teopus epynn G — 2TO NPUKIALHOE UCUNUCIIEHUE NIPEIUKATOB C PAGEHCMEOM, B KOTOPOM
UMEIOTCS:
1. Ilpenmernas xoncranTa 0.
2. JIByXMeCTHBIH (DYHKIIMOHATIBHBIN CUMBOJ +.
3. CoO6CTBEHHBIE aKCUOMBI (CXEMbI aKCUOM):
Gi: Va,y,z (x4 (y+2)=(x+y)+2),
Go: Vz (042 =u2x),
Gs: Vo (Jy (z+y=0)).

3AMEYAHUE

Boipaxkenue «Teopust 1mepBOTO MOPSIIKA C PABEHCTBOM» O3HAYAET, UTO TIOAPA3yMEBAETCS HATMULE
npeankara =, akcuoM Ei u Eo 1 BcexX UX CJIeCTBUI.

Ipymma HasbIBaeTcs abene6oti, CIM IMEET MECTO COOCTBEHHAsT aKCHOMa
Gy: Va,y (z+y=y+uz).

rOBOpHT, 4yTO B abesneBoil TpyIime BCE 9JIEMEHTBI UMCIOT KOHEYUHbLLL nopﬂaox n, €CJIN BbI-
IoJiHeHa cOOCTBEHHas aKCHoOMa

Gs: YV (3k <n (kx=0)), tne kx — 9T0 COKpalleHue st & + x + - - - + .
—_——

k pas

1 [lxysenme Ileano (1858—1932).
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Jra dopmysa He gBiusgercss GopMmyson Teopur G, TTOCKOIbKY COAEPKUT «IIOCTOPOHHUES
npeMeTHbIE TIPEAUKATH U TepeMenHbie. OHAKO 715 TI060r0 KOHKPETHOTO KOHEYHOTO 7
coGCTBEHHAsT aKCHOMA MOJKET OBITh 3allicaHa B BUJE JOMYCTUMON (Hopmysibl Teopun G:

Gi: Vo ((z=0V2r=0V...Vnz=0).
AbGeneBa rpyrima Ha3bIBAETCS JeAuUMOL, €CTU BBITIONHEHA COOCTBEHHAST aKCHOMa
Geg: Yn=1 Vo 3y (ny =x))).

Irta dhopmya He sABiagercs GopMyJioil Teopuu g, TOCKOIbKY CONEPKUT «ITOCTOPOHHUE»
npe/IMeTHbIe KOHCTAHTHI U TiepeMenHbie. OHaKo cOOCTBEHHAss aKCHOMa MOKeT OBbITh
3alicaHa B Bujie GECKOHEYHOTO MHOKECTBA JOMYyCTUMbBIX (hopmys Teopuu G

Gg: Vo (Jy (2y=2)),
Ve (Jy 3y =x)),

Ho moxno IIOKa3aTb, 4YTO moboe KoHeuHoe MHOKEeCTBO (bOpMYJI, HMCTHUHHOE BO BCEX €I~
MBIX abeJIeBbIX rpyiimax, ICTUHHO 1 B HeKOTOpOﬁ HelIeJIPIMOfI abeJieBoii rpyiiie, To €CTb
TEOPpHUA NETUMbBIX abesIeBBIX TPYIII HE ABJIACTCA KOHEUHO aKCI/IOMaTI/BI/IpyeMOI;‘I.

AbeneBa rpyria Ha3bIBAETCS NEPUOOUUECKOL, €CTU BBITIOJNHEHAa COOCTBEHHAST aKCHOMA
Gr7: Yz (3n>=1 (nx=0)).

JTa QopMmyna Takxke He gBJsgeTcs (HOPMYJION Teopuu G, MOCKOJBKY COMEPIKUT <«II0-
CTOPOHHME» TIPEIMETHbIE KOHCTAHTHI U TiepeMeHHble. Eciii MOmbITaThest Tpeobpa3oBaTh
dopmyy G7 1o o6pasity dhopmysibt G5, TO moaydnuTcst GecKoHedHast «popMmyias

Gt: Vo (z=0VvV2r=0V...Vnz=0V...)),

KOTOpasl He SIBJISIETCS JOIYCTUMOM (GOPMYJION MCUYMCIeHHs TIPEAUKATOB U TeM GoJiee
teopur §. TakuM 06pazoM, TEOPUst MEPUOANIECCKUX a0EIEBBIX IPYIIT HE SIBJISIETCS AKCUO-
Mamu3upyemoti (eCiv He BKJIIOYATh B TEOPUIO TPYII U BCIO (hopMasibHYIO apudpMeTuKy).

OTCTYNJIEHUE

Hanunune HeakcnoMaTusupyeMbixX U KOHEYHO HEAKCUOMATU3UPYEMBIX (POPMaIbHBIX TEOPUIl He O3HA-
YaeT IPAKTUYECKON HEITPUMEHMMOCTH aKCHOMAaTHYECKOTO METO/Ia Ha OCHOBE UCIIOJIb30BAHNUS SA3bIKA
WCYNCJIEHUS TIPEJMKATOB TIEPBOTO TIOPSIKA. ITO O3HAYAET, YTO AKCHOMATUYECKUN METO]| He MpU-
MCEHHUM <«B 4YHUCTOM BHEC>. Ha TIPpAaKTUKE (bOpMaJIbHBIC TEOPWH, OMUCBIBAIOIHE CO/IepKaTCJIbHbIC
00BEKTBI, 3aaI0TCS € [OMOLIBIO COOCTBEHHBIX aKCHOM, KOTOPbIE HApsiAy ¢ COOCTBEHHBIMU IMPEH-
KataMu U (QYHKIIMOHAJIBHBIMU CHMBOJIAMH COJIEPKAT «BHEJOTUYECKUE»> TPEIUKAThI U (DYHKIINO-
HaJIbHbIE CUMBOJIbI, CBOMCTBA KOTOPHIX aKCHMOMaMU HE OMKCHIBAIOTCS, a CUUTAIOTCS M3BECTHBIMU
(B nanHoi Teopuu). B paccMOTpeHHBIX PUMEPAX BHEJIOTUYECKUMU SIBJISIOTCS HATYpPAJbHbIE YKC-
Jla ¥ onepaiuy HaJl HUMH. AHAJIOTHYHOe 00CTOSITENbCTBO UMEET MECTO U B CHCTEMAX JIOTUYECKOTO
nporpamMmupoBanus Tina [Iposor. Peasnsanust Takoii cucTeMbl Beeria cHabskaeTcst 00mmpHoii 616-
JINOTEKOI BHEJOTMYECKUX (MM 6CMPOEHHbIX) PEIUKATOB U (DYHKIMIA, KOTOpbIE 1 00€CIIeunBa0T
HpaKTI/I‘{eCKyIO TIPUMEHUMOCTD CUCTEMBbI JIOTUYECKOTO ITPOTPAMMUPOBAHUA.

4.4.9. Teopembl [épens 0 HenoJiIHOTe

[laBHO M3BeCTHBI HEKOTOPbIE Ba’kKHbIE CBOICTBA (DOPMAJIbHBIX TEOPU, B YACTHOCTU IIPHU-
KJIA/[HBIX UCYUCJEHUN MTPEUKATOB MEPBOTO TOPSIKA, KOTOPBIE CYIIECTBEHHBIM 00pa3oM
BJIUAIOT HA MIPAKTUYECKYIO TPUMEHUMOCTD (DOPMAJIbHBIX TEOPUH (aKCMOMATHYECKOTO Me-
toga). OHAKO MOHMMAaHKE TPAHUIL TPUMEHUMOCTH (DOPMaJIbHBIX METOZOB SIBJILETCS, 110
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HalmeMy MHEHMHIO, HGO6XOI[I/IMI)IM JJId HCIIOJIb3OBaHMA TaKHX METOJOB. HOSTOMy HIMXKE
IIPpUBOJATCA IBa BaKHEUIITNX (baKTa, MN3BECTHbIE KaK T€OPEMbI ré]le]'[ﬂ O HEIIOJIHOTeE.

Axcrmomarndeckuii MeToz 06JaaeT MHOKECTBOM JIOCTOMHCTB U C YCIIEXOM TPUMEHSIET-
Cs1 Ha TIPAKTHKe Ui (POPMAU3AI[MK CaMBIX PA3HOOOPA3HBIX MPEAMETHBIX 0OJacTell B
MaTeMartuke, Gusnke u Apyrux HaykaxX. OJHAKO 3TOMY METOAY TPUCYIIE CIAEIyIoliee
NPUHIANKATIbHOE OrpaHUYeHue.

TEOPEMA (MNepsas Teopema Méaens o HenonHote).  Bo scsaxoil docmamouno 60zamoii nenpo-
MUBOPEUUBOU MeOPUL NePE020 NOPAOKA (8 UACMHOCMU, 80 BCAKOU MEOPUL, BKIIOUAIOULCL
Gdopmanvryio apupmemuxy) cywecmayem maxas ucmunnas popmyaa F, umo nu F, nu - F
He SBASI0MCS 6bIBOOUMBIMIU 8 IO TNEOPULL.

VTBEPXKIEHUS O TEOPUU MIEPBOTO MOPSJIKA TaK:kKe MOTYT ObITh C(hOPMYJUPOBAHBI B BU-
ne ¢dopMyJsl TEOpUHM TIEPBOTO TMOps/iKa. B 4acTHOCTH, yTBEpKAEHUS O CBOMcTBax (hop-
MaJbHON apudmMeTuku (HarpuMmep, yTBEpXKIeHUE O HEIIPOTUBOPEYMBOCTH (POpPMaTbHOU
apuGMeTHKN) MOTYT GbITh C(HOPMYIUPOBAHBI KaK apU(METUYECKUE YTBEPKICHHUS.

TEOPEMA (Btopas Teopema lénens o HenonHoTe).  Bo ecaxoi docmamouno 602amoil meo-
DU NEPBO20 NOPAOKA (8 UACMHOCMU, 80 BCAKOL MEOPULL, BKIIOUAIOUEL (POpMALbLIYI0 apud-
Mmemuky) gopmyna F, ymeepacoaiouas Henpomusopeuusocmy 3moil meopuu, He seisemcst
6b1600UMOTL 6 HEll.

OTCTYNJIEHUE

Bropas teopema Ténenst He yTBepxaaet, 4ro apudmernka nporuBopeunsa. (DopmasibHas apud-
MeTHKa U3 npumepa I1. 4.4.7 Kak pa3 HEIPOTUBOPEYNBA.) JTa TeOpeMa YTBEP:KIAeT, YTO HENPOTU-
BOPEYMBOCTH [JOCTATOYHO GoraToil (hopMaIbHOIl TeOPHH HE MOKET OBITh YCTAHOBJIEHA CPENCTBAMU
camoii aToi Teopun. IIpu aTOM BIOJIHE MOKET CTAThCS, YTO HEIIPOTUBOPEYMBOCTD O/IHON KOHKPET-
HOIl TeOpUU MOJKET OBITh YCTAHOBJIEHA CPEACTBAMU JAPYroi, Hosiee MOIIHOI (hOPMATIBHOI Teopuu.
Ho Toraa BosHuKaeT BOIIPOC 0 HEIIPOTUBOPEUNBOCTH 3TOW BTOPOU TEOPHH U T. .

4.5. HauBHasa Teopusa anropmTtmMoB

B aTOM pasnese M3JI0XKEHO OKA3aTENbCTBO IIEPBON TeopeMbl [€z1€es1 0 HENmoJIHOTE, OC-
HOBaHHOE Ha WHTYUTUBHOM ITOHATHU ajiropuTMa. [IpmBoanMoe n1okasaTerbcTBO B CBOMX
Hesx ciefyer Opormope YcreHckoro' [6] m siBiseTcss IOCTATOYHO DANEKUM OT OpHU-
TMHAJTBHOTO JlOoKa3aresibcTBa [€mens. OcHOBHAs 1iesib pasjiesia COCTOUT B JIEMOHCTDA-
IIUU TPUMEHUMOCTH U TEeHCTBEHHOCTH NPO0ZPAMMUCTICKUX TIOTXOIOB B MAMEMAMUUECKOM
KOHTEKCTe.

4.5.1. Anroputmsl

I/IHTyI/ITI/IBHOG IIOHATHE aJITOPUTMa KaK <<Ha60pa I/IHCprKL[I/IfI, OITMChIBAIOIINX ITOPALOK
IIefICTBI/Iﬁ HCIIOJTHUTEJIA [JIs1 JOCTUIKEHNA PDE3YJIbTaTa PEHIEHN 3a/la4l 3a KOHEYHOE YN C-
JI0 [[GﬁCTBHﬁ» NN KaK «TOYHO OHpeI[eJIéHHOFO npeanmncanmnsd, MO3BOJIAIOIETO BO MHO-
'nx cCJuaydadax M3 HCXO/AHbIX JaHHBIX IIOJYYWUTb PE3yJibTaT», O6JIalIaeT B TOYHOCTHU Te-
MM K€ JOCTOMHCTBAMMU M HEAOCTATKaMM, 4YTO M OIIpe/eJIcHUE IMOHATUA MHOXKECTBaA B
m 1.1.1. HpI/IBeIIéHHbIe OTIpeaeJICHUA TIOHATHA <aJITOPUTM» IIOHATHBI BCEM IIPOTpaM-
MHUCTaM, OHM BbBI3BIBAIOT BEPHBIE IMPAKTUYECKHE acConuanum C IIporpaMMaMiu, M OHU
COBEpPHIEHHO HEIIOJIHbI 1 HE O6JIaZIaIOT MaTeMaTu4ecKoi CTPOT'OCTbIO.

1BJIaﬂI/IMI/Ip Annpeesnu Yerenckuit (pox. 1930).


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

4.5. HamBHasa Teopust anroputMoB 229

Tem He MeHee, Ja’)ke dTOTO HECTPOTOTO IOHSTHS OKa3bIBAETCSl JIOCTATOYHO BO MHOI'MX
BAKHBIX CJIy4asx, TaK ’Ke KaK M HECTPOTOro IOHSTHs «MHOXEeCTBO» B HAaMBHOI Teopuu
MHO’KECTB OKa3blBA€TCS JOCTATOYHO JIJIsi MHOTUX I10JIE3HBIX HMOCTPOEHMH, B 4aCTHOCTH
TeX, KOTOPBIE TIPUBEIEHBI B 3TOM YUeOHUKE.

BleeM CUUTaATh ajzopumm HEOIIPpEAE/TIACMbIM ITOHATUEM, IMOCTYJUPYSA T€ WJIM UHBIEC €TO
CBOIICTBA TI0 Mepe H806XO,ZIHMOCTI/I.

OTCTYNMJIEHUE

OGBIYHO B cMPO20ii TEOPUU AJITOPUTMOB BBOJUTCS OIHO UJIM HECKOJIBKO «YTOYHEHUIT» HOHSITUS aJl-
TOPUTMa, Hanpumep: mawuna Toropunea, mawuna Ilocma, nopmanvuwiii anzopumm Maprosa, 1 MHO-
rue apyrue. B cynrHOCTH, Kask/j0e Takoe yTOYHEeHMe IMOHSATHS alropuTMa ompesesseT (hopMaIbHbIN
c110c06 3aIMUCH MIPEIIUCAHNN, TO ECTh TIPOTPAMM U He(DOPMAbHbIN aJTOPUTM UHTEPIIPETAIMHU TIPO-
rpaMM, TO €CTh ITPAaBUJIA IPUMEHEHUS IIPOTPAMM K apryMeHTaM [ MoJIydeHus pe3yJsratoB. Bee
IIPE/VIOKEHHbIE K HACTOSIIIEMY MOMCHTY YTOUHEHUS MHTYMTHBHOTO IIOHSITUSI aJTOPUTMa OKa3a-
JINCh 9KBUBAJIEHTHBIMU (B CTPOrOM MaTeMaTHMYeCKOM CMBICJIE), YTO JaJI0 OCHOBAaHUE BBIABUHYTDH
mesuc Toropunea—Yépua, vepopMaIbHO MOCTYJIUPYIONIUIA, YTO BCE YTOYHEHHBIE MOHSTHS aJTO-
pUTMa PaBHOOOBEMHBI MHTYUTHBHOMY MOHSTUIO ajroputMa. DopMayibHble YTOUYHEHUs HOHSITUS
«QJITOPUTM» ¥ MOCTPOEHHASI HA UX OCHOBE CTPOTast TEOPUS AJITOPUTMOB 00JIAAI0T HECOMHEHHBIMU
JIOCTOMHCTBAMU U TIO/JIeKaT HeyKOCHUTeJbHOMY u3ydeHuio. OHAKO Teopusl ajJlfOPUTMOB MMeeT
JIB€ MMMaHEHTHBIX OCOOEHHOCTH, KOTOpble B MPAKTHYECKOM IPUMEHEHUM MPOSIBJIAIOT ce0s Kak
HeynobcTBa. Bo-miepBrix, BBeseHne (HopManbHOTO criocoba 3aMic airOPUTMOB PE3KO YCJIOKHSIET
1 3aTpy/HSET IIPOrpaMMUPOBaHNE, TIOCKOJIBKY ITPOrPAMMUPOBATh MPUXOANUTCS B TEPMUHAX OYEHD
HU3KOTO YPOBHS (SIUEHKHU JIEHThI MalliHbl ThIOpHHTa U TOMY M0A06HOE). Bo-BTOpPBIX, crocob nH-
TePIIPETAINY TIPOTPAMM (8bINOIHEHUS ANZOPUMMOB) BCE PABHO OCTAETCST He(pOPMATBHBIM U TTIOTOMY
JIOITyCKaeT pasjnynble peanusanuu. [loatomy 3arpysnnuTesbHO BBECTH HE3aBUCHIIEE OT peasnsa-
I[N CPEJICTBO IIPSIMOIO aHAJIN3a CBOMCTB BBIINOJHEHMS AJITOPUTMOB, M IPUXOJAUTCS NPUMEHATDH
KOCBEHHbIE KPUTEPHH, MOAOOHBIE ACUMIITOTHYECKUM OIIEHKAM TPYAOEMKOCTU U TOMY IIOL0OHOE.

B s1oM yuebHmKe Tesuc Throputra—Uépua mpuHUMAaeTCst G€30TOBOPOYHO; aKTUBHO HC-
MOJIb3YEMBIN ¢cIoco6 3anucy mporpaMm (TICEBIOKO) MPUHIUMAETCS] KaK JI0CTATOYHO BbI-
Pa3UTENBHBIA CIIOCOO 3AMUCH AJITOPUTMOB; yOEIUTENbHBIE PACCYKIEHUST OTHOCUTEIHHO
TEKCTOB aJTOPUTMOB HPUHUMAIOTCS KaK JIOCTATOYHBbIE 0O0CHOBAHUSI CBOMCTB 3TUX AJITO-
PUTMOB. B 11€s10M U3/105keHNE MOSKHO HA3BaTh HAUGHOU MeOpUeli alzopummog 110 aHaJIOTU1
C HAaWBHOU Teopuell MHOXKECTB.

He orpanmumBas o6IIHOCTH, Jajlee CYUTAETCS, YTO 3a(UKCUPOBAH HEKOTOPbI KOHEYHBIN
ajihaBuT cMMBOJIOB U, OCTATOYHBII JIJIST 3alIUCU BCEX HEOOXOAUMBIX 0OBEKTOB. AJITO-
PUTMBI 3AIMCHIBAIOTCS € TIOMOIIBIO TIOCTIEI0BATEIBHOCTEH CUMBOJIOB M3 3TOTO aihaBUTa;
JIaHHDBIE, K KOTOPBIM IIPUMEHSIOTCS aJITOPUTMBI, TaKKe 3alIMChIBAIOTCS C IIOMOIIBIO TI0CIe-
LOBATEJIBHOCTEH CUMBOJIOB (BO3MOXKHO, JIPYTMX CHMBOJIOB), DJIEMEHTBI BCEX MHOXECTB
3aIMCBIBAIOTCST C TIOMOINBIO CJIOB B 3TOM ayipaBUTe, (DYHKIMU JE€HCTBYIOT W3 MHOKe-
CTBa CJIOB B MHOKECTBO CJIOB B 3TOM asidaBuTe M T. 7. Hampumep, MOXXKHO cunTaTth, 4TO
B andaBut U BXOAAT KUPUJUIHYECKUE, JTATHHCKUE W Tpedeckre OYKBBI, MPOIMMCHBIE U
CTPOYHBIE, B Pa3/IMYHbIX HAuepTaHUsX, apaOGckue U@Pbl, 3HAKK NPEUHAHUS, CKOOKH,
MaTeMaTU4ecKue 3HAKA U T. 1.

ITpaBuia 3amvicu (KOAMPOBAHUSI) PA3IMYHBIX 0OBEKTOB ciioBaMu B ajdasure U cunta-
I0TCSI UI3BECTHBIMU. B 4aCTHOCTH, CYNTAIOTCST M3BECTHBIMU MTPABUJIA 3ATTUCU HATYPAJbHbIX
yucesn (HapUMep, ¢ MTOMOIIBIO JAeCATUIHBIX TUDP), apuMeTHIecKux BbIpaKeHu (Ha-
MIpUMep, C TIOMOIIbIO 3HAKOB OIEPAIUiA, YUCET U MTEPEMEHHBIX ), AITOPUTMOB (HATIpUMED,
C TIOMOTIBIO TICEBJIOKOIA).

Takum 06pa3oM, IPUHUMAETCSI, YTO CYIIECTBYIOT aJITOPUTMbI, KOTOPBIE TI0 JIFOOOMY CIIOBY
B IaHHOM (DUKCHUPOBaHHOM asidaBute U T03BOJILIOT HAIE)KHO OIIPEEIUTD, COOTBETCTBYET
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JIFL TO CJIOBO MPABUJIAM 3alUCH, ¥ OIIPEJIEJUTh, KAKOW MMEHHO 00beKT 3armcaH. Jlokasbi-
BaTh CYNIECTBOBAHUE TOAOOHBIX ATOPUTMOB JIEKCHYECKOTO M CHHTAKCHYECKOTO aHAI3a
HET HY/KIBI — 3TO SMIMPUUYECKUIT (PaKT, JOCTYIHBIA B TIOBCEIHEBHBIX OIIYIIEHUSIX TIPU
paboTe ¢ KOMIIbIOTEPAMHU.

VMeHa aJiTOPUTMOB 3alIChIBAIOTCS] TPOTIUCHBIMU TTOMYKUPHBIMU JIATUHCKUMHU OyKBaMU
B NPSIMOM HauepTaHuu (Hampumep, A), 4TOObI JIETKO OTJIUYATH UX OT UMEH MHOKECTB
U UHBIX 00bekTOB. CaMu aJTOPUTMBI 3alUCHIBAIOTCS Ha TICEBAOKOAE. ECIM ajroputMmbl
MMEIOT BXOJHBIE JaHHBIE W Pe3YJBTAThl, TO OHU YKa3bIBAIOTCH OTAEJIbHO M Ha3bIBAIOT-
CS 3a20JI06KOM GN20PUMMA, & OIIEPATOPDI, 33/al0l1e CaM aJITOPUTM, HA3bIBAIOTCS MEeA0M
anopumma.

4.5.2. Bbluucnumoie pyHKUUMN

AsroputMbl OBIBAIOT pasHbie. B 4aCTHOCTH, aJTOPUTMBI MOTYT 00JIaaTh PasHBIMEU BO3-
MOKHOCTSIMU B YaCTH BBIPAOATBIBAHUSI PE3YJIBTATA.

PaccmoTpum citydail, KOrjia alroputT™M A MPUHUMAET Ha BXOJ HEKOTOPBIE HaHHbE (ap-
eymenm) u nepepabaThiBaeT UX B HEKOTOPBIE APYTHE UJIN Te JKe caMble JaHHble (pe3yiv-
mam). TeM caMbIM aJIrOpuT™M A OIpe/esieT OTHOIIEHHE A MeX/y MHOKECTBOM BO3MOJK-
HBIX BXOJHBIX JaHHBIX (0603HaueHre Dom A) U MHOKECTBOM BO3MOJKHBIX Pe3yJIbTaTOB
(o6o3Hauenne Im A),

A CDomA xImA.

Eciu orHomenne A obmagaer cBoiictBoM ¢yHKIHoHaMbHOCTH (1. 1.6.1), TO TOBOpPAT,
YTO aNTOPUTM A peanusyem svruucaumyio gyuxyuio. Ecnv GyHKIMS SBISETCS BBIYUCIN-
MOM, TO €CTh €CJIU MPEIbSIBICH PEATUYIONIUN €€ aJITOPUTM, TO MOXKET OBITh TIOCTPOEHO
0GECKOHEYHO MHOTO JPYTUX aJTOPUTMOB, TaKKe PealnusyIouux sTy ke (yHkimo. Jei-
CTBUTEJIBHO, JJIsI 9TOTO JOCTATOYHO BCTABJATH B TEJO JIOOOrO U3 YiKe IOCTPOEHHBIX
aJITOPUTMOB TIPOU3BOJIbHBIE HEHYKHBIE ONEPATOPBI, BBITOJHEHHE KOTOPHIX HE BJIHMSET
Ha pe3yJbrar. Bce anropuTMbl, peasusyiolie OAHY U Ty Xe (DYHKIHMIO, Ha3bIBAIOTCS
PYHKUUOHATHLHO IKBUBANEHTNHBIMU.

Dyukinona bHast IKBUBAIEHTHOCTD, OYEBU/IHO, A€HCTBUTENBHO SIBJISIETCS OTHOIIEHUEM
KBUBAJIEHTHOCTU Ha KJIACCE AJITOPUTMOB W onipesiesisieT GakTop-mHoxecTBo (1. 1.7.3)
KJIaccOB (DYHKIMOHATBHO SKBUBAJIEHTHBIX aJITOPUTMOB. JTO (PAKTOP-MHOKECTBO B3aUM-
HO OJIHO3HAYHO COOTBETCTBYET KJIACCY BBIYMCIUMBIX (DYHKIIUI, TIOITOMY MOKHO BBI-
6paTh KakoH-160 13 (HYHKIIMOHATBHO 9KBUBATEHTHBIX aJITOPUTMOB, OOBSIBUTH €T0 ped-
cmasgienuem BBIYUCIUMON (DYHKIIMU W UCIOJIb30BaTh B KadecTBe (DYHKIUU Be3JE, TIe
3TO HEeOOXOAUMO, B YACTHOCTH B JPYTHX aJTOPUTMAX JJISI BBIYMCJIEHUS 3HAYEHUS 3TON
bynkmmm.

310 06CTOATENBCTBO ONPABABIBAET UCIIOJIb3yEMbIE Jajlee BOJBHOCTU B 0OO3HAUEHMSX M
B CJIOBECHBIX 000pPOTAX, KOrJa BhIUMCAMMbIE DYHKIIMU U UX [IPEACTAaBJIEHUs He pasjiuya-
I0TCS1, TOZI0OHO TOMY, KAK MbI TOBOPUM O (DYHKIIUH, TPEAbSBIISIS 3alUCh Peau3yionieil
eé opmyanr (1. 3.2.4).

3AMEYAHUE
Jlnst 1esieit HAMBHOW TEOPUU AJITOPUTMOB COBEPIIEHHO HE BAKHO, KAKOW MMEHHO u3 (DYHKIIMO-
HAJIbHO SKBUBAJIEHTHBIX aJTOPUTMOB IPEJCTABJSET BBIUNCIUMYIO (DYHKIMIO. /I TPaKTHYeCKOro
MIPOTPaMMHUPOBAHMUSI 3TO, HAIIPOTUB, OJIMH M3 TJIABHBIX BOIPOCOB, MOTOMY 4TO (DYHKIIMOHAJIBHO JK-
BUBAJIEHTHBIE AJITOPUTMBI MOTYT JIPaMaTUYeCKd OTJIMYAThCS JIPYT OT JAPyra 10 JJIMHE 3aIlUCH, TI0
3¢ deKTUBHOCTH PabOTHI, TI0 CTENIEHH TIOHATHOCTHU U T. /1. /I aITOPUTMOB HEM3BECTHO HOPMAJIbHBIX
dopwm (11. 3.4.3), K coKaTeHHIO.
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B ncnosbp3yeMoM 1iceBAOKO/IE B Tesle BBIYUCIUMON (PYHKITNH, KaK ITPaBUIIO, TPUCYTCTBYET
oneparop return.

J1J1s1 3aI11CH BEIMUCINMBIX (PYHKIMIL IIPUMEHSIOTCS Te JKe 0003HAYeH s, YTO 1 A1l 3allUCH
pyHKIIMI:
A:DomA —-ImA, ImA=A(DomA), r=A(a), tiea€DomA,recImA.

3AMEYAHUE
Borunciumas QyHKIMS MOKET ObITh YACTUYHOW, TO €CTh B 3alMCH ajroputMa A MOKeT ObITh
VKa3aHo, YTO aJTOPUTM MPUHUMAET Ha BXOJ 3HaueHWsI THUMA 77 U BBIAAET Ha BBHIXOJ 3HAUCHIS
tuna 1> (A:T1 — T3), Ho 1pu aToM, Ha camoM jeine, DomA ¢ 77 u ImA ¢ T3, TOo ecTb
o6sacTh OTHpaBICHUSA U 00JIaCTh IPUOBITHA HMIMpe 06JaCTH onpeneeHnss U 00JacT 3HAYCHUH,
COOTBETCTBEHHO. B 9TOM cjyyae CUMTAETCs, YTO TIPU MPUMEHEHUN K HEMOXOSIIEMY apryMeH-
Ty BbluncauMast GYHKIMSL He 8bipabamvléaem HUKaxKozo pesyiomama. TeM caMblM HAWBHAsI TEOPUS
AJITOPUTMOB MPUOJIMIKAETCSI K CYPOBOU ITPOIPAMMUCTCKOM MTPAKTHKE.

Mpumepsl

1. Cymepnosuiust BBIMUCIUMBIX (DYHKI[HIT, OUEBUIHO, BBIYUCIUMA. TeM caMbIM Jir0Oast
dhopmyiia Has 6a3UCOM BBIYUCTUMBIX (DYHKIMI 3a/[a€T BRIYUCIUMYIO (DYHKIUIO.

2. Anroputmbl yaudukanuu (1. 4.3.3) 1 MHOrHE APyTHe aIrOPUTMBI B 9TOM yueOHUKe
3a/Ia10T BBIYUCIUMbBIE (DYHKITUU.

OTCTYMJIEHUE
[ToHsiTve <«TUI», WM <TUIl JIAHHBIX», MCIIOJb30BAHHOE B IIPEBIAYIIEM 3aMEYaHUU, UMEET BaK-
HOe 3HavyeHue B mporpamMmupoBannu. C TOUKW 3peHUs] HAUBHOI TEOPUH aJTOPUTMOB /MUN — 3TO
HEKOTOPOE TIepeuncanmMoe (M paspernmoe, cM. 1. 4.5.4) MHOKeCTBO cJIoB B aidasure U. B mpo-
IPAMMHPOBAaHUY TOHSTHe TUIA (M POJCTBEHHOE MOHIATHE KJacca) HMPUMEHSIETCS, B YaCTHOCTH,
ST TIPOBEPKU NPAaBUJIBHOCTU NPUMEHEHUsT (YaCTHYHBIX) BBIYMCIUMBIX (DYHKIMI U aJIrOPUTMOB.
A VIMEHHO, YKa3bIBasl THIIbI TTAPaMeTPOB (DYHKIINH, TPOTPAMMUCT 3a0a€T (10 HEKOTOPOU CTereHNn )
ob6usacTb onpesesieHust GYHKIUM, U CUCTEMA IIPOrPAMMKUPOBAHKSI MOKET [IPOBEPUTD, IPHHAJIEKUT
IlepelaHHbII apryMeHT YKa3aHHOMY THITY WJIM HET (9TO BO3MOJKHO, IIOCKOJIBKY THI — Paspelinmoe
MHOJKECTBO). Pe3yJibrarhl 9TOH IIPOBEPKH MOTYT OBITh UCIIOJIb30BAHBI [IJIs1 AMATHOCTUPOBAHUS UJIU
NPEIOTBPAIEH s OIMMOKKM U JUUIsl IPYTHUX TMOJIE3HBIX JeHCTBUil. B aTOM pasiesne HaM He MOHAJIO0-
6uTach TEOpHs THIIOB, HO 9TO BAKHOE M MPAKTUYECKU IOJIE3HOE OTBETBJIECHWE HAUBHOW TEOPHU
AJITOPUTMOB.

4.5.3. MNepeuncnmmoie MHOXeECTBa

PaccmoTpum Tereps caydait, Koraa airoputM A He IPUHAMAET HA BXOJ HUKAKUX JTAHHbBIX,
a Oy[y4u 3aIyIleHHBIM, BbIPAa0AThIBAET HEKOTOPYIO IMOCJE0BATEIBHOCTD PE3YJIBTATOBR
(1. 1.1.2). Tem cambiM ajarOpuTM A OIpejiesiieT HEKOTOPOe MHOXKECTBO A, sIBJstionieecst
MHOKECTBOM CJIOB B asidasure U, KOTOPOE HA3BIBAECTCS NEPEUUCTUMBIM:
A={acU"|a:=A()}.

CoBepIlIeHHO aHAJOTHYHO BBIYUCIUMBIM (DYHKIIUSM, TIepEYNCIUMBbIE MHOXKECTBA MOTYT
OLITh PeATN30BaHbl GECKOHEYHBIM MHOKECTBOM QJITOPUTMOB, KOTOPBIE BCE HKBUBAJIEHT-
HBI B TOM CMBICJIE, YTO MEePeUNCIsTIOT OJTHO M TO K€ MHOKECTBO. YCIOBUMCS JITIST KaXK/[OTO
MEePEYNCIMMOTO MHOKECTBA BBIOUPATh npedcmasienue B KIacce SKBUBATEHTHBIX aJro-
PUTMOB ¥ He PAa3JIMyaTh MEPEYNCINMOe MHOJKECTBO U €T0 TPeCcTaBIeHre Oe3 HysKIbl. AJ-
TOPUTM, TIPEICTABJISIONINI epeuncauMoe MHOKECTBO, /1T KPATKOCTU PeYr HA3bIBAETCS
IIPOCTO NEPEUUCTIIOUUM.
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B ucrnosib3yeMoM TCeBIOKO/IE B TeJe aJTOPUTMA, MEePEYHCIISIONIEro MHOKECTBO, KaK TIpa-
BUJIO, TIPUCYTCTBYET onepatop yield a.

C/:[eﬂaeM HECKOJIBKO 3aMeuaHuil OTHOCUTEIBHO NepeuYncCaMbIX MHOKECTB.

1. Wuorzna oneparop yield a orcyrcrByer B SIBHOM BH/E, HO TOrJa OH BCEria Moje-
Jqupyercst onepatopoM A:= A + a nobaBjieHUs 2JleMEHTa ¢ B U3HAYAJIBHO IIyCTOE
MHOKeCTBO A.

2. Beskoe KOHEYHOE MHOXKECTBO {aq,...,an} MOXKET ObITh 3aJaHO TEPEYUCTCHUEM
DJIEMEHTOB M TeM CaMbIM SIBJSIETCS TI€PEYUCHUMBIM. J[efiCTBUTEIBHO, aJrOPUTM
begin yield a1; ..; yield a,, end nepeunciser ato MmHOKecTBO. B wacTHOCTH, anda-
BUT U MEPeUncInM, TePeInucIsIonuii ero arroput™ obosuaunm U.

3. Besikoe nepeunciumoe MHOKeCcTBO A juHeitHo ynopsioueno (1. 1.8.2). [/leiictu-
TEJIbHO, TIOPSIIOK BHITOIHEHUS ornepaTopoB yield (wiu omeparopa probaBienus aie-
MEHTAa) OYEBU/IHO JIMHEEH.

4. Ilepeuncanmbie MHOXKeCTBA (M TOJIBKO OHH!) MOTYT TOSIBJISITBCS B 3ar0JIOBKE ITMKJIA
o mHOkecTBY for a € A do B(a) end for, rae B — Hekoropsiii amroputm. [leil-
CTBUTEJIBHO, YTOObI PEaln30BaTh 9TOT LUKJI, AOCTATOUYHO B TeJe MePeUNCISIOniero
anroputMa A 3amenuTh omeparop yield a Bei3oBoMm anroputma B(a).

5. KoHkpeTHble IMepeyncisionie airopuTMbl, IPUBOIUMbBIE B IIPUMEPAX, TeHEPUPY-
10T Ka)KIBIH 9JIEMEHT POBHO OAUH pa3, Kak 3T0 U Tpebyercst B OOBIYHBIX MHOXKE-
crBax. OHAKO IBHO HAKJIQ/bIBATh TAaKOe OrpPaHUYEHUE Ha TIePEUHCIISIONINe ajro-
PUTMBI HeoOsI3aTeIbHO. [ edCTBUTEIBHO, €CIIM UMEETCs TIEPEYNCISIONINNA aJIrOPUTM,
KOTOPBIN IlepevyrcigeT Kakue-TO 3JIeMEHTbl HECKOJIbKO pa3, TO B €ro TeJ0 MOX-
HO BCTaBUTDH IIPOBEPKY, MCKJIOYAIOIIYI0 MOBTOPHBIE H00aBjieHUs 31eMeHTOB. Ile-
PEUNCTIAIONIAE aJITOPUTMBI, TeHEPUPYIONINE 3JIEMEHTHI 10 HECKOJbKO pa3, MOXKHO
UCIIOJIB30BaTh /st PabOThl ¢ MYJIBTUMHOKECTBAMH, KOTOPbIE B 3TOM pasjelie He
MOHAZI00UINCE.

Mpumepnl
1. MHOecTBO HATypaJTbHBIX YNCEN MEPEUNCIUMO:
N = {n | n:=0; while true do n :=n + 1;yield n end while} .

2. Anroputmer 1. 1.3.2 — 1.3.4 3aa10T TIepeYnCINMbIE MHOKECTBA.

3. Ilycroe MHOXECTBO & M MHOXKECTBO Bcex cyioB U™ nepeunciumel. [lycroe muOXe-
CTBO Hepe‘-II/IC]II/IMO HyCTbIM a]II‘OpI/ITMOM Skip, a MHOJKECTBO BCEX CJIOB IE€peYnNCIN-
MO OYE€BUIHDBIM aJIl"OpI/ITMOM, KOTOprfI BHadaJie Hepe‘H/ICJIHeT BCe€ CJIOBa AJIMHDBI 1,
TIOTOM BCe CJIOBA JAJHUHBI 2 U T. II.

TEOPEMA 1. Cywecmgyrom HeguluuciuMbvie QYHKUUU U HenepeuuciumMvle MHONCECMEA.

DOKA3ATENLCTBO. YUMo pas/inuHbIX CJIOB B HEIYCTOM KOHEYHOM ajipaBuTE CUYETHO.
Bestkuii anroput™ — 9TO CI0BO B KOHEYHOM ayihaBUTE, CIE0BATETHHO, YUCI0 PA3TUIHBIX
anroputMoB He Gosee dem cuérro. Makrop-mHoxkecTBO (1. 1.7.3) He MOKET IPeBOCXO-
JIUTH UCXOZHOE MHOKECTBO TI0 MOIITHOCTH, TO3TOMY MHOKECTBO KJTacCOB (DYHKITMOHATBHO
SKBHMBAJICHTHBIX aJITOPUTMOB He Gojiee yeM cuérTHo. C Apyroii cCTOpoHbI, MHOKECTBO BCEX
MTOJIMHOKECTB CUETHOTO MHOKECTBA HECUETHO. SHAYUT, YMCJIO PA3TUYHBIX MHOKECTB CJIOB
Y YUCJIO PA3TUYHBIX (DYHKIUN U3 MHOMKECTB CJIOB B MHOXKECTBa CJIOB HecuéTHo. Cieso-
BaTeJIbHO, HEBO3MOKHO B3aMMHO-OJIHO3HAYHOE COOTBETCTBUE U3 MHOKECTBA AJITOPUTMOB
B MHOXKECTBO MHOKECTB M B MHOKECTBO (DYHKITHIL. |
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CNEACTBUE. Cyuiecmeyiom nepeuuciumvie MHONCECMEa U 8bl4UCIUMbBLE DYHKUUU; UX KO-
auvecmea He 60ee uem CUémuol.

SAMEYAHMUE

Hapsiy ¢ BBIYucInMbIMU QYHKIMSIMA U TIEPEYUCTIMBIMU MHOKECTBAMHU OBIBAET MOJIE3HO PacCMaT-
pHUBaTh ¥ IPYrHe TUIIbI AJITOPUTMOB, HAIPIMEP UTEPaTOpbl, TpaHCHOPMAIIUU U T. II.

MNpumep. Muoxectso N nepeunciumo, Muoxkectso N2 = N x N rakke I1€pedrcIuMo.
Hampumep, caenyiomuit asroputm N2 repednciisger mapbl HATYPaabHbIX udnces (a,b):
n:=0; while true do n:=n+ 1; for b from 1 to n do yield (n — b+ 1,b) end for end
while.

[lepeuncinMOCTh MHOXKECTB TECHO CBSI3aHA C BBIYMCIUMBIMU (DYHKIIUSMU HATYPATbHO-
ro psma. [eiictBurtensHo, nepedncinmoe MHOKecTBO N (1 ero orpesku, m. 1.2.5) — 310
yI0OHOE ¥ eCTECTBEHHOE CPENCTBO HYMEPAuuU, TO €CTh TEPEUNCIEHIsT MHOKECTB CIIOB.
[Tyctp A — mepeuncamMoe MHOXKECTBO, 3alanHoe anroputMoM A. Iloctpoum Bbramcm-
Myto ¢yskiuio F: N — A, BO3Bpalaionlyio 3JeMeHT MePeYrcAUMOr0 MHOXKECTBA TI0
ero Homepy, u obpathyo GyHkimio F~1: A — N, BO3Bpamamouyo HOMEp 3aIaHHOTO
3JIeMEHTa:

func F(n:N): A func F~(z:A):N
k:=0 k:=0
for a € A do for a ¢ A do
k:=k+1 k:i=k+1
if £ = n then return a end if if x = a then return & end if
end for end for
return fail return fail

Hepe‘{I/ICJIHIOHIyIO (byHKI_[I/IIO F' Bcerpa MOXHO 1 MHOTZA yI[O6HO HCIIOJIb30BaTb B Ka4€CTBE
IIpeACTaBJACHUS IIEPEIYNCINMOIO MHOKECTBA HapAAYy C T€EHEPHUPYIOUIUM aJTrOPUTMOM.

3AMEYAHUME
B a1HxX ajropuT™ax MoKasaH OAUH U3 CHOCOO0B PaGOThI ¢ YACTUYHBIMU BBIYMCIUMBIME (DYHKI[H-
MU B HCIIOJIb3YEeMOM IICeBIOKoze. Eciu 3HaueHue (YHKIMU HE ONPEIEIeHO, TO BO3BPAIAETCs
cuenuanbHoe 3navenue fail.

MNpumep. Dopmyna 2%(2b + 1) — 1 3agaeT HOMep Mapbl B HEKOTOPOM ITI€PEUMCIEHUN
HATYpPaJIbHBIX 1ap (a,b).

TEOPEMA 2. Obsedunenue u nepeceuerue nepedtciumblx MHOMCeCmE nepeuiuciumbl,

[okasaTEnbcTBO. Ilycth X um Y — mepeumcianMble MHOXKECTBA C MEPEUUCTSIONINMU
pyarmmsavu X: N—- X nuY: N— Y.

[U] Ecam xoTst OB OIHO M3 MHOXKECTB IYCTO, TO yTBEpIKAeHWE TPUBHANHHO. MHaue
BeruncauMast Gyuknust Z: N — X UY nepeuncisier obbeiutenue: Z(n): =
if n = (ndiv 2) 2 then return X (ndiv2) else return Y ((n + 1) div 2) end if.
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[N] Ecau nepecedenie mycTo, TO OHO TIEPEYNCIUMO IO OTpenesieHuio. Vnade paccMoT-
puM anroput™ N2, Mepedmcsionnil mapbl HATYPAIbHBIX YHCesN (CM. IPHMEp BBIIIE),
U TIOCTPOUM aJITOPUTM, HEPEYUCISIIONINI [IepeceyeHue:

for (a,b) € N2 do if X(a) =Y (b) then yield X (a) end if end for. O

S3AMEYAHME

[lpyrue npuMepsl nepeyucsionux aIroputMos B ¢popMe UTepaTopoB npuseneHsl B 11. 1.3.8.

4.5.4. Pa3pewimMmbieé MHOXECTBA

[TonMHOXKECTBO €JI0B S 1IEPEUUCTIMOr0 MHOKECTBA M Ha3BIBAETCSI PASPEUUMBIM, €CIIU
cymectByer Takoit anmroputm S: M — {F,T}, uro S(m) = T rorma m Toapko TOrna,
Korga m € S. JIpyriMu cI0BaMU, MHOXKECTBO Pa3pelInMO, €CJH CYLeCTBYET aJlOPUTM,
KOTOPBII PACIIO3HAET PUHAJIEIKHOCTD HJIEMEHTOB 3TOMY MHOXKECTBY.

fcHo, UTO ecau MHOKECTBO S pas3penmMo OTHOCUTeNbHO M, To MHOXecTBO M \ S Takke
paspenmmo — JI0CTaTOYHO B TeJie aJITOPUTMa S 3aMeHuTh oniepatop return T onepaTropom
return F u Hao6opor.

JIEMMA 1. /s mo06020 muoxcecmea X, @ u X paspewumvt omuocumenvio X.

DOKASATENbLCTBO. /[JI51 IycTOrO0 MHOKECTBA MCKOMBIM aJITOPUTM — KOHCTaHTa F, a /s
MHoOxKecTtBa X — KoHcTaHTa T. O

JIEMMA 2. Paspewumoe noomnoxcecmeo S nepeuuciumozo mnoxcecmea M nepeuuciumo.

DokAa3ATENbCTBO. [lycTh S — pazpematontuii anroputwm s S, a M — nepeuuncisonuii
anroput™m 1751 M. TlocTponM mepedncisionuii aaroputM Sy st S.
S;:= for m € M do if S(m) then yield m end if end for. O

Orciofa HEMEJJIEHHO CJIelyeT, YTO BCSIKOe Pa3peniuMoe MOAMHOKECTBO HATYPaJIbHOTO
psiZia epeyrcaruMO.

JIEMMA 3. TlodmHoscecmso S nepeuucaumozo muoxcecmsa M paspewumo mozoa u moiv-
K0 mozda, K020a Nepeutciumo Kax MHoxcecmso S, max u ezo donoanenue M\ S.

JOKA3ATENbLCTBO.

[ =1 Ecuau muOXecTBO S paspemumo otHocutesbHo M, To MHOXKecTBO M \ S Takxke
pa3penmmo, U OCTaETCs TPUMEHUTD JIeMMY 2.

[«<]1 Ecau S v M \ S mycro, o no semmve 1 S paspenmmo. Ilycrs tenepb oba MHO-
xkectBa S u M \ S He MyCTbI U TIEPEYUCTUMBI TIEPEUUCISIIONIUME alropuTMamMu S u S
COOTBETCTBEHHO, a BhryucauMbie GyHknuu F, Fy: N — M [10CTaBAsIIOT 371€MEHTBI 9THX
MHO’KECTB 10 HOMepaM. Torza ciaefyoninii ailTOpuTM pa3perraeT MHOKECTBO S
func SS(s: M) : {F, T}
n:=0
while true do
n:=n+1;z:=F(n), y:=Fi(n)
if z = s then return T end if
if y = s then return F end if
end while 0
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JIEMMA 4. Eciu Qynxuus 6btduciuma, mo o0pas nepewuciumozo MHONCeCmMea nepeuiic-
JUM.

Doka3atenbctBo. I[lycth dynkiug F: Dom F — Im F Beruucianma, a MHOXKECTBO

A C Dom F nepeunciumo, torna MHOXKecTBO F(A) C Im F nepeuncisiercs ciaenyommm
AJITOPUTMOM:

for z € A do yield F(z) end for. O

JIEMMA 5. Eciu pynkuus sbluuciuma u onpeoesiend na nepediuciumom MHoxcecmee, mo
nPoo6PA3 NEPEUUCTUMO20 MHONCECTNEA NEPEUUCTUM.

Boka3ATENbCTBO. Ilycth pynknusa F: Dom F — Im F BoluncanMa, a MHOXKeCTBO B 11e-
PEYUCIUMO BBIYUCTUMOM (yHKIMEN h, 1 MHOKecTBO Dom F' riepeuncyiiMo BbIYUCIMMOA
byukimeit g. Torna muoxectso F~1(B) mepeuncasgerca cieayiomum aaroputmom: for
(a,b) € N2 do if F(g(a)) = h(b) then yield g(a) end if end for. O

I'Ipumep. Koneunbsle MHOXKeCTBa Ppa3penirMbl. beckoneunble MHOKECTBA YETHBIX U HEUET-
HBIX, a4 TaKKe€ ITPOCTBIX N COCTaBHBIX HATYPaJIbHbIX YNCEJI Pa3PECIINMBI.

Cy1iecTBYIOT Hepa3penmMble MHOKECTBA, B TOM YHCJE Hepa3penirMble MOJIMHOKECTBA
HATYDPAJIBHBIX YHCEJ, TIOCKOJbKY MHOKECTBO AJITOPUTMOB CYETHO, & MHOKECTBO TTIOJIMHO-
JKECTB HATYpaJIbHBIX unces HecyeTHO (1. 1.2.4).

4.5.5. NMpoTokon BbINOJIHEHUS anropnTMa

[IporpammucTckast mpakTUKa CBU/IETEJIBCTBYET, YTO IPOIPaMMBbl MHOT/IA YIAETCS OTJia-
JIATh, TO €CTb HAWUTH M YCTPAHUTH OIMUOKHU, COJEpsKAIrecs: B ajroputMmax. IIpoiecc
OTJIA[KU OCHOBAaH Ha TOM, 4TO 3a pabOTON alrOpuTMa BO3MOKHO HaGJIIO/IeHIE, B YaCTHO-
CTH, JUJISA JTI0OOTO AJITOPUTMA U JIJIsT JIFOOTO CJIydast BBIIOJIHEHUSI 3TOTO aJTOPUTMA MOKHO
COCTaBUTD NPOMOKOJL 6bINOIHEHUSL, B KOTOPOM HCUYEPIIBIBAIOIIAM 00Pa30M OTPAsKAETCST HC-
TOpHS BBIIOJHEHUS alropuTMa (/14 3aJJaHHbIX BXOJIHBIX JIaHHBIX). Jpyrumu cioBamu, B
CaMMX QJITOPUTMax U B UX BBIITOJHEHUM HET HUYETO «YyAECHOr0», HUYEro TaKOTo, Yero
HeJsIb34 3allucarh cjoBaMu B asndasure U.

CJIeI[yIOH.II/Iﬁ (l)aKT MBI IIPUHUMAaEM 6e3 JI0Ka3aTeJIbCTBA, KaK allpuoOpHOE CBOWICTBO NHTY-
UTUBHOTO TMMOHATHA aJITOPUTMA.

Axcuoma nporokoina. /s kax0ozo areopumma A cyuwecmsyem paspeuumoe MHOMECmso
H u cywecmayiom sviuucaumovie pynxyuu a: H — U* u z: H — U*, maxue umo A(x) =y
moeda u moavko moeda, xKoeda cywecmeyem maxoe h € H,umo a(h) = z u z(h) = y.

MHo:xecTBO H — 3TO MHOXECTBO BCEX BO3MOKHBIX ITPOTOKOJIOB BBITIOTTHEHUS aITOPUTMA

A, h — 3TO TIPOTOKOJI BBITIOJTHEHUST C BXOJIOM T W BBIXOJIOM ¥, a PYHKIINHU @ U z — 3TO
(yHKIIMM OTIpe/ieIeHusT BXOJIOB U BBIXO/IOB, COOTBETCTBEHHO.

OTCTYMJIEHUE
Ecin mst xaxnoit maper (z,y), mist koropoit A(xz) = y ciaoBo h € H, takoe uto a(h) = = u
z(h) = y He TOJHKO CYIIECTBYET, HO M €AMHCTBEHHO, TO AJTOPUTM HA3LIBAETCS OemepMunupo-

sannviM. B TIpoTOKOJIE eTePMUHUPOBAHHOTO AJTOPUTMA MOPSIOK MeHCTBUN CTPOTHH JIMHEHHBIN
(m. 1.8.2). B chopmynmupoBaHHOi akcroMe TIPOTOKOJA €IWHCTBEHHOCTh He Tpebyercs, TeM ca-
MbIM JIOTIYCKAETCSI, YTO BBINOJHEHUE aJITOPUTMA MOKET ObITh HeZleTePMUHMPOBaHHBIM. B ipoTokoJie
HeJIETEPMUHUPOBAHHOTO AJITOPUTMA TIOPSIJIOK JIEHCTBUIT HECTPOTHIA YacTUYHBIH. B HemeTepmMuHu-
POBAaHHOCTU HET HUYETO CTPAIIHOTO, H0JIEe TOTO, HTO IIYTh K MapPAJIENbHOMY MPOrPAMMHUPOBAHUIO
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" JIpyruM COBPEMEHHBIM IIOAXO/JaM B l/lH(bOpMaLlI/IOHHbIX TEXHOJIOTHUAX. HOSTOMy HaKJ1a/IblIBaTb
Tpe6OBaHI/Ie A€TEPMUHUPOBAHHOCTU 6e3 H606XO[[I/IMOCTI/I HE CJIelyeT.

CNEACTBUE 1. O6acmv npuMenumocmu u MHONCECMBEO Pe3yLbmamog o020 aizopum-
Ma NePEUUCTUMDbL.

DoKA3ATENbCTBO. OO6sacTh TprMeHUMOCTH — 3TO a(H), a MHOXKECTBO Pe3yJIbTaTOB —
910 z(H). Oba 9T MHOKECTBA MEPEYUCTIMBI IO JIEMME 4. O

CNEACTBUE 2.  Ob6racmw onpedenenius i MHOICECME0 3HAUCHULL 1000 BLIUUCIUMOL PYHK-
UUU NePeUUCTUMDL.

DOKA3ATENbCTBO. YacTHbil cayuaii ciencreus 1. O

CNEACTBMUE 3. Ipaghux n10601i 8bIutiCAUMOL DYHKUUU NEPEUUCTUM.

DokA3ATENbCTBO. [T0 akcuome IPOTOKOA [UIst (HYHKIMU CYHIECTBYET MHOKECTBO TIPO-
ToK0JI0B H 1 Bbruncaumbie dyHkunu Bxopa/soixona a(h) u z(h). Torpa cremyommii
amroputsm tniepeunciser rpabuk dyukiun: for h € H do yield (a(h), z(h)) end for O

CNEACTBUE 4. QDyHKuus ¢ NepeutucIumbim epapuxom ebluuciuma.

Doka3aTENbCTBO. IlycTh amroputm F mepeuucnsger rpacduk dyHkIum f, To €CTh MHO-
xkectBo {(a,b) | a = f(b)}. Torna ciaeayromuit anropuT™ BHIUUCISIET 3HAYeHNE (DYHKIIUU
f(z): for (a,b) € F do if x = a then return b end for O

4.5.6. MporpamMmmebl

Asroputmbl MOTYT GBITH 3allFCaHbl KaK CJI0BA B YHUBepcaJibHOM asiasure U, npuuém
Takas 3aIllUCh 3aBEJOMO He SBJFeTCs eMHCTBeHHOH. BosHuKaeT ecTecTBEHHBIN BOIPOC:
€CJIV JIAHBI JIBE 3aIMCH, TPUYEM 00€ CHHTAKCUYECKHU PACIIO3HAIOTCS KaK 3aIliCH aJITOPHT-
MOB, TO YTO MOKHO CKa3aTb O CBOICTBaX ajJropuTMOB 10 uX 3anucam? Hampumep, ato
JIB€ 3aIlMCHU OJHOrO aJITOPUTMA WJIM PasHBLIX aJrOPUTMOB? SICHO, YTO OTBETUTb Ha 3TH
BOIIPOCHI HE Tak MpocTo. Heo6GX0MMMO BHECTH YTOUHEHUS! B OMHCAHME CIOCOOA 3aIiCh
AJITOPUTMOB.

Beeném o6o3Havenusi. HamroMHUM, 9TO MBI paccMaTpUBaeM aJTOPUTMbBI HaJl CIOBaMHU B
andasure U, TO €CTh aJTOPUTMbI IPUHUMAIOT B KAUeCTBE apryMEHTOB €JIoBa (BO3MOX-
HO, He IPUHMMAIOT apTYMEHTOB) W BBIPAOAThIBAIOT B KAueCTBE Pe3yJibTaTa TaKikKe CJIOBa
(BO3MOKHO, MHOTO CJIOB).

AJITOPUTMBI, B TOM YHCJIE BBIYUCIUMBIE (DYHKIINH, He 0053aTeJIbHO TOTaIbHbl. Eciu ap-
TYMEHTBI MPUHAJJIEKAT OOJACTU OIPE/IE/IEHUsT aJlTOPUTMa, TO TOBOPSIT, YTO AJTOPUTM
NPUMEHUM.

ToBopsr, uto aBa anroputMa A u B yciosno pasnor 1y aprymenta x, obo3HauYeHUe
A(z) ~ B(z), eciu subo 06a anroputMa MPUMEHUMbI K apryMeHTy , ¥ TOT[a WX
PE3YJBTAThl COBMAAIOT, MO0 00a aJrOPUTMa HETIPUMEHUMBI K .
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3AMEYAHUE
AJITOPUTMBI B 3TOM OIIPEIEJCHUN SBJISAIOTCA HE TOJBKO aJITOPUTMAaMU BBIYMCIUMBIX (DYHKIUH,
HO Jo0biME anroputMamu. [ToaToMy pesysibraTaMu paboThl MOXKET OBITH He TOJHKO BO3BpAlla-
eMoe 3HayeHue, HO M TEPEeYrCIMMOe MHOXKECTBO, WM TI0CJIE/[0BATENbHOCTD JIEHCTBUI B ciydae
UTEPAaTOPOB, MJIKM U3MEHEHHE COCTOsIHUsI 00beKTa B ciydae TpaHchopmarmii u T. 1. CoBnageHue
DE3yJIBTATOB ISl KAyK/IOTO THUIIA aJITOPUTMOB OIlpesessiercs crelmduueckum obpasom. [list BbI-
YUCTUMBIX (DYHKIMI 3TO PABEHCTBO CJIOB, /ISl TIEPEYHCAMMBIX MHOKECTB — PABEHCTBO MHOXKECTB
CJIOB.

Ba anroputMa A u B HasbIBAIOTCS PAGHOCUNLHLIMU, €CIM Y HUX COBIAZAIOT 00JacTh
NPUMEHNMOCTH, U IS JTI0O0TO CJI0Ba M3 9TOH 06JIaCTH, B3ATOTO B KAueCTBE apryMEHTa,
COBTIA/IAIOT PE3YJIBTATHI PAbOTHI aMrOpuT™MOB, TO ecTh Vo (A(z) ~ B(z)). PaBHOCHID-
HOCTh 00BIYHO 0003HAYaeTCs cieayiomuM obpasom: A ~ B. fcHo, 4TO PaBHOCUJIBHOCTD
AJITOPUTMOB ABJIAETCA 3KBUBAJIEHTHOCTDBIO.

SAMEYAHUE
Bce atu ompezesieHusT IPIMEHUMBI K JIIOOBIM QJITOPUTMaM, B YaCTHOCTH, K BBIYUCIMMBIM (DYHK-
usiM. [10aTOMy PaBHOCHIIBHOCTD ¥ (DYHKIIMOHAJIbHAS SKBUBAJEHTHOCTH — 3TO PABHOOOBEMHbIE
ITOHATHA.

ToBopsr, uto aBa amroputMa A u B secrody omauuaromes, ecim =3z (A(x) ~ B(x)).
JlpyrumMu cjioBaMu, aJITOPUTMBI BCIOJLY OTJIWNYAIOTCS, €CJIU JIAI0T Pa3Hble Pe3YJIbTaThl TaM,
rie IPUMEHNMBI, U HeT TaKUX apryMEHTOB, ITPY KOTOPBIX OHU 06a HEIPUMEHUMBI.
[Tycts mmeetcst anroput™ ¢ aByms napamerpamu A: X x Y — Z. Ilpoexuyueii 3Toro
aATOpPUTMAa Ha TEPBBIN (BTOPOI) mapaMmeTp, UJIU OCMAmMOYHOU NPOZPaMMOL TI0 TTEPBOMY
(BTOpOMY) apryMeHTy, HasbiBaeTca aaroput™ A,:Y — Z (A,: X — Z) Taxoii, 4to
VyeY (Ay(y) ~ A(z,y)) (coorBerctBeHHO Vo € X (A, (z) ~ A(z,y))).

SAMEYAHMUE

TepMmua ocmamounas npozpamma 3aMMCTBOBAH U3 TEOPUHU CMEIIAHHBIX Bhluucaenuit. KoHrenimio

CMeTIaHHBIX BhrYmcaeHni npemmoxkua A. 11 EpIHOB1.

ITycTh ecTh HEKOTOPBIH Kiacc aaroputmoB A. Kiacc amropurmos B HasbiBaercst npeo-
cmasumenvHviM IS Kiacca A, ecu st mo6oro aaroput™Ma A € A CymiecTByeT paBHO-
cusibHbIl anroput™m B € B, A ~ B.

3AMEYAHUE
OTHOIIEHNE TTPEACTABUTEIBHOCTH MEXK/IY KJIACCAMHU AJTOPUTMOB HeE SIBJISIETCS] 9KBUBATEHTHOCTHIO,
HO sIBJIsIETCST PepIeKCUBHBIM U TPAaH3UTUBHBIM, TO €CTh SABJsseTcs mpeanopsiakoM (1. 1.8.1).

Waes cocTouT B TOM, 4TOOBI jJIst JIIOOOrO KJacca anroputMmoB A mogobparh Gosiee 4ér-
KO OuepueHHbIN (HO, BOBMOXKHO, GoJiee MUPOKHit!) Kiace aaroputMoB B, KOTopsiii Gyaer
MIPEJICTABUTEIBHBIM IO OTHOIIEHUIO K MCXOMHOMY KJIACCY. DJIEMEHTHI Kjacca B HasbIBa-
I0TCSL POZPAMMAMU, KOTOPbIEe npedcmaesisiom (I peaiusyiom) sJIeMeHTbl Kiaacca A.
Ocrasoch OIpeNeauTb, B KAKOM CMbICJE KJIACC TPOrPaMM JIOJKEH OBITh YETKO ouep-
yeH. Bo-mepBbiX, KJacc MPOrpaMM JIOJKEeH ObITh paspernmMbiM — TpeOyercs Hamaéx-
HO OTJINYATh TIPOTPAMMBbI OT He TIPOrpaMM. Bo-BTOPBIX, MOJKEH ObITh 3a/laH A120pUmMM
unmepnpemayuu I, mo3BossAooMie Mo mporpaMMme B U MCXOXHBIM JAHHBIM T OIIpene-
JIUTD PE3YJIBTATHI MTPEACTABISIEMOTO airoput™a A (x) — mporpaMMbl HEOOXOAUMO YMETb
BBITIOJIHATD.

1AHZ[peﬁ ITerpoBuu Epmos (1931-1988).
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3AMEYAHUE
JTOoii cXeMe CJIelyI0T BCe YIOMSHYTbIE BBIIIE TEOPETUYECKUE YTOUYHEHUS IOHSTHUS JITOPUTMA.
Kaskioe Takoe yTOYHEHME OIMCHIBAET CBOM KJacc «mporpamm» (6osee min Menee (hopMasibHO),
HedOPMAIBHO ONMUCHIBAET aaropuT™ I M B KauecTBe HEJOKa3bIBACMOM JIOTMBI ITOCTYJIUPYET HpPe/l-
CTABUTEJIBHOCTH BBIOPAHHOTO KJiacca mporpamMm. Ho 35Toi ke cxeMme CJIe[yIoT BCe TPaKTHYECKHe
cucrembl porpammuposanus! Kakzas Takas cucreMa ONMCBhIBAaeT CBOM KJlacc nmporpamm (3ajgaer
CUHMAKCUC SI3bIKA TIPOIPAMMHUPOBAHMS ), 110J1y(OPMaJIBbHO onuchiBaeT ajroputm I (onepanuonHas
cemanmuxa s3blKa IPOrpaMMUPOBAHNS ), & «<BbIPA3UTEJIbHAS CHJIAy S3bIKA IPOTPAMMHUPOBAHUS pac-
CMaTpHUBAETCsl KaK IMpeAMEeT Bepbl. B TOM, YTO Kilacc IporpamMm IMMpe KJacca ajJropuTMoB (ecsu
pOrpaMMa CHHTAKCHYECKH IPABHJIbHA, 9TO €€ He 3HAYWT, YTO OHA 3aKOHYUT paboTy U Jact
NPaBUJIbHBIIL PE3YJIBTAT), IPOrPAMMUCTBL OY€HD OBICTPO YOEKAAIOTCS HA COOCTBEHHOM Ie4ajibHOM
OTIBITE.

Bcé ckazanHoe MpUBOANT K CAEAYIONIEN aKCHOME.

Axcuoma nporpammsl. Cyuiecmeyem npedcmasumenvioe Paspeuumoe MHOICECmeo npo-
epamm P maroe, umo ons mo6ozo arzopumma A: Ty — Ty cywecmsyem pasHocurbHas
npozpamma P € P, A ~ P u cywecmsyem anzopumm unmepnpemayuu I: P x T1 — T,
npuuém A ~ Ip.

S3AMEYAHME
AJIFOpI/ITM I, KaK 1 BC€ aJITOPUTMbI, MOKET OBIThH 3aliporpaMMmnpoBaH, TO €CTb /IJIsI HETO MOJKET OBIThH
IpeabaBJIeHa PaBHOCUJIbHAA IIPpOTPpaMMa. HonyquHa;I IporpamMma ABJIAETCA CaMOHpHMeHHMOfI.
B arom Her Huuero Iapa/IoKCaJbHOTO.

4.5.7. HeBbluucnumbie GpyHKUMN N Hepa3pewluMble MHOXEeCTBA

Paccmorpum Gosiee mOAPOOHO BAKHOE TIOHSITUE YHUBEPCALLHOU QYHKUUL, WA YHUBED-
canviozo anzopumma. PaccMOTPUM TPOU3BOJIBHBIN KJacCc F BBIYUCAUMBIX (DYHKIUN
f: X =Y. Oyurnusa Up: F x X — Y HaspIBaeTCsl YHUBEPCATbHON ist Kiacca F, ecn
Vf Vz (Up(f,z) ~ f(x))). ApyruMu croBamu, TaM, Tie UCXOAHAS (QYHKIIUS OIpefiese-
Ha, yHUBepcaibHas (YHKIUS BbIUUC/IAET 3HaUYeHue 110 (DyHKIMU U [I0 apryMeHTy, a TaM,
rje (pyHkIus He olpejesieHa, yHUBepcaibHas (DYHKIMA TakxKe He ollpeeseHa.

Mpumepsl

1. Anroput™ B 1. 3.5.3 sBigercss yHMBEPCAJIbHBIM AJTOPUTMOM B Kjacce OyJIeBbIX
(byHKIIMiT N IEPEMEHHBIX.

2. Asroputm B 1. 3.2.1 ABiseTCS YHUBEPCAJIbHBIM QJITOPUTMOM B KJacce (yHKIIN,
3ajaHubIX (hopMmysiamu B Oasuce F.

3. Unrepnperatop I aBiseTcs yHUBEPCATbHBIM aTOPUTMOM B KJIacCe MPOTPAMM.

MHOXeCTBO MPOTpaMM, TIPEACTABISIONINX BBIYUCIUMBIE (DYHKITUH, TIEPEUUCTIMO, W UX
MOJKHO TIepeHyMepoBaTh. IHTYUTUBHO SICHO, YTO BO3MOKHO MTOCTPOUTD MporpamMmy (Ha-
npuMep, B GopMe «04eHb JIJIMHHOrOo» oreparopa switch), KoTopast 110 HoMepy QyHKIUN
U 3HAYEHUIO apryMeHTa Gy/IeT BBIYUCISTh 3HaueHue 5Toi (yukmun. Takum o6pasoM, us
AKCHOMBI TIPOTPAaMMBbI UMeeM CJIEAYIOIIIEe CeCTBHS.

CNEACTBUE 1. Kaxos 6b1 nu 6vii knacc F evruuciumvix pynxuyuid Ty — Ts, cywecmseyem
sviqucaumas pyuxuus Up: N x Ty — Ty, ynueepcanvrasn 6 smom xiacce.

B mauHOM pasiesie HAMOOIBIINN HHTEPEC MTPEICTABISIIOT BRIYUCIUMbIE (DYHKIMK C HATY-
paJbHBIMM apryMeHTaMU U pe3yJIbTaTaMu.
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CNEACTBMUE 2. Cyuwecmeyem svryuciumas Qyuxuusi Uy : N x N — N, yuusepcanvnas @
Kaacce goruucaumvix pynxuyui N — N.

Doka3atenbctBo. [losoxkum 77 : =N u 75 : =N u npumenum ciencrsue 1. O

CNEACTBUE 3. Cywecmsyem maxas evryuciumas Qynxyus d: N — N, ymo nuxaxas
BIUUCTUMASL PYHKUUSL HE MONHCETM OMAULAMBCS. OM HEE 6CO0Y.

DOKASATENIbCTBO. Paccmorpum  «auaronanbpuyio» dyunkiuio d(n):=Un(n,n). [ycts
fn — Oyukus, uMeomas Homep n. Torma ecau f,(n) onpeneneno, To fr(n) = d(n)
u fn(n) ~ d(n), ecmu xe f,(n) He onpeneneno, To u d(n) He ONPENETEHO, U BCE PABHO
fn(n) ~=d(n). O

[Tpenpiayniee n0Ka3aTesbCTBO KasKeTCS TaPaIOKCOM: JEMCTBUTEIBHO, €CJIM Y HAC €CTh
(yHKIMS, KOTOpas TMpeTeHAyeT Ha TO, 4TO, HehOPMaTbHO TOBOpS, €€ rpaduk <iepe-
cekaeTcst» ¢ rpaduKaMu Bcex Apyrux (YHKIUH, TO, Ka3aloch Obl, BO3bMEM (DYHKIIUIO,
rpaduK KOTOPOIl «HapajiiesieHy rpauky «IpeTeHjieHTay, U MOJyYUTCs KOHTPIIPUMED K
caenctuio 3. Ho Hukakoro mapajiokca u kontprpumepa Het! /leso B Tom, 4TO Mbl pac-
CMaTpPUBAaEM GC€ BBIYUCIUMbIE (DYHKIIUM, B TOM 4YKCJI€ U YACTUYHbBIE, U <IE€PECEeYEeHNES
ToJTyJaercst TaMm, r7ie GYHKIUN He OTpe/leIeHbI.

Ho ecau Bbrumcaumas (HyHKIUS ONPEeIeHa YACTUYHO, TO MOXKHO JOONPEACTUTh eé
NPOU3BOJIbHBIM 00pPa30M, HA3HAYMB KaKWe-TO 3HAYCHUs (DYHKIUU JJIsI T€X 3HaYCHUi
apryMeHTOB, /e (hYHKIMs He ompeseneHa. Takoe «I00mpeiesieHie» Ha3bIBAeTCsl 6100y
onpeoeséHHbIM NPOOOIICEHUEM.

CNEACTBUE 4. Cyuwecmeyem evruuciumas Gyukuus di: N — N, ne umerowas 6crody
ONPedenénn0z0 BLIUUCIUMOZ0 NPOOOIINCCHUS.

LOKASATENILCTBO. PaccMoTpuM «mapamienbuyioy dyuknuio di(n) : =d(n)+1. Ita byHk-
IUST OTIPeIeIEHa YACTUYHO, TOTOMY 4TO (hyHKIWs d(n) ompezeieHa yacTuaHo. PaccMor-
puMm D;(n) — Bciopy ompenenénnoe nponposukenue di(n). Kak nmeHHo mpomosrkaercs
dy — necymiecrBerno. Myukiust Dy BCIOAy OTpefieieHa W BCIOAY OTJHdaeTcst oT d(n).
[To crepctBuio 3 3aksoyaem, yto pyHKus D (n) HEBBIYUCIIMA. O

Takum 06pa3oM, OCTPOEHA BCIOLY OMPeNeJEHHAs], HO HEBBIYNCAUMAsT (DYHKIUS.

CNEACTBUE 5. Cyuwecmsyem nepaspeuumoe nepediuciumoe noOMHONCeCmso Hamypais-
1020 psoa.

[OKA3ATENLCTBO. [locTaTouHO paccMoTpeTh MHOXXecTBO N :=Domd;. MuoxectBo N
nepevncanMo 1o jemme 5 (1. 4.5.4). Jlomyctum, 4To MHOKECTBO N paspenimMo HeKOTO-
peim anroputMoM N. Torzma moctponm dyHKITNIO

dy(z): =if N(z) then d; () else 1 end if. Dyuxiws ds () OKasbIBaeTCs BCIOLY OMPEIEIEH-
HBIM BBIYMCIUMBIM TIPONOJLKEHIEM (DYHKIIMK dy, YTO HEBO3MOXKHO B CUJIY CJIE/CTBUS 4,
a 3HauuT, asroput™Ma IN He CyIIecTByeT. O

Taxum 06pa30M, ITIOCTPOEHO IEPEYNCINMOE, HO HEPA3SPEITNMOE MHOKECTBO.

CNEACTBUE 6. Cyuecmsyem nepeuuciumoe noOMHONECME0 HAMYPAIbHOZ0 POa ¢ Hene-
PEUUCTUMBIM OONOTHEHUEM.
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[ OKASATENLCTBO. PaccMOTprM ITOCTpOEHHOE MepeuncanMoe Hepa3pelnmMoe MHOKECTBO
N. Ero nomonuenne N\ N HemepedncanMo, B TPOTUBHOM caydae N ObLI0 ObI pa3permnmMo
mo jgemme 3 (1. 4.5.4). O

Takum 06pa3oM, TOCTPOEHO TEPEUNCTUMOE MHOKECTBO C HEMEPEUUCTIUMBIM J[OMOTHEHUEM.

4.5.8. MCTUHHOCTb N A0KAa3yeMOCTb

K naHHOMY MOMEHTY HaKOILIEH AOCTaTOYHBIN 3amac (hakToB, YTOOBI IIOKa3aTh IIPHMe-
HUMOCTH U TI0JIE3HOCTh HAaWBHOW TEOPUU aJITOPUTMOB B (popMe A0Ka3aTeTbCTBA MEPBOI
Teopembl [€11e719 0 HETOMHOTE.

B neproii Teopeme Ténenst o HemosHoTe (1. 4.4.9) peub upeT 06 <MCTUHHOCTU» U «J[0Ka-
3yeMocTu». YToObl JOKA3bIBaTh KAKHe-TNO0 YTBEPKAEHUST OTHOCUTEIBHO 3TUX TTOHSATHIH,
HEOOXOUMO MPUATh UM MATEMATHYECKUN CMBICIL.

IMousTHe dokasamenvbcmea ABIAETCS €Ba JIM He CaMbIM IJIABHBIM B MaTeMaTHKe, HO Gop-
MaJIbHO OIIPE/IeSIUTD €T Jlaxke TPyAHee, YeM MOHSITHS MHOKeCTBa 1 ajroputMa. [Ipexpac-
HOE OIIpejlesieHIe: 0OKA3ameibCmeo — 9TO PaccyskieHue, yoexaaoniee HaC HACTOJIbKO,
YTO C €ro MOMOIIbIO MBI TOTOBbI yoexaaTh Apyrux. OmIHaKO 9TO olpejeieHne IpruHae-
JKUAT CKOpee MCUXOJIOTUH, HesKeJIn MaTeMaTtuke. HuuyTh He mpoiile JIJId MaTeMaTH4ecKoro
omnpesieIeHUsT U TOHSATHE UCMuHbl. IIONBITKN PAacKPBITh 3TO TOHSTHE BO BCEH ITOJIHO-
Te yBOAAT Hac B (unocoduio, I3pIKO3HAHNE, TEOJOTUIO U B JIPYyTHE OYeHb MHTEPeCHBIe
U NOyYUTeNbHbIEe 00JACTU MBICIH, KOTOPbIE, OAHAKO, JAJeKH OT U3y4aeMOro IPeAMeTa:
MUCKPETHON MaTEeMAaTUKU /I TIPOTPAMMUCTOB.

Bbixoz cocTout B TOM, 4T00BI 3a(hUKCUPOBATh HEOIIPeAesideMble IIOHATUS B BUJE HECJIOK-
HO YCTPOEHHBIX KOHCTPYKTUBHBIX OOBEKTOB M [ajiee MaHUIIyJIUPOBATh STUMU O0ObEKTa-
MU CpeAcTBaMM HanuBHOU TEOPHUN MHOKECTB U HanBHOU TEOpUN aJTrOPUTMOB. TO, 4qyToO
HOJIYYUTCST, MOSKHO Ha3BaTh HAUGHOU meopuei 0OKA3ameibcmea.

B nanHOM ciyyae MHOXKECTBO WICTUHHBIX YTBEPXKAEHWH, WU MHONMCECMBO UCMUH, PAC-
CMAaTPUBAETCSI TIPOCTO KAaK HEKOTOPOE MHOKECTBO CJIOB T B yHHMBEPCAJIbHOM ajdaBuTe
U. Jlajiee, MHOKECTBO JIOKA3aTeJbCTB TAKKE PACCMATPUBAETCS MIPOCTO KaK HEKOTOPOE
paspelirMoe MHOKECTBO cjioB D B yHuBepcaibHoM asipasurte U. DieMEHTbl MHOKECTBA
D wmaswiBaiotcst dokazamenvcmeamy. JIpyrux orpaHudennii Ha MuoxectBa T u D TioKa
He HakJaapiBaeTcs. Hapsimy ¢ paspeniuMbiM MHOKECTBOM D HOCTYJIMPYeTCs HaIudue
BerurcauMoil GyHkimu E: D — U*, HasbiBaeMOU pyHKuyuell ussieuenus 00Ka3anHozo.
Eciu s = E(d), tne d € D, To s Ha3biBaercst meopemoi. Takum obpasom, S = E(D) —
MHOKeCcTBO TeopeM. Ilapa (D; E) HasbiBaeTcst dedykmukotl.

MNpumep. @DopmanbHbie TEOPHUM, PACCMATPUBAEMbBIE B MPEABIAYIINX PA3/AEAX, SIBISIIOT-
¢ AenyKTUKaMu. MHOecTBO D B HUX CTPOUTCS KaK TOCTENOBATETHBHOCTH CJIOB, TOJY-
YaeMbIX U3 <«aKCHOM» 10 <IIpaBUJIaM BBIBOZIa» (IIPOBEPKA KOPPEKTHOCTU BBIBOJA — 3TO
1 eCTh Pa3petaionivil airopuT™), a GyHKIMA U3BJIeUYeHUS I0Ka3aHHOTO F 04eHb 11pocTa
1, OYEBU/IHO, BBIYMCJANMA: IIOCTIe/[Hee CJIOBO B JOKA3ATEIbCTBE SBJSETCS TEOPEMOIL.

Hac unrepecyer, kak COOTHOCATCSI TEOPEMBI I UCTUHBI B 3aBUCUMOCTH OT TOTO, KAaKUMU
cBoiicTBaMM 00sa1a10T MHOKecTBa T 1 D.

Mpumepsl

PaccmoTrpuM HekoTOpBle TTpUMEPBI (POPMYJIUPOBOK CBONCTB WHTEPECYIOMIUX HAC MHO-
JKECTB Ha €CTECTBEHHOM SI3BIKE.
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1. Cywecmeyrom nedokasyemvie ucmumnol. ITO YTBEPKIEHUE TPUBUATIBHO U HEUHTE-
pecto. Jlocratouno monoxuth D:= @, u npu aoboM T Bce MCTHUHBI OKaKyTCs
He/I0Ka3yeMbIMU.

2. He cywecmsyem 0edyxmuxu, 6 KOmopou 6ce ucmunvl 00Kasyemvi. A 370 yTBepKIeHIe
npocto HeBepHO. [locTaTouno nonoxkuts D : =T, E(t) : =t v 1pu 1I060M MHOKECTBE
uctud 1" Bce UCTUHBI OKAXKYTCs JIETKO JI0Ka3yeMbIMU.

Henykruka (D; E) Ha3bIBaeTCsl Henpomugopeuusol OTHOCUTEIBHO MHOXKeCTBa UCTUH T,
ecin E(D) C T (ro ectb S C T, Bcé nokazyemoe uctunno). leaykruka (D; E) HasbiBa-
eTCsI NOJAHOL OTHOCUTEbHO MHOXKecTBa uctud T, eciu T C E(D) (1o ects T C S, Bcé
HUCTUHHOE JIOKAa3yeMo).

HemnpoTtuBopeunBast U OJHOBPEMEHHO TIOJTHAS JEYKTUKA HA3BIBAETCS d0eK8amuol MHO-
JKeCTBY UCTUH 1', B TAKOH JIeyKTUKE MHOKECTBO TEOPEM COBIIA/IAET C MHOKECTBOM MCTHH,
T=25.

3AMEYAHUE
PasperinMoe MHOKECTBO JI0KA3aTeNbCTB D SIBJISIETCS TOIMHOKECTBOM MHOKECTBA BCEX CJIOB, KOTO-
poe TepeyncanMo. 3HAUNT, 110 JieMMe 2 MHOKecTBO D mepeuncaumo. /lanee, MHOKeCTBO TeopeM S
SIBJISIETCST 0OGPA30M TIEPEYCIUMOrO MHOKECTBA TIPK IPUMEHEHUU BBIYMCIUMOM (QyHKIUYM, 3HAYUT,
10 JieMMe 4 MHOKECTBO S TaKKe TePeuncInMO.

Mpumep. AnekBaTHbIe JEAYKTUKU [ WHTEPECHBIX MHOXKECTB MCTUH CYIIECTBYIOT:
[ocTpoeHue TabJIMI[ UCTUHHOCTH SBJISIETCS a[eKBaTHON AeIyKTUKOW IJI TaBTOJOTUI B
WCUYUCIEHUN BbICKa3biBaHU# (1I1. 4.3.8).

Bormpoc coctout B TOM, ITPY KAaKUX YCIOBUSIX, HATTAraeMbIX HA MHOKECTBO UCTUH T', MOXKeT
He HAaUTUCD a/IeKBATHOU JETyKTUKN?

TEOPEMA. Eciu muoxcecmso ucmun T nepeuuciumo, mo cywecmeyem dedyxmuka (D; E),
adexeamnasn T.

DokasatEnbctBo. Ecim T = &, to pocratouno nonoxuth D:=. llyere T # @ u
T: N — T nepeyucisonuii aaroput™ B (popMe BbIYUCTUMON (QYHKIIMH, BbIYUCJISIONIEN
uctruHy 1o e€ HoMmepy. Torzga nosmoxkum D:=Nwu E:="T. (]

JIpyruMu ClI0BaMU, €CJIM MHOKECTBO UCTUH TEPEYNCIUMO, U MOKET GBITh PACIIONOKEHO
B OIPeIeJIEHHON MMOCe10BaTeIbHOCTH, TO 10Ka3aTeIbCTBOM NCTHUHBI SBJSIETCS] YKa3aHue
HOMEpa UCTUHBL B 3TO IIOCJIEJ0BATEIBHOCTH.

CNEACTBUE. Ecnu muosxcecmeo ucmun T Henepeuuciumo, mo He cyuecmeyem 0e0yxmuxu
(D; E), adexeammoii T

LOKAZATENLCTBO. MHOKECTBO TeopeM S 000N AeyKTUKY [IEPEIUCIUMO, & TOTOMY He
MOJKET COBIAJIATh € HENEPEUUCIUMBIM MHOXKECTBOM UCTUH T'. O

Wrax, orBeT Ha OCHOBHOI BOIIPOC IIOJIyYEH — €CJIU MHOXKECTBO MCTUH MOXKHO 33JaTb
AJITOPUTMOM, TO aJIEKBaTHAS JEyKTUKA MOKET ObITh MOCTPOEHA U BCE B MOPSIIKE: BCE HC-
TUHHOE JIOKa3yeMo U BCé JloKazyeMoe UCTUHHO. Eciin jke MHOXKEeCTBO MCTUH HEBO3MOXKHO
3a/1aTh AJITOPUTMHUYECKH, TO U HET HA/IEXK/bl HA TIOCTPOEHUE aJIeKBATHOW JIEIyKTUKU (CH-
CTeMBI JIokazaTeabeTB). Ho, MokeT GBITh, BCE He Tak TJIOXO W HEATTOPUTMUYECKUE MHO-
JKeCTBa MCTUH HaM MPOCTO He MOHAA00ITCS Ha MTPAKTUKE? YBbI, OTBET OTPUIATETbHBIN —
HEaJITOPUTMUYECKHE MHOYKECTBA UCTUH HAM COBEPIIEHHO HEOOXOMMBL.
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4.5.9. MHOXeCTBO UCTUH apnPMeTUKn

CHavasia yCTaHOBUM Ba)KHBIM (DAKT, OTHOCSIIUICS K YMCJIOBBIM MHOXKecTBaM. [0BOPST,
YTO MHO’KECTBO HaTypasbHbIX uncesa N C N guipa3umo ¢ IoMOIbIo MHOXKecTBa UcTUH T,
ecJIu cyliecTByeT Takas Bbrancanmas ¢yHkiusg F: N — U*, uro n € N Torna u ToJbKO
torza, koria F(n) € T.

TEOPEMA 1. Muoscecmeo ucmun T evipaxcaem xomsi 6vt 00HO HENEPEUUCTUMOE MHONCE-
cmeo namypaiviblx yucei N mozda u moivko mozoa, Koz0a e cyuecmsyem 0eoyKmukiu
(D; E), adexeammoi T.

JOKASATENBLCTBO.

[ =1 Ilyctb MHOXecTBO N HeNEpeuncaUMO U BbIPA3MMO MHOKECTBOM MCTUH T’ ¢ TO-
Moo Bbraucaumoii pynkiunu F: N — U*. meem N = F~1(Im FNT). Ho MHOXecTBO
3uaderwii Im F Borarcaumoi (GyHKIMKM HATYPAJIBHOTO Psifia MIEPEYUCTUMO 10 JeMMe 4
(1. 4.5.4). 3Hauut, MHOXKeCTBO T HelepedyrcauMo, uHade MHOxkectBO ImF N T 6bL1o
Obl IIePeYrCAUMO U MHOKeCTBO N OblLao Obl mepedrcaumo 1o jgemme 5 (i 4.5.4). lis
HETIEPEYNCINMOTO MHOKECTBA WCTUH aJIeKBaTHOW AEAYKTUKU HE CYIIECTBYET.

[«<1 Ilyctp mis MHOxecTBa MCTUH T ajleKBATHOW AEAYKTHKH He cylecTByer. To-
rra MHoxecTBO 1' Henepeuncaumo. Ho mHoxkecTBo U™ 1epeyncMo, IyCTh OHO Iiepe-
uncasercss Borancaumoii bynkuuein F: N — U*. Vmeem T = F(F Y(T)). [onoxum
N:=FYT). 3akmouaem no semme 5 (1. 4.5.4), 4T0 MHOKECTBO N HENEPEUUCIUMO U
BBIPA3UMO MHOKECTBOM UCTUH 7. O

Jlanubiii (pakT CBOAUT HeCylleCTBOBaHUE aJ€KBATHOM JMEAYKTUKU K BBIPA3UMOCTHU Helle-
PEUMCAMMBIX YMCIOBBIX MHOXecTB. Ho, MokeT ObITh, elé He BCE IOTEPSAHO, U TaKue
MHO’KECTBa MCTHH HaM IIPOCTO He HY KHBI M PO HUX MOKHO 3a0bITh? K coxasieHuto, 310
He Tak. HempusiTHbIE corydan cOBCEM PSIZIOM.

PaccmoTpuM B KauecTBe TIpUMeEPa MHOXKECTBO MCTUH apu(dMeTHKH.

Apupmemurxa — TOHATHE HATYPATBHBIX YHCEN, ONEPAINU CIOKEHUS, YMHOKEHUS, OT-
HOIIEHUST MEKY HATYPAIbHBIMUA YHUCIAMH — 3TO TAKOW 3JIEeMEHT O0IIedl KyJsTypbl (He
TOJIBKO pasjiesl MaTeMaTHKH ), Ge3 KOTOPOTO CYIeCTBOBAHUE COBPEMEHHOTO Y€JIOBEYECTBA
TpyaHO cebe npencraButh. Kak u panee, 06cy:kaeHne BOIPOCOB O TOM, SIBJISIETCS Jin apud-
METHKa OTKPOBEHWEM, TAHHBIM BOTOM, MJIM Ke 3TO UTOT Pa3BUTHUS HAYKH, SIBJISETCS JIU
CIIOCOOHOCTD K CYETY BPOKACHHOU WJIH OJaronpuoOpPeTéHHON, yBean Obl HAC JATEKO OT
paccMaTpUBAEMOTO TIPEMeTa: AUCKPETHONW MAaTeMATUKHU JIJIT TPOTPAMMHUCTOB.

3aduKkcupyeMm sI3bIK apuGMeTUKH, OTIPe/IeIEHHbIN B 11. 4.4.7. B 9TOM s13bIKe MCIIOJIB3YIOT-
cst: M PhI IS 3alMCH HATYPaJIbHBIX Yncesl, OYKBBI sl 3alIMCH TIEPEMEHHBIX, OllePal[iu
CJIOKEHUST + U YMHOXKEHUS -, OTHOIIIEHNE =, JIOTUYeCKUe CBI3KU —, — W KBAHTOPHI V,
3. Jlajiee U3 3TUX CUMBOJIOB B sI3bIKe apU(PMETHKHU JOIYCKAETCS CTPOUTH CJELYIONIIe
KOHCTPYKIIUH.

1. Tepmot. Bece uncia u nepemenubie cyTb TepMbl. Beipaskenust Buga (¢ + u) u (¢ - w),
re ¢t U u CyTh TEPMBI, TAK)KE CYTh TepMBbI. Bce mepeMeHHbIE B TEPME SIBJISIOTCST €I0
napamempamu. Tepm Ge3 mapaMeTPOB HA3BIBAETCS KOHCMAHMOL.

2. Amomoi. Beipaxkenust Buna (t = w), rie t U w CyTh TEPMbI, HA3BIBAIOTCSI aTOMa-
MU, WIH 9AeMEeHMapHviMu Gopmyiamu. MHOXeCTBO TapaMeTPoB aTOMOB SIBJISIETCSI
00beINHEHE TTAPAMETPOB TEPMOB.

3. @opmynvr. Ecnu A u B cytb dopmyssl, a © — mepemennas, o —A, A — B,
Vz (A), 3z (A) — dopmysbl. KBaHTOpB MCKIIOYAIOT CBOU ME€PEMEHHbIE U3 YHCIA
HapaMeTPOB MOJAKBAHTOPHOI (HOPMYJIBL.
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Nasee dhopmynam 6e3 mapaMeTpoB (CyicOeHusIM) COTTOCTABIISIIOTCS HCTUHHOCTHbIE 3HAYE-
Hug T u F no npaBusam 11. 4.4.2. Bee cyxzaenusd apudMeTKy, UMeONIe HCTUHHOCTHOE
suauenvie T, o6pasyoT mroxcecmso ucmun apupmemuxu T. Harmpumep, 2 + 2 = 4.

OxapaxrepusyeM KJacc apupmemuueckux muoxcecms. Paccmorpum kiace GopmyJr sS3bika
apudmMerTuku He 6ojiee 4yeM ¢ OfHUM mMapameTpoM. Bynem oGo3HauaTh Takue (GOPMYJIbI
a(x). Torma mus moboro xonkperHoro z € N dopmyna o(r) — cyxIeHue, U UMeer
ucruHHOCTHOE 3Hayenue. MuoxkectBo M :={x € N | a(z) = T} naswiBaercs conpsincén-
Hotm ¢ hopmyiiont o(x). MHOKECTBO, COTPSIKEHHOE ¢ HEKOTOPOI (hOPMYJION, HA3BIBAETCS
apugmemuueckum. ApudmeTrndeckrie MHOKECTBA 00JIaaloT PSIOM I0JE3HBIX CBOICTB,
3a(DUKCUPOBAHHBIX B BUJE CJAEMAYIONIUX TEOPEM.

TEOPEMA 2. /lonoanenue K apu@memuueckomy MHONCECMBY eCMb apudmemuueckoe Mmo-
JHcecmeo.

AoxazateEnbctBo. Ecim M conpsikeno ¢ ax), To N\ M conpsikeno ¢ —a(x). O

TEOPEMA 3. Obsedunenue u nepecedenie apuhMemuueckux MHONCeCms Cymo apugpme-
muueckue MHoxHcecmasa.

Aoka3ATENbCTBO. Ecimm M comnpsixeno ¢ a(z), N conpstxeno ¢ S(x), to M UN conps-
xkeHo ¢ az) V B(x), M NN compsiskero ¢ a(x) A B(x). O

TEOPEMA 4. Apugmemuueckoe MHONMCECMBO BbIPASUMO MHONICECBOM UCTNUH apudmemu -
KU.

DoxazatenbctBo. I[lycts M comnpsikeno ¢ o(z), onpenenum F: N — {F, T} caenyionm
obpazom: F(z):=a(x). O

Apudmernka, Kak cuctemMa omneparuii ¢ 1mejabiMu (M HATypaJbHBIMU) YUCTIAMU, Peayn-
30BaHa B TOJABJSIONIEM OOJBIINHCTBE KOMIBIOTEPOB. OTBIT TPOrPaAMMUPOBAHUST 9TUX
KOMIIBIOTEPOB TPUBOAUT K YOEKACHUIO, YTO JIOOYIO BHIUMCIUMYIO (QYHKIUIO HATYPAJIb-
HOTO PsAZa MOKHO 3alPOrPaMMHUPOBATh, E€CIU OTBJIEYBCS OT TOTO OOCTOSITENBCTBA,
YTO MAMSITh KOMITbIOTEPA KOHEYHA U CJIUIIKOM OOJIBIIIME YUCJIA MOTYT HE ITOMECTHTHCSI.
BruipoueM, maMsATh MOJKHO YBEJUYUTh U CYUTATh MOTEHIMANBHO Geckoneunoi. CiemoBa-
TeJIbHO, BCSKOE [€PeYrCcIMOe MHOXKECTBO HAaTypaJbHbIX ynces (KaK MHOXKECTBO 3Haue-
HUIl BBIYUCIUMOI (DYHKIIMN) MOKET ObITh 3aPOrpaMMUPOBAHO C TIOMOIIIBIO MAIIMHHBIX
omepanuii. OCHOBBIBAsICh Ha 3THX COOOPaKEHUSIX, MBI ITPUHUMAEM, UTO MMEET MECTO
Axcuoma apupMeTHYHOCTH. Bcsaxoe nepeuuciumoe MHONIecmeo HamyparvHoblx YUces 8-
Jslemcs apupmemuneckum.

[TpunsTast akcroma I03BOJISIET B HECKOJIBKO IIArOB 3aKOHYUTD J0KA3aTEJbCTBO MEPBOit
TeopeMbl [€11e19 0 HETIOTHOTE.

1. Cywecmeyem Henepeuuciumoe apud)memuuecxoe MHOHCECTMEBO.

D OKASATENLCTBO. PaccMoTpum MHOXKeCTBO N, IOCTPOEHHOE B I0OKA3aTEIbCTBE CIIe]-
CTBUS 5 1. 4.5.7. ITO MHOKECTBO MEPEUUCTUMO W UMEET HENEePEeIrCcINMOe JT0TOJI-
Henne no cieacteuio 6. Ho camo mMHOkecTBO N apugpMeTHYecKoe 10 aKCHOME
apu(pMEeTUYHOCTH U €TO JOTOJHEeHNe apuMETHIHO 0 TeopeMe 2. O
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2. Cywecmsyem Henepeuuciumoe MHONICECMB0, biPasumoe MHONCECMBEOM UCTUH apud-
MemuKu.
D oKA3ATENLCTBO. [lo Teopeme 4. (]

3. He cywecmsyem 0edyxmuxu, A0eK8ammoll MHONCCCMBY UCTIUN APUDMETIUKIL.
DokA3aTENLCTBO. [lo Teopeme 1. O

Taxkum o6pasom, JJist TI060T0 TOUHO cHOPMYTUPOBAHHOTO TIOHSATHS JIOKA3aTEIbCTBA HAll-
netcst mbo oKasyeMoe, HO JIOKHOE yTBepskAeHue, GopMyInpyeMoe Ha si3bike apudme-
THKH, THOO UCTHHHOE YTBEPKIECHUE TOTO K€ S3bIKA, HE SBISIONEECS T0KA3YEMbIM.

4.6. ABTOMaTHU4YeCcKoe [0Ka3aTeNibCTBO TeopemM

ABTOMATHYECKOE TOKA3ATETHCTBO TEOPEM — 3TO KPACYTOIbHBIN KaMEeHb JIOTHYECKOTO MPO-
IPaMMUPOBAHNS, UCKYCCTBEHHOTO MHTEJJIEKTa M JAPYTMX COBPEMEHHBIX HallpaBJIeHUH B
MPOrPAMMHUPOBAHNUU. 3/IECh U3JIATAIOTCS OCHOBBI Memoda pe3omouuii — KIACCHIECKOTO
(4 B TO Xe BpeMs [I0 CUX TIOp TIONYJIIPHOTO) METOJIa aBTOMATUYECKOTO I0KA3aTeIbCTBA

TeopeM, mpejtoxenHoro Pobunconom' B 1965 rogxy.

4.6.1. NocTaHoOBKa 3a4a4YM aBTOMAaTU4YEeCKOro AokKa3aTesibCTBa
Teopem

AJroput™, KOTOpBIi TIpoBepsieT oTHomieHue I' F S mist hopmydiel S, MHOKecTBa dop-
My I u Teopun T, HA3bIBAETCST AITOPUTMOM ABMOMAMUUECKO20 O0KA3AMETLCMEA EOPEM.
B obmieM ciyyae Takoil aJropuT™M HEBO3MOJKEH, TO €CTh He CYIIECTBYET aJrOpUTMa, KO-
Topbiii st mobbix S, I' u T Beigasan 661 otBer «[a», ecau I' Hg S, u otBer «Her», ecin
HeBepHO, uTo I' 4 S. Bosee Toro, n3BecTHO, YTO HEJB3sI TTOCTPOUTH AJTOPUTM aBTO-
MaTHYEeCKOTO JI0Ka3aTeJbCTBA TEOPEM Jake AJisi OOJIbUIMHCTBA KOHKPETHBIX JOCTATOYHO
6orarbix (popMasbHbIX Teopuil T. B HEKOTOPBIX Ciydasx yAAETCS MOCTPOUTH aJTOPUTM
ABTOMATUYECKOTO JIOKA3aTeJbCTBA TEOPEM, KOTOPBIN MPUMEHUM He KO BceM (GopmyJiam
Teopuu (TO €CTh YACTUYHBIN anropuTMm, 1. 4.2.5.)

[l HEKOTOPBIX MPOCTHIX (DOPMAIBHBIX TeOpUil (HApUMep, JJIsi MCUYNCTEHUS BBICKA3bI-
BaHWI) U HEKOTOPBIX MPOCTBIX KJIACCOB (GopMyJ (Hampumep, s TIPUKIATHOTO UCUHUC-
JIEHUS TIPEIUKATOB C OJIHUM OJIHOMECTHBIM IPEIUKATOM) aJTOPUTMBI aBTOMATHYECKOTO
JI0Ka3aTeIbCTBA TEOPEM M3BECTHBI.

Mpumep. IlockonbKy 171 MCYMCIEHUS BBICKA3bIBAHUIN M3BECTHO, YTO TEOPEMaMU $IB-
JioTCsT 061e3HaYnMble (hOPMYJIbI, TO JOCTATOYHO BBHIUMCIUTh UCTUHHOCTHOE 3HAUYEHUE
(hopmMyITBI TIPM BCeX BO3MOXKHBIX MHTEpIpeTanusax (MX KoHeuHoe uncyo). Ecam Bo Bcex
CIIydasx TMOJyduTcs 3HadeHne T, To mposepsiemast ¢popMyTa — TaBTOJOTUS H, CJe/[0Ba-
TEJIBHO, SIBJsIETCST Teopemoil Teopuu L. Eciu e X0Tst 6bI B O[HOM CJIyYae TOJYIUTCS
3Hauenue F, To nposepsiemas (popmysa He SABJgETCS TABTOJOTHEH U, CIe0BATEIbHO, HE
sBJsieTCs TeopeMoit Teopun L.

3AMEYAHUE
[IpuBenéHHbIIl BbIlle IPUMEp SIBJISIETCSI aJITOPUTMOM aBTOMATHYECKOTO JI0KAa3aTelbCTBA TeOpeM B
Teopun £, XOTSI U HE SIBJISIETCS] AITOPUTMOM aBTOMATHYECKOTO NOUCKA 6bI600d TEOPEM N3 aKCHOM
Teopun L.

! kon A. Pobuiicon (poxn. 1930).
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Haunbosiee M3BeCTHBIN KIaCCMYECKUI aJrOPUTM aBTOMATUYECKOrO JI0Ka3aTeIbCTBa TEO-
peM HasbIBaeTcsa Memooom pesoiouuil. J1us mo6oro NPUKIaHOTO UCYUCIEHUS TIPeIuKa-
TOB TIepPBOTO TOpsiaka T, moboit dhopmyssl S u MHOKecTBA (hopmys I' Teopuu T MeTon
pesoufortuii BEIMAET oTBeT «/lay, ecmu I' F+ S, m Beimaér orBeT «HeT» miam He BBITAET
HUKAKOTO 0TBeTa (TO eCTh <«3al[MKJIMBAETCS» ), €CJIU HeBepHO, 4To I o S.

4.6.2. Noka3aTenbCTBO OT NPOTUBHOrO

B ocnoBe meTozma peSOJIIO]_H/If/,I JIEKUT UIEA «/I0OKa3aTeJIbCTBA OT IIPOTHBHOTO».

TEOPEMA. Ecuu T',-S + F, 20e F — nio6oe npomusopeuue (morcoecmeenno I0NCHaAs
¢dopmyna), moT' F S.

DokA3ATENbCTBO. (nuist cayuasg L) I, =S + F <— T & =S — F — Ttasrosoruga. Ho
r&-S—-F=-T&-S)VF=-T&-S)=-TvS=T—>8 lUmeem I' - S —
taBTosiorust <= ' - S. O

Ilycmas dopmyna He MMeeT HUKAKOTO 3HAYEHUs HU B KaKOH WHTEPIIPETAINH, B YacT-
HOCTHU, He SBJSETCS WUCTUHHONW HW B KAaKOW WHTEPIPETAUU U TI0 ONPEAEJCHUIO SB-
Jsgercs mpoTuBopeureM. B kadectBe dhopMysbl F IPHU J0KA3aTeJNbCTBE OT MPOTUBHOTO
[0 METOMY Pe30JIONUN MPUHSITO MCIOJb30BaTh MycTyio dopmyy. [lonesno cpaBHUTH
UCIIOJTh30BaHUEe TIyCTON (hOPMYJIbI B METO/IE PE30IONui ¢ 1. 3.4.3.

SAMEYAHUE
IIpu usnokeHUr MeToHa Pe3oJonuil mycrast (GopMmysia TpaaulMoHHo obosHauaercs: (1. OpHako
3HAYOK [ WCIOJIB3YeTcsl B KHUTe TakKe [Jisi 0003HAUYEHUS] KOHIA [I0KA3aTeJbCTBA TEOPEMbI WU
obocHoBanust anroputMa. HeoOX0AMMO MO KOHTEKCTY Pa3jindaTh, B KAKOM CMBICJIE HCIOJIb30BAH
3Ha4oK [J B Ka)K/IOM CJIyyae.

4.6.3. CBepéHue K AN3bIOHKTaM

Metoz pesomonuii paboraer ¢ 0coboii cranaapTHON (HopMOii (POPMYJI, KOTOPbIe Ha3blBa-
10TCS QU3BIOHKMAMU, W NPeoocerusmu. JIN3bIOHKT — 3T0 GECKBAHTOPHASI AU3BIOHK-
st srepanos. Jlobas GopMyJia UCUNUCIEHUs TIPEANKATOB MOXKET OBITH TPeodpa3oBa-
HA B MHOXKECTBO [U3BIOHKTOB CJEAYIONMM 00pa3oM (31eCh 3HAK +— HMCIIOJIb3YeTCsl JJIsT
o6ozHaueHus crocoba npeobpasoBanuist (GOPMYI):

1. Inumunayus umnauxayuu. Ipeobpasosanue:
A—B—-AV B.
[Tocsie mepBoro arana (opmysna coaepxKuT Tosabko —, V, &,V 3.

2. Ipomackusanue ompuyanuil. IIpeobpasoBaHusL:
Vz (A)— 3z (mA), -Jz (A)—»Vz (A), -—A— A
-(AV B)—-A& B, —(A& B)— AV -B.
[Tocsie BTOporo sTama ¢hopMyia COAEPKUT OTPUIIAHUS TOJBKO TIepesl aTOMaMU.

3. Pasdenenue ceszannvix nepemennvix. Ipeobpaszosanue:
Qizx A(...Q2z B(...z...)...)» Qrz A(...Qay B(-..y...)...),
rie Q1 u Qo — sobbie KBaHTOPHL [Tocse TpeThero atama (GopMyJia He COAEPKUT
CJIyYailHO COBHAJIAONINX CBS3aHHBIX [EPEMEHHBIX.

4. Ilpusedenue x npedsapénnoii popme. IpeobpasoBaHus:
Qr AV B—Qx(AV B), Qx A& B— Quz (A& B),
rne Q — soboit kBantop. Ilocse derBéproro arama GopMmysa HaXOAUTCS B IIPE-
BapéHHOU (opme.
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5. dnumunavus xeanmopos cyuecmeosanus (ckoremusauus). IIpeobpasoBaHust:
Jzy (Q2x2 ... Qnan A(z1,22,...,20)) = Qoo ...Qnxy, Ala,za,. .. Ty,),
YV xq ( LV g (3 X; (Qi+1 Tit1 - - Qn .’EnA(J}l, B RITIN 7.’L‘n)>> .. ) —
VSCl ( . .in_l (Qi—i—l Ti41 - Qn .I‘nA(JCl, ey f(l‘l, ‘e ,xi_1)7 ceey an)) NN ),
rjle @ — HOBas IpeJMeTHasl KOHCTaHTa, f — HOBBIM (DYHKIIMOHAJIBHBI CUMBOJI,
a Q1,Qa,...,Q, — mobbie kBaHTOPHL. Ilocie naToro arama GopMmyJa COAEPKUAT
TOJIBKO KBaHTODPBI BCEOOIIHOCTH.

6. Inumunauus xkeanmopog éceobugocmu. TIpeobpasoBaHue:;
Vo (A(z)) — A(z).
[Tocyie niectoro atana ¢opMyJia He COAEPKUT KBAHTOPOB.

7. Ipusedenue k Konsionkmuenoi Hopmairvioi ¢popme. IlpeobpasoBanmst:
AV (B&C)—» (AVB)&(AVCC), (A&B)VC—((AVC)&(BVO).
[Tocne cenpmoro aramna dhopmysia HaXOAUTCSI B KOHBIOHKTUBHOW HOPMaJIbHOH (hop-
Me.

8. dmumunauus xonsronxyuu. IipeobpasoBanue:
A& B— A, B.
ITocsie Bocbmoro atana dhopmyia pacnaaeTcsl Ha MHOXKECTBO IU3BIOHKTOB.

He Bce mpeobpazoBaHusi Ha atamax 1—8 SIBJSIIOTCS JIOTHYECKH 9KBUBAJEHTHBIMU.

TEOPEMA. Eciu T — MHoxcecmeo Oussonkmos, noIyuenivix us gopmyavt S, mo S seis-
emcs npomusopeuuem moz0a u MOAbKO mozda, Kxoz0a muoxcecmseo I Hesuinoinumo.

DOKA3ATENIbCTBO. B 10KasarebcTBe HysKAaeTcss mar 5 — ckojemusarusa. Ilycts
F: :Vxl ( . .in,l (E' xiQi+1fEi+1 . ann (A(.’Kh . ,{En))) e ) [Tosnoxnm

F: :Va?]_ ( . .Vl‘ifl (QHlel ce in‘nA(xl, ey Li1, f(l‘l, “ee ,$i,1),$i+1, ce ,J}n) ce ))
HyCTb F— IIpOTUBOpPEUHUE, a F’ — ne IIPOTUBOPEYHE. Tornma CYIIECTBYIOT HHTEPIIPETALIA

I u wabop suauenuii s = (ai,...,a;—1,;41,--.,0a,), Takue, uro s*(F’') = T. Touo-
KM a; .= f(al, ey ai,l), St :(al, ey Qi1 Q45 Ay 1y - ,an). Toraa ST(F) = T, nkF —
BBITIOTHUMAsT OpMYyJIa. i
3AMEYAHUE

Heswmomanmocts MHOkecTBa hopmys I' o3ravaet, 4To MHOXecTBO I' He MMeeT Mozesu, TO eCTh
He CyLIeCTBYeT MHTEPIIPETAIK, B KOTOPOi Bee (opmyaibl I' nmenn 6br 3Havenue T.

4.6.4. Mpaeuno pesoniounn AN UCYNCIIEHUS BbICKa3biBaHUN

METO,ZI p(i‘SO]IIOIII/Iﬁ OCHOBaH Ha MCIIOJIb3OBaHUUN CIEIHNAJIBHOIO ITpaBuJla BbIBOJA.

ITycts C; u Cy — /Ba AN3BIOHKTA B UCYUCJEHNHU BbICKasbiBaHuii u mycts C; = PV Cf,
aCy=~-P Vv Ch, rne P — npornosunnonagbhas nepemennas, a C, C4 — mobble nu3nh-
IOHKTBI (B YACTHOCTH, MOKET ObITb, IIYCThIE MU COCTOSIIIE TOJIBKO M3 OLHOIO JIUTEpaa).
IIpaBusio BbIBOZIA
017 02
! !
Cc1 v (i
Ha3bIBaeTCs npaguiom pesontoyuu. Jnzpionktsl C; 1 Cy HA3BIBAIOTCS PE301b8UPYEMbIMU
(unu podumenvckumu), nusnionkr Cf V C4 — peszomvsenmoil, a dopmynsr P u =P —
KOHMPApHbIMU JTATEPATIAMU.

(R)
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3AMEYAHUE
PesosibBeHTA SIBJISIETCST TU3BIOHKTOM, TO €CTh MHOJKECTBO [U3BIOHKTOB 3aMKHYTO OTHOCHTEIBHO
MIPaBHUJIA PE3OJIIOIIH.

TEOPEMA 1. [Ipasuzio pe3omouuu 102uuHo, mo ecmov pe3oib8eHma i8asemcst 102UtecKum
credcmeuem pesobeUPyYemobly OU3BIOHKMOS.

AoxkazatenbctBo. Ilycts I(Cy) = T u I(Ce) = T. Torna ecim I(P) = T, 10 C) # @
u I(C4) = T, a 3nauur, I(Cy v C4) = T. Ecin xe I(P) = F, 0 C] # @ u I(C]) =T,
a 3unauut, I(C] Vv Cy) =T. O

[IpaBusio pe3osoluu — 3TO OYEHb MOIIIHOE ITPABUJIO BBIBOJA. MHOTHE paHee pacCcMOT-
peHHbIe TPABUJIA SIBJISIOTCH €r0 YACTHBIMU CIIyYasMU:

A A B A -AV B
% Modus ponens ’T R,
Asc P —A v C ’

AV B, A— B AV B,—~AV B
—5 Ciusanue — 5 R

TEOPEMA 2. [Ipasuio pe3omouuu noano, mo ecmv 6CAKds masmoio2us Moycem Ooimb
6bLBEOEHA C UCNOIBI0BAHUEM MOLLKO NPABULA PEIOTIOUUL.

DoKA3ATENLCTBO. [Tockosbky Modus ponens sIBJISIETCS YaCTHBIM CJTydaeM TIPaBUIa pe-
30JII0IIUH.

4.6.5. MpaBuno pesoniounn AN UCYNCIIEHNS NpeauKkaToB

Jliist puMeneHys IPaBUJIa PE30JIIONUN HYKHbI KOHTPAPHbIE JUTEPAJIBI B PE30JIbBUPYeE-
MBIX IU3BIOHKTAX. B cilyuae vcuucseHus BhICKA3bIBAHUN KOHTPApPHBIE JIUTEPATIBI OIpe-
JIeJISTIOTCST OY€Hb MIPOCTO: 9TO IPOMO3UIMOHANbHAS TIepeMeHHass u eé orputlanue. [[is
VICYUCJIEHUS] TIPEIUKATOB OIpe/ieIeHIe YyTh CIIOXKHEe.
[Iyctp Cy u Co — aBa AU3BIOHKTA B MCYMCAeHUU TpenukaTos. [IpaBuio BeiBonA

C, Oy (R)

!/ !

(C1L Vv Cy)o

Ha3bIBAETCS TIPABUJIOM PE30JIIOIMNA B HCYMCIEHUM HPEIUKATOB, €CJIU B AN3BIOHKTAX
Cy m Cs cymniecTByIOT YHU(DUIUPyeMble KOHTpapHble JUTepaibl P, u P, TO ecTb
Cy =P, vV CuCy=-P,V C}, npuuém atomapusie bopmysbl Py u Py yHuDUIUPYIOTCS
HanboJsiee o6umM yHUDUKATOPOM 0. B aTOM ciiyuae pe3osibBeHTOl qu3bioHKTOB C1 1 Co
siBJisiercst in3bloHKT (Cf V Ch)o, nonydennsiii u3 auspionkra C] V Ch npuMeHeHHEM
yHuguUKaTopa o.

Npumep. Ilycts 3agansl qu3bionkTel Pz, a) V Q(x,y) u =P(b,y) V R(y,x), e P, Q,
R — nByxXMecTHbIe TIPEAWKAThl, & ¢ U b — KOHCTaHTHL. Toraa mpUMeHeHUe IMpaBusa
PE30JTIOIUN UMEET BH/L

P(m,a) v Q(m,y,) ﬁ]D(b?y) v R(yvx)
Q(b,a) V R(a,b)

(R)a
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npu aToM Hambosree obmumit ynudukarop o = [b/x,a/y|.
Ecau HeT KOHTPApHBIX JIUTEPAJIOB, TO MPABHUIO PE3OTIONNN HEMPUMEHNMO.

MNpumep. Ilycrs 3aganet auabionkTel Pz, a) V Q(z,y) u P(b,y) V ~R(y, ), rne P, Q,
R — 1ByXMecTHbIE TIPEJIMKATBI, & ¢ U b — KOHCTAHTbL. TOr[a MPaBuUJO PE30JIONUN HE
NPUMEHUMO, TOCKOJbKY Jutepansl P(x,a) u P(b,y) xorsi u yHuduupyemsl, HO HE
KOHTPAPHBI U JIPYTUX KOHTPAPHBIX JUTEPATIOB HET.

Cremyer emé pa3 MmofdepKHYTh, YTO HAIWYUS aTOMA W €r0 OTPUIAHUS B Pa3HBIX JAN3b-
IOHKTaX elé HeJOCTaTOUHO: HeOOXOAUMO, YTOOBI KOHTPApHbIE JUTEpAIbl ObLIN YHUDU-
1IAPYEMBIMU.

Apumep. Ilycrs 3apanbl ausvionkrsel P(z,a) V Q(z,y) u —P(x,b) V R(y,x), rae
P,Q, R — nByxXMecTHbIe TIPEMKATDl, & @ U b — KOHCTAHTBL. TOr[a MpaBUsIO PE30JIIONNU
He TPUMEHUMO, MOCKOJIbKY Jutepaibl P(xz,a) u P(x,b) He yHubuupyems.

4.6.6. OnpoBepxeHne MeToAoM pe30Jiouni

Onposeparcerue memooom pe3omoyuti — TO AITOPUTM aBTOMATUYECKOTO JTOKA3aTETHCTBA
TEOpeM B TIPUKJIAIHOM HUCYUCTEHUHN MPEAUKATOB, KOTOPBIM CBOAUTCSA K CIEAYIOUIEMY.
[Iyctp myxkHO ycTaHoBUTbH BbiBoguMOCTh S F G. Kaxknas dopmysna MHoxkectBa S u
dhopmysia =G (oTpUILIAHKE TEJIEBOI TEOPEMBI) HE3ABUCUMO TIPEOOPABYIOTCSI B MHOKECTBA
IU3BIOHKTOB. B MOJIy4eHHOM COBOKYITHOM MHOJKECTBE TU3BIOHKTOB C' OTBICKUBAIOTCS pe-
30JIbBUPYEMbI€ JU3BIOHKTBI, K HUM MPUMEHSIETCS TPABUJIO PE30JIIOIUU U PE30JIbBEHTA
n00aBIsIeETCST B MHOXKECTBO AM3BIOHKTOB 0 TEX TOP, MOKA He GYAeT TOMyYeH MyCToil
JI3BIOHKT. [Ipy 3TOM BO3MOXKHBI TPU CJIydast:

1. Cpean TeKyIlnero MHOKECTBA IU3BIOHKTOB HET PE30JbBUPYEMBIX, WU Ke BCE
PE30JIbBEHTHI yiKe TPUCYTCTBYIOT B TEKYIIEM MHOKECTBE AM3BIOHKTOB. JTO O3HA-
YaeT, YTO TeOpeMa ONPOBEPrHYTA, TO ecTh hopMmysia G He BBIBOAMMA M3 MHOKECTBA
opmyn S.

2. B pesysbraTte ouepeHOTO TPUMEHEHUST TIPABUIIA PE30JIOMH MOJyUeH MyCTOH A13b-
IOHKT. JTO O3HAYaeT, YTO TeopeMa JI0Ka3aHa, To ecTb S + G.

3. Hpouecc HE€ 3aKaHYMBA€TCA, TO €CTb MHOKECTBO JHU3BIOHKTOB IIOIIOJIHAETCA BCé
HOBBIMU PE30JIbBEHTAMU, CPEAN KOTOPBIX HET ITYCTbIX. ITO HUYEro He O3HayaeT.

3AMEYAHME

Takum 06pa3oM, UCUKCIICHUE TIPEAUKATOB SIBJSETCS NOAYPASPEUWUMOL TEOPUEH, 2 METO PE30JIIOII
SIBJISIETCS YACMUYHBIM AITOPUTMOM aBTOMATUYECKOTO JIOKA3aTEIbCTBA TEOPEM.

Mpumep. Ilposepum BoiBopumocTs (11. 4.4.5): 3z (Vy (A(z,v))) Fx Yy 3z (A(x,y))).
Cuauama neobxommmo ucxonnyio dopmyay 3z (Vy (A(z,y))) w oTpunanme meaeBoit
dopmynst - (Vy (3 (A(z,y))) mpeobpa3oBaTh B AU3HIOHKTEL

1. @opmyibl 6e3 U3MEHEHUIA.

2. 3o (Vy (Ae,y), 3y (Vo (~A@,)).
3—4. @opmyJibl 6€3 U3MEHEHMIA

5. Vy (Ala,y)), Vo (-A(z,b).
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6. A(a,y), ~A(x,b).
7-8. DopmyJibl 6e3 U3MEHEHUIL.
ITocsie 9TOTO TIPOBOAUTCA PE30JIbBUPOBAHKE UMEIOIUXCS JU3BIOHKTOB 1—2,
1. A(a,y).
2. —A(x,b).
3.0 (1,2), o=la/z,b/y].

Takum 06pa3oM, TeopeMa J0Ka3aHa.

Paccmotpum Temnepb obpathyio teopemy Vy (Fz (A(z,y))) Fx Iz (Vy (A(z,y))). Cha-
vasa HeoOxoxumo ucxoauyto dhopmyny Vy (3z (A(z,y))) u orpunanue meyaeBoit ¢op-
myaet = (3z (Vy (A(z,y)))) npeobpasoBath B ANZBIOHKTBL.

1. @opmyiibl 6e3 UBMEHEHUIA.

- Vy Bz (Az,y)), Vo By (-A(z,y))).
3—4. Mopmysibl 6e3 U3MEHEHUI.

- Vy (A(f(y),9), Vo (—A(x, g(2))).

- A(f(W),y), ~A(z, 9(2)).
7-8. @opmyibl 6e3 U3MEHEHU.

[P IS BN )

[TonbiTKa pe30JbBUPOBAHUS UMEIOIIUXCS AU3bIOHKTOB 1—2:

L A(f(v):y).
2. Az, g(x)).

PesonbBenTs! Het, Tak Kak surepaiisl A(f(y),y), A(x, g(z)) He yauduupyemsr. /letictBu-

tenbHo, moactanoBka [f(y)/x] mact A(f(v),y), A(f(y),9(f(y))), a momcranoBka
[9(f(v))/y] HEe MoxeT BxOAUTH B yHUDUKATOD (1. 4.3.2). Takum ob6pazom, TeopeMa OIpo-
BEPrHyTa.

4.6.7. OepeBo BbIBOAA
[Ipu nmpumeHeHur MeTona Pe30JIONUI (M HE TOJBKO) YacTO MCMIOJB3YIOT rpaduueckoe
[IPE/ICTABJIEHIE BBIBOJIA, KOTOPOE HA3BIBAETCS 0ePesom 6616004

B ysusax zepeBa nomenaiorcsl AU3bIOHKTBL JlepeBo BblBO/la pacTeT CHU3Y BBepX. B Bepx-
HUX y3Jax (JTUCTBSIX) PACIIOIOKEHBI NCXO/IHBIE IM3BIOHKTDI, & B IPOMEKYTOUHBIX y37aX —
pe30JIbBEHTBI. B KOpHe zepeBa — TycToe mpenjoxenue. Ha myrax MOXKHO TIOKa3aTh
pe30JIbBUpYeMble JIUTEPAJIbl U UCIIOIb3yeMble MOJICTAHOBKH.

Mpumep. /[lokaxkem MeTonoM pesomoruii teopemy A - B, B - ClFz A — C.
CHauajia Hy;KHO IIpeoOpa3oBarh B AM3BIOHKTHI McXxoaHbie opmyibl A — B, B — C u
orpulanue 1eseBoit hopmyist (A — C).

1. AV B,-BV C,~(=AV C).
-AV B,-BV C, A& —C.
Dopmyibl 6e3 UBMEHEHUIA.
-AV B,-BV C, A, -C.

3—

o N
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1.-AV B

2.-BVC

3 e

4. =C

3.-AVC (1,2) °
6.C (3,5)

7.0 (4,6)

Puc. 4.2. [lepeBo BbiBOAA 1

[Tocsie aTOrO TIPOBOAUTCST PE30IHBUPOBAHNE UMEIOMINUXCS TU3BIOHKTOB 1—4. /lepeBo BbI-
BOJIa TIPUBEZIEHO Ha puc. 4.2.

Takum 00pa3om, TeopeMa J0Ka3aHa.
PaccmorpuM emme ous mpuMmep. JJokaskeM METOZOM Pe30JIoNuil Teopemy
Fz (A — B) » A) — A). CHauasa Hy’KHO 1Ipeo0dpa3oBaTh B AN3BIOHKTHI OTPHI[AHIE
neseBoit popmyisl =(((A — B) — A) — A).
1. 2(=(=(=AV B) vV A) V A).
2. (A& —=B) v A) & —A).
3-6. Mopmysa 6e3 UBMEHEHHH.
7. (AV A) &(-B V A) & -A.
8. AV A -BV A -A

[Tocsie aTOTO TIPOBOJUTCS PE30TBBUPOBAHNE UMEIOMUXCS MU3bIOHKTOB 1-3. /lepeBo BbI-

BOJIa NIPUBE/IEHO HA puc. 4.3.

1.AV A
2.-BV A
4. A (1,3)
5.0 (3,4) o
Puc. 4.3. [lepeBo BbiBOAA 2
SAMEYAHUE

N3 aToro IIpuMepa BUAHO, YTO yCTO}IBIHHfIC}I TEPMUH «/IEPEBO BbIBOJa» HE COBCEM KOPPEKTEH. Ecin
JAU3BIOHKT y4aCTBYET B P€30JIbBUPOBAHUN HECKOJIBKO pa3, TO HO]Iy‘IeHHbIﬁ rpa(l) MOKET He OBbITh
J€PEBOM. Ecmu xe HEKOTOPbIE MCXO/JHbIE NM3bIOHKTbBI HE Yy4aCTBYIOT B BbIBO/IE, TO rpa(l) MOJKET
OBITH Jla’Ke HECBA3HBIM.
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Aaroputm 4.3. Meton pesosonuit

Bxoza: mMHOXecTBO MU3BIOHKTOB (', MOJIyYeHHBIX U3 MHOXKecTBa opmyJ S 1 HOpMyJIbl
-G.
Beixoa: true — eciu G BbiBoauMo us S, false — B mpoTHBHOM ciryuae.
M:=C // M — Texylee MHOXECTBO AN3BIOHKTOB
while O ¢ M do
Choose(M, ¢y, co, p1,p2,0) // BHIOOP POAUTETHCKUX TU3BIOHKTOB
if ¢1,co = & then
return false // Heuero pe3oJIbBUPOBATH — TEOPEMa OIPOBEPTHYTA
end if
¢:=R(c1,c¢2,p1,p2,0) // BbIYUCIEHNE PE3OJIbBEHTBI
M:=M + ¢ // nomnoJyiHeHue TeKyIIero MHOKeCTBa
end while
return true // TeopeMma JoKa3zaHa

4.6.8. AnroputMm mMeToaa pesosiiounin

Anzopumm TIOUCKA ONIPOBEPXKEHUST METOIOM PE30JIONUI [TPOBEPSIET BBIBOAUMOCTD (hop-
MyJsibl G 13 MHOXKecTBa hopmyar S.

OBOCHOBAHUE. EcJii aJiropuT™ 3aKaHYMBAET CBOK PabOTy, TO IPaBUIBHOCTD PE3ybraTa
OYEBUIHBIM 00PA30M CJIEIYET U3 TEOPEM MPEAIIECTBYIONIX maparpados. Boobiie ropops,
3aBEPIAEMOCTh 3TOTO AJITOPUTMA HE TAPAHTUPOBAHA. O

OTCTYMJIEHUE
ITpu aBTOMATHYECKOM MOKA3aTeIbCTBE TeOPeM METOJOM Pe30JTIOIWIl JIbBIHAS JI0JIs1 BBIYNCICHUI
[PUXOIUTCS HA MOUCK YHUDHUIUPYEMbIX AU3BIOHKTOB. Takum 06pasom, s dhekTuBHAs Peannsaifist
aJaTopuTMa YHU(MUKAIUKA KPUTHYECKH BasKHA /7S TIPAKTUYECKON IIPUMEHMMOCTH METO/Ia Pe30JIio-
1Ui.

B anropurme moucka onpoBepiKeHUs METOJOM Pe30JIOLUH UCIIOIb30BaHbl J[BE BCIIO-
morartenpibie pyuknun. Dyukius R BbUUCISIET PE30JbBEHTY ABYX MU3BIOHKTOB, C1
U Co, CONEPKAMUX YHUDUIMPYEMble KOHTPApHBbIE JUTEPATBl p1 U P2 COOTBETCTBEHHO;
npu atoM o — Haubosiee obmumil yaudukatop. Pesyisratom paboThl (GyHKIUYM SABISETCS
Pe30JIbBEHTA.

[Tporenypa Choose BoiOUpaeT B TeKyIeM MHOKECTBE IU3BIOHKTOB M 7iBa pe30JibBUpYe-
MBIX /IU3BIOHKTA, TO €CTh /IBa JU3BIOHKTA, KOTOPbIE cojiepKaT yHU(DUIIMPyeMble KOHTpap-
Hble JUTepasbl. Ecu TakoBbIe ecTh, TO TPOIleypa WX BO3BPAINAET, B MPOTUBHOM CJIy-
Yyae BO3BpAIaeTCsT MycToe MHOKecTBO. Komkpermbie peammsaruu mpotenypsi Choose
Ha3bIBAIOTCS CMPamezusaMy METOA PE30JIIOIHIA.

SAMEYAHUE
B Hacrosmee Bpemsi IPEIJIOKEHO MHOXKECTBO PasjMUHBIX CTpaTeruii meroza pesosonuii. Cpe-
I HUX Pa3JInyaloTcs NnoHble N Henoinvie crpateruu. [losHbie cTparernn — 3To Takue, KOTOPbIE
rapaHTUPYIOT HAXOXKIEHKE JI0Ka3aTeIbCTBA TEOPEMbI, €CJI OHO BooOIIe cyiiectByer. HeromnHbie
CTPATEruy MOTYT B HEKOTOPBIX CJIYYasiX HE HAXOIUTH J0KA3ATEIbCTBA, 3aTO OHM PAbOTAIOT ObICTPEE.
Culetyet UMeTb B BHJLY, UTO aBTOMATHUYECKOE JI0KA3aTEeJIbCTBO TEOPEM METOIOM PE30JIIOIII NMeeT,
10 CYIIECTBY, 1epeGOPHBIN XapakTep, U 9TOT 1epebop CTOJb BEJHUK, YTO MOKET ObITh TPAKTUYECKU
HEOCYIIECTBUM 32 MTPHEMJIEMOEe BpeMsl.
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[IpeaMery KoMOuHamopHozo anaiusa, uir, Kopode, KOMOUHAMOPUKY He Tak TPOCTO JaTh
KPaTKOE MCYEPTILIBAOIIEe OMpe/eeHre. B HEKOTOPOM CMBICTE CJIOBO «KOMOMHATOPHUKA»
MOXHO TOHMMaTh KaK CMHOHUM TepPMHMHA <«UCKpeTHas MareMaTuKa», TO eCTb HCCJIe-
JIOBaHUE JVICKPETHBIX KOHEYHBIX MaTeMaTH4ecKuX cTpykTyp. Ha mixompbHOM ypoBHE C
TEPMUHOM «KOMOWHATOPUKA» CBSI3BIBAIOT MPOCTO HAOOP M3BECTHBIX (DOPMYJI, CIIYIKAIINX
TS BBIYUCJIEHUST TaK HA3BIBAEMBIX KOMOUHAMOPHBIX YUCed, O KOTOPBIX UAET Pedb B IEpP-
BBIX pasfiesiax 3ToM TJiaBbl. MOXKeT 110Ka3aThCs, YTO 3TU (DOPMYJIBI TTOJE3HBI TOJIBKO I
peleHnsT OMMMIINAAHBIX 33/lad U He UMEIOT OTHOMHIEHUS K NPAaKTMYEeCKOMY ITPOrpPaMMHU-
posanuio. Ha camom siesie 10 jlasieko He Tak. BbluncieHus Ha AMCKPETHBIX KOHEYHBIX
MaTeMaTHYeCKUX CTPYKTYPAX, KOTOPbIE YACTO HA3ZBIBAIOT KOMOUHATMOPHOIMU GbIUUCTICHUS -
Mu, TpeGYIOT KOMOUHATOPHOTO AHAJIM3A JIJIST YCTAHOBJIEHUST CBOICTB U BBISIBJIEHUSI OIEHKH
NIPUMEHUMOCTH HCIIOJIb3yEMbIX aJITOPUTMOB. PaccMOTpuUM asieMeHTapHBIA KU3HEHHBIN
IpuMep.

Mpumep. Ilpeanosnoxum, 4To 3a0bIT APOJIb Ha KakoM-TO caiite. Tak Kak B Gase HaH-
HBIX OH XPaHWUTCS B BUJE KOAUPOBAHHOTO 00pasa, TO eMHCTBEHHBIN BAPHAHT BOCCTAHOB-
JIEHUST — TIOJIHbBII T1epebop BCeX BO3MOKHBIX BAPHAHTOB. B Halle BpeMst OOJIBITUHCTBO
caiiToB TPeOYIOT CO3aTh MapoJib U3 BOCBMU CHMBOJIOB. ECJIM U3BECTHO, UTO TAPOJIb CO-
CTOWUT TOJBKO M3 UMD U CTPOUHBIX CHMBOJIOB JIATUHUIIBL, TO HEOOXOMUMO Tepebparh
(10 + 26)% ~ 2,82 - 102 papuanToB. CoBpeMeHHbIE TIPOrpaMMbl /IS T0A00pa 3a0bITOTO
napoJist ocymiecTsisiior nopsizka 200 mmpoBepok mapoJeiil B cekyHay. Takum ob6pasoM, Ha
mog0bOp TAaKOTO TPOCTOTO BapHaHTa MapoJis B Xy/IlIeM caydae yimér okono 1,41 - 100
CEKyH]I, 4To cocTaBisieT okoso 160 000 nneii, uiam ke mpuMmepHo 447 set. Ecam ke B
mapoJie MCIOJb30BaHbl MPOMUCHBIE GYKBBI ¥ CHEIMATIbHbIe 3HAKU (TaK PEKOMEHIYETCs
NeaTh), TO TMOAOOP MAPOJsT «B 106> TPAKTHYECKU HEOCYIIECTBUM.

ITOT NpUMEpP TOKA3bIBAET, YTO MPAKTHIECKUE 3aJau U aJTOPUTMbI TPEOYIOT MpeaBapu-
TEJHHOTO KOMOMHATOPHOTO aHAIM3a TPUMEHUMOCTH W KOJMYECTBEHHON OTEHKH. 3amadu
OOBIYHO OIEHUBAIOTCS C TOYKHU 3PEHUS pa3mepd, TO eCThb OOIIEr0 KOJUYECTBA BapUaH-
TOB, CPEIN KOTOPBIX HYKHO HANTH PEIIeHUE, 2 AJITOPUTMBI OTIEHUBAIOTCS C TOUKU 3PEHUST
croscnocmu. TIPM 5TOM Pa3iuyaioT CAONCHOCTL O 8pemenu (M 6PEMEHHII0 CLONCHOCTY),
TO €CTh KOJMYECTBO HEOOXOAWMBIX IMATOB aJITOPUTMA, U CIONCHOCTb No namamu (Ui
EMKOCTHYIO CLONCHOCTD), TO €CTh 0OBEM MaMSITH, HEOOXOMMBIN /It PAOOTHI AJITOPUTMA.

Xyowum ciyuaem Ha3bIBAETCS BADUAHT BXOAHBIX JaHHBIX, B KOTOPOM HAGJIIOMAIOTCS MAK-
CUMaJIbHbBIE 3aTPaThl BBIUMCIUTEJNBHOTO pecypca (BpeMeH! Wiu HaMsaTH). Jywwum cay-
Yaem HA3BIBAETCS] BAPUAHT BXOJHBIX JAHHBIX, B KOTOPOM HAOJIONAIOTCS MHHUMAJIbHbIE
3aTPaThl BHIYUCIUTENHLHOTO pecypca. TakuM 06pazoM MOSBISIIOTCST TIOHSITHS CIOKHOCTH
B JIyuilieM ciydae (OlleHKa CHU3Y) M CJIOKHOCTH B Xy[AIIeM cjydae (OIeHKa CBEPXY).

Bo Bcex ciyyasgx OCHOBHBIM WHCTPYMEHTOM TaKOTO aHAJIM3a OKa3bIBAIOTCS (OPMYJIBI U
METO/Ibl, paccMaTpUBaeMble B 3TOI TJIaBe.
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5.1. KomOuHaTopHble 3agaum

Bo MHOrMX TIPaKTHYECKUX CIYYasX BO3HMKAET HEOOXOAUMOCTD TOACUYUTATH KOJIUIECTBO
BO3MOKHBIX KOMOMHAIUI OOBEKTOB, YIOBIETBOPSIONNX OTPEAEHEHHBIM YCAOBUAM. Ta-
KUe 3ajlauil Ha3bIBAIOTCS KoMOuHamopHvimu. PazHoobpasre KOMOWHATOPHBIX 3a/a4 He
MOIAETCST UCUEPTIBIBAIOIIEMY OIMUCAHWIO, HO CPEIM HUX €CTh HEJBIH Psl 0COOEHHO YacToO
BCTPEYAIONIIXCS, /711 KOTOPBIX U3BECTHBI CIIOCOOBI MOACUYETA.

5.1.1. KomOGuHaTopHble KOHPUrypauum

Jlnst GopMyIMPOBKY ¥ pelieHnst KOMOMHATOPHBIX 3a/1a4 UCHOJIB3YIOTCSA PA3JUYHbIE MO-
JIeJT KOMOUHAMOPHBIX KoHpueypayuil. PaccMOTPUM CJIeAyoNue [Be Hanboee momyJisip-
HbIE!

1. JTano n msueil. VIX HY)KHO PasMECTHTH IO M SIIIUKAM TaK, YTOOBI BBITOJHSINCH
3apiaHHble orpaHndeHusi. CKOJBKUME CIIOCOOAME 9TO MOXKHO CIIEJIATh?

2. Paccmotpum mHOXKecTBO yHKIMN f: 1..n — 1..m. Ckosbko cyiiecTByeT QyHKIU f,
YIIOBJIETBOPSIONINX 33JAHHBIM OTPAHUYEHUSIM ?

3AMEYAHUE
Bosbieit yacTpio cooTBETCTBYE KOHMUTYPAIIMI, ONMUCAHHBIX HA <«sSI3bIKe MsSYell W SIUKOB» U Ha
«sA3BIKE (PYHKITHIT», OYEBUIHO, MTOITOMY IOKA3aTEIbCTBO MPABUIBHOCTH Crocoba moacyéra (Bbl-
BOJl (hOPMYJIbI) MOKHO TIPOBECTH Ha J0OOM sA3bike. Ecim cBenénue oQHOM MOIENN K APYrod He
OUYEBUTHO, TO OHO BKJIIOYAETCS B JI0KA3aTEJIbCTBO.

Takum 06pasoM, Py PelleHnr KOMOMHATOPHBIX 3aiad TPeOyeTCs BBIYUCIATH MOIIHOCTh
HEKOTOPBIX MHOXeCTB (MHOXKeCTBa (DYHKIIMI, MHOKECTBA pa3MelleHnil MIdeil 110 S1u-
kaM). TIpr 9TOM 4acTO OKa3bIBAIOTCS MOJE3HBIMU CIIEAYIOIINE TP HAGJIOEHIS U3 TEOPUN
MHOKECTB, KOTOPBIM JIaHbI CIIeI[UaIbHbIe HA3BAHUSI.

Hedopmasibio npasuno cymmor (Wi npasuio cioxcenuss) GOpMyJTUpyeTcs: CAeAyonum
00pa3oM: ec/id BO3MOKHOCTH HOCTPOEHUS KOMOMHATOPHOM KOH(MUTYpaIMK B3aUMHO KC-
KJII0YAIOT JIPYT [IPyTa, TO UX KOJWYecTBa cJjenyeT cKiaaabiBaTh. Ha s3bike Teopuu MHO-
JKECTB MPABUJIO CYMMbBI — 3TO CJIeICTBUE TeopeMbl 11. 1.2.7.

Mpumep. CKoOJBKO BO3MOXKHBIX X0/I0B UMeeT (hep3b, CTOSIINN HA OJHOM M3 IEHTPAJTh-
HBIN TI0JIe IIyCTOil IaxMaTHOH Hocku? Perenue: ¢pepsb MoxKeT IOHTH 160 110 TOPU30H-
tamu (7 xoz1oB), mubo 1o Beprukanu (7 xomos), mubo mo raasHoil guaroxanu (7 XoxoB),
6o 1o oproroHanbHoll auaroHamu (6 xomos). OTser: 7+ 7 + 7 + 6 = 27.

HedopmaibHo npasuno npoussedenus (Wi npasuio ymuosxcenus) hopMyIupyercs cie-
JYIOHIMM 00pPa3oM: €CJI BO3MOMKHOCTH IIOCTPOEHIS KOMOMHATOPHOM KOH(pUTYpaIUU He3a-
BHCHMBI, TO UX KOJUYECTBA CJelyeT YMHOXaTh. Ha s3bIke TeOpUU MHOXKECTB MPABUIO
npousBesieHuss — 3To caenctsue 1 teopemsr 1. 1.4.2.

MNpumep. Cxoabkumu crocobaMy MOKHO Ha IMaXMaTHOHN /[OCKe IOCTaBUTH J[BE JIaJbU
Tak, 4ToOBI OHM He Ouym ApyT Apyra? Penrenne: mepBylo Jaiblo MOKHO TIOCTABUTD HA JIIO-
60e u3 64 moseit, ipu 3TOM OHa OGyner 6uTh 14 moseil. BTOPyO JTafblo MOKHO TIOCTABUTH
Ha Jiroboe u3 ocraBumxcs 64 — 15 = 49 noseit. OtBer: 64 - 49 = 3136 coco6oB.

HpaBI/IJIa CYMMBI 1 ITPOU3BEACHUSA MOT'YT IIPUMEHATHCSA COBMECTHO.


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

254 Maea 5. KomGHaTOPHbI aHan3

MNpumep. CkoibKuMHU CIIOCOGAMK MOYKHO Ha IIAXMATHOM J0CKE IOCTaBUTD JBa KOPOJIs
Tak, 4ToOBI OHU He OWJIH APy Apyra? PelieHne: KOPoIb MOKET CTOSATH JIOO B YIUIY JOCKU
(4 3aHATHIX 10J151), 1160 Ha Kpato A0CKU (6 3aHATBIX HoJIeit), 1n60 He Ha Kpaio (9 3aHATbIX
moJieit). OtBeT: 4 - (64 —4) + 24 - (64 — 6) + 36 - (64 — 9) = 240 + 1392 + 1980 = 3612
croco0oB.

Hedopmampro npunyun Jupuxie 9acto usnaraioT B cienyiommeil dopme: ecim n # m,
TO 1 KPOJIMKOB HEBO3MOKHO PACCAIUTH B m KJETOK TaK, YTOObI B KayKAOU KJIETKe GBIIO
0 OTHOMY KpOJMKY. Ha si3bike TeoOpruu MHOXKECTB TPUHIUT J{Mpuxie — aTo CleicTBUE
teopembl 2 11. 1.2.5, 0 TOM, 4TO pa3IMYHbIE OTPE3KN HATYPATBHOTO Psifia HEPABHOMOIIIHBL

Mpumepbl

1. ITycTh B paBHOCTOPOHHEM TPEYTOJHHUKE CO CTOPOHON 1 pacmososkensr 5 Toyek. Torma
CYIECTBYET 0 KpailHeli Mepe JIBe TOUKH, PACCTOSTHUE MEK/LY KOTOPBIMU He 60JbIie /s,
JleficTBUTENIBHO, CPEIHIE JIMHUK TPEYTOJIbHIKA PasOMBAIOT €ro Ha YeThipe PAaBHOCTO-
POHHMX TPEYTrOJIbHUKA CO CTOPOHOH /o. 1o mpunumnmy /[Mpuxse aBe TOUKM TOMaLyT
B OJIMH M3 9TUX TPEyroJbHUKOB. PaccTosnue Mexmy numu Gyaer He Gobire s,

2. Tlycrb TpaHu KyGa OKpallleHbl B [Ba I(BeTa. Toraa HAlayTCss COCeHUE OJHOIBETHBIE
rpanu. J[eficTBUTEIbHO, PACCMOTPUM TPH rpaHu Kyba, mMmerorine OOIIYI0 BEPIIKHY.
HazoBéMm ux «KposukaMuy, a JaHHbIE 11BeTa — «KjaeTkamuy. [lo npuntuny lupuxie,
HaWAyTCs [[Be cOCeHMe TPaHy, OKpallleHHble B OJIUH IIBET.

5.1.2. PaamelueHusa

Yucmo Bcex dbynkmuit f: 1.n — 1l.m (Ipu OTCYTCTBUU OTPAHWYEHWI), WJIM YUCIIO
BCEX BO3MOJKHBIX CIIOCOOOB PA3MECTUTH m MsUell MO m SIIKAM, HA3bIBAETCS YUCIOM
pasmewenuti n obosuadaercsa U(m,n).

TEOPEMA. U(m,n)=m".

DOKA3ATENLCTBO. IlOCKOJIbKY OrpaHMYeHUN HET, MSYM Pa3MellaloTcs He3aBUCUMO JIPYT
OT JIPYTa, TO €CTh KasK/BII U3 . MsTYell MOJKHO PasMecTuTh m crocobamu. Takum o6pasoM,
110 TTPABUJTY TIPOU3BE/IEHUST TIOydaeM m' BO3MOKHBIX Pa3MeIIeHIH. ]

Mpumepsl

1. Yuciio BceBO3MOKHBIX OMHAPHBIX MOCTIEA0BATENBHOCTEN ITUHBI . paBHO U (2,n) = 2™,
[lelicTBUTENIBHO, HA KAXK/YIO M3 7 MMO3UITUH B TIOCJIE0BATENbHOCTH TTPUXOAUTCS 1B
BapuanTa (1 v 0), 3HaueHNsT B PA3HBIX TO3UINSIX HE3aBUCUMBI.

2. Y KOJI0BOTO 3aMKa TIapPOJIb COCTOUT M3 TPEX MO3UIINH, HA KAXKOW U3 HUX MOXKET CTOSITh
mobas 3 uudp ot 0 10 9. CKoIbKO BO3MOKHBIX IapoJieil Ha ganHoM 3aMKe? Pemnenue:
U(10,3) = 103 = 1000.

5.1.3. PaamelweHus 6e3 NoBTOpEeHUM

Yucno UHBEKTUBHBIX (YHKIWHA f: 1.m — 1l.m, WM 4uciao cnocoG0B PasMEeCTUTh 7
MsTUel TI0 m SIIUKaM, He GoJiee YeM 0 OJTHOMY B SITIUK, HA3BIBAETCS YUCIOM PASMEUEHUT
6e3 nosmopenuti n obosuadaercs A(m,n), uian [m],, uian (m),.

|
TEOPEMA. A(m,n) = %
m—-—n).
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LOKABATENLCTBO. SIIMUK 115 IIEPBOTO MS4a MOXKHO BBIOGPATh 1m CIIOCOOAMMU, LIS BTOPO-
m!

(m—mn)!’
g

ro — m—1 cnocobamu u 1. 1. Umeem A(m,n)=m-(m—1)-...-(m—n+1)=

Def Def
ITo onpegenenuio cunraiot, uto A(m,n) = 0 npu n > m u A(m,0) = 1.

Mpumep. B HekoTOpbIX BUJAaX CIIOPTUBHBIX COPEBHOBAHUI MCXOJIOM SIBJISIETCSI OIpe-
JieJIeHNe YYacTHUKOB, 3aHABIINX IIepBOe, BTOpoe M TpeThe MecTa. CKOJIBKO BO3MOXKHO
Pa3JIMYHBIX MCXO/OB, €CJIM B COPEBHOBAHWM YYaCTBYIOT n y4acTHUKOB? Kaxpiii BO3-
MOJKHBIH ncxoz cootBercTByer (yukimu F: {1,2,3} — {l..n} (apryment — nHomep
MPU30BOTO MECTA, PE3YJIBTaT — HOMEp ydYacTHUKa). Takum 06pasoM, BCETO BO3MOXKHO
A(n,3) =n(n —1)(n — 2) pasIuUHBIX NCXO/IOB.

OTCTYINJIEHUE

IIpocteie (opMyJibl, BHIBEICHHbIE [ YUCIa pasMelleHuii 6e3 MOBTOPeHHii, IA0T MOBOA IOTOBO-
puUTh 06 BJIEMEHTAPHBIX, HO BEChMa BasKHBIX Belax. PaccMoTpum jBe (hopMyJibl:

m!
Amn)=m-(m—-1)-...-(m—n+1) n A(m,n)= m—n)l"
Dopmysia caeBa BBITJISAUT CJIOXKHON U He3aBepHIEHHOH, ¢opMysa cripaBa — UBSIIHOW M «Mare-
MatuuHoit». Ho dopmyna — ato wactHeiii ciaydail anroputma. [Ipm mpakTnyeckoM BBIMUCTIEHUN
JieBasi (hOpMyJia OKa3bIBAETCS HAMHOTO IPEANIOYTUTEIbHEE 1IPaBoil. Bo-1nepBbIX, 118 BBIYNCIEHUS
10 JieBoU (hopmyJie TTOTpedyeTcst n YMHOKEHUH, a 1o TIPaBoil — 2m — n — 2 YMHOKEHUIl U OHO
nenenuve. [lockonbky n < m, jeBas GopMysia BBIYUCISIETCS CYIIECTBEHHO ObicTpee. Bo-BTOpBIX,
yucsao A(m,n) pacTér 10BOJIBHO GBICTPO U IPU GOJIBIINX M U 1 MOKET He TIOMECTUTHCS B PA3Psil-
Hy1o ceTky. JleBast hopmyJia paGoTaeT MPaBUIIBHO, €CJIHM Pe3YJIBTaT OMEIIAETCS B PA3PSIIHYIO CETKY.
[Ipu BBIUMCTIEHUN K€ TIO TIPaBOii (hopMyJie TiepernoJHeHre MOXKeT HACTYIIUTh «PaHbIlle BPEMEeHU»
(TO ecTh IPOMEKYTOUHBIE PE3YJIBTATHl He TOMENIAIOTCS B Pa3psIIHYIO CETKY, B TO BpeMsI KaK OKOH-
YaTeJbHBII Pe3yJIBTaT MOT OBl TIOMECTUTHCS ), OCKOJIbKY (haKTOpHUajl — OYeHb OBICTPO PacTyllas

bynknms.

5.1.4. lNepecTaHOBKU

Ecmu | X| = |Y| = n, To cylIecTBYIOT B3aUMHO-0OHO3HAuHble QyHKIMK f: X — Y.

Uucno B3auMHO-OJJHO3HAUHBIX DyHKIME f: 1.n — 1.n, WA 4ucI0 nepecmanosox n
mpeaMeToB, obo3nauaercst P(n).

TEOPEMA. P(n)=n!.

Aoka3ATENbCTBO. P(n)=A(n,n)=n-(n—1)-...- (n—n+1l)=n-(n—-1)-...-1=nl. O

Npumep. Ilocrenosarenbuocts & = (Eq,...,E,,) HemycTbX MOJIMHOKECTB MHOXe-
crBa E (€ C 2F, E; C E, E; # @) nasbiBaercs uenouxoil B E, eciu

Vie l(m — 1) (Ez C Ei+1 & E; # Ei+1) .
[emouka & nasbiBaercst noano nenouxkoir B E, ecau |€] = |E|. CKOJBKO CyIIeCTByeT

noJTHbIX 1terouek? OueBHUIHO, UTO B IOJIHOM IIE€MOYKE KaXK0e CJIeyIollee MOJIMHOKe-
cTBO F; 1 NOJY4eHO W3 TIPEIBIAYINEro IMOAMHOKecTBa F; mobaBjeHHeM POBHO OIHOTIO
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ameMenTa 3 E u, Takum obpasom, |Ei| = 1,|Es| = 2,...,|E,| = m. Crenosarens-
HO, TIOJIHAS TIETI0YKA OIPEeIeNsIeTCs] TOPSIIKOM, B KOTOPOM 3JieMeHThl E 100aBIsioTcs
UL 00Pa30BaHUsT OUEPEIHOTO JIEMEHTA HOJHON 1ernouku. OTCI0Ia KOINYEeCTBO HOIHBIX
IeloYeK — 3TO KOJIMUEeCTBO II€PECTAHOBOK 3JIEMEHTOB MHOXecCTBa F/, paBHOe m!.

3AMEYAHUE

B npuMepe paccMaTpMBaIOTCS KOHEYHbIE 1IeNOYKU. [IOHATHE TOJTHON HEIOYKN IIPUMEHUMO W /IS
OECKOHEYHBIX MHOKECTB.

5.1.5. CoyeTaHua

Yucsmo cTporo MOHOTOHHO Bo3pacTamioimux GyHkiuii f: 1.n — 1..m, wiu 4uciao pas-
MEIEHUIT 1 HepasJIMYMMBIX MsdYeil 110 m sAuKaM He GoJiee d4eM 10 OJHOMY B SAIIUK,
TO €CTh YHCJIO CTIOCOGOB BBHIOPATE U3 M AMIUKOB 1 SAMUKOB ¢ MYaMU, Ha3bIBAETCSI YUCIOM

couemanuti n obosnavaercst C(m,n), wm CI, wn ().

Def
Io onpenenenuio C(m,n) = 0 pu n > m.

|
TEOPEMA. C(m,n)= m

D OKASATENLCTBO.

[O6ocHoBaHue popmynbl] CoueTanue SIBJISIETCST pa3MenieHueM 6e3 TIOBTOPEHUU HepasJiu-
yuMbIX Mgueir. Cie/oBaTebHO, YNCJI0 COUETAHUM OMpeNesisieTcss TeM, Kakue SIUKA 3a-
HSTBI MSTYaMU, TIOCKOJIBKY TIEPECTAHOBKA MsIUell TIPU TeX JKe 3aHSATHIX SNUKAX CUUTAETCS
oHUM coueTaHueM. Takum o6pasom,

A(m,n) m!
P(n)  nl(m—n)’

C(m,n) =

[CBenénve mogenein] Ywucio codeTanuil sIBIsIeTCs] KOJIMYECTBOM CTPOTO MOHOTOHHO BO3-
pacraronmx (GyHKIHIA, TOTOMY 4TO JiF00ast CTPOTO MOHOTOHHO BO3PACTAaOMNIast (hyHKITHSI
f:1l.n — 1l.m oupenensiercas HabopoMm cBoux 3HadeHuwi, npuuém 1 < f(1) <
< ... < f(n) < m. JIpyrumu cjoBaMHu, Kaskias CTPOTO MOHOTOHHO BO3PACTAIOIIast
(YHKITHS OTIpeiesisieTcsT BRIOOPOM n unces u3 auamasona 1..m. Takum ob6pasom, 4uciio
CTPOTO MOHOTOHHO BO3PACTAIONINX (DYHKIIUN PABHO YHUCIY N-3T€MEHTHBIX TIOIMHOKECTB
M-3JIEMEHTHOTO MHOKECTBA, KOTOPOE, B CBOIO OYEPE/lb, PABHO YUCIY CITOCOOOB BHIOPATH
N SIIUKOB ¢ MSTYaMU U3 M SIITUKOB. O

Mpumep. B Hauase uTpsl B TOMUHO KaXXJOMY UTPAIOIIEMY BbIIAETCS 7 KOCTEN U3 nMe-
omuxcst 28 pasinynbix KocTed. CKOJBKO CYIIECTBYET PasJUYHbIX KOMOMHALIUNA KOCTEI,
KOTOpBIE UTPOK MOKET MOJTYYUTh B Hadajie urpsi? OUeBUAHO, YTO HCKOMOE YHCJIO PABHO
YUCJTY 7-2JIEMEHTHBIX ITOJMHOKECTB 28-371eMEHTHOTO MHOKeCTBa. Meem

28! 28-27-26-25-24-2322
7128 - 7)! 7-6-5-4-3-2-1

C(28,7) = = 1184 040.
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Mpumep. CKoIbKO CyleCTBYeT Cr10oco00B 3alicaTh HATYPaJbHOE YUCJIO 7. B BUE CyM-
MBI 1 HATyPaJIbHBIX YHCEN: a1 + a2 + . .. + an, = n? Jlioboe HATypaJbHOE YHUCIO MOKHO
MIPEJICTAaBUTh B BUJIE CYMMBbI €IMHMUIL. TOTJIa PellleHre 33J]a4i CBOAUTCS K Pas/esIEHUIo
7 BBICTPOEHHBIX B PSiJl €AWHUI] HA 1 HEMYCTHIX TPYIII C TOMOIILIO m — 1 MePeropoaKu
(cm. puc. 5.1). Jlys meperopoku cymiecTByeT n — 1 MO3UIKs MEKAY eIuHUIaMu. Takum
obpaszom, urcyio cnocoboB paccraButh neperopojaki: C'(n —1,m — 1)

7~1 MO3HIRS [T TISPETOPOKI
A
[ )
\ 17 17 17 \Z ¥ 17 v
I+, +1+|+1+. . +1+|+1+. . +]1+|+]1+... +t1=n
4 L 4

\ J
I

m—1 Tieperopozxa

Puc. 5.1. PaspeneHne egmHul, neperopogkamm

5.1.6. Co4yeTaHua ¢ NOBTOPEHNAMMU

Uucmo MOHOTOHHO Bo3pacTaonmx (GyHKIUi f: 1..n — 1..m, WK 9UCI0 pa3MeIeHuit n
HEPA3JTMYUMBIX MSUYel 0 m SIIUKaM, HAa3BIBAETCS YUCAOM COUEMAHULL C NOBMOPEHUIMU
u obosHauaercst V(m,n).

TEOPEMA 1. V(m,n) =C(n+m —1,n).

[ OKA3ATENLCTBO. MoHOTOHHO Bo3pactatomieil ¢yHkiuu f: 1.n — 1..m OIHO3HAYHO
COOTBETCTBYET CTPOrO MOHOTOHHO Boapacraiomasi dbyukius g: 1.n — 1l.(n+m —1).
ITO COOTBETCTBUE YCTaHABJIUBAETCS caenymomiei dopmyioit: g(k) = f(k) +k — 1. O

SAMEYAHME
V(0,n) = C(n—1,n) =0 mpu n > 0 o onpezneseHnio 1st (m,n). ORHaKO 0GBIYHO CUUTAIOT, UTO

v (0,0) 2 1.

Apumep. CKOIbKUMHU CIIOCOOAMEU MOKHO PACCAUTh N BHOBb IPUOBIBIINX FOCTEN cpe-
N M TOCTeH, yKe CUASIINX 32 KPYTJIBIM cToIoM? OUueBUIHO, YTO MEXKIY 1M CHIAAIINMA
32 KPYIJIBIM CTOJIOM TOCTSIMM UMEETCS M MPOMEKYTKOB, B KOTOPbIe MOKHO PacCa)KuBaTh

BHOBb IPUOBIBIINX. TakuM 06pasoM, YKCI0 ClIocOOOB paBHO
B ~ (m+n—1)!

TEOPEMA 2. V(m,n) =V(n+1,m—1).

RN — 1)
DokasATENLCTBO. V (m,n) = C(m+mn—1,n) = (:;L,(—:nn_ 1;,) = (T(Ln:fll)lsu). -

=Cln+m—-1,m-1)=V(n+1,m-1). O
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MNpumep. CKOIBKO CYMIECTBYET CIIOCOOOB 3aMMCATh HATYPATBHOE YHCIO 1. B BUME CYM-
MBI 70 HEOTPHUIATENBHBIX [EJIBIX YUCET: a1 +as+. . .+a,, = n? CBeleM 3aady K IpuMepy
u3 1. 5.1.5 ¢ narypasbubiMu yncaamu. Ilyers y; = a; +1. Torna y1 +y2+. . .+ ym = n+m.
Oteer: C(m+n—1,m—1) = V(m,n).

5.1.7. AuckpeTHas BEpPOSATHOCTb

IIycTp 3azano koHeuHoe MHOXeCTBO X = {z1,...,2,}, |X| = n, u ToransbHas QyHK-
n

must P: X — [0;1], takas, uro Y. P(z;) = 1. Torma uncno p;:=P(x;) HasbiBaercs
i=1

8EPOSIMHOCMBIO dJIEMeHTa T;, a Habop uncen Px = (pi,...,p,) Ha3bIBaeTcs: pacnpede-

Jenuem eeposmuocmu Ha MHoxkectBe X. Pacnpenenenue BepostHocTH Py, B KOTOpOM
Vi€ l.n (p; = 1), HasbiBaeTCsl pABHOMEPHLIM.

DJIeMEeHTBI MHOKeCTBa X MOTYT MMETb TIPOU3BOJIBHYIO TIPUPOJLY: 3TO MOTYT GBITh Pe3yJib-
TAThl U3MEPEHUST YUCTOBOTO 3HAYEHUST HEKOTOPOU (DU3NUECKOI BEJIMUMHBI, CIIOCOOBI Pas-
JIOKHUTDH MSYH 10 SIIIMKaM B KOMOMHATOPHOU KOH(UTYpPaILKH, allbTePHATHBHbBIE COOBITUS
PeasbHOTO0 MUPa, KOTOPbIe MOTYT MPOU3OUTH B OYIyINEM, U T. .

Npumep. OxanospemenHo GPoOcarOTCs 1B UTPATBHBIX KyOuka. KakoBa BeposATHOCTD TO-
ro, YTO Ha JBYX KyOMKaX BBIMAAYT ecTépku? Beero BosmMokHO 36 pasimyHbIX KOMOMHA-
i, pacrpe/ieJieHue eCTECTBEHHO CYMTATh PABHOMEPHBIM (KYOUKU «4eCTHbBIE» ), 3HAUMT,

. 1
BEPOSITHOCTD JIBYX HIECTEPOK PaBHA 35 .

SAMEYAHUE
BepositHocTh — BecbMa 001iiee TOHSITHE, KOTOPOE M3y4aeTcsl B CIENNATbHOM pasfiefie MaTeMaTH-
K1 — meopuu seposimuocmu. Teopust BEPOSITHOCTH TECHO CBsI3aHA C JIPYTHMHU pasfielaMi Mare-
MaTHKHU: MaTeMaTH4YeCKON CTaTUCTUKOM, Teopueil Urp, reopueil Mepol U Ap. Takske Teopus Bepo-
SITHOCTH HAIIJIA MHOJKECTBO NPUJIOKeHMIT B (usuKe, sKOHOMUKe U Guosoruu. B atom yuebHUKe
HCIIOJIB3YETCS YIPOIIEHHOE MOHSTHE BEPOSITHOCTH, JOCTATOYHOE /ISt TIPOBEICHNST KOMOUHATOPHBIX
BBIUUCJICHUH.

Paccmorpnm MHOkecTBO A C X. Ecom Ha X 3amaHo pacmpeneseHre BepOSTHOCTH, TO

8EPOSIMHOCI®IO NOOMHONCeCmEa A Ha3bIBaeTCsI YnCo, paBHoe » . P(a).
acA

W13 onpenenenus sicho, uto P(@) =0, P(X)=1, VA (0<P(4)<1).

MNpumep. B urpanbioii Kosoxe 52 KapThl YETHIPEX MACTEI, B KAYKION 13 KOTOPBIX 110 13

KapT Pa3HoOro A0CTOMHCTBA. BepOsITHOCTD GbITh Ty30M PABHA =5 + o5 + 55 + 25 = =5 = 13-

Crour 3aME€TUTDb, UYTO B CJIy4a€ PABHOMEPHOI'O pacCllpeeJICHUS BbIYNCJIEHNE BEPOATHOCTH

A
noaMHoxecTBa A yupomaercs: P(A) = |X|

Mpumep. B urpe «mokep» KOMOMHALNA U3 IATH KapT OQMHAKOBOM MACTH Ha3bIBAETCS
«baem». KakoBa BeposTHOCTD KoMOUHATINHN «dJrer»? MHuOkecTBO X COMEPKUT B Kade-
CTBE 9JIEMEHTOB BCEBO3MOJKHBIE KOMOMHAIIMN U3 IISITH KAPT, MOPSIZI0K KOTOPBIX 3HAYEHNUST
He umeet. KonnuecrBo Takux asementos pasuo C(52,5). B omnoit mactu 13 kapr, us

KOTOPBIX B KOMOMHAIIUIO BXOJAT IIATh J00bIX. MacTeil Bcero 4, 3Ha4uT, KOJIMYECTBO JIe-
MeHTOB B MHOKecTBe A paBHO 4 - C(13,5). TakuM 006pa3oM, BEpOATHOCTh KOMOUHAIIUN

1001
«(Jem» paBHa % = 155~ 0,002.
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Cnyuatinas eeruyumna — 3to TotasbHas Gyukiusg ¢: X — R, npuuém Ha MmHoxectBe X
3a/IaHbI BEPOSITHOCTU JIEMEHTOB.

Mamemamuueckum oxcudanuem carydailHoil BeJMUNHBI TP PACIIPEAEJEHUN BEPOSTHOCTH
Px = (p1,...,pn) HA3BIBAETCS YUCIIO

By =Y @@)pe = o@1)p1 + ...+ @(2n)pn.
k=1

Jlerko BHUIETDH, UTO CpefHee apruMeTHIECKOe — YACTHBIN cJydail MaTeMaTHI€eCKOTO O3KU-
JAHWS [ PABHOMEPHOTO pacIipeieeHus.
MaremaTtudeckoe oxujanvie MOKHO Ha3BaTh CpeHUM 3HaueHueM X.

SAMEYAHUE

Ecim aseMeHTBI MHOXKeCTBa X SIBIISTIOTCS YUCJIAMU, TO B KauecTBe (QYHKINH ¢ MOXKeT PacCMaTpH-
BaThCs ToXkAecTBeHHas Gynkuua. Dopmysa MaTeMaTHYeCKOrO OKUAAHNS TIPUMET BUA Y, _, TkDk.

Mpumep. Pacemorpum Gpocok urpamsHoro kybmka: X = {1,2,3,4,5,6}. MartemaTu-
4yecKoe OKMJIaHKMe YUCJIA OUKOB Ha BepXHell rpaHu

6
1 1

E=—-> aor=—(14+2+3+4+5+6) =35
6k:1xk 6(+++++) ;

B cpensem npu ogHOM nogbpachiBaHuKM KyOuKa BbIIagaeT 3,5 ouka.

3AMEYAHUE
MaremaTn4ecKoe oKUAaHUE — OJHO U3 BaskKHENIINX IOHATHH B TEOPUU BepOsITHOCTH. VIMeeT Bas-
HOE TIPUKJIaIHOE 3HAYEHHE TIPU OLIEHKE PUCKOB, IPY TOPTOBJIE Ha (PMHAHCOBBIX PHIHKAX U BO MHOTHX
IPYyrux 06JIacTsIX.

Mpumep. B kasuHO mpeasaraioT CbIrpaTh B UTPY: UTPOK CTABUT HEKOTOPYIO CYMMY Ha

uncsio ot 1 710 6, a moToM 6pocaer Tpu UrpasbHBIX KyOuka. Eciau 3arajanHoe 4yucio He

BBbIIIAJIET HU pa3dy, TO ero cTaBKa cropaeT. Eciu BblazieT — CTaBKy BO3BPAlLIAIOT, ILJIIOC

Ka3WHO TITATUT MOCTABJIEHHYI0 CYMMY CTOJIBKO pas, CKOJIbKO Pa3 BeIMasio yucio. Mrpa

Ka)kKeTcsl 3aMaHYMBOM, OJJHAKO PACCMOTPHUM CPEHUN BBIUTPHINI TIPU CTaBKe B 1 mosiap.

Wrpox MoxeT moTepaTh A0JJIap WIW BBIMTPaTh 1, 2 uaum 3 posanapa. Torma MHOXKECTBO
X ={-1,1,2,3}. Paccuntaem mareMaTuyeckoe OKUIAHUIE:

1 53 1 C(3,1) - 52 9 C(3,2)-5 1 T

(=1) 216 + 216 + 216 216 216

B cpennem 1pu KaskZoi cTaBKe B OJMH JI0JJIap UTPOK IOTepseT TPU IIeHTa.

~0,03

5.2. NepecTaHOBKMN

J17151 BBIYMCIEHUST KOJTMYECTBA TIEPECTAHOBOK B 1. 5.1.4 ycranoBieHa ouenb mpocrast hop-
myna: P(n) = nl. [lpumenss sty dopmyny mpu pelieHuyr TPAKTUYECKUX 3ajady, He
creyet 3a6bIBaTh, 4TO (haKTOPHAT — ITO OueHs OBICTPO pacTyiiast GYHKIUsI, B YACTHOCTH,
axropuain pactér GeicTpee IKCIOHEHTH. [paduk dakTopraia NokasaH Ha puc. 5.2.
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10"

1015_

10"

10°

10°

Puc. 5.2. lpadwukun dakTopuana, 9KCNOHEHTbI 1 KBaapaTa

5.2.1. Uuknbl B nepectaHoOBKax

B . 2.2.7 paccmarpuBaioTcst B3BaMMHO-O/{THO3HAYHbIE (PYHKIIUM (TT€PECTAHOBKH ), KOTOPbBIE
yao6HO 3azaBaTh mabauyamu noocmanoskyu. B tabiuie NOACTAHOBKU HYGKHSS CTPOKA
(3HavyeHMsT (PYHKIIMM) SIBJISIETCST TIEPECTAHOBKOM 3JI€MEHTOB BepXHell CTPOKM (3HauYeHUs
aprymenTa). Ecau mpuHATH cormanieHne, 4TO 3JeMEeHThl BepXHEN CTPOKHU (apTyMEHTBHI)
BCer/la PaciioJiaraloTcsl B ONPeIeIEHHOM TTOPsi/IKe (HAIIPUMED, T10 BO3PACTAHUIO ), TO BEPX-
HIOIO CTPOKY MOKHO He YKa3blBaTh — IIOJICTAHOBKA OIIPEJIEJIIETCS OJHOM HYKHEH cTpo-
Koii. TakuM 06pasoM, oACTaHOBKY (TabJIMIIbI) B3AMMHO-0JHO3HAYHO COOTBETCTBYIOT IIe-
pecraHoBkaM (pyHKIusM). HalloMHUM, 4TO MHOKECTBO [IEPECTAHOBOK 00pasyer IpyIILy
OTHOCHTEJLHO CYMEPIO3UIINN.

IMepectanoBKy f (¥ COOTBETCTBYIOIIYIO €if IOACTAHOBKY) 3JIEMEHTOB 1, ..., n GyaeM 060-
3Havath (ai,...,a,), rae a; = f(i) v ay,...,a, — 6Ce PA3IUIHbIE UNCJIA U3 IUATTA30HA
l.n. Ecnu f(i) = 4, TO i HA3BIBAETCS HENOOBUICHOU MOUKOU TIEPECTAHOBKMU, €CIH JKe
f(3) # 1, TO 1 Ha3BIBAETCS NOJBUNCHOU MOUKOL TIEPECTAHOBKH.

Ecau 3ajana nepectaHoBKa f, TO YuUKAOM Ha3BIBAETCS NOCACO08AMENbHOCHb DIEMEHTOB
X1,y..., Tk, Takas, 9T0 f(2;) = x;401 upu 1 < i < k u f(x) = x1. KonugectBo 3eMeHTOB
B IIMKJIe HasbIBaeTcs Onunotl ukaa. 1IUKI AuHbl 1 Ha3bIBAETCS MPUBUALLHBIM TIUKIIOM,
wiu nemaéi. LMK AJMHBL 2 HA3bIBAaeTCA mpancnosuyueti. VIHOrma nepectaHoBKU yI06-
HO TIPEACTaBIATh B rpaduueckoil opme, TPOBOAS CTPEIKH OT KajKIOTO dJEMeHTa T K
anemenry f(z).

SAMEYAHME

s I‘pa(i)I/I‘-IeCKOI‘O IIpeACTaBJICHUS ITEPECTAHOBKU HAIVIAHO BUHO IIPOUCXOXKIECHNE TEPMUHA «ITUKJI».
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Mpumep. Ipaduueckoe mpencrasie- @D

Hue nepectaHoBKy (1. 5.1.4.)

. 1 2 3 45
12 31 4 5

HOKa3aHOo Ha pHC. 5.3. Puc. 5.3. Npaduyeckoe npea-
CTaBNIEHME NEPECTAHOBKN

[lepecTaroBKa MOMKET CONEPKATh HECKOJBKO HETPUBHAJIBHBIX IUKJIOB. IlepectanHoBka
JUINHBI 7, KOTOpasi COAEP:KUT POBHO OAWH HETPUBHUAJBHBIN IUKJ JJIWHBI k, Ha3bIBaeT-
¢S uukauueckou (TepecTaHOBKOM IWHBL k), k < n. B mukmnueckoil mepecTaHOBKe Bce
AJIEMEHTBI IIUKJIA — TOJBUXKHbIE TOYKH, & OCTAJbHbIE 9JIEMEHTHI — HETIO/[BUKHbBIE TOUKU.

Mpumep. B nepecranoBke Ha puc. 5.3 Touku 1, 2,3 — HOABUKHBIE TOUKU, U 00Pa3yIOT
ki (1,2,3), a Toukn 4 U 5 — HEMOABIIKHBIE TOYKU. IJTA TIEPECTAHOBKA ITUKINIECKASL.

MHOKeCTBO 9JIEMEHTOB, BXOJSIIMX B LUK/, HasbiBaeTcst opoumoi. Opbura TpPUBUAILHOIO
IIUKJIa COCTOUT U3 OIHOIO 3JIEMEHTA.

JIEMMA.  Opbumot pasiuunvlx UUKL08 6 00HOL NePecmanosKe ne nepeceKaiomcs.

DokA3ATENLCTBO.  OT IPOTUBHOTrO. [[onycTM, CYIIECTBYeT 3JIEMEHT &, KOTOPBII BXOJUT
B /Ba nuKJIa. Tora «cienyonmii> ajaeMenT f(x) Takxke BXOAUT B 06a UKJIa U T. 1. BBumy
KOHEYHOCTH IIMKJIOB 3aKJII04aeM, YTO IIMKJIbl COBIIQIAIOT. O

CNEACTBUE. Munoscecmso opbum obpasyem pasbuenue nepecmanoski, a Omuouenue
«<npuHaonexcamsv 00HoU opoUmes sS6AAeMCs SKGUBALCHIMHOCIIDIO.

MNpumep. B nepecranoske Ha puc. 5.3 {1,2,3} — opbura.

TEOPEMA. Bcsikasi HeeOUHUUHASL NEPECNAROBKA SBNSEMCsL CYNEPNOIUUUCT UUKIUUCCKUX
nepecmanosox.

Doka3ATENbCTBO. IlocTpouM TpebyeMoe pasioskeHue caemyiommM oOpasoM. Bozbmém
[IPOU3BOJILHBIN 9JIEMEHT U BBIIEJIUM OPOUTY, KOTOPOU OH MpUHAIERUT. [[oCTPOUM IIHK-
JINYECKYTO MEPECTAHOBKY C ITUKJIOM, COOTBETCTBYIOIIUM BBIIEIEHHON OpOuTe. 3aT€M BO3b-
MEM J11000i1 9/IeMeHT U3 ocTaBIIuXcd (He BOLIEAIINX B HalifleHHbIe OPOUTHI) U MOBTO-
PHM BbleJIeHEe OPOUTHI, COOTBETCTBYIONIEH 2J1eMeHTY. BBUIY KOHEYHOCTH MEPECTAHOBOK
IIpOLeCcC 3aKOHYUTCS. U

3AMEYAHUE

Ecin Op6I/ITa COCTOUT M3 OJHOro 3JIEMEHTA, TO IUKJI TPUBUAJIECH, a IUKJIWYECKadA I1O0JACTaHOBKa
ABJIAETCA e]lHHH‘-IHOﬁ. EI[I/IHI/I‘-IHyIO TIOJICTAHOBKY MOKHO H€ BKRJIIOYaTb B KOMITO3UIIUIO.
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Mpumep. IlepecranoBka
1 2
F=l2 3
passaraercs B aBa mukaa: f = (1,2,3)0(4,7,8,9). Henmonsu:xHbie 2JieMEHTHI B PasJioxe-
HUU HE y4aCTBYIOT.

5.2.2. Mopapok nepecTaHOBKU

ITepectanoBKa — 3TO B3aMMHO-OHO3HAYHAsT GyHKIMs. UT0 GyIeT, ecau TMepecTaBuTh
3JIEMEHTBHI TaK, KaK 3a/1a€T (hyHKINS, a TIOTOM TIePECTaBUTh eNIé pa3 u elé pas? Jpyrumu
CJIOBaMHU, KaK BEJET ceOsi CTEIleHb MePeCTaHOBKU?

TEOPEMA 1. (fF)~1 = (1)

DokasaTENbCTBO. [0 muayknuu. Basa — 1o ompenenenuio. Hycrs (fF)~1 = (f~1)k.
Torma (f*1)~! = (ff")~" = (ff)7HH~" = (F) = fHHE = ()R
[TepBerii iepexox 1o onpexaesenuio crenenn (1. 1.6.5), BTOpoil — 10 CBONCTBY rpyril
(1. 2.2.6), TpeTuii — Mo WHAYKIITMOHHOMY TIPEIIOJOKEHUIO, YeTBEPTHI — TI0 JIeMMe U3
m. 1.6.5, a TATHIN, TTOCTEIHIHI, CHOBA 1O ONPEAETIEHNIO CTETEH. O

JIEMMA 1. /[ns 11060t nepecmanosku | cyuecmsyem maxoe Heompuuamensioe yeioe
yucno k > 0,umo f* = e.

LOKA3ATENLCTBO. [OCKOIBbKY PAa3IMUHBIX IEPECTAHOBOK JIUTIH KOHEUHOE YUCJIIO, 2 MMEH-
HO n!, To B GeckoHeuHoii 1ocaefoBareabHocTu f, £2, f2, f4,... ecTb coBlajawolye aJe-
MeHTBI. I1ycTh /1T HEKOTOPBIX HATYPATbHBIX YHUCEN P, ¢ (p < ¢) BBITIOTHSIETCS PAaBEHCTBO

fP = fo. Torma (f?) "' = 7, otkyma e = ((f*) o fP = fPo fi = fip O

CNEACTBUE. Cummempuueckasi epynna Sy, sS6isemcsi nepuooudecKoi.
Haumenbliee yncao k Takoe, 4To f¥ = e, HazbIBaeTCsl MOPSZKOM I1€PECTaHOBKH.

SAMEYAHUE
[Topssok nepecTaHOBKU — 3TO MHAMBUAYaIbHASI XapaKTepUCTUKA OTAeJbHOH NepecTaHoBKU. B TO
JKe BpeMsl MOPSIIOK TPYIIIBI [EPECTAHOBOK S, — 3TO 00IIasi XapaKTePUCTHKA BCETO MHOXKECTBA
[IePeCTaHOBOK. JTH [[Ba MOPs/IKa He CJle/lyeT 1yTaThb!

Mpumep. Ilopsmnox mepectaHoBKU f paBeH 3.

12345 . |1 2345 .4 |1 2345
f=lo 3 1 45 =312 45 "=} 234 5"

JIEMMA 2. [lops00k uukauueckoii nepecmanosku pasen Oiune yukid.

DOKA3ATENLCTBO. [lycTh UKJ comep:KUT k aieMeHTOB. Bece HelmoABMIKHBIE TOUYKU OCTa-
HYTCS1 HEIOJABMKHBIMU TIPU JII060M KOJIMYECTBE IIPUMEHEHUI MePeCTaHOBKH, a TIOABYIK-
Hble TOYKU TIocje k TTPUMEeHeHNH BEPHYTCS Ha CBOE MECTO. O
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TEOPEMA 2. [lops0ok nepecmanosKku pagen HaumeHvuemy 00uemy KpamHmomy OLuH 6cex
UUKTLOB.

[OKA3ATENbCTBO. IlycTh mepectaHoBKa f pasjaraeTcsi B IUKJIWYECKHE TEPECTaHOBKHU T10
teopeme 1. 3.2.1: f = fi 0 foo--- o fs. Eciu nepecranoBku f,. .., fs comepKatr MUKIIbI
MuHabl ki, ..., ks, TO €CTb UMEIOT MOPAAKU ki, ..., ks, TO HaUMeHbIIEe YUCIO M, JJS
KOTOPOTO OJIHOBPEMEHHO BBINIOJHAIOTCS Bce paBeHCTBa fi* = e, fi* = e, .., fi" = ¢,
PaBHSIETCSI HaUMeHbIeMy 001eMy KpaTHOMY uucen ki, ks, ..., k. (]

5.2.3. NHBepcun

Ecsn B mepecranoske f = (ay,...,a,) A7 2JIEMEHTOB a; ¥ a; UMEET MECTO HEPABEHCTBO
a; > aj npu i < j, To mapa (a,,a;) HasbiBaercs unsepcuet. OboznauuMm I(f) — uucio
uneepcull B TIepPeCTaHOBKe f.

TEOPEMA. [Ipou3gonvhyio nepecmanosky f MojCHO npedcmasums 6 eude cynepnosutyuu
I(f) mpancnosuyuii coceOnux snemenmos.

DoxazatensctBo. Ilycts f = (a1,...,1,...,a,). IlepecraBum 1 Ha 1iepBoe MecTo, Me-
HSST €€ MEeCTaMU C COCEHUMU cJieBa smeMenTaMi. OG03HAYNM MOCTENOBATETBHOCTD ITHX
TpaHcno3uiuii yepes ¢1. [Ipu 3TOM Bce MHBEPCHUH, B KOTOPBIX YYACTBOBAJIO YUCJIO 1, IPO-
magyT. 3aTeM MepecTaBuM 2 Ha BTOPOE MeCTO U T. I TakuMm o6pasoM, fotio...0t, =e
¥ 110 CBOHCTBY Tpynmibl f =t  o... oty ", npuuém [t1| + [ta| + ... + |ta| = I(f). O

CNEACTBUE. Bcaxas copmuposka moxcem Obimb binoiHend nepecmanoskoll COCeOHUX
2/leMeHmos.

OTCTYMJIEHUE
[lokazaHHast TeopeMa yTBEPIKIAET, YTO ITPOU3BOJIBHYIO MEPECTAHOBKY MOXKHO TPENCTABUTL B BUJE
KOMITO3UIIUHU OTIPENETEHHOTO YICIAa TPAHCIIO3UIINH, HO He YTBEPIKIAET, YTO TAKOEe MPEACTABIeHUe
saBasieTcs 3 HeKTUBHBIM.

PaccMOTpUM BXOZIHYIO IT1OCJIEZ0BATENBHOCTD, COCTOSIYIO U3 N YHCET (a1,dz,...,ap).
3adaua copmuposku TOMCK Takoil 1mepectaHoBKU (b1, ba, ..., b,) BXOAHOW TmOC/EI0BA-
tesabHOCTH, 4TO Vi € 1..(n — 1) (b; < biy1).

Mertoz copmuposru, OCHOBAaHHBIH Ha TPE/IIECTBYIONIEN TeopeMe, H3BECTEH KAK Memoo
nYy3vipvKa. 3aMETUM, U4TO TPHU TIepeMelleHUH 3JIeMEeHTa Ha CBOE MECTO TPAHCIO3UIIUSIMU
COCE/IHUX 2JIEMEHTOB BCE 3JIEMEHTBI OCTAIOTCS Ha CBOMX MECTaX, KPOMe [IBYX COCEAHUX
3JIEMEHTOB, KOTOPbIE, BO3MOKHO, MEHSIIOTCSI MeCTaMu. MeTo/[ y3bIpbKa MOKET OBITH BbI-
paken B ¢opme ajroput™ma 5.1. ITOT aJTOPUTM MPOCT, HO SIBJSIETCS JAJEKO HE CaMBIM
3D GHEKTUBHBIM AJITOPUTMOM COPTHPOBKH.

5.2.4. TeHepauusa nepecTaHOBOK

Ha MHOXeCTBe MepecTaHOBOK €CTECTBEHHBIM 0OPa30M MOKHO OTIPENEUTD TOPSIOK Ha
OCHOBE YIOPSIZIOYEHHOCTH JIEMEHTOB. A UMEHHO, TOBOPSIT, YTO TIEPECTAHOBKA (a1, . . . , Ay )
JlekcuKoezpaguyecky TpeecTByeT mepectaHoBke (by, ..., b,), ecan

Jk<n (ap <bp &Vi<k (a; =b;)).
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Ausroputm 3.1. CopTUpPOBKa METOIOM IIy3bIPbKa

Bxox: maccuB A : array [1..n] of B, rie 3HaueHuns: JeMEHTOB MACCHBA PACIIOJTIOKEHDI

B IIPOU3BOJIBHOM TIOPSIZIKE, /IS 3HAYeHWH THTA B 3a7aHo OTHOIIEeHHe <.
Beixoa: maccus A : array [1..n] of B, B KOTOpOM 3HAUYeHUs PACTONOKEHBI B MOPSIIKE

BO3PACTAHIS.

for i from 2 to n do

for j from n downto i do
if A[j] < A[j — 1] then
Alj] < A[j — 1] // TpaHCHO3UIMS COCEAHUX ITEMEHTOB

end if
end for
end for
AHAJIOTUYHO, TOBOPSIT, YTO MEPECTAHOBKA (a1, . . . , Gy ) GHMUIEKCUKOZPAPUUECKU TIPEIIIIE-
cTByeT niepectanoBke (by,...,b,), eciu

Jk<n (ap >bp &Vi>k (a; =b;)).

Cieyromuii aJirOpuT™M TeHEpUPYeT BCE IMEPECTAHOBKM 9JEMEHTOB 1..n B aHTHJIEKCHU-
korpadudeckom mopsake. MaccuB P : array [1..n] of 1..n gaBisieTcss TI0GAIBHBIM U
npeHa3HauEeH JIJIST XPaHEHUsI TIEPECTAaHOBOK.

Anroput™ 5.2. Tenepaliusi epecTaHOBOK B aHTHJIEKCUKOTPAGMUYECKOM TIOPSIIKE

Bxoa: n — KOJUYECTBO 3JIEMEHTOB
Bbixoa: 1mociieoBaTebHOCTDh TIEPECTAHOBOK 2JIEMEHTOB 1..n B aHTUJIEKCHKOrpadude-
CKOM TIOPSI/IKE.
for i from 1 to n do
Pli]:=i // wunuimanusanust
end for
Antilex(n) // BbI30B peKypCUBHON mporieaypsl Antilex

OcHoBHast paboTa 1Mo TeHepaINH TTEPECTAHOBOK BBITMOJIHSIETCST PEKYPCUBHON TIPOTIENY PO
Antilex.
Bxoxa: m — mapameTp Ipoeaypbl — KOJMYECTBO MEPBBIX 3JEMEHTOB MaccuBa P, st
KOTOPBIX T€HEPUPYIOTCS MEPECTAHOBKIL
Bbixoa: 1mociieoBaTebHOCTD TIEPECTAHOBOK 1,...,m B aHTUJIEKCUKOrpahrIecKoM Io-
psizIKe.
if m =1 then
yield P // ouepennas mepectaHOBKa
else
for i from 1 to m do
Antilex(m — 1) // peKypCUBHBII BbI30B
if i <m then
Pl[i] ++ P[m] // cnemyiontuii ajieMeHT
Reverse(m — 1) // naMmeHeHue MOpsiika 31€EMEHTOB
end if
end for

end if
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Bcenomorarenbnaast nmporeaypa Reverse nepecrasisieT sJeMeHTBI 3a/IaHHOTO OTpe3Ka Mac-
cuBa P B 0OpaTHOM MOPSIZKE.

Bxoxa: k — HoMep aeMeHTa, 33IaI0IUH 0OTpe30K MaccuBa P, mojmekaniuii mepecTaHOBKe
B 0OpaTHOM IOPSIZKE.
BbIXOZ[‘ nepBbie k 3JIeMEHTOB MaccuBa P 1iepecTaBiieHbl B 0OPATHOM TOPSIIKE
=1 // HWKHSA TpaHUIa 00PAIAeMOTO MAaNa30Ha
wh11e j<kdo
P[j] <+ P[k] // MeHsIeM MecTaMH 3JIeMEHTBL
j:=j7+1 // yBesmunBaeM HUKHIOIO TPAHUILY
k:=k—1 // yMeHblllaeM BepXHIOIO TPAHUILY
end while

OBOCHOBAHUE. 3aMeTUM, YTO MCKOMYIO TIOCJIEA0BATENBHOCTD I€PECTAHOBOK 7. dJIEMEH-
TOB MOJKHO MOJIyYUTb M3 MOCJEJOBATEJIbHOCTH TEPECTAHOBOK n — 1 2JIEMEHTOB CJie-
aytomuM obpasom. Hyskrao Bbimucath n 670K0B 1m0 (n — 1)! mepecTaHOBOK B KaXKIOM,
COOTBETCTBYIOINIHX MOCJEI0BATETBHOCTH TEPECTAHOBOK 1 — 1 97IEMEHTOB B aHTHJIEKCHKO-
rpadnueckoM HopsiaKe. 3aTeM KO BCEM IePeCTAaHOBKAM B II€PBOM OJIOKe HY)KHO HPHIN-
caTh CTpaBa n, BO BTOPOM — n — 1 ¥ Tak Jgajiee B yOBIBAIONIEM MOPSKE. 3aTEM B KaXKIOM
u3 6J0KOB (KpOMe TIePBOT0), K TEPECTAHOBKAM KOTOPOTO CIIpaBa TIPUITHCAH JJIEMEHT 1,
HY)KHO B TIEPECTAHOBKAX OJOKA 3aMEHWTHh BCe BXOKIEHWsI HIEMEHTA ¢ HA HJIEMEHT n.
B mosyyeHHON MOCTENOBaTENBHOCTH BCE TIEPECTAHOBKU PA3JIMYHBI, M UX n!, TO eCTh Ie-
pedrcIieHbl BCe TepecTaHoBKH. 11pu aTOM aHTHIIEKCHKOTPadUYecKIil TTOPSIIOK COOIIONEH
ISt TIOCJTEIOBATENBHOCTEH BHYTPH OZHOTO OI0KA, TIOTOMY YTO 9TOT MOPSIIOK ObLI cO.TIO-
JIeH B MCXOJIHON MOCJIE/IOBATEIbHOCTH, a JJIsl TI0CJIE/0BATENbHOCTEH HA TPAHUIAX JBYX
6JIOKOB — MOTOMY YTO TIPOMCXOAUT YMEHBIIEHIe CaMOTO TIPaBoro asiementa. Obparnmcst
K nporenype Antilex — Jierko BHUETD, 4TO B Hell PeaTM30BAHO YKA3aHHOE IOCTPOEHHE.
B 0cHOBHOM IHKJIE CHAYaIa CTPOUTCS OUepeiHoil GJI0K — MOC/Ie[0BATeIbHOCTD MepecTa-
HOBOK MepBbIX m — 1 ajeMeHTOB MaccuBa P (1ipu atoM asemeHTsl P[m], ..., P[n] octa-
I0TCSI HEM3MEHHBIMM). 3aTeM aJieMeHT P[m] MEeHseTCsl MeCTaMU € OYePEIHBIM 3JIEMEHTOM
P[i]. Bei3oB BcriomoraresbHOM mpoiienypbl Reverse HEOOXOANM, MOCKOABKY MOCTIEAHSS
repecTaHoBKa B GJIOKe siBJisieTcsl oOpallleHreM IepBOM, a /Uil TeHepaluy CJIeLyIoIero
6JI0Ka Ha OYepeHOM Iare IUKJIa HY’KHO BOCCTAHOBUTD MCXOMHBII MOPSIIOK. O

anlMep. HOCJIe,ZIOBaTeJII)HOCTb IIEpeCTaHOBOK B aHTI/I]IeKCI/IKOI‘pa(bI/I‘-IeCKOM Topsaake
s no=3:(1,2,3), (2,1,3), (1,3,2), (3,1,2), (2,3,1), (3,2,1).

5.2.5. [OBoWiHble PpaKkTopuanbl

Conepskanue aToro maparpada He UMeeT OTHONIEHWSI K OCHOBHOM TeMe pasieia — Tepe-
CTAaHOBKaM ¥ BKJIIOYEHO B Pasflesl 10 CXOACTBY 00O3HAYEeHUI ¥ C IeJbI0 IPUBECTU IBE
(bopMyJIbl, KOTOPbIE MHOI/A MCIIOAB3YIOTCS B IPAKTHYECKUX KOMOMHATOPHBIX pacdérax
U TpeGYIOTCS B HOCJAEAYIONMX Pasjesax.

Jsotinvim paxmopuarom HarypajabHOTo uncia n (o6o3Hadaercst n!!) Has3bIBaeTCS MPOM3-
BeJIEHNE YMCJIA 1 U BCEX MEHBIIIX HATYPAJIbHBIX YHCET TOH K& YETHOCTH.

Mpumep. 10! =10-8-6-4-2 = 3840.
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TEOPEMA 1. 1. (2k)!! = 2% .kl

|
2. 2k + 1) = %
JOKA3ATENbLCTBO.
11 2Kk =2-4----- 2k —-2)-2k=(2-1)-(2-2)----(2-(k=1))-(2-k) =
=(2-2-- 2:2)(1-2----- (k_l).k)zzk.k!.
k pas
[2] Hocratouno 3amertuts, uto (2k + 1)! = (2k + 1)!1(2k)!L O

Def
Io onpenenenmio 0!l = 1.

MNpumep. Ilepecmanoskamu Cmupiunea Ha3bIBAIOTCS IEPECTAHOBKM Habopa uuHCe
{1,1,2,2,...,k,k} Takue, 4TO MEXKIY JIOOBIMU JByMsI PABHBIMU YHCJAMU MOTYT HAXO-
JIUTHCS JUIIb OOJIbIINE [0 3HAYCHMIO.

Mpumep. (1,2,3,3,2,1,4,4).

TEOPEMA 2. Yucno nepecmanogox Cmupaunea pasto (2k — 1)!1.

DOKA3ATENBCTBO. basa: npu k = 1 cymiecTByeT eMHCTBEHHAs nepectaHoBka 1,1, oT-
kyza (2k — 1)!! = 1. HAyKIUOHHBIIM EPEXO: MyCTh YUCIO TepecTanoBOK CTUpauHTa
1,1,2,2,...,k—1,k—1 paBno (2(k —1) — 1)!! = (2k — 3)!!. Tak kak B epecTaHOBKE HET
unces 66X k, TO 9JIeMEHTBI k, k MOTYT CTOSITh TOJIBKO psiioM. VIX MOXKHO 0TGPOCHTB,
HOJIyYUB [IepecTaHoBKy ¢ yuciaamu 1..(k — 1). YuureiBas, 4to cyuectsyer 2k — 1 mecto,
Ky/la MOJKHO [OCTaBUTH 1apy k, k, noayuum (2k — 3)!1- (2k — 1) = (2k — 1! O

5.2.6. BbicTpasa copTUpoOBKa

Buicmpas copmuposka siBisiercst Hanboiee MUPOKO MPUMEHSIEMBIM U OHUM U3 CaMbIX
atdexTUBHBIX aNTOPUTMOB cOpTUPOBKH. [IpuBeném HedopmanmbHOE onmcaHue Wew aj-
roputMa GbICTPOI COPTUPOBKH.

1. W3 MaccuBa BbIOMPAETCS DJIEMEHT T, HA3bIBAEMbBII ONOPHLIM.

2. MaccuB genuTcs Ha /iBe 4YacTU OTHOCHUTEJBHO OIIOPHOIO 2JIEMEHTA: 2JIEMEHTBI JIEBOI
YaCcTH MEHbIIE JHOO PABHBI T, SJIEMEHTBI MPABON YacTy GOJIbIIE T.

3. HepBbIG ABa Ilara peKypCUBHO IPUMEHAIOTCA K JIEBOI 1 HpaBOfI JacTAM MacCCUBa, €CJIN
OHM COCTOAT HoJIee YeMm u3 OJQHOIO 9JIEMEeHTa.

AnroputM 35.3. Beictpast copTupoBKa

Bxoza: uuncia l v r — WHIEKCH Havajga W KOHIIA YAaCTH MAacCHUBA JJIsI COPTUPOBK.
Bbixoa: orcopTupoBaHHbIN 110 Bo3pacTaHuio Maccus Ala..b|.
if I <r then
i: = Partition(l,7) // Pasbuenue maccusa
Quicksort(l,s — 1) // PekypcHUBHDIH BBI30B /7SI JIEBOH YacTH
Quicksort(i + 1,7) // PekypcuBHBIN BBI30B /sl TIPABOI 4acTh

end if
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Maccus A : array [a..b] of B, nomiexaniuii COpTUPOBKe, siBjisteTcst Ti00aibHbM. OCHOB-
Hast pabota BeinosnHsercst ¢pynkimeii Quicksort. Copruposka Maccusa Ala..b] BbITIONHA-
ercst BbI3oBoM dyHkimu Quicksort(a, b).

Oyukius Partition HaxoAWT OMOPHBIH BTEMEHT.

Bxoa: uucia |l u r — WHAEKCH HAYala W KOHI[A YaCTH MACCUBA JJIST TIOMCKA.
Boixoa: umHzpeKc ¢ OMOPHOTO 3IEMEHTA.
x:=A[r] // ONOPHBIM SIBJISIETCS IOCJIEIHIIT dJIEMEHT MacCUBA
i:=1—1 // uHunmManu3anus 3a npejejaMyd MacCuBa
for j from [ to r — 1 do
if A[j] <z then
ii=1i+ 1; Afi] < A[j]
end if
end for
Ali] +> Alr] return i // omOpHBIiT 9JIEMEHT TIOMEIIAETCS] B HYXKHOE MECTO
return ¢

KiioueBoii yacTbio ajropurma ObICTPOR COPTUPOBKM sBJIseTcs pasbuenune maccusa. Ha
Ka}K[[OIL/,I urepannun muKJIa J0JKHDBI BbIITOJHATHCA YETBIPE YCIOBUA:

1) A[l...i] comepKuT 2JieMEHTbI, KOTOPbIE MEHBIIE WM PABHBI OIIOPHOMY;
2) Ali+1...7 — 1] comepKuT 2J€MEHTBI, KOTOPBIE HOJBIITE OMOPHOTO;
3) Alj...r — 1] comepXuT u Te, U APyTrue 3JTEMEHTHI,

4) Ha moguiiuu r HaXOIUTCsI ONMOPHBIN deMeHT (puc. 5.4).

Jr00bIe

Puc. 5.4. K anroputmy ObICTPOI1 COPTUPOBKM

OBOCHOBAHME.

[ KoppekTHocTb pasbvienus ] [Ipu nHuImManu3anuy nuKJaa MEXIy | U i HET 3J€MEHTOB,
a 3HAYUT, TIE€PBbIE TPH YCJIOBUS BBITOJNHSIOTCS. DJIEMEHT C HHIIEKCOM 7 IIPUHSIT OIIOPHBIM.
Ha xaskmoif uTepannu nMuKIa HEOOXOMUMO PACCMOTPETH [[BAa CIydast, KOTOPBIE OTIPefe-
qsmiorest yernosueM A[j] < Alr]. Ecom A[j] > Alr], torma crenyer mobaBUTb 3JEMEHT
A[j] B MHOKECTBO 3JIeMEHTOB GOJIBIINX OTIOPHOTO, 3HAYUT, CJIEYET YBEJUYUTh MHAEKC
j = j+ 1. Ecim ke A[j] < z, torna anement A[j] moanexut po6aBIeHUI0 B MHO-
JKECTBO 3JIEMEHTOB MEHBINUX WM PABHBIX OMOpHOMY. UTOOBI 3TO c/esaTh, HEOOXOIUMO
YBEJUUYUTD UHIEKC ¢ := ¢ + 1, BBIIOJIHUTD 00MeH ayemeHTOB Ali] ++ A[j], a 3arem, 4ro-
OBl COXPAHUTH MHOKECTBO 3JIEMEHTOB GOJBINX OMOPHOTO, CJAEAYET YBEIMYUTH WHAEKC
j=J+1

[Tocsie BBIMOTHEHUS TINKIA MACCHB PAa30ObETCST HA TPU HETIEPECEKAIONNXCS MHOMKECTBA.
[TepBOE MHOKECTBO COCTOWMT M3 3JIEMEHTOB MEHBIIUX MJIM PABHBIX OMOPHOMY, BTOPOE —
GOJBINX OMMOPHOTO, TPETHE — OJHO3IEMEHTHOE MHOKECTBO U3 OMOPHOTO 3JIEMEHTA.
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[ KoppekTHocTb coptupoBkm ] Ilycth n — anmHa BXomHOTO MaccuBa. basza: n = 1 — mac-
CUB y:Ke OTCOPTHUPOBaH. HAYKIIMOHHBIN TIEPEXO/I: BXOHOM MaccuB A pa3Mepa n mocJe
BbI30Ba IIpoLeAypbl Partition pasbuBaercsd Ha [Ba IoAMAacCHBa pa3Mepa MeHblie 1 (OIop-
HBII 3JIeMEHT He pacCMaTPUBAETCS, TaK KaK yKe HAaXOIUTCS Ha CBOEM MeCTe), KOTOphIe
KOPPEKTHO COPTUPYIOTCS IO MHAYKIIMOHHOMY IIPEAIIOJIOKEHUIO.

MNpumep. Otcoprupyem maccuB A = {8,15,24,18,9,49,20}. [TosxysxupubiM mpudTom
OTMEYEHBI OMOPHbIE JEMEHTHI, a B TPSIMOYTOJbHUKAX HAXOJSATCS AJIEMEHTHI, KOTOPbIE
y3Ke BCTAIK HA CBOE MECTO.

Omnopusiit anement | A[1] A[2] A[3] A[4] A[5] Al6] A7)
20 8 5 24 18 9 49 20
9, 24 8§ 15 18 9 49 24

8, 15, 49 8 [9] 18 15 |20 49
18 5| [9] [15] 18 [20] [24] [a9]
s [0 [15] [18] [20] [24] [a9]

5.2.7. TpymoémkocTb B cpegHemM

Tpydoémrocmo arzopumma 6 cpediem — MareMaTHIeCKoe OKHMIaHHe KOJUYEeCTBA BbIYMC-
JINTEJIbHOTO pecypca (aMsITH WX BPEMEHN ), UCTI0JIb3yEMOTO AJITOPUTMOM TP 3a7IaHHOM
pacripeieJIeHUN BEPOSITHOCTH TIOSIBJIEHHSI TeX WJIM WHBIX BXOAHBIX MaHHBIX Px (1. 5.1.7).

SAMEYAHME

O TPyIOEMKOCTH B CPEIHEM MMEET CMBICJ FOBOPHUTH TOJIBKO JJIsI TEX AJITOPUTMOB, BPeMsi paboThI
KOTOPBIX 3aBUCUT OT Px.

MNpumep. Bpewmsa paborbl anropurma Yopmamia (1. 1.5.2) He 3aBUCUT OT pacipejeie-
HUS BXOAHBIX MAHHBIX, a 3aBUCUT TOJIBKO OT pa3Mepa JaHHBIX.

PaccMOTpUM OLIEHKH BBIYMCIUTEIBHOM CJIOKHOCTH JIJISI aJITOPUTMa «OMHAPHOTO MOUCKa»
(cMm. . 9.4.3) HA BXOZIHOM MacCHUBE JIJTUHBI N.

Ouenka cnusy. B mydinem cirydae NCKOMBIN 3JIeMEHT HAXOIUTCS HA MO3UIIUU C UHIEKCOM
%. 3HaunT, HoTpedyercs TOMLKO OJHO CPaBHEHHeE.

Ouenxa 6 cpednem. Jlns ynpomenusi Bbraucaennii nogoxum n = 28 — 1,k € N. Ecim

UCKOMBII 3JIEMEHT MMEET WHIEKC 1 = %, TO MBI €TO HalIéM 3a OMHO cpaBHeHUE. Ec-
ke i = 2 wm i = 3 10 Ham monazo6utes yxe gBa cpasHennsl. Takum o6pasom,

. ko oie .
ob11ee KOJINYECTBO cpaBHeHnil paBHo Y, i2° 1. Tak Kak HCKOMBIii 51EMEHT MOXKET Ha-

XOIUTHCST Ha JIIOOOI U3 TO3UIUN ¢ BEPOSITHOCTHIO %, cpemHee KOJTMYECTBO CPaBHEHUN

E o ooie k 2((k—1)2"+1
paBHO Hr o0 27t = Y0 2(;3_1) = ((2(2,3_1)+ ). Coxkpamas apobb U mepexoss

K [IepeMeHHO n, UMeeM:
logo(n+1)—1)(n+1)+1 logos(n +1

Ouenxa ceepxy. OCHOBBIBAsICH HA PACCYKACHUSX IS OLICHKH B CPEIHEM, MOKHO YBHUETb,
9TO B XYIIIEM CJIydYae KOJMYECTBO CPABHEHUH, BBITIOJTHEHHBIX aITOPUTMOM OWHAPHOTO
noucka, paBHo logy(n + 1), ipu n = 2% — 1,k € N,
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O1leHKHU B CPEIHEM U XYJIIEM CIIydasix CIydasiX Jiuisi «OMHAPHOTO TIOMCKa» MMEIOT BEJH-
unnbl opsaaka O(logn). TakuM 06pa3zoM, alropuT™M GUHAPHOTO TTOUCKA XOPOII TEM, YTO
JUISL Hero HeT IVIOXUX CJIy4Yaes.

3AMEYAHUE

Pacripesiesienrie BXOJHBIX JJAHHBIX, KAK U TPYJIOEMKOCTD B CPEIHEM, 3aBUCHUT OT KOHKPETHOM 3a/1a4H,
KOTOPYI0 HEOOXO[MMO UCCIIE0BATD.

5.2.8. NpMoHNYeckue umcna
Tapmonuueckue uucna H(n) ONPERETSIOTCS CIELYIONUM 00pa3oM:

HO0)Z 0 Hmn) 2 Hn-1)+ %

[TpumenuB onpenenenne n — 1 pas, moayunm (n > 1):
1

Hn)=Hin— 1)+~ = Hin -2+~ 4 —— = Z

??'M—‘

ITo aHAIOTUU MOXKHO BBECTH TIOHSITUE 000OUCHHBIX 2APMOHUYCCKUX YUCET NOPSOKA M

f

H(m,0) %0, Him,n) %

H(m,n—1)+1/n"™ wm H(m,n) ka

SAMEYAHUE

W3 Kypca MaTeMaTHYeCKOTO aHauu3a usBecTHa (opMmysia JJist NpUbGIUKEHHOTO BBIYUCJIECHUS Tap-
MOHHWYECKUX YKCes, KOTOpas B YIPOUIEHHOM BH/E 3aIIMCHIBAETCS CJAEAYIONMM 06pasoM:

1 1
Hy=Inn+~v+—+4+0(—= ), lim (H, —lnn) =+~ 0.57721.
2n n2 n— 0o

[apMoHMyeckye Yncia UCIOJIb3yIOTCS /IS BbIBOJA OIIEHKU B CPe/lHEM HEKOTOPbIX aJIro-
PUTMOB.

5.2.9. OueHka B cpegHeM Ans ObICTPO COPTUPOBKU

TEOPEMA. Bpems padomwt arzopumma 6vicmpoi copmupoexu 6 cpednem O(nlogn).

DOKA3ATENBCTBO. IlycTh (), — cpelHee KOJMYECTBO CPABHEHUM, BBIIOJIHSAEMBIX aJITO-
PUTMOM, KOT/Ia BXOZHbIE JaHHble — 3TO MaccuB pasmepa n. Ilomoxkum n > 2. Vmeem
Qo = Q1 = 0. UsBecTHO, 4TO TIOCJ]I€E BHIGOPA OMOPHOTO 3JIEMEHTA HEOOXOAMMO TIPOBECTH
n— 1 cpaBHEHHUE CO BCEMH OCTaBHIMMUCs dieMeHTaMu. OTIOPHBIN 2/IeMEeHT pa3oObET Mac-
cuB Ha jBe yacTu. IlepBas yacTh MOXeT ObITh JoGoro pasmepa ot 0 g0 n — 1. Ilycts
mepBasl yacTb MMeeT pasMmep k, 3HAYUT, BTOpas 4YacTb uMeeT pasmep n — 1 — k. Bo-
see Toro, k € {0,...,n — 1} paBHoBeposiTHbl. Torna nMeem ciefyioliee paBeHCTBO st
MaTeMaThyeckoro oxkumganus (m. 5.1.7):

n—l

Qn=(n—1)+ ZQk+Qn k-

k 0
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3aMeTuM, uTo ZZ;Ol Qun_i—k = ZZ;& Qr, 3uaunt, Q,, = (n—1)+2 ZZ;& Qp. JloMHOKIM
Ha n, UMEEM:

n—1
nQ, =n(n — 1)+22Qk.
k=0
3ameHuM n :=n — 1, YTO BO3MOKHO, IOCKOJIbKY 1 > 2. [Tosydaem
n—2
(= 1)Qur = (= Dn—2+23 Qs
k=0

Borutem BBIpaKEHUS, TONYUNM:
nQn—n—1D)Qn-1=n(n—1)—(n—1)(n —2) +2Qn_1,
OTKyZla IMeeM
n@Qn=2n—1)4+n+1)Qn-1.
PazjiesB 1ocie/iiee paBencTBo Ha n(n + 1), moxydum

Qn —9 n—1 Qn—1
n+1 n(n+1) n

Bseném HoBy10 nepemennyio: F, : = 78:'1. Nmeem
Fo—o "=l p Z
" Tn(n41) noh kk+1
Pa3o6béM cyMMupyeMoe BhIpaskeHne Ha HpoCTeiinie Ipoou: k(kjrl) = 25 — %, OTKyZa

??‘M—t

M:

n
k=1
ni

F,=4(Hpy1—1)—2H, =4H,+1 — 2H,, — 4.
[Tomyunin BbIpaskeHNE B TEPMUHAX TAPMOHUYECKUX YNCEJ:
Qn=Mn+1)(4H,41 — 2H, —4).
[Tocne passnokeHns TapMOHMYECKUX YMCEJ B PsIJi OKOHYATEJIbHO MOJIyYaeM:

1
Qn=2n(lnn—|—’y—2)+21nn—|—2fy+1+0(n>, 0

5.3. BuHomMumanbHble KO3PDPULUEHTbI

UYucso coueranuit C(m,n) — 3TO YHCJIO PA3IUYHBIX 7-2JIEMEHTHBIX ITOIMHOKECTB 1M-
asmeMeHTHOrO MHOXKecTBa. Yucna C(m,n) obIafaroT IMeabIM PSAZIOM CBONCTB, paccMmar-
pPUBaEeMbIX B 3TOM pasfiejie, KOTOPble OKa3bIBAIOTCS OYEHb IOJE3HBIMHU IIPU PeleHnun
Pas3INYHBIX KOMOMHATOPHBIX 3a1ad.
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5.3.1. AnemeHTapHbIe TOXAECTBa

Ocnosnas dopmyJia st unciaa codetanuit C(m,n) = m(n;n'n)' II03BOJISIET IIOJIyYUTD
CJIe/lyIolIne IPOCTBIE TOXK/ECTBA. ' .
TEOPEMA. 1. C(m,n) =C(m,m —n).
2. C(myn)=C(m—1,n)+C(m—1,n—1).
3. C(n,3)C(i,m) = C(n,m)C(n —m,i —m).
J OKASATENIbCTBO.
m! m!
(1] Clm,m=n) = (m—n) (m—(m—-n))!  (m—n)ln ¢ m,n).
_ (m-=1) (m—1)! B
(2] Olm =Ln) + Clm=Ln=1) = o N T Dl 1~ (D)
_ (m-y (m— 1) _
T an—)!(m—-—n—-1)!" (n—-1)!'(m—-n)(m-—n—1)
_ (m—n)(m — 1)+ n(m—1)! :(mfn+n)(m71)!: m! _ Cmn)
n(n—1)(m—n)(m—n—1)! n!(m —n)! n!(m —n)! T
n! il n!
(31 Cln)CGm) = o= G =)l ~ milli =) =)
B nl(n —m)! B n! (n —m)!
 ml(i—m)!(n — z)'(n —m)l  ml(n—m)! (i —m)l(n—1d)
=C(n,m)C(n —m,i—m). O

5.3.2. BuHom HbloTOHA

Yucia coueranuii C(m, n) Ha3bIBAIOTCS TAKKe OUHOMUATLHBIMU K0P Puuuernmamu. CMbBICT

9TOI'0 Ha3BaHUs YCTaHABJINBACTCA cneuylomeﬁ TeOPEMOﬁ, M3BECTHOM TaKKe KakK (1)OpMy]Ia

6unoma Hvromona'.

TEOPEMA. (z+ 7)™ ZC’mn My

[okasatEnbctBo. [lo unaykiuu. basa, m = 1:

(r+y)t =2+y =12y + 12%' = C(1,0)2y° + C(1, )2 = 3 C(1,n)z"y' "

! Ycaak Hoioron (1643-1727).
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VHIyKITMOHHBIN TIepeXO:

m—1
(@+y)" =@+y)@+y)" " =(@+y) Y Clm—1Ln)a"y" "=
n=0
m—1 m—1
= xC(m — 1,n)x"y™ "1 4 Z yC(m — 1,n)z"y™ " =
n=0 n=0
m—1 m—1
= C(m —1,n)z"ym—n=1 4 Z C(m—1,n)z"y" " =
n=0 n=0
m m—1
= Z Cim—1,n—1)z"y™ "+ Z Cim—1,n)z"ym " =
n=1 n=0

=C(m —1,0)2%™ + Z (Cim—1,n—=1)+C(m—1,n))x"y™ " +

— _ m, 0 _ n, m—n
+C(m—1,m—1)z™y ;C(m,n)x y 0
CNEACTBUE 1. Y. C(m,n) =2™.
n=0
DOKASATENbCTBO. 2" = (14+1)" = Y C(m,n)1"1m " = > C(m,n). O
n=0 n=0
CNEACTBMUE 2. > (—1)"C(m,n)=0.
n=0
hokasatenbctBo. 0= (—1+1)" = > C(m,n)(=1)"1" " = > (=1)"C(m,n). O
n=0 n=0

5.3.3. CeoiicTBa GMUHOMMaNbHbIX KO3PPULMEHTOB
buHomuasbHble K03(1)(1)I/IHI/I€HTLI O6JIa,ZIaIOT IIEJIBIM PAJIOM 3aMeYdYaTeJIbHbIX CBOJICTB.

TEOPEMA 1. Y nC(m,n) =m2m L

n=0

[ OKA3ATENLCTBO. PaccMoTpuM ciie/yTolyTo MocJIe0BaTeIbHOCTh, COCTABIEHHYTO U3 YH-
cenl,...,m. CHayaja BBIITICAHBI BCE IMOAMHOKECTBA JJINHBI ), IIOTOM BCE ITOAMHOKECTBA
mmunet 1 u T. 1. meercs C(m, n) MOAMHOKECTB MOIITHOCTH 7, U Ka/KI0€ U3 HUX UMEET

m
IUTHHY 7, TAKAM 00pasoM, BCero B 9Toit nocenoBarensioctu » , nC(m,n) ducen. C apy-
n=0

TOU CTOPOHBI, KAKI0€ YNCIO T BXOAUT B 3Ty TOCJIE0BATEIBHOCTD oHL-omP\{a}] = gm—1
pas, a BCero 4muces m. ]
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k
TEOPEMA 2. C(m+mn,k)= > C(m,i))C(n,k — 7).
i=0

Doka3ATENLCTBO. C'(n + m, k) — 3TO 4uCI0 crtoco60B BEIOPATh k MIPENIMETOB U3 m + n
npeaMeToB. IIpeaMersl MOKHO BHIOMpPATh B ABa IIPHEMa: CHadyajaa BbIOpPATh 4 IPEIMETOB
U3 IEPBBIX M IPEMETOB, a 3aTeM BBIOpATh HepoCTaomue k — ¢ HPEAMETOB U3 OCTAB-
mxcst n npeameroB. OTciozia o61iee 9ucIo ciocoboB BEIGPATh k MPEAMETOB COCTABIISIET

iZ:C(m,i)C(n,k—i). 0

SAMEYAHUE

TTocsieanee CBOMCTBO U3BECTHO KaK mMoic0ecmeo Kowu!.

OTCTYINMJIEHUE

Jlannbie cBOMCTBA OMHOMUAIBHBIX KOI(D(MUIMEHTOB HETPYAHO JOKA3aTh, IIPOBO/S ajqredpandeckue
BBIKJIaJIKK 00bIUHbIM 06pasoM. Harpumep, nepBoe CBOICTBO MOXKHO MOJIYYUTh TAK:

m m

Clm) =S mml s m(m -1l

n=1
m—1 (m 1)' m—1
— | 1
n=0 o n=0

B j10kazatenbCcTBe UCIOJMb30BAHBI PACCYKAECHUST «B KOMOMHATOPHOM yXe», YTOOBI MPOMJLIIOCTPH-
poBaTh «HeajureGpanyecKues» CrocoObl pelieHns: KOMOUHATOPHBIX 3a/1ad.

5.3.4. TpeyronbHuk MNMackana

3 BTOpoit popmyJibl TeopeMsl 1. 5.3.1 BbiTeKaeT aheKTUBHBIN CIIOCOO PEKYPPEHTHOTO
BBIYMCJIEHUS 3HAUCHUI OMHOMUATBHBIX KO3(M(HUIIMEHTOB, KOTOPBI MOKHO TPEICTABUTH
B rpaduyeckoil popme, U3BeCTHON Kak mpeyzonvnux Ilackars’.

B aToM paBHOOENIPEHHOM TPEYTOMBHUKE KAXKIOE YNCA0 (KPOMeE eMHMUI] HAa OOKOBBIX CTO-
pOHAX) SIBJISIETCS CYMMOW JBYX 4HCeJ, crosuux Hag uuMm. Hwucno coderanuit C(m,n)
HaxomuTcest B (m + 1)-M psgy Ha (n + 1)-M MecTe.

PaccMOTpUM BOIPOC peain3alyy IPOLecca BbIYUCACHUNA OMHOMUAIbHBIX KO3((UIIM-
entoB. Eciu mo pexyppenrnoit dpopmyie C(m,n) = C(m — 1,n) + C(m — 1,n — 1)
COCTaBUTDH PEKYPCUBHYIO IPOIEAYPY, TO MOXKHO CTOJKHYTHCS C TIEepeloJHEHHEeM CTeKa

! Orwocren Jiyu Koum (1789-1857).
2 Butes Mackams (1623—-1662).
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BBI30BOB M3-3a 0OJIbIIOI TryOrHbBI pekypcuu. KpoMe TOTo, TIpsiMast PEKypPCUBHAST PeaJiu-
3arus cyry6o HeahpekTrBHA, TIOCKOIbKY TIPH PEKYPCUBHOM pealnusaliui OfUH U TOT 5Ke
OGUHOMHUATBHBIN KOG GhUIMEHT GyIeT BHIUUCIATHCS HECKOMBKO pas. Hampumep:

C(5,3) = C(4,3) +C(4,2) = C(3,3) + C(3,2) + C(3,2) + C(3,1) = . ..

st caydas pekypcuBHOro Berauciaenus C(m,n) noaydaem 2" CIOKEHW, TaK KaK Ha
KaXZIOM IIIare PeKypCUHW KOJWYECTBO BBIYMCIEHUHN YBEJIMYMBAETCS B JBAa Pa3a, a BCETO
aroB n. A JJiss HEPEKYPCUBHOIO METOJIA UMEEM 7 CJIOKEHWH, TO €CTh PEeKYPCUBHBIN
METOJI 9KCIOHEHITUATIBHO XYKe HEPEKYPCUBHOTO.

3amMeyaresbHble CBOHMCTBA TpeyroabHuKa [lackass mo3BoA0T OPraHn3oBaTh IPOIECC BbI-
yucsennit HamHoro adexrusHee. IIpegcTaBuM TpeyroabHUK B APYyToii (hopme, MoBEepHYB
ero Ha 45 rpaycos BieBo. [loyunrcst GeckoOHEUHasT MATPUILA, B KOTOPO# BEPXHSISI CTPOKA
U JIEBBII cTOJIGEIT COEPIKAT eMHUIIBI, & KaK/Iblil BHYTPEHHUI 3I€EMEHT SIBJISIETCS] CYyMMOI
JBYX 9JIEMEHTOB: COCE/HEro cJeBa U COCeHero CBepXy.

11 1 1 11
1 2 3 4 5
1 3 6 10
1 4 10
15
1

Anroput™ 5.4. AITOPUTM PEKYPPEHTHOTO BBIYMCIEHUS YHUCIIA COUETAHUI

Bxoz: 1esibie HeOTpUIATEIbHbBIE YHCIA T U T
Boixox: umcio coueranuii C(m,n)
A : array|0..n] of int // paGoumii Mmaccus
if n=1V m=mn+1 then return m end if // o onpenesnenuio
if n > m then return 0 end if // o onpenenenuo
if n = m then return 1 end if // no onpexnenenuio
if n>m-—nthen n:=m—n end if // B cuny cummerpuun
for i from 0 to n do
Ali]: =1 // nepBas crpoka tpeyroabauka [lackamus
end for
for i from 1 to m —n do
for j from 1 to n do
Alj):=Alj] + Alj — 1] // cormacuo pexyppeHTHOII hopmyiie
end for
end for
return A[n|

OBoCHOBAHME. CHauajia B aJITOPUTME MPOBEPSIIOTCS TPAHUYHBIE CIIYYaH, JJIsT KOTOPBIX
3HAUEHUSI 33/IaHbI Olpe/iesieHusiMu. 3Hadenue (m,n) Haxoautest B (m—n+1)-it cTpoke Ha
(n+1)-m Mecte. Bech TPeyrosibHUK XPaHUTh B HAMSITH HET HY’K/bI, IOCTATOYHO XPAHUTD
TOJIBKO OZIHY CTPOKY. IlepBast cTpoka colep:KUT Bce eUHUIIBI, 2 KAKIAs CJIeAyIolas mo-
JIydaeTcs mepeBblYKCIeHneM cileBa HapaBo 1o dopmyie Alj] := A[j]+A[j—1]. Ilpu atom
B IPaBOil yacTu oneparopa A[j] — aTo «cTapoe» 3HAUEHUE, TO €CTh HJEMEHT U3 <BEpPX-
Hell» cTpokH, a A[j — 1] — TOJIbKO 4TO BBIYMCJEHHOE 3Ha4YeHue cieBa. llepeBbruncius
TakuM 06pa3oM MaccuB m — n pas, norydaem C(m,n) = Aln). O
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MNpumep. Paccmorpum Beruncaenve C(5,2). 3gecb m =5, n =2, m —n = 3.

i A
11 1
111 2 3
211 3 6
311 4 10

3SAMEYAHME
B cuy cummerpun Tpeyrosbauka ITackasist MOKHO GBLIO GBI HCTIOIB30BATh MACCUB OOJIBIIEN JITH-
HBl m — n + 1 U COKPAaTUTh KOJNYECTBO ITOBTOPEHUI OCHOBHOTO ITUKJA 110 4. OIHAKO 3TO HE AT
COKpaIlleHHsT BbIYNCIEHNIT: HEOOXOAUMOE KOJMYECTBO CJIOKEHUI ocTaérest n(n — m).

OTCTYNJIEHUE

[l 1okasaTesbcTBA NPUMEHUMOCTH U TIOJIE3HOCTU aroputMa 5.3 OlleHMM MaKCHUMaJbHble 3HAYe-
HUST YMCJIA COYETAHUH, KOTOPble MOKHO BBIYUCJIUTH 10 OCHOBHOH (hopMysie U 1o airoputMy 5.3.
[IpeAronoKiM, 4TO UCTONB3yeTcst 32-pa3psiHas apudMeTnka, 6e33HAKOBbIE IeJIble YK, MaK-
cMMasbHO TIpesicTaBuMoe uncao 232 — 1. TIpu pukcHpoBaHHOM 1 GMHOMMATBHBIH KO3(DMUIHEHT
C(m,n) umeer MakcumyM A1t n = m/2. Haiiném makcumanbHo gomycrumsie C(m,n) U m, s
KOTOPBIX BO3MOKHO Bbruucjenue. /g dopmyssl ato C(12,6) = 924, MOCKOABKY BBIYUCIUTH m!
yoKe He IPECTaBIISAeTCs BO3MOKHBIM IIPH m > 12 /1 MCIIOJIb3yeMOro IIpe/ICTaBIeHUs] YUces B
kommnblotepe. McnonbsoBanue popmynst C(m,n) = (m—n+1)-(m—n+2)-...-m)/(m—n)! He
MIPUBEAET K CYIIECTBEHHOMY PACIHIMPEHUIO IMANIA30HA BBIYUCIISIEMBIX 3HAYEHUN. A [IJIs1 aJropuT™Ma
5.3 ato makcumasibHoe m = 34, C(34,17) = 2333606220. Ecau xe Bappuposath n oT 0 10 m, TO
HOJTyYrM MakcuMasibHoe 3Hauenne C(222,5) = 4294249674, ato 6m13K0 K 232, TO ecTh K MaKCH-
MaJIbHOMY [PEACTABUMOMY YUCJY. SHAYUT, AJITOPUTM 5.3 TIPUMEHUM JIJist TOpasio 6oJiee IHPOKOTo
Habopa YKcesn m U n Mo CPaBHEHHUIO ¢ 3aMKHYTO# dhopmyroil u3 maparpacda 5.1.5, 4to menaer ero
BECbMA TIOJIE3HDIM.

5.3.5. TeHepauus NOAMHOXECTB

deMeHTHI MHOXKeCTBa {1,...,m} ecrecTBeHHBIM 00pa3oM yropsiioueHbl. [103TOMy KaskK-
JI0€ n-3JIeMEHTHOE TOMHOKECTBO 3TOTO MHOXKECTBA TakKKe MOKHO PacCMaTpUBaTh Kak
YIOPSIZIOUEHHYIO TIOCIEI0BATETBHOCTD. Ha MHOKECTBE TAKUX TTOCTIEI0BATETHHOCTEN OITpe-
JiesisieTcst Jiekeukorpaduueckuit mopsiok. Crenyiomuil MpocTol ajJrOpuTM TreHepupyer
BCE N-3JIEMEHTHBIE TIOJIMHOKECTBA M-3JIEMEHTHOTO MHOXKECTBA B JIEKCUKOTPAPUIECKOM
TTOPSIZIKE.

OBOCHOBAHME. 3aMeTHM, YTO B MCKOMOI ITOCIeJOBATEIbHOCTHU 11-9JIEMEHTHBIX IIOMHO-
JKecTB (KaKI0€e M3 KOTOPBIX SIBJISIETCST BO3PACTAIONIEN MOCIEI0BATEILHOCTDIO N YUCE U3
[ManazoHa 1..m) BeJel 3a MOCJIeN0BATENbHOCTBIO (a1, . .., ay) CJAEMYET TOCIENI0BATEb-
Hocth (b1,...,0,) = (@1,...,ap—1,0p+1,ap+2,...,ap, +n—p+1), T p — MaKcu-
MaJIbHBINA MHEKC, U1 KOTOPOTo by, = a,+n—p+1 < m. /[Ipyrumu cioBamu, cieayomas
MOCJIEI0OBATENBHOCTD TIOJIYYAETCsT U3 TTPEAbIAYIIE 3aMEHON HEKOTOPOTO KOJINIECTBA JJIe-
MEHTOB B XBOCTE IMOCJEIOBATEIbHOCTH WAYITUME MOAPSIA HATYPAJbHBIMU YKUCIAME, HO
Tak, 4TOOBI IOCJEIHIIT DJIEMEHT He IIPEBOCXOIMJI 1M, a IEePBbId M3MEHSIEMBbI 9J1eMEHT
6b1 Ha 1 GoJIbllle, YeM COOTBETCTBYIOLIMI 9JIEMEHT B TIPEAbILYIIEH MOCIeA0BaTEIbHOCTH.
Takum 00pasoM, WHIEKC p, HAuWHasE ¢ KOTOPOTO CJIEAYET U3MEHUTH <«XBOCT IOCJEI0-
BaTeJbHOCTH», ONPEEJISIETCs 1o 3Havenuto snementa A[n]. Ecau A[n] < m, To caexyer
U3MEHSITh TOJIBKO A[n], v 1ipu 3TOM p: = n. Ecaiu ke yxe A[n] = m, TO HyKHO yMEHbBIIAThH
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AJIrOpPITM 3.9. TeHepauHH N-39JIEMEHTHBIX IMOJIMHOKECTB M-9JIEMEHTHOTO MHOKECTBa

Bxoa: n — MONIHOCTb TOAMHOMKECTBA, M — MOIIHOCTh MHOXKeCTBa, m = n > 0.
Bbixoa: 1ociieoBaTesbHOCTh BCEX N-3JE€MEHTHBIX  ITOJMHOMKECTB  M-3J€MEHTHOTO
MHOJKECTBA B JIEKCUKOTPAhUUECKOM TIOPSIJIKE.
for i from 1 to m do
Ali]:=1{ // MHUIAIM3AHI NCXOJHOTO MHOMKECTBa
end for
if m =n return A[l..n] end if
if m = n then
return A[l..n] // eAuHCTBEHHOE MOAMHOKECTBO
end if
p:=n // p — HOMep NePBOTO U3MEHSIEMOTO 3JIeMeHTa
while p > 1 do
yield A[l..n] // odepentioe TIOAMHOKECTBO B TIEPBBIX 1 dJIEMEHTAX MaccuBa A
if A[n] =m then
p:=p—1 // Heib3d yBeJIUUYUTDb NOCHETHUIN 3TEMEHT
else
p:=n // MOXHO YBeJIMUYNUTH MOCJIETHUN 2JIEMEHT
end if
if p > 1 then
for i from n downto p do
Ali]:=Alp|+i—p+1 // yBeiuuenne 371eMEHTOB
end for
end if
end while

NHAEKC p:=p — ]., yBeJIMUnBasA NJIMHY U3MEHAEMOI'0 XBOCTaA. O

MNpumep. IlocnenoBaresbHOCTD N-2J€MEHTHBIX HOJMHOXECTB 1M-3JIEMEHTHOTO MHOKe-
cTBa B Jiekcukorpaduyeckom mnopsizke st n = 3 um = 4: (1,2,3), (1,2,4), (1,3,4),
(2,3,4).

OTCTYIJIEHMUE

JlOBOJIBHO 4acTO BCTPEYAIOTCS 3aauH, B KOTOPHIX TpeGyercsi HAWTH B HEKOTOPOM MHOXKECTBE
3JIEMEHT, O0JIANAONMI ONpeNeEHHBIMU CBOIicTBaMu. [Ipy 3TOM wHCCienyeMoe MHOKECTBO MO-
JKeT GBITh BEJIUKO, a €r0 3JEeMEHTHI YCTPOEHBI JOCTATOYHO CJIOKHO. EciM HemsBecTHO 3apanee,
KaK MUMEHHO CJIEJlyeT MCKATh HJIEMEHT, TO OCTAETCsI epedUpaTh BCe IEMEHTBI, TTOKA He TTOMajéT-
ca HYKHBIH (T09TOMY Takue 3aauy Ha3bIBAIOT nepebopuvimu). Ilpu penierun mepeGOPHBIX 3a1a4
coBceM Heo0sI3aTeIbHO ¥, KaK MPABIJIO, HEIeIeco00pasHo CTPOUTH BCE MCCIIEyeMOe MHOMKECTBO
(npocmparncmeo noucka) B siBHoM Buze. Jloctatouno umerb ureparop (1. 1.3.9), nepebuparommuit
AJIEMEHTbI MHOJKECTBA B MOAXOAsIEM Topsiike. DakTrueck, MHOTHE PACCMOTPEHHbBIE aJITOPUTMbI
SIBJISTIOTCSI TIPUMEPAMU TAKUX UTEPATOPOB [ HEKOTOPBIX THITUYHBIX [TPOCTPAHCTB 1oucKa. ITobbr
UCIIOJIb30BATh 9TH AJITOPUTMBI B KAYECTBE UTEPATOPOB TIPU T1EPEOOPE, T0CTATOUHO BCTABUTH BMECTO
oneparopa yield poBepky TOro, 4TO OYEpENHON DJIEMEHT SIBISETCS] HCKOMBIM.
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5.3.6. PacwumpeHHble OMHOMUanbHble K03¢hPNLUNEHTbI
Cokparum MHOXUTEND (M — n)! B hopMyJie ISl YUCIa COYeTaHuil:

m(m—1)...(m—n+1)
n!

C(m,n) = .
[Tpu onpeaenetnu yncen C(m,n) MO CMBICTY KOMOMHATOPHOU KOH(UTYPAIUHU TTapaMeT-
pBl HaTypanmbHbL: m,n € N. OnHako AaHHas OPMYJIa COXPaHSET CBOIO BBIYMCINMOCTD U
IIPY OTPUIIATENbHBIX 3HAUEHISIX 1, YTO TI03BOJISIET BBECTH B PACCMOTPEHUE paciuupentvie
bunomuarvivle Kospguuuenmo, 1 m € Z u n € Ny.

3AMEYAHUE

B kauectBe 06s1aCTH OIpeEIEeHUs] PACIIMPEHHBIX GUHOMHUAIbHBIX KOI(DOUIMEHTOB MOKHO pac-
CcMaTpHuBaTh TaKKe pallMoHaabHble m,n € Q 1 BellecTBeHHbIe 3HAYeHUSI M, n € R.

Def
ITycts m,n € Z. onoxum C(m,n) = 0 npu m < n wim n < 0 1 MOTOKIM

C(m,n) Iﬁf(m(m—l)...(m—n—!—l))/n! mpu m =n,n > 0.

B atux onpenenenusx Vm € Z (C(m,0) =1)uvVn € Z,n#0 (C(0,n) =0).

TEOPEMA. C(m,n)=(-1)"C(n—m —1,n).

JOKASATENBCTBO. 3aMeTUM, YTO

mm—1)...(m—-n+1)=(-D"(-m)(—m+1)...(-m+n—-1) =
=(-1)"n-m-1)...(n—=m—-1—(n—-1)).

Orkyna

Cmn)=m...(m—-—n+1)/nl=(-1)"(n—m-=1)...(—m)/n! =

=(-1)"C(n—m—1,n). 0

JlokazaHHOe TOXKAECTBO MOYKHO MCIOJb30BATH JIJII BLIYUCJICHUS GUHOMHUAJIBHBIX KO3(h-
(ureHTOB ¢ OTPUIATETBHBIM MEPBBIM MAPAMETPOM IO YK€ BBIYMCIEHHBIM 3HAUEHISIM
K02 HUIMEHTOB ¢ TOJOKUTETHPHBIMU TTAPAMETPAMU.

SAMEYAHME
B reopeme 1. 5.3.1 npu gokasaresscrse Toxzaectsa C(m,n) = C(m—1,n—1)+C(m—1,n) Hurne
He UCIOJIb30BAHO TO, YTO YUCJIO m > 0, YTO [03BOJISIET OPraHU30BATh PEKYPPEHTHOE BbIYUCJIEHUE
GuroMHAIBHBIX K0a(hduImenToB u st caydas m < 0.

Ucnonp3ys aTn TOXAECTBA, MOKHO TTOCTPOUTH pacuupentviii mpeyzoavnux Ilackans, B Ko-
TOPOM TOJIOKUTEIbHBIE 3HAYEHUS M PACIPOCTPAHSIOTCS BIIPABO, OTPUIATETbHbIE 3HAYe-
HUST m PacIpoCTpaHsIoTCs BJIEBO, a n pacipoctpansercs BHU3. [lockompky nipu m = 0
umeeM C(m,n) = 0, cpennuii crosber], 0603HAYEHHDBIA N, COAEPKUT CAMU 3HAYECHUS 7,
No06HO TOMY, KaK BEPXHsIsI CTPOKA COAEPIKUT 3HAYCHUST 1.
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Ha obmactb mpuMeHeHUst GHHOMUATBLHBIX KOA(M(DUIIMEHTOB HAKJIA[BIBAETCSI MEHBIIIE OTPa-
HUYEHWH, YTO MOYKET OOIETYNTh OKA3ATENHLCTBO TEOPEM U TOKIECTB.

MNpumep. [okaxem yrsepkaenue C(m,n) = 2C(m —1,n —1).

ITpu ucnosbzoBauuu Gopmysst C(m,n) = m!/n!/(m —n)! nokazarenscTBo Tpebyer pas-
6opa ciay4daes. Ilepseiii cayyait. IIpu m > n umeem

_ m! . m (m—1)! . m
C(m,n) = nim—n) — n (n=DI((m-1)—(n-1))1 SC(m—1,n-1).

Bropoii cayuaii. [Ipu m < n umeem C(m,n) =0u C(m —1,n—1) =0.

IIpn WCTOMB30BAHUY PACHIMPEHHBIX OMHOMHUATBLHBIX KOa(D(MUIMEHTOB cpasy WMeeM
C(m,n) =mm—-1)...(m—-n+1)/n! = (m/n)(m—-1)...(m —n+1)/(n — 1)! =
= (m/n)C(m —1,n —1).

5.3.7. MynbTUMHOXeECTBa U NocnenoBaTesibHOCTU

B 1. 5.1.5 mokasaHo, 4To YHCJIO N-3JTEMEHTHBIX TTOIMHOKECTB M-3J1€EMEHTHOTO MHOKECTBA
paBio C(m,n). IIocKoJIbKY n-37I€MEHTHbIE TTOAMHOKECTBA — JTO N-3JI€MEHTHbIE MHIU-
kaTopsl (1. 1.1.4), sSICHO, YTO YUCJO M-3JEMEHTHBIX WHAWKATOPOB HaJ 1m-3J€eMEHTHBIM
MHOKECTBOM Takxe paBHO C(m,n).

OO1iee 4nCIO N-3JEMEHTHBIX MYJIBTUMHOXKECTB [ ..., "] HaJ m-21eMEeHTHBIM MHO-
KecTBOM X ={21,...,Zm}, B KOTOPBIX N1 + -+ + Ny, = N, HETPYJHO OIIPEEINTH, €CJIU

3aMETHTB, YTO ATO YKCJIO CIIOCOOOB PABIOKUTH 1 MSTIEHT TI0 M SATMKAM, TO €CTh YHCJIO CO-
yeranuii ¢ nopropeauamu V(m,n) = C(n+m—1,n). PaccMoTpuM nocJe[0BaTeIbHOCTD

Y =(y1,---,Yn), THe Vi (y; € X), ¥ B TIOCTEAOBATETHHOCTU Y 3JIEMEHT I; BCTPEIAETCS
n; pas. Torga mysabrumuoxkecTBo X = [x]'!, ..., 2] HA3bIBAETCS COCMABOM TIOCTIENOBA-

TeabHOCTH Y. SICHO, 4TO cOCTaB 000 MOCAE0BATEIbHOCTH OMPEAENIETCS OMHO3HAIHO,
HO pa3Hble TOCIeI0BATETbHOCTA MOTYT UMETh OJIUH M TOT K€ COCTaB.

Npumep. Ilycte X = {1,2,3}, Y1 = {1,2,3,2,1}, Yo = {1, 1,2, 2, 3}. Torna nocemno-
BaTEIBHOCTH Y1 ¥ Yz MMEIOT OZIMH I TOT ke coctas X = [12,22 31].

OTCTYNJIEHUE
W3 opraHnyeckoil XMMIHM U3BECTHO, YTO CYNIECTBYIOT PA3JIUYHbIE BEIIECTBA, UMEIOIINE OJUH U TOT
’Ke XuMuueckuil coctas. OHM Ha3bBIBAIOTCS M30MEPAMHU.

OueBU/IHO, YTO BCE MOCIEAOBATETBHOCTU HAL MHOKECTBOM X = {x1,..., Ty, }, IMEIOIIHE
OIMH ¥ TOT Xe coctaB X = [z]', ..., ]|, UMEIOT O/IHY ¥ TY )K€ JUIMHY 1 = Ny + -+ -+ Ny,
O603HaYMM YHCIO0 TIOCTEN0BATENbHOCTEN 0iHOTO coctaBa C(n;ny, ..., My).

TEOPEMA. C(n;ni,...,ny,) =
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[OKA3ATENLCTBO. Paccmorpum MyssTuMHOXKeCTBO X = [271, ..., 20|, KOTOpOE MOXKHO
3amucath B (hOpMe TOCTENOBATETBHOCTH X1, ..., L1, L2y« L2y ey Tyny« - - 5 T, TIAE DJTE-
MEHT Z; BCTpedaercs n; pas. SICHO, YTO BCe MOCJe0BATEJbHOCTH OJHOTO cocTaBa X
MOJTy4aIOTCsl U3 YKAa3aHHOM TOC/eI0BAaTEIbHOCTU TIEPECTAHOBKON 3ieMeHTOB. [1pu aTom
€CJIV TIEPECTABJISTIOTCST OIMHAKOBDIE 3JIEMEHTBI, HATIPUMED T;, TO MOJYYAETCS Ta JKe camast
[OC/Ie0BATEIbHOCTD. TAKUX IepecTaHoBoK n;!. Takum ob6pasoM, ofliee 4nCIo mepecTa-
HOBOK 11! ... np!C(n;ny, ..., nyy,). C APYTOii CTOPOHDI, YHCIIO TIEPECTAHOBOK N 3JIEMEHTOB
paBHO n!. O

5.3.8. MynbsTuHOMMasnbHble KO3DPULMNEHTDI

Yucana C(n;nq,...,n,,) BCTPEYAIOTCS B NPAKTHYECKUX 3a4aYaX OBOJIBHO 4acTo, MO-
CKOJIbKY 0606IIA0T CIydYail MHANKATOPOB, KOTOPBIE OMUCHIBAIOTCS GUHOMUAIBHBIME KO-
adduImeHTaMu, Ha cJaydail MPOU3BOJIBHBIX MYJIBTUMHOKECTB. B yacTHOCTH, cripaBeiiu-
Ba dopmya, obobiaommas Gopmyay 6mHoMa HbIOTOHA, B KOTOPOl yY4acTBYIOT YMCIa

C(n;ni,..., Ny ), TOITOMY WX UHOTIA HAZBIBAIOT MYIbMUHOMUALLHOIMU KOIDDuuuenma-
MU
n m
TEOPEMA. (z1+...+zy)" = E C(nsmy, ... )yt - apm.
nit...+nm=n

DOKA3ATENLCTBO. UHaykuusa mo m. Basa: mpu m = 2 no ¢opmyne 6uroma HpioToHa
nMeeM

n n
, - n! . - n!
n N M—1 1,1 ni .n2
Tl + T2 ZEC’I’LZQ}J} :Efl‘x = E — T To~.
( ) , ( ) ) 142 . z!(n—z)! 142 711!712! 1 2
1=0 =0 ni+nas=n
n . n MNm—1
[Mycts Teneps (z1 + ...+ Tp1)” = E C(nsmay...,m_1)xt - x, "7

ni+...+nm-_1=n

Pacemorpum (21 + ... + )" ViMeem

(14 4 zn)" =21+ ...+ Tp1) + )" = ZC’(n,i)(ml Fo ) T =
i=0

- n! 7!
. . nq N —1 n—1
. . 1 m—1 m
il(n—1)! Z ny!--- !
=0 ( ) 1

. Nyp—1°
nit...+Nm-_1=1 m—1

- nli!
b N — —1
E E m ST 'x?l'uacn;"llenzz
illn—9)Ing!- - ngpq!

1=0ni+...+nm_1=1

7?,' n n 1,.n
— —xl...xm’_zm
Z nile e N1 ngy! m=1m o
N1+t 1+nm=n m m
TIE Ny : =N — 1. O
n!

CJIEACTBME. E _— =m"

ny!--In,,!

nit...+nm=n
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|

n!

DOKASATENbCTBO. m" = (1+...+1)" = E — 1M1 =

m pa3 ni+...+nm=n 1 m
n!
= _— l:l
Z ni!. . Ing,!
ni+-tnm,=n

Mpumep. Ilpu urpe B npedepanc Tpém urpaionum caaércs mo 10 kapr uz 32 xapt u
2 KapThl OCTAIOTCA B «MpHUKyIes. CKOJBKO CYIECTBYET PA3JNYHBIX PACKJIATOB?
32!

C(32;10,10,10,2) = ooy = 2 753 204 408 504 640.

5.3.9. BuHoMMmanbHag cuctema cuyucneHus
k-6uHOMLlaJleOIZ cucmemotl cyucieniss Ha3blBaeTcsd HEIIO3NIINOHHasA CUCTEMa CHUC/IeHNA,
T/1€ KaXX/10€ HaTypa/JbHOC YHUCJO N INPEJACTaBJIACTCA B BU/IEC!

k
n=C(b1,1) + C(b2,2) + -+ Clbx, k) = Y C(bi, ),

=1
rmekeN, 0< by <by <--- < bg.

Mpumep. Ilycrs k = 2. Toraa

1=C0,1)+C(2,2) =0+ 1,
2= C(L1)+0(2,2) =1+1,
3=0(0,1)+C(3,2) =0+ 3,
4=C(1,1)+C(3,2) =1 +4,
5=0C(2,1)+ C(3,2) =243,
=C(0,1) +C(4,2) =0+ 6
nT. .

3AMEYAHME

ITo onpenenentio, C(p,q) = 0 npu 1ebIX p U ¢ Takux, uto 0 < p < q.

ITokaxkeM cOCTOATETHHOCTD lIaHHOI‘/JI CHUCTEMbI CUHUCJICHUA.

TEOPEMA. [lpu 3adaniom namyparviom snauenuu k ons 1106020 Hamypaivhozo Yucida n
CYywecmsyom u eOUHCMEEHHbL HAMYPALbHbIe YUCAA by , . . . | by, makue umo

n=C(by,1) 4+ C(bg,2) + - 4 C(b, k) 2¥7w U 0<b <by<--- <y

JOKA3ATENbLCTBO.

[ CywecteoBaHune ]| Bestkoil mape HaTypaJbHBIX 4MceJ n U k COMOCTaBUM HAbOP CTPOTO
BO3PACTAONINX HATypadbHBIX uncesa 0 < by < be < -+ < by 1O ciemyroleMy MpaBuUIy.
Cuauana BeiGepeM by, > 0 Tak, 4ToObI YIOBJIETBOPSIINCH HEPABEHCTBA

C(br, k) <n < Clb, +1,k).
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Takoit BRIOOP OMHO3HAUEH, TIOTOMY 9YTO 10 OCHOBHOMY PEKYPPEHTHOMY COOTHOIIEHUIO
C(by + 1,k) = C(bg, k) + C(bg, k — 1) n 3HAYUT CYIIECTBYET CIMHCTBEHHOE YUCJIO by
takoe 4to C'(b, k) < n < C(by, k) + C(bx, k — 1). 3atem onpenenum by_q Tak, 4T06bI
C(bg—1,k—1) <n—C(br, k) < C(bg—1 + 1,k —1).
I[Ipu Takux ycaoBusiX 00s13aTEIbHO BBIIOJIHSIETCS] HEPABEHCTBO by, > by_1. JleiicTBuTesb-
HO, C(bg—1,k—1) < n—C(b, k) < C(b+1,k) — C(by, k) = C(b, k—1), otkyna by_1 <
by,. Ilpoponxkas aeidcTBOBATH HOZOOHBIM 00PA30M, ONpPEESUM YUCIA by_o,bk_3,...,b1.
Umeem C(by,1) < n—C(bg, k) —... — C(b2,2) < C(by + 1,1). Otkyna
n=C(by,1)+ C(b,2) + ... + C (b, k).
[ EanHctBenHocTb 1 Muaykius no k. Baza. Ilpu & = 1 umeem C(n,1) = n. Ilycts aus

k — 1 npejcrasjieHue eAUHCTBEHHO U CYLIECTBYET OTJMYHBIA OT IIOCTPOEHHOTO HAabop
HaTypasibHbIX ynces 0 < ¢ < ¢g < - -+ < ¢ TAaKOH, 4TO

n=_Cl(c1,1)+ Clea,2) + ... + Cek, k).

B cuny ycaoBus na b, nmeeM cp < bi, IPUUEM DPaBEHCTBO ¢, = by TPOTUBOPEYUT
MIPE/INOJIOKEHNIO UHAYKIIMA. JHAUNT, ¢ < b — 1, 1 UMeeM IIeNTOYKy HepaBEHCTB

n—C(cg, k) = C(b, k)—C(ck, k) = C(by, k)—C(bp—1,k) = C(b,—1,k—1) = C(cg, k—1).

C npyroii cTOPOHBI, B CUIy Npeanoiokenus nuaykimu, n—C(cg, k) < C(cg—1+1,k—1).
CpaBHuBag /1Ba MOCJAEHUX HEPABEHCTBA, IPUXOAUM K IIPOTUBOPEYHIO ¢,—1 +1 > ¢ O

5.4. Pa3bueHusa

Pasbuenus He pacCMaTPUBAJIUCH CPEIM TUTIOBBIX KOMOMHATOPHBIX KOH(GUTYparuii B 1. 5.1,
[OTOMY 4YTO MOJIYYUTH JIJISI HUX sIBHYIO (POPMYJIy HE TaK IPOCTO, KAK JIJIsT OCTAJBHBIX.
B aToMm paspesie 0TMEUAIOTCSI OCHOBHBIE CBOMCTBA Pa30MeHHil, a OKOHYATEIbHbIE (DOPMYJIbI
MIpUBE/IEHBI B 11. 5.6.3.

5.4.1. Yncna CtupnuHra BTOporo poaa

IIycts B = {By,...,B,} — pasbuenne MHoxecTBa X U3 m 3JEMEHTOB Ha N IIOJAMHO-
n

xectB: B, C X, UB;, = X, B; # @, B,NB; = @ npu ¢ # j. llonMHoxxecTBa B;
i=1

HA3bIBAIOTCS OI0KAMU PA3OUCHUSL.

Mesxy pasbreHusIMU ¢ HEIyCTHIMU GJIOKAMU M OTHOIIEHUSIME 9KBUBAJICHTHOCTH CyIIle-
CTByeT B3auMHO-ofHO3HauHoe cootBercTBue (1. 1.7.1). Eciiu By u Es — aBa pasbuenust
X, TO TOBOPST, 4TO pasbuenve ) ectb usmenvuenue pasbuenus Eo, ecov Kaxabil 60K
E5 ectb obbenunenune 6y10koB Fp. V3MeibueHue SBJISETCS YAaCTUYHBIM IOPSAAKOM Ha
MHOJKECTBE Pa3OUeHwil.

Yuciao pasOueHuil m-3JeMEHTHOTO MHOKECTBa Ha 7 OJOKOB HA3BIBAETCS UUCIOM
Cmupnuneza' emopozo poda u obosnauaercsa S(m,n). Ilo onperesenuio momoKuM

Stm,m) 271, S(m,0) %0 npum >0,

S(O,O)DZCfl, S(m,n)D:CfO npu n > m.
TEOPEMA 1. S(m,n)=S(m—1,n—1)4+nS(m—1,n).

1 [xeiime Ctupsar (1699-1770).
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DoKA3ATENbCTBO. IlycTh B — MHOXKECTBO BCex pasbumenuit muoxecta M :={1,...,m}
Ha n 6;10k0B. [TosoxKUM

Bi:i={X eB|IBeX (B={m))}, Bo:={Xe€B|-3BeX (B={m)),

TO eCTh B By BXOAAT pasbueHus, B KOTOPBIX dJIEMEHT m 00pasyer OT/eJbHBII 670K, a
B By — Bce octazbhble pasbuenus. 3amernm, 4to Bo = {X € B |m € X — |X| > 1}.
Torna B = B U By, By N By = 3. Unmeem |B1| = S(m —1,n—1), |Ba] =n S(m —1,n),
TaK KakK Bce pasbueHus: Bo MOMYUAIOTCS CJAEAYIOMUM 0OpasoM: GepéM Bce pasOueHIst

muoXkecTBa {1,...,m — 1} #a n 6a0K0B (Mx S(m — 1,n)) U B KAKABIH OJI0K MO Ouepenn

noMeritaeM sneMeHT m. CiaegoBaTebHO, Tak Kak B N By = &,

S(m,n) =|B|=|B1| +|Bz2| =S(m—1,n—1)+nS(m—1,n). O
m—1

TEOPEMA 2. S(m,n)= Y C(m—1,)S(i,n - 1).

i=n—1

DoKA3ATENLCTBO. IlycTh B — MHOXKECTBO Beex pasbuenuit Mmuoxectsa M :={1,...,m}
Ha n Giokos. Pacemorpum cemeiictso B:={B C 2™ | m € B}. Torna B = Jp.5 Bs,
e Bp:={X | X € B & B € X}, upuuém Bg NBpr = @, ecnu B' # B”. [lycts B € B
u b:=|B|. Torna |Bg| = S(m — b,n — 1). 3amernm, uto |[{B € B | b= |B|}| =
=C(m—1,b—1). Umeem
m—(n—1)
S(m,n) =|B[= Y U Bs|=
b=1  |B€B & |B|=b

m—(n—1)

Z Cim—-1,b—1)S(m—-bn—-1) =
b=1

n—1 m—1
= Cm—-1m—i—1)S(,n—1)= C(m—1,i)S3,n —1),

i=m—1 i=n—1

rae i:=m — b. O

5.4.2. Yucna CtupnuvHra nepeoro poga

Yucao ClOpbeKTUBHBIX (DYHKIMH, TO €CTh YKMCIO pasMelleHuii m Msdell 1mo n simu-
KaM, TaKuX, 4TO BCe SIUKM 3aHATHI, HasblBaeTcs uuciom Cmupiunza nepsozo poda u
obozHauaeTcst s(m,n).

TEOPEMA. s(m,n)=n!S(m,n).

Doka3aTENbCTBO. Kakmoe pasbuernne MuOKecTBa {1,...,m} COOTBETCTBYET CeMeiiCTBY
MHOKECTB YPOBHS CIOPbeKTUBHOU DyHKIMU 1 06paTHO (1. 1.7.4). Takum 06pa3oM, 4nciio
Pa3JINYHBIX CEMENCTB MHOKECTB YPOBHS CIOPBEKTUBHBIX (YHKIMI — 310 uncjao Crup-
JimHra Broporo poga S(m,n). Bcero ciopbektuBnbix dynkuuit s(m,n) = n!S(m,n),
TaK KaK 4KMCJIO CIOPBEKTUBHBIX (DYHKIUI C 3aJaHHBIM CEMEICTBOM MHOKECTB YPOBHS
PaBHO YHCJIYy HEPeCTAHOBOK MHOKECTBA 3HAYeHUIl (DYHKIINH. O
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3AMEYAHUE

Yucmo CTI/Ip.HI/IIII‘a IIepBoro poaa s(m, n) MOJKHO OIIpEAECJNUTDb KaK YUCJIO II€PECTAaHOBOK JJIMHbI ™M
C N ITUKJIaMH. HeprZ[HO II0OKa3aTb, YTO TaKO€ OIlIpe/ieJIeHuEe IKBUBAJIEHTHO JaHHOMY BbIIIIE.

5.4.3. BbluucneHue yncen CtupnuHra

B n. 5.4.1 BeiBesiennl iBe (popMyJibl i Berunciaenus uncesa CTUPJIUHTA BTOPOTO POJA.
Bropast ¢dopmysa mpsmas, HO TpeGyeT BCIIOMOTATENbHOTO BBIYUCIEHUS OGUHOMUAID-
HBIX KOA(POUIUEHTOB U BBIMOJTHEHHS GOJBINTOTO KOJMYECTBA CJIOKEHUH U YMHOKEHWIA.
[Tpu wucnomp3oBaHNU TEPBON PEKYPPEHTHOW (HOPMYJIBI BCTAE€T BOMPOC O XPAHEHUH
yoKe TIOCUUTAaHHBIX urces CTUPJIMHTA, HEOOXOAMMBIX [T TPOMEKYTOUHBIX BBIYNCJICHUTH,
a Takke MHOTOKPATHOTO IEPEeBBIYUCIEHUSI OJHUX M TeX K€ 4YMCes B cjydae IPSIMOTO
WCIOJIb30BAHNS PEKYPCHUH.

Apumep. Boruncanm S(7,3). 1 aToro mocTpouM TabiauIly HAYaIbHBIX 3HAYEHUN
yuces CTUPJIUHTA, TTOJIb3YICh PEKYPPEHTHON (DOPMYJIONL.

m\n| 0O 1t 2 3 4 5 6 7
0

1

2

3

4 6] 1

5 10 1

6 (90| 65 15 1
7 301] 350 140 21 1

3HaueHus1, KOTOpble HeOOXOAUMBI it  Bblunciaenust uunciaa S(7,3), oOBeneHbI
MIPIMOYTOJTbHUKAMU.

Agropurm 5.6. Anroput™m BerumcaeHust yrces CTUPAWHTa BTOPOTO poja

Bxoxa: uuciaa m u n.
Beixoa: uncio Crupsmnra S(m,n).
D : array[l..n] of integer // paGouas auaroHamb
if m = n then return 1 // MoxeM cpasy BepHYyTb U3BECTHbIE 3HAUECHMS
if m >0 & n =0 then return 0
if n > m then return 0
if n =1 then return 1
for i from 1 to n do D[i]:=1 end for // unnnunanusanns
for i from 1 to m —n do
for j from 2 to n do
Dlj]:=Dl[j — 1] 4+ j = D[j] // nepeBbluucIeHIEe IHATOHATN
end for
end for
return Din]
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OBOCHOBAHME. XpaHUTb [IOCTATOYHO JIUIb OJHY <«AWArOHaJMb» IJAUHBI n. BHauame
JINAaroHaJb MHUIHAIN3upyercs 3Hauenusmu 1. /lasee Ha KaxkoM 11are 1uKJa 1o ¢ BbIYUC-
JISIETCST IMaroHaJlb, HAUMHAIOIMIACS C i-H cTPOKK. TakuM 00pa3oM, BBIYUCISIOTCS TOJbKO
HEOOXOAUMbIE IIPOMEKYTOYHBIE JIEMEHTDI, IPUYEM 110 OJHOMY pasy. O

3AMEYAHME
IIpu BBIGOPE CTPYKTYPHI JAHHBIX JJIs1 XPAHEHUST TIPOMEKYTOUHBIX 3HAUEHUII 0UeHb Ba)KHO 00PaTUTh
BHUMaHME Ha TO, 4TO yncaa CTUPIMHTA BTOPOTO pozia /iyt (PUKCUPOBAHHOTO 1M C POCTOM 1. CHavaJIa
BO3PACTAIOT, & IOTOM yOBIBAIOT.

5.4.4. Yucno benna

Yucno Bcex paB6I/IeHI/II'7I m-3JIEMEHTHOI'O MHOKEeCTBa Ha3bIBA€TCA UUC/IOM Be/ma1

u obosnauaercst B(m), B(m) Ref 5S° S(m,n), B(0) Defy |
n=0

3

TEOPEMA. B(m+1) = OC(m,i)B(i).

DoKA3ATENLCTBO. IlycTh B — MHOMKECTBO Beex pasbuenuit MuokectBa My = 1..(m+1).
Pacemorpum MHOKECTBO IOAMHOKECTB MHOKeCTBa M7, comepKamux saeMeHT m + 1:
B:={Bc2"|m+1¢€B}. TornaB = |J By, rae Bp:={X € B| B e X}. lycm
BeB
B € Bub = |B| Torna |Bg| = B(m + 1 —b). 3amerum, uro [{B € B||B|=b}| =
C(m,b —1). CiemoBarenbHo,
m+1

B(m+1)=B|=> C(m,b—1)B(m—b+1) =
b=1
0 m
=Y C(m,m—i)B(i)=>_C(m,i)B(i),
i=m =0
rnei:=m—>b+ 1. (I

5.4.5. TpeyronbHuk Benna

Boruncnenue uucia Besta mo pexyppeHTHO# (opmylie, BBIBEIEHHOW B MPEABILYIIEM
naparpadpe, naxke Ipu yCJOBUM XPAHEHUS BCeX MPEIBIAYIIUX BBIYMCJICHHBIX 3HAYCHWH
uncen Besna, umeer Tpynoémkocts O(n?). PaccMOTpUM airopuT™, MCIIOIb3YIONNIA CIie-
IUATTBHYIO CTPYKTYPY [AHHBIX, KOTOPBIi B HESBHOM BHUJIE XPAaHUT BCE TIPEbIAyIINE
BBIYKCJIEHHbIE 3HAYEHUSI [I7is1 OUHOMHATBHBIX KOA(hMOUIMEHTOB U MMEET TPYI0EMKOCTh
O(n?).

Tpeyeonvnux benna — 3to GeCKOHEUHAsT TPEYTOIbHASI MATPUIIA, T/e Kaskioe Yucjao (Kpome
yrcesl Ha JieBO OOKOBOM CTOPOHE) SIBJISIETCS CYMMON JIBYX YKCEJL: CTOSIIErO CJeBa OT
HEro B 9TOH ke cTpoke U cjeBa Hajx HUM. IlepBoe uncio B kaxkoii cTpoke (Kpome Iep-
BOI) SIBJISIETCST TIOCJIETHUM YUCJIOM M3 TIPEABIAYIel cTpoku. Yucso B MepBoil cTpoke —
eIMTHUTIA.

1 Ipuk Temmn Bemr (1883-1960).
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1
1 2
2 3 5
5 7 10 15
15 20 27 37 32

[list BhIUMCIEHUI TpeyrobHuK Bemna yaoOHee XpaHUTh B Buie GECKOHEYHOU HYKHEN
TPEyroJIbHOM MaTpPUILbL:

1

1 2

2 3 5
5 7 10 15
15 20 27 37 52

Ob6osHauuMm A, , — k-it a1eMeHT B n-ii cTpoke TpeyrosapHuka besma. ITo mocTpoeHmo
TpeyronbHuka Ay p = Ap -1+ An_1k—1 Ipu k>1n>1n A, 1 =411

JIEMMA. An,k = E O(kj —1l,i—n+k-— 1)14,‘71.
i=n—k+1

DoKASATENbCTBO. Mupykmus no k. Basa: A, 1= C(0,i—n)A;1=C(0,0)A,1=A4n1.

NHapyKIIMOHHBIN TIepexo:
An,k’ = An,k—l + An—l,k—l =

n n—1
= Y Cl-2i-n+k-2A1+ » Clk—2i-n+k—1)4;,=
1=n—k+2 1=n—k+1
n—1
= Y (Clk=2i-n+k-2)+C(k—2i-n+k-1) A+
i=n—k+2
+ C(k - 27 k — 2)An,1 + C(k - 27 O)An—k+1,1 =
n—1
= Y Clk—Li—n+k—1)A1+Ck—1k—1)Au 1+ Ck— 1,004, 4411 =
1=n—k+2

= Y Clk—1i-n+k—1)A.
i=n—k+1 (I

TEOPEMA. B(m) = A,i11 = Ao

AOKA3ATENbCTBO. Mupykuns mo m. baza B(0) = 1 = Ay ; 10 IOCTPOEHUIO TPEYTOJIb-
nuka. [lycts B(m) = Ap41,1. Torna no nemme Ayt = Amtim+1 =

= §C<mvi)Ai+l,l = g:OC’(m,i)B(i) = B(i+1). 0
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W3 TeopeMbl HETIOCPEACTBEHHO CJIEAYET aJTOPUTM d.7.

AusroputM 5.7. Boruncnienue gncen Besra

Bxoxa: uucio m.
Boixoa: uncio Bemma B(m).
A : array [1..m] of integer // paGounii maccus, A[k| xpanut A, j
A(i=1 /) Avy = B(0) =1
for n from 2 to m do
t:=A[l] // nepemennas t XpaHI/IT Ap1 k-1
A[l] [n - 1] // An 1= n 1,n—1
for k from 2 to n do
s:=A[k] // nepemeHHas s XpaHUT A, _1j
A[/ﬂ} :A[k — 1] +t // An,k = An,kfl + An,17k71
t:=s //k:=k+1
end for
end for
return A[m]

5.5. BKJ/IIOYEHUA U UCKIIDYEeHUs

[IpuBenénHbIe B MPEAbIIYINX YeTHIPEX paszesax GopMyJibl 1 JITOPUTMBI J1AI0T CTIOCOOBI
BBIYUCJICHS] KOMOMHATOPHBIX YHCEN [/ HEKOTOPBIX PACIPOCTPAHEHHBIX KOMOGHHATOP-
HbIX KoHburypanuil. [IpakTudeckue 3amaum He BceTZia MPSIMO CBOJATCSI K MU3BECTHBIM
KOMOMHATOPHBIM KOH(MUTypalusM. B aToM ciydae MCHOJB3YIOTCS Pa3jIMYHbIE METO/IBI
CBEIEHUST OJHUX KOMOWHATOPHBIX KOH(UTypanuii K ApyruMm. B 3TOoM U ABYX cJiemy-
IONUX Pas/esiax PACCMATPUBAIOTCS TPU HAMOOJIee YacTO WCIONb3YeMBIX MeToma. Mbl
HAYMHAEM C CAMOTO MTPOCTOTO U MPSIMOJIMHEHHOTO, HO UMEIOIEro OrPaHnIEHHYI0 06JacTh
MPUMEHEHUST MEMOOd 8KINOUCHUL U UCKIIOUCHULL.

5.5.1. O6beauHeHne KoHPpUrypauui

Yacto KOMOMHATOPHASI KOH(DUTYPAIUS SIBJISIETCST 00beIHHEHUEM JIPYTUX, YACTO0 KOMOU-
HAIWii B KOTOPBIX BBIYUCIUTH TIPoIIe. B Takom cirydae TpebGyeTcst yMeTh BBIYUCAATD YHUCIIO0
KOMOUHAIMHN B 06beiuHeHUH. B IPOCThIX Cry4asx pOPMYJIb Uit BEIYUCICHUS OUEBH/IHBI:

|AUB| = [A] +|B| - [AN B,
[AUBUC| = |A|+|B|+|C|—|ANnB|—|BNC|—|ANC|+|ANnBNC|.

Mpumep. CkoJbKO CyIecTByeT HATypaidbHbIX uncest, MeHbmux 1000, koTopsie He Je-
JIATCA HU Ha 3, HU Ha 5, HU Ha 77 Bcero umcesn, Menbmmx toicauyu, 999. M3 Hux:

999 : 3 = 333 mesarcs Ha 3,
999 : 5 = 199 nendarcd Ha 3,
999 : 7 = 142 nesarcs Ha 7,
999 : (3% 5) = 66 messiTcst Ha 3 W HA 5,
999 : (3% 7) = 47 pensitcst Ha 3 v Ha 7,
999 : (5% 7) = 28 messiTcst Ha 5 W Ha 7,
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999 : (3% 5%7) =9 nensirca Ha 3, Ha O ¥ HA 7.
Wmeem: 999 — (333 + 199 4 142 — 66 — 47 — 28 + 9) = 457.

5.5.2. ®dopmyna BKIIOYEHUI U UCKNIOYEHUN

Curienyronast popMyia, U3BECTHAS KaK (OPMYLa KIIOUEHUT U UCKIIOUEHUL, TIO3BOJISIET BbI-
YUCJUTH MOIIHOCTh OOBEANHEHNST HECKOMBKIX MHOYKECTB, €CJIM U3BECTHBI UX MOIHOCTH
U MOIITHOCTU BCEX BO3MOJKHBIX IIepECEUEHHH.

TEOPEMA.

Ual=> 14— > angl+ > JAnA4n4Al-
1=1 1=1

1<i<j<n 1<i<j<k<n
+ (=D YA N, N4,

LOKA3ATENLCTBO. Uuaykius mo n. Jlas n = 2,3 Teopema mpoBepeHa B MPEALIAYIIIEM
naparpade. Ilycrb

n—1
U4
i=1

n—1
=D JAil— ). JANA+ .+ (CD)HAN N A

1<i<j<n—1

n—1
3aMeTuM, 4TO ( U A,») NA, = U (A; N A,), ¥ TI0 UHAYKIIMOHHOMY TIPEITIOTIOKEHUIO

n—1
Jinay) Z|A NAu = > JANA; N A+ +
i=1

1<i<j<n—1
+ (— )" AL N N A N Ay

(U)o

Z|Ai\— S AN+ L+ (DT AIN N A |+

1<i<j<n—1

n—1

U 4

=1

n—1
+‘An| |<UAL>mAn
i=1

n—1
+|A7L|_<ZAiQAn|_ Z ‘AimAijn‘—f'----‘r

i=1 1<i<j<n—1

+(=D" %A N...NA,_1 N An> =

n—1 n—1
=<ZA1|+|An>— S ANAI+HY AN ALl | 4. -
i=1 1<i<j<n—1 i=1

—(=D)" A N...NA,_1NA,| =
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=D 1A= YD JAnA 4.+ (D™ AIN LN Ay 0
1=1

1<i<j<n

3AMEYAHUE

OG6o3HaueHNsI CYMM C HEpaBeHCTBAMU B IpejlejiaX CyMMUPOBaHUS, UCIIOIb30BaHHbIE B (POPMYJIK-
POBKE U JIOKA3aTEJIbCTBE TEOPEMDbI, SIBJISIIOTCS He GoJiee ueM COKPAIEHHOI (hOPMOii 3a1Iucu KPaTHBIX

n—1 n
cymm. Hanpumep, > O3HaYaeT o> .

1<i<j<n i=1 j=i+1

MNpumep. [loxaxem dopmyny mis dynkunu Jiinepa ¢(n) (1. 2.4.9) ¢ moMomrpio Me-
TOMa BKIOYeHWit m mckmouenwit. Ilycte n = pi"p5?...p* m ¢(n) — KommuecTBO
Yuces, MEHBIINX 7 M B3aUMHO TIPOCTBIX ¢ HUM. IlycTh A; — MHOXKeECTBO 4uces, He

k
MPEBOCXOSNINX N U AeJsIuxest Ha p;. Torma o(n) =n — | |J A;|. 3amerum, uto
i=1
n
9
Piy Diy - - - Diy,
MOCKOJIBKY 9TO MHOXKECTBO YHCEJI, HE NPEBOCXOAAINX 7, ACJAUMXC HA Pj, Piy - - - Di, -
Orciozia noryyaem

|Ai, N A, NN Ay | =

n n n n n n n
on)=n—(—+—...—)+( + )—...—l—(—l)ki:
D1 D2 Pk P1p2 D2ps3 PkPk—1 pip2 ... Pk
1 1 1
=n(l-—)1-—)...(1-—),
P1 D2 Pk

4yTO coryiacyercsi ¢ (POpMYJIOii, BbIBeIeHHON B 11. 2.4.9.

5.5.3. Yucno 6yneBbix PYyHKUUNA, CYLLECTBEHHO 3aBUCALLUX OT BCEX
CBOUX NepeMeHHbIX

Pacemorpum nnpuMmenenne (popMyJibl BKITIOUEHUN W UCKJIIOYEHUT HA TIPUMEpE CJIeyIomei

Def 2" o ~
sagaun. Ilyctb p, = |P,| = 2% — uucyio Beex 6yseBbIx (GyHKIUIT 1 IEPEMEHHBIX, a Py, —

4yKcs0 OyJIeBbIX (PYHKIMIA, CYLHIECTBEHHO 3aBUCAIINX OT BCeX n nepeMeHHbIX (1. 3.1.2).
ITycto P! — mHOKecTBO GyJeBBIX (DYHKINH, ¥ KOTOPBIX TepeMeHHast z; (PUKTHBHAS
(kpoMe x; MOTYT ObITh U Jpyrue (PUKTUBHbBIE TIepeMeHHbIe). VMeem

PP

i=1

Pn=|P.\ (PIU...UP™)| =

. . n—1 . . n—k
C npyroii croponsr, |Pi| = 22" | Gozee Toro, [Pt N...N Pix| = 22" ", CneposatesbHo,

n
Po=2" =D IPI— > [PinPl+...+ ()" Pin...nP| =
i=1 1<i<j<n

— 92" (C(n, 122" — C(n,2)2%"”

2

+ ...+ (=) C(n, n)2) =

n—i

=> (-1)'C(n,i)2?
=0
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5.5.4. KomOuHauun cBOMUCTB

JlocraTouso 4YacTo KOMOMHATOpHasi 3amada (GOPMYJIUpPYeTCs Kak 3ajgada IOACYETa
KOJIM4ecTBa 00BEKTOB, 00J1aaI0NMX WK He 00JIaJal0UX OIPEACIEHHBIMU CE0UCMEAMU.

YTouHUM TOCTAaHOBKY 3amadn. [IycTh mMeeTcss MHOKeCTBO 06bekToB M, |M| = m, u
MHOKECTBO CBOUCMS 1, . . ., Ay, TO €CTb OJHOMECTHBIX IpeaukaTos a;: M — 0..1. O6o-
anayuM N (a;,, . .., a;,) — KOJMIECTBO DJIEMEHTOB, OONANAIONTNX CBOHCTBAMH d;,, . . . , a4,

N(aj,,...,a;,) — KOJIMYECTBO TEMEHTOB, He 00JIA/AIONINX CBOUCTBAMU aj, , . . ., j, .

n

TEOPEMA. N(ajl, ‘e ,ajt) = m-— Z N(ai) + Z N(ai,aj) + ...+ (—1)"N(a1, ey an).
i=1 1<i<j<n

DOKA3ATENLCTBO. KaXiblil OZHOMECTHBIN TPEIMKAT SIBISETCS XapaKTePUCTHIECKUM
npeaukaToM noamuoxkectsa M;:={xz € M | a;(x)}. Iloatomy

n
N(@j,,....a;,) = |\ M| = [M| - || M;

i=1
u pasee 1o GhopmyJie BKIOYEHUN U UCKIIOUEHUH. O
Mpumep. CummeTpuyHble TUH-KOAbI XYYL U NMEPUOJUIYECKUE TTUH-KOJbl TYxry CYUTA-

10Tcst HeHaZEKHbIMU, CKOJIBKO CYIIECTBYET HAJEKHBIX MUH-KOJIOB?
Otget: 10000 — (100 4 100) + 10 = 9810.

5.5.5. Becnopsaaku n cyodaxkropuan

ITepectanoBka 6e3 HEMOABMKHBIX TOYEK HasbiBaeTcsi Oecnopsdkom. KommdecTBo Beex
6ecropsAIKOB N MPEJIMETOB HA3BIBACTCA CYOpaxmopuarom yucia n u obozHavaercs n.

(-D*
B

n
TEOPEMA 1. !n =n! Z
k=0

DoKA3ATENbCTBO. O6o3HaunM 4epe3 D(n, k) — KOJIUYECTBO MEPECTAHOBOK U3 N dJIe-
MEHTOB, B KOTOPBIX k 3JieMeHTOB — Henozasmxkubie touku. CyuectByer P(n — k)
MePECTAaHOBOK, B KOTOPBIX k 3JIEMEHTOB OCTAlOTCS Ha cBoefl mosuimn. Bouibpars &
HEIO/IBIKHBIX 2JieMeHTOB U3 n MoXHO C(n,k) crmocobamu. OKOHYATENBHO MOJIyYa-
eM D(n,k) = C(n,k)P(n — k). OOuiee KOJIUYECTBO MEPECTAHOBOK paBHsieTCs nl.
Bocnosbayemcs ¢opMysioil BKIIOUeHUH 1 uckiIoueHuil. Vimeem:

m=n!-C(n,1)P(n—1)+C(n,2)P(n—2)— ...
+ (=D*C(n,k)P(n — k) — ...+ (=1)"C(n,n) =
nlin—1)! nlin—2)!
=10 T m—p

= 2(1)’62‘:.

k=0 ’ 0

=n. —
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3AMEYAHME

IIpeacrasum cybdakropual, kak 'n = n!
k

n 1k
!

(71@ . Torma MoXkHO 3aMeTUTH, YTO CyMMa B IIPABOiL

=0
YaCTU SIBJISETCS YACTHYHOM CyMMOii pasioxkenust e+ = 1 — 1/11 4+ 1/2! — ... 4+ (=1)"/n! +....
[Toatomy cyGdakTopras sIBIseTCst OIVFKAIIIM TIEJBIM YHCJIOM K dnciy n!/e.

TEOPEMA 2. !n = (n—1)
DokA3ATENLCTBO. (n— 1) (I(n — 1)+!(n —2)) =
1

k=0 ) 'kzo ’
n— _1\k n— _1\k
=(n-1)(n-2) (”_1)k_0(k1!) +kz_0(k:1!)>:
n—1 n—1 n-2
- (=1)k (—1)k D"\ _
= (n—1)! (n p kK ];) k! ’ k=0 Al ) B
i n—1
_ (D ()t (-DF 0" ) _
B (nk_o W (nl)') — (n; H +"<"1>'> B
no ik
:n(n—l)!z(kll) =In -
k=0

CNEACTBUE. n=!(n—1) -n+ (—1)"

DokasatEnbctBo. [lo mnaykiuu. baza: 11 = 0.

[Myctb /(n — 1) =l(n—2) - (n—1) + (=1)""L.

Tormaln=(n—-1)((n—1)+!(n—2)) =l(n—1) -n=l(n—1)+!(n—2) -n=l(n—-2) =
=ln—-1)n—~"n-2)-(n—=1+(-1)""H+!(n-2) -n-!(n-2) =
=ln—-1)-n=In-2) - n+l(n—2)+ (-1)"+l(n—-2) - n—l(n—2) =

=ln—=1)-n+ (=)™ O

MNpumep. Ilpodeccop cobupaercss MOPYYUTh YETHIPEM CTyAeHTaM (Ha30BeM HX
A, B,C, D) npoBepuTh APyT y Apyra KOHTPOJbHYIO pabory. Hu oauH cryaeHT He m0J-
JKEH MPOBEPsITh CBOIO pabotry. CKOJBKO y mpodeccopa BapuaHTOB pasaarh paboThl Ha
mpoBepky? U3 Bcex P(4) = 4! = 24 nepecTaHOBOK, MOAXOIAT TOJBKO 4 = 9 MTYK:

BADC,BCDA,BDAC,CADB,CDAB,CDBA, DABC,DCAB, DCBA.
Jliobast ipyrast mepecTaHoBKa OyeT UMETh KaK MUHUMYM OJIHY HEOABUKHYIO TOUKY.
Cyb6daxropuan gocratouno ObicTpo pacryias Gyskius: !1 = 0;12 = 1;13 =2; 14 = 9;
15 = 44; 16 = 265; 7 = 1854; !8 = 14833; 19 = 133496.

5.6. dopmynbl oOpaweHus

IMomesmyto, HO OYEHD CHEMUPUIECKYIO TPYITY TPHEMOB 00Pa3ylOT PA3IUYHBIE CIIOCO-
Obl 1peobpa3oBaHusl yiKe IOJYyYEeHHbIX KOMOMHATOPHBIX BbIpaskeHMU. B artom pasnene
paccMaTpUBAETCs OJIMH YACTHBIN, HO BasKHBIN CIIydaii.
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5.6.1. Teopema oGpalieHus

IIyctb @y k U by, , — HEKOTOPBIE (KOMOMHATOPHBIE) YHCJIA, 3aBUCSIINE OT IAPAMETPOB N
u k, npuuém 0 < k£ < n. Eciu nsBecTHO BbIpaKeHUE YUCEN @y, Yepes uucia by, p, TO B
HEKOTOPBIX CIIydasX MOKHO HaliTH U BBIPaXKE€HHE YUCET by, j depes3 4ucia an , TO €CTh
peluTh KOMOUHATOPHOE yPaBHEHMUE.,

n
TEOPEMA. I[lycmbVn (Vk <n (an’k =53 )\n,k,ibnﬂ-)) u nycmo
i=0
1

m=k
- < < ; i = ’ ’ .
E|/~Ln,k,2 (Vk N <Vm N (1 Oﬂn,k,zAn,z,m {0’ m 7& k )))
Toeda vk <n (bpk = D7 q fin,k,iGn,i) -

n

n n n
DOKASATENBCTBO. Y fin k.iGni = 9 fn ki ( > )\nmmbn,m) =
1=0 0

1=0

= Z (E Mn7k7i/\n,i7m> bn,m - bn,k- [l

m=0 \i=0

5.6.2. dopmynbl o6paweHusa ana 6MHOMManbHbIX K03hPULNEHTOB

[IpumeHeHMe TeopeMbl OOpAIeHNsS IPEIOIAraeT OTBICKAHNE UL 3aaHHbBIX YUCE Ay, ki
(xoahurenToB KOMOGMHATOPHOTO YPABHEHUST) COOTBETCTBYIONIUX YHCE [iy k ;, YIOBIIE-
TBOPSIONIUX YCJIOBUIO TeopeMbl obpaueHust. OcOOeHHO YacTo YUCIAMH A, k. ; SBJISIOTCS
OGuHOMUAIbHBIE KOI(DDHUIIUEHTBI.

NEMMA. > (=1)"""C(n,i)C(i,m) = {(1)’ ZiZ’
i=0 ’ ’

DOKA3ATENLCTBO. Vcmonb3yst dopmyay 3 u3 . 5.3.1 u ot daxr, 4to
C(n—m,i—m) =0 upu i < m, uMeem

(=17 C(n,)C(i,m) =Y (=1)"""C(n,m)C(n —m,i—m) =

=0

-

@
Il
=)

(=1)=™C(n,m)C(n —m,i —m) = C(n,m) Z(—l)i_mC(n —m,i—m).

n i=m

-

7

Il
3

n—m

Ho npu m < n umeem zn: (=1D)=mC(n—m,i—m) = Y. (=1)7C(n —m,j) = 0, rae

i=m 7=0
j:=1—m. C Ipyroii CTOPOHBI, IIPU M = N UMEEM
C(n,m) Y (=1)"="C(n —m,i —m) = C(n,n)(—=1)"""C(0,0) = 1. O

=m

k k _
TEOPEMA 1. Ecmuan =Y, C(k,i)byi,mob, = > (=1)*7'C(k,i)an ;.
=0 =0
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DOKASATENBCTBO.  31¢Ch Ay ki = C(k,i) U pin i = (—1)*7'C(k,i). llpn k <n, m < n
uMeeM: > fin kidnim = o (—1)*71C(k,i)C(i,m) = (tax xak C(k,i) = 0 upu i > k)

i=0 =0
E k
= Y (=D O(k, i) C(i,m) = (1) Y3 (=1) ™ C(k,i)C(i,m) =
i=0 i=0
= if k =m then 1 else 0 end if. ]

n n .
TEOPEMA 2. Ecauany =Y. C(i,k)bpi, mo by = > (=1)"FC(i,k)an..
i=k i=k

DOKASATENBCTBO.  31¢Ch Ay ki = C(i,k) U ik = (=1)7FC(i, k). llpu k <n, m < n
UMEEM: Y [l k iAnim = Z(—l)i_kC(i, k)C(m,i) =

=0 =0
n

=Y (=1)"*C(m,i)C(i,k) = if k = n then 1 else 0 end if. O
i=0

5.6.3. ®opmynbl gnga ymcen CtupnuHra

B kadectBe mpumepa UCIOAb30BaHUS (GOpMYs 0OPAIEHUs PACCMOTPUM TIOJNYYEHUE SIB-
HBIX hopmys ast uncen CTUPIMHTA TIEPBOTO U BTOPOTO poza. PaccMOTpUM MHOXKECTBO
bynkumii f: A — B, rne |A| = n u |B| = k. Yucso Bcex takux QyHKuuii paBao k.
C zgpyroii croponsl, yncao Gyukiuil f, takux, 9to |f(A)| = 4, paBHo s(n, 1), TOCKOJIBKY
s(n,1) — 9TO YUCIO CIOPBEKTUBHBIX DyHKIWH f: 1..n — 1..i. Ho MHOXXeCTBO 3HAUEHMIT
dbyHkIy (Ipy 3aaHHOM ) MOKHO BbIOpath C(k, 1) cnocobamu. [Toatomy

k
k" =" C(k,i)s(n,i).
=0
O6o3HaunB ank:=k" 1 by, ; : = s(n, i), nMeeMm 1o Teopeme 1 npexbiayiero naparpada

k

s(n, k) =Y (1) "C(k,i)i".

i=0
YuuteiBas cBA3b unces CTUPJIMHTA IEPBOTO M BTOPOTO POJA, OKOHYATETTHHO UMEEM

k

S(n, k) = %Z(—l)k’iC’(k,i)i”.
=0

5.7. NMNpouseoasiume PyHKUUUN

Jlst perieHust KOMOMHATOPHBIX 33714 B HEKOTOPBIX CIydYasiX MOKHO HCIIOJB30BaTh Me-
TO/BI MAaTEMATHYECKOTO aHajim3a. PazHoobpasue MPUMEHSIEMbIX 3/1eCh TIPUEMOB BEChbMa
BEJIUKO ¥ He MOKeT ObITh B MOJHOM 00BhEME PACCMOTPEHO B paMKax 3Toil KHUTH. B maH-
HOM pasjiesie PacCMaTPUBAETCsI TOJIbKO OCHOBHAS HJies] MeTO/A TPOM3BOIANINX (DYHKIIHI,
IpUMEHEeHNEe KOTOPOH WJLTIOCTPUPYETCS HECKOJBKMMM TMPOCTBIMU TpuMepamu. bosee
JIeTAJIbHOE PACCMOTPEHNE MOKHO HAlTH B JUTepaType, Harpumep B [7].
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5.7.1. dopmanbHblie cTeneHHble psabl

HyCTb €CTb II0CJIEI0OBATE/IbHOCTD KOM6I/IH8.TOPHI)IX qHCeJI a; 1 II0CJAeJ0BaTEC/IbHOCTD CI)yHK-

o . Def
it @, (x). Pacemorpum dopmambnbtii pag F(x) = >, a;p;(x). Beipaxkenue F(x) naspl-
BaeTCsl npouseodswetl ynxyuet (s 3aJaHHON TOCJIEIOBATETbHOCTH KOMOMHATOPHBIX
YHCeN a; OTHOCUTENHHO 3aJaHHON TIOCTeI0BATENbHOCTH (DYHKIUN p;(x)).

O6braHO MCONB3YIOT @; () 2l i o oi(z) Def i /il.

Apumep. U3 dopmyss 6unoma HeiotoHa tipu y = 1 umeem

I+ax)" Zan

Takum obpasom, (1 + )™ sBisiercst TPOU3BOJsIIEH (DYHKIMEN i1 OHHOMUATBHBIX
K03 puInenTos.

JEMMA. V(m,n)=V(m—1,n)+V(m,n—1).

AokazatensctBo. V(m,n) =C(n+m—1,n)=Cn+m—-2,n)+C(n+m—-2,n—1) =
=V(m—1,n)+V(m,n—1). O

Npumep. Ilpoussossmas byukiws 1ad V(m,n) nIpu 3aaHHOM M.

Zan —1+Zan

n=0
oo
1+ 3 Vim— L + 3 Vmn— 1)a” =
n=1 n=1
:1+ZV(m—1,n)x"+xZV(m,n—1)»”5”_1:
n=1 n=1
o
:ZV( —1,n)z" —|—xZan) = Om-1(x) + vom ().
n=0 n=0

Homyunmu, uto @, (z) = 1/(1 — 2)om-_1(x) = 1/(1 — ) 2pp_2(z) =
=1/(1 —x2)"po(x) = 1/(1 — )™, TaK KaKk

ZVOn V(0,0) +Zvon =1+0=1,

n=1

B urore, o, (z) = 1/(1 —z)™m

5.7.2. MeTtopn HeonpepenéHHbix Ko3adPpuuneHToB

M3 MaTeMaTM4eCKOro aHaIn3a U3BECTHO, YTO €CJIN
x) = E api(z) n F(zx E bipi(x
i

To Vi (a; = b;) (A1 paccMaTpUBAEMbIX 37I€Ch CHCTEM (byHKI_[I/II/I ©i)-
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B kauecTBe TpuMepa TNPUMEHEHUS MPOU3BOAANIMX (DYHKIMI AOKaxKeM cJeayiolee
TOKJIECTBO.

TEOPEMA. C(2n,n) ZC
k=0

DokasatenbcTBo. Mmeem: (1+ 2)?" = (1 + 2)"(1 + 2)". CrenosaresbHo,

2n n n

S C@2n,i)zt = > C(n,i)zt - Y C(n,i)a’. Tlpupasusiem Koadunment npu z™:

i=0 i=0 i=0

C(2n,n) = > C(n,k)C(n,n—k) = > C(n,k)>. O
k=0 k=0

5.7.3. Yncna ®PuboHayum

Yucna Qubonauuu’ F(n) onpenenstorcst caeayommuM 06pa3om:

FO) 21, F) 21, Fin+2) 2 Fin+ 1) + F(n).

Haiiném Boipakenue miast F(n) depe3 n. st aT0r0 HaliéM MPOU3BOMAMIYIO (DYHKIUIO
o(z) nst mocaenosatesaproctu uncen F(n). Uveem

ZF F(0)z° + F(1)x +Z 2)+F(n—1))a"
o0
:1+x—|—ZF(n—2)a:”+ZF(n—1)x":
n=2 n=2
:1+m+xQZF(n—2)x”*2+xZF(n—1)x"*1:
n=2 n=2

n=0 n=0

:1+x+x2§:F(n)x"+m(iF(n)m”—F(O)) =

=14z +2%p(z) + 2 (p(x) - 1).

Pemras aTo pyHKIIMOHATBHOE YPAaBHEHIE OTHOCUTENIBHO (), TIOTYYaeM, 4TO

1
1—2—a2
[Tocnennee BbIpaskeHHe HETPYAHO Pa3JjIOKUTh B Psi/l 10 cTeneHsiM z. /leficTBUTENIbHO,
ypasnenue 1 —x —x? = 0 umeer kopuu 1 = —(1++/5)/2 u 3 = —(1 —+/5)/2, mpuuém,
KaK HeTpyAHO ybeauThes,

p(r) =

1—z—2%=(1—az)(1-bx), r[[ea:1+2\/g, bzl_\/g.

Haitee,
1 o« . I} _a —b
(1—ax)(1—bxr) 1—axr 1—bx’ a—1b

! ®ubonarun (Jlenapzmo IIusanckuii, 1180—-1228).
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3 maremaTnueckoro aHajmnsa MN3BECTHO, YTO AJId MaJIbIX T

1 - n ., .n
WZZVW

n=0
Takum o6pasom,
o B oo oo
- = n,..n n.n __
SD(f)il—ax+1—bazia “ +ﬂsz N
n=0 n=0
o 0 o 1 n+1
_ a n._n b n.n __ an+ —b n
—Zaibaa: _Za,bbx _Z a—b e
n=0 n=0 n=0

OKOHYATE/IBHO MOJIyYaeM COOTHOMIEHHe, N3BECTHOE Kak gopmyna Bune',

n+1 n+1
antt —prtl 1 1+5 1-5
Fn)=—"—=— |2 ——ve
a—2>b V5 2 2

Mpumep. Yucno F, 19 = Fj, 11+ F), ABIgeTCSA KOJIUYECTBOM JBOMYHBIX MTOCIEI0BATEb-
HOCTe# JJIMHBI 1, B KOTOPBIX HET ABYX 1, HAXOASIIMXCS HA COCEHUX IMO3UIMAX. baza:
n =1, F3 = 2, nociaenoBarenpHocty 0 u 1; n = 2, Fy = 3, nocaenosareabHoctu 00, 01,
10. IHAYKIIMOHHBIN MIEPEXO/: MyCTh F, 1o — YUCIO CIIOCOO0B TIOCTPOUTH TpeOyeMbIe TI0-
cJIeZIoBaTENbHOCTU AJWHB n. [locTponM mocienoBaTeibHOCTD ATUHBI 1 + 1: BO3bMeEM Bce
TaKue MOCIeI0BaTeIbHOCTH JITUHBI 1 U fonuiiieM K HuM 0, He HapyIias ycjaoBue. Takxe
Mbl MOKEM B3SITh BCE IIOCJIE€/[OBATEJIbHOCTU IJUHBL 1 — 1 1 gonucarb K HuM 10. Takum
00pa3oM, KOJIMYECTBO CII0COO0B MOJIYYUTh II0CAeI0BATENbHOCTD IIUHBI n+1 OyaeT paBHO
Fn+2 + Fn+1 = Fn+3-

5.7.4. Yucna KatanaHa
Yucna Kamanana C(n) MOJKHO OIIpENEJIUTh CJIEeAYIOIUM o6pa30M:

n—1
C0) £, o) EY Cck)Cn—k-1).
k=0

Yucsaa KaramaHa MCIOIB3YIOTCS MPU PENIEHUN PA3IMIHBIX KOMOUHATOPHBIX 3a71ad.

Npumep. Ilycte (S,*) — moayrpymmna (. 3.2.2) ¥ HYXKHO BbIYUCJUTH BBbIPAKEHIE
§1 % -+ + % Sp. CKOJNBKUMHU CIIOCOGAMHU 9TO MOXKHO cziesiath? To eCTh CKOJBKUMHU CIIOCO-
6aMi MOYKHO PacCTaBUTh CKOOKHU, ONPEENISIONNe TTOPSIOK BBIYMCIEHUS BBIPAsKEHNsT?
Ob6ozuauum yucio crnocobos C(n). Acuo, uro C(0) = 1. Ipu m06oii cxeMe BBIYUCIIE-
HUIl Ha Ka)K/IOM II1are BBIIOJIHSAETCS HEKOTOPOE BXOXK/IEHUE OIepallny * Hajl COCEHUMHU
aJIeMEHTaMM, U pe3yJbTaT CTaBUTCA Ha MX MecTo. IlycTh mociaesHUM BBITOTHSAETCS TO
BXOJK/ICHHE OIlepalliyl *, KOTOPOe MMeeT HOMEpP k B MCXOIHOM BbIpaskeHuu. IIpm atom
cJieBa OT BBIOPAHHOTO BXOMK/EHUSI 3HAKA * HAXOAUJIOCH M OO BBITIOJHEHO k — 1 3HAKOB
olepanuu *, a cnpasa (n — 1) — (k — 1) = n — k 3HakoB onepanuu *. Torza sicHo, uyTO

n n—1
Cn) = > Clk—1)C(n—k)= > C(k)C(n —k — 1), 1 OTBETOM Ha IIOCTABJIEHHLIII
k=1 k=0

Bonpoc siBisercst yucso Karamana C(n).

1 3Kak @umunn Mapu Bune (1786—1856).
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Yucmaa Karamana BeipaxkaioTcst depe3d OMHOMHUabHBIE Ko3bbuimeHTsr. [losydnm 310
BbIpa)KEHUE, UCIIOIb3YsI METO/] TPOU3BOISIINX (DYHKITUIL.

C(2n,n)

TEOPEMA. ('(n) = )
n

DokAa3aTENbCTBO. Haiiném npousBozsnlyo dyukimio g yncen Karanana:

= Z C(n)z
n=0

[l71g aTOTO paccMOTPUM KBaf[paT 3TOH (PyHKIINM:

) 2 ) oo
= (Z C(n)x”) = Z C(m)x™ - Z C(n)x" =
=0 m=0 n=0
_ Z C(m) m+n_ZZC )x”:ZC(n—i—l)m":
m,n=0 n=0 k=0 n=0
:ZC(nH i (ZC ))zi(s@(w)—l)-
n=0

Penag ypasnenue ¢(z) = zp?(z) + 1 otHocuTenbHO GyHKIMN @ (T), nMeeM

(o= LEVI—
e = 2% '
O6o3zHauuM f(x):=+/1 — 4z u pasnoxum f(z) B psia mo dopmye Teitmopa:
— f*)(0)
f@) = f0)+ > ==t
k=1
.
Nnmeem ﬁ(l—éla:)% =1.(G-1) (G- k+1)~(1—4x)%_k-(—4)k:
=—2F.1.3.....(2k—3)- (1—436)% = —2F . (2k = 3)!1- (1 —dz)2~F =
. 2k—3)! 1 2k—2)(k—1)(k—1 1_
:—Qk%(l—zkl})? = —22%(1—41})2 k:

= —2(k — ) ity (1 — 42) 5 7% = —2(k — 1)IC(2k — 2,k — 1)(1 — 4a)3~*.
Taxum obpasom, fF)(0) = —2(k — DIC(2k — 2,k — 1) u
flz) =1— 2;_:1 +C(2k — 2,k — 1)z*. Toxcrapasis Beipaxkenue f(x) B hopmysty s

(), crenyer BHIOPATh 3HAK «MUHYC» Tepell KOPHEM, YTOOBI YAOBIETBOPUTDH YCIOBUIO
C(0) = 1. OxoHYaTesbHO UMEEM

iC(n)x":go(x): 1—f(e) _1-14237%, 1C@2n—2,n—1)a"

2x 2x
> 1 i =, C(2n,n) n

U 110 MEeTOJIy HeollpeneséHHbIXx koadunuentos C(n) = C(2n,n)/(n + 1). O
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B mpumepe B Hauyase maparpada MOKa3aHo, YTO YUCIO CIIOCOOOB COCTABUTH CKOOOUHYIO
MOCJIeIOBATENBHOCTD IIUHBL 21 paBHO C'(n), To ecTh unciay Karamana. HYucna Karanana
IIPOSBJIAIOTCSA BO MHOTUX, YaCTO HEOKUIAHHBIX 3aj1a4ax.

Mpumep. CxoabKO CyIIeCTBYeT MOHOTOHHBIX ITyTel B KBaJpaTe — MapIlipyTOB U3 Jie-
BOTO HIDKHETO yTJla KBajipata m X m B TPABBId BEPXHU, KOTOPble HAYT IO JUHUSIM
CETKWM BBEPX WJIM BIIPABO U He 3aXOJAT Bbille auaronanu? IIposenem OUEKIINIO C mnpa-
BUWJIbHBIMU CKO60‘{HI)IMI/I II0CJI€10BATCJIbHOCTAMMN JIJTMHBI 2n: OTKpPbIBaromiad CKO6Ka —
rOpPU3OHTANbHAS JIMHUSI, 3aKPhIBAIOIIas CKOOKAa — BepTHKaibHast JuHust. QUeBUIHO, YTO
COOTBETCTBYOIIUH MPABUIBHON CKOGOUHOI TTIOCIE0BATEIFHOCTH MIyTh HE MEPECEUET [Iia-
rorasb. Ha puc. 5.5 mpezcraBienbl BO3MOMKHbIE MOHOTOHHbBIE IIyTH [JIsI CIy4dasi n = 3.

Puc. 5.5. BO3MOXHble MOHOTOHHbIE NYyTU ANd ciaydaa n = 3
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Maea 6 KoaupoBaHue

BOHpOCbI KOAMPOBaHUSA U3/laBHA UTPAJIN 3aMETHYIO POJIb B MaTE€MaTUKE.

Mpumepbl

1. ﬂec&zmuuua;z NO3UUUOHHAS cuCmema CYUCIEHUA — ITO YHI/IBepCaJIbHHﬁ cnocob Koau-
pOBaHUA YUCEJI, B TOM YUCJC HATYPAJIbHDIX.

2. Pumckue uyugpor — Opyroii crocod KOAMPOBaHUs HEOOJBUIMX HATypaJbHBIX UYHUCEL,
npudéM ropasgo Oojiee HATJISAAHBIA M ecTecTBeHHbIH: najen, — I, nmarepus — V, nse
narepar — X. OLHAKO IpU 3TOM CII0co0€e KOAUPOBAaHM TPYAHO BHIIOIHATH apudme-
TUYECKHUE ONepaliii Hajl OOJIBIIMMU YUCIaMU, TI09TOMY OH OBLJT BHITECHEH JECATHYHON
MO3UIIMOHHON CUCTEMOM.

3. Jlexapmoevl koopounamvr — criocod KOAUPOBAHUS TOYEK U JPYTUX TEOMETPUUECKUX
006BEKTOB YHCIAMU.

Panee cpezctBa KOAMPOBAaHUSA WUIPAJU BCIIOMOTATEIbHYIO POJIb M HE PACCMaTPUBAJIHCD
KaK OT/eJIbHBII IpeMeT MaTeMaTU4eCKOro M3y4eHUs, HO C IIOSIBJICHUEM KOMIIBIOTEPOB
CUTYaInsl pafuKaIbHO u3MeHumach. Komuposanie GyKBaTbHO TPOHU3BIBAET MHMOpPMA-
IIMOHHBIE TEXHOJOTUU U SABJISETCS TIEHTPATHHBIM BOITPOCOM IIPY PEIIEHUN CAMbBIX Pa3HBIX
3a/a4 TTPOTPAMMUPOBAHMSL.

Mpumepsl

1. IlpexacraBienuie JaHHBIX TPOM3BOJIBHON MPUPOBI (YNCEI, TEKCTA, IPadUKN) B TaMATH
KOMIIBIOTEpa.

2. 3amura nHGOPMAIUU OT HECAHKIIMOHUPOBAHHOTO JIOCTYIIA.

w

ObecrieyeHne TOMEXOYCTONYMBOCTH MIPU TMepeade JaHHBIX 10 KaHaJIaM CBSI3U.
4. Cxartue undopManuu B 6azax JaHHbBIX.

SAMEYAHME

CocraBjieHre TEKCTa IPOrPaMMbl YaCTO U COBEPIIEHHO CIPABEJINBO HA3bIBAIOT KOJUPOBAHUEM.

He orpanuumnBast 0OITHOCTH, 3aa4y KOAUPOBAHKMSA MOKHO C(POPMYIUPOBATH CIIEAYIONIM
o6pasom. Ilycts 3amambl andasurel A = {a1,...,a,}, B = {b1,...,bpn} U QyHKIUSA
F: A* — B*, npuuém Dom F' = S, rme S — HEKOTOpoe MHOKECTBO CJIOB B ajihaBUTE
A, S C A*. Torma dyHkims F HasbBaeTCs KOOUPOBAHUEM, DJIEMEHTBI MHOKeCTBA S —
coobuenusmu, a aneMenTor 8 = F(a), a € S, B € B* — xodamu (COOTBETCTBYIOIIIX CO00-
menuit). O6patnas pynkuus F~1 (ecau ona cymectByeT!) Ha3bIBaeTCs 0eK0OUPOBAHUEM.
Ecnu | B| = m, To F Ha3biBaetcst m-uuivim koduposanuem. Hanbosee pacmpocTpaHeHHbIH
caydaii B = {0,1} — deouunoe xomuposanue. VIMEHHO 3TOT caydail paccMaTpHUBAETCS
B TIOCTIEJIYIONINX PasJlesiaX; CJIOBO «IBOMYHOE»> OMYCKAETCSI.

Tunuyhas 3azaya TeOPUK KOAMPOBaHUsL (HOPMYIUPYETCs CAEAYIONMM 06pasoM: IIpH 3a-
nannbix andasutax A, B u MHOXKecTBe coobiienuii S Hailtu kopuposanue F, Koropoe
obiafaeT omnpeneséHHbIME CBoMicTBaMK (TO €CTh YIOBJETBOPsET 3aJlaHHBIM OrpaHuyve-
HUSIM) U ONTUMAJbHO B HEKOTOPOM CMbIcjie. Kputepuili onTHMaabHOCTH, KaK TIPABUJIO,
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CBSI3aH ¢ MUHMMU3anueil 1auH KomoB. CBoICTBa, KOTOpbIE TPEOYIOTCS OT KOAMPOBAHN,
OBIBAIOT CaMOI Pa3HOOOPA3HOM TIPUPOJIBL.

1. CyecrBoBaHue AEKOAUPOBAHMS, UIN 0OHOSHAYHOCTNG KOIUPOBAHUS: (DYHKIHUS KO-
mpoBaHust F o0JiafiaeT TeM CBOHCTBOM, 4TO ay # as = F(ay) # F(ag). d10
OYeHb eCTECTBEHHOE CBOMCTBO, OJHAKO Jaske OHO Tpebyercs He Bcerma. Hampumep,
TPAHCJISIIIMS TIPOTPAMMbI Ha SI3bIKE BBICOKOTO YPOBHSI B MalllMHHBIE KOMaHIbI — 3TO
KOAMPOBaHIe, IJIsi KOTOPOIo He TpeOyeTcs: OAHO3HAYHOTO HEeKOAUPOBAHISL.

2. Homexoycmouuusocmy, WM UCIPaBJIeHne OIMUOOK: TPOAOIKeHNe (DYHKIIUU JEKOIU-
poBanust F~1 obGnamaer tem cBoiictom, uto F~1(3) = F~1(3'), tne 3 € ImF,
B € B*\Im F, ecu 3’ B onpesieiéHHoM cMbicyie 6msko k 3 (eMm. pasaen 6.3).

3. 3ajjaHHas CJIOKHOCTH (MJIM TPOCTOTA) KOAMPOBAHUS W JeKomampoBanus. Hampumep,
B KpUITOrpaduu U3yJdarTcss TaKhue CIIocOObl KOAUPOBAHUS, TIPH KOTOPHIX (DYHKIIUS
F BBIUMCISETCS NPOCTO, HO omnpejeienne sHauenus (ynkuuun F~! tpebyer oueHb
CJIOKHBIX Bbramncyaenuit (em. 1. 6.4.7).

Boubiioe 3Hauenune JUist 3a/ia4 KOJMPOBAHMS UMEET MTPUPOJIa MHOKECTBA COOOIIeHuit S.
ITpu oxnux u Tex ke andasutax A, B u TpeOyeMbIX CBOWCTBaX KOAMPOBaHUs F omTU-
MaJIbHbIE PEIeHUs [ Pa3HbIX S MOTYT KapJMHAIBHO pa3indarbed. g onucanuss MHO-
’&KectBa S (Kak MPaBUIIO, 04€Hb GOJIBIIOTO W GECKOHEYHOTO) MPUMEHSIOTCS PA3InYHbIe
METO[IBI:

1) TeopeTuko-MHOKeCTBeHHOe onucanue, Hanpumep S = {a | o € A* & |a] = n};

2) BepoATHOCTHOE omucanue, Haripumep S = A*, U 3a71aHbl BEPOSITHOCTHU p; TTOSBJIEHUS
OykB a; B coobutenun, y . p; = 1;

3) J0ruKO-KOMOMHATOPHOE OIUCAHKE, HApUMep S 33[aHo MOPOKIAIoIel hopMaTbHON
rpaMMaTHKOM.

B 510l raBe paccMaTpuBaeTCsi HECKOBKO Hambosiee BaKHBIX 3a/[a4 TEOPUU KOIMPOBa-
HUST U JIEMOHCTPUPYETCST IPUMeHeHUe GOJIbIIEN JaCTU BBINIEYTOMSIHYTBIX METOJIOB.

6.1. AndaBuTHOE KOOAMPOBaAHUE

KomupoBanme F MOXKeT COMOCTaBJSATH KO BCEMY COOOIIEHWIO M3 MHOKECTBA S Kak
eIMHOMY I[€JIOMY WJIA K€ CTPOUTH KO COOOIIEHUs] U3 KOJOB €ro 4acTeil. DieMeHTap-
HOH 4acThio COOOIIEeHNs sBasgeTcs oqHa Oyksa andasura A. ITOT mpocTelmmii caydai
paccMaTpUBAETCs B 9TOM U CJIEAYIONINX JABYX Pasfesiax.

6.1.1. Tabnuua koaoB

Angpasummnoe (Mnu nodyxeennoe) KoGUpoBaHue 3a1aéTcst cxemoi (M mabiuuei K0008):
Def
U:<a1—>51,...,an—>5n>7 aieA,BZ-GB*.

Def
MHoskecTBO K0o/10B 6ykB V' = {3;} Ha3bIBaeTCsI MHOKECTBOM 9IEMEHMAPHLIX K000 (MHO-

JKeCTBOM KOGOB'blx C/lO@). AH(baBI/ITHOE‘ KO/IMpOBaHME TIPpUTOJHO IJIA JIIO6OFO MHOJKEeCTBa
Def

coob1ieHnil, TOCKOJbKY F': A* — B*, uecnu a;, ...a;, =a € A*, 10 F(a) = B4, ... Bi,.-
MNpumep. Paccmorpum andasuter A:={0,1,2,3,4,5,6,7,8,9}, B:={0,1} u cxemy
o1:=(0—0,1—1,2—10,3 — 11,4 — 100,
5—101,6 — 110,7 — 111,8 — 1000,9 — 1001).
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Jra cxema O[HO3HAYHA, HO KOJUPOBAHIE He SBJISIeTCsT B3aUMHO-oHo3HavnbiM: Fy (333) =
= 111111 = F, (77), a 3HAYNT, [eKOIMPOBAHNE HEBO3ZMOKHO. C IPyroif CTOPOHBI, cXeMa

o9 :=(0 — 0000, 1 — 0001, 2 — 0010,3 — 0011,4 — 0100,
5 — 0101,6 — 0110,7 — 0111,8 — 1000,9 — 1001),

MN3BECTHaA 110/l Ha3BaHNEM «d6ouuno-decsamuunoe Koaupoeauue», AOITYyCKa€T OATHO3HATHOE
JEKO/IMPpOBaHME.

6.1.2. Pazpenumbie cxembl

PaccmotpuM cxemy andaBUTHOTO KOJUPOBAHUS ¢ U PA3JTUYHBIE CJIOBA, COCTABJIEHHBIE U3
BIEMEHTAPHBIX KOI0B. CXeMa o Ha3bIBAETCS PA30CIUMOL, €CITH

ﬁil...ﬂik:le...ﬁjlﬁk:l&vtEL.k (it:jt)a

TO €CTh JII0O0€e CJIOBO, COCTABJIEHHOE U3 3IEMEHTAPHBIX KOJOB, EIUHCTBEHHBIM 00pa3oM
pasjiaraeTcs Ha ajeMeHTapHble KoAbl. AJhaBUTHOE KOJAMPOBAHME C PA3leJNMON CXeMOH
JIOITyCKaeT JIEKOANPOBaHHE.

Ecan Ta6JH/H_[a KOIOB COAEPKUT OANHAKOBBIEC dJIEMEHTAapHbBIE KO/IbI, TO €CTh €CJIN
J

rae B;,B; € V, To cxema 3aBefloMO He siBiseTCs pasfennMoil. Takue cxembl jganee He
paccmarpuBaloTcs, To ectb Vi # j (B;, 6, € V = f5; # 5;j) .

6.1.3. NpedukcHbie cxembl

CxeMa o Ha3bIBAeTCs NPePuUKCHOL, eCIi dIeMEHTaPHbIA KO/ OAHOU OYyKBbI He SBJISIETCS
npedUKCOM 3JIEMEHTAPHOTO KOJIa PYToil OYKBHL:

Vi#j (Bi,B; €V)==VBeB" (Bi #Bib).

TEOPEMA. [lpepukcras cxema s61semcst pas0eiumor.

DokasatEnbctBo. Ot mporuBHoro. IlycTs kogmpoBanme ¢ npedUKCHOI cXeMO#l o He
SIBJIsSIETCSI Ppasie/MMbiM. Toraa cymiecTByer takoe cjioBo 8 € F,(A*), uro

B=PBiy-Bi, =B .- By &3t (Vs <t (Bi, = Bj. & Bi, # Bj,)) -

IMockonbky S, ... B, = Bji - .. By, 3Hauut, 35" (5, = B;,68'V B, = B:,8'), HO 3TO 1IPO-
TUBOPEYHUT TOMY, YTO CXeMa IpehruKCHas. O

SAMEYAHUE

CBoiicTBO OBITH Hpe(l)I/IKCHOfI A0CTAaTO4YHO, HO HE H€06XO,Z[I/IMO IJIA pasieIMMOCTU CXEMBI.

MpumMmep. Pasgenumasd, HO He TpeUKCHAST CXeMa:

A={a,b}, B={0,1}, o= {a—0,b—01).
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6.1.4. HepaBeHcTBO KpadTta—MakmunnaHa

Yr06b1 cxema andaBUTHOIO KOAMPOBaHUS Obljla Pa3ieuMOil, He0OXOAMMO, YTOOBI JAJIMHBI
DJIEMEHTAPHBIX KOJOB YAOBJIETBOPSIIM OIPEAEIEHHOMY COOTHOILIEHUIO, U3BECTHOMY KaK
nepasencmeo Kpagpma—Maxmunrana.

n
TEOPEMA 1. Ecuu cxema o = (a; — f3;);—, pasdenuma, mo 2-18il < 1,
i=1

DoxkazatenbctBo. O6Goznauum [; : = |5;|, [ : = max l;. Paccmorpum HekoTOpPYIO k-10 CTe-
1€l.n

k
n

IleHb JIeBOW 4YacTH HepaBeHCTBa <Z 2”) . PackpbiBasi ckoOKu, uUMeeM CyMMy
i=1

ST (2t "1 mre iy, ..., i — pasiuuHble HAOOPHI HOMEPOB 2JeMEHTaPHBIX KO-
(il""vik‘)
noB. ObosHaunm uepes v(k, t) KOJTMYECTBO BXOAANIMX B 9Ty CyMMYy CJaraeMbix Buga 1/2¢
rnet =l +...+1;,. 1ns HeKOTOPBIX ¢ MOKeT OBITD, uTO v(k,t) = 0. IIpuBomst momobmbIe,

v(k,t)
B

5t~ Kaxnomy ciaraemomy Buja (2li1+“'+lik )~ MOKHO comoCTaBUThH

kl
UMeeM CyMMy »

=1
koz (csoBo B andasure B) Buga §;, ... fi,. ITO CIOBO COCTOUT U3 k djleMeHTapPHBIX KOJI0B
u umeer jumny t. Takum obpasom, v(k,t) — 9TO YKCIO HEKOTOPBIX CJIOB BUAA [, - .. By,
Takux, 4to |B;, ... 0B | = t. B cuny pasgenrnmoctu cxemst v(k,t) < 2!, B mporuBHOM
cllydae 3aBe/IOMO CYIIECTBOBAJIM Obl J[Ba OJMHAKOBBIX CJI0BA [, ...0; = [Bj, ... 0,
JIOIYCKAIOIUX pasjMyHoe passoxeHue. Mmeem

ki ki
Z v(k,t) Z 2t
t=1

=1
n k n

CuenoBaTenbho, Yk (Z 2“) <kl | u, 3Hauut, Yk (Z 2k (“/H), OTKyZIa
i=1 i=1

S 27h < lim VEI=1. O
i=1

k—o0

HepagenctBo Kpadhra—Makmusiiana siBAsSIETCS He TOTBKO HEOOXOIMMBIM, HO M B HEKOTO-
POM CMBICJIE ZIOCTATOYHBIM YCJIOBUEM PA3EAUMOCTH CXeMBI alI(haBUTHOTO KOAMPOBAHUSL.

n

TEOPEMA 2. Eciuuucnaly, . .. ,l, yoosremeopsiom nepasencmsy > 271 < 1, mo cywe-
i=1

cmeyem maxas pasderumas (0ajxce npepurcnas) cxema arphasummozo KoOUposanus o =

<CLZ' — Bi>?:1,umo V1 (‘Bz‘ = ZZ)

LOKABATENLCTBO. DBes orpanmyenns oOLIHOCTH MOKHO CUMTATh, 4TO 1 < lo < -+ < .
Pa3o6bém MHOKeCTBO {l1, . . ., [, } HA KJIACCH SKBUBATIEHTHOCTH TI0 PABEHCTBY { L1, . .., Ly },

m
m < n. yerts \; € Ly, pi:=|L;|. Torma > p; = n, Ap < Ag < -+ < Ay, B atux obo-

i=1
m

3HaUeHWSAX HepaBeHCTBO Kpadra—MaxmMusiiana MOKHO 3alucaTh TakK: E ;TL < 1. Us
=1
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9TOI0 HEPABEHCTBA CJEAYIOT M HEPaBEHCTB JIAA YaCTUYHbIX CyMM!:

QHTll 1= <2,
M1 M2

221 T 2%

<1 = pp < 2% — 2™,

+ = + + A < 1 ES /"Lm < 2A7n _M12>\m_>\1 _M22km_>\2 — _/'I’M712>\77l_/\"171 .

Paccmorpum cioBa aguabl Ay B asidaBute B. Ilockosbky p; < 2 §3 9TUX CJIOB
MOKHO BBIOPATb [i1 PA3JIUYHBIX CJIOB [1,...,[0,, AMMHBL . Vckmounm u3 gaiabHeii-
IIeT0 PacCMOTPEHUs Bce CJI0Ba U3 B*, HaunmHaoluecs co CJIoB fq,. .., H,,. Hanee pac-
CMOTPUM MHOKECTBO CJIOB B ayipaBute B JJIMHONH Ao U He HAUMHAIOIIUXCS CO CJIOB
B, .., By, . Takux cios Oyner X2 ,u12>‘2_>‘1. Ho us < X2 ,u12A2_A1, 3HAYUT, MOKHO
BBIOPATD flo PABINYHBIX CJI0B. O603HAYUM UX S, 41, - - -, Buy4ps. VICKIIOUNM CIIOBA, Ha-
YMHAIOMUECT C By 41, - - - » Buy 440, U3 JAJbHENIIET0 paccMoTpenus. U nanee, MCOONb3ys
HepaBeHCTBa AJIA YaCTUYHBIX CyMM, Mbl OyJeM Ha i-M Iare BbIOMpATb fi; CJOB JJIMHBI
Nis Bustpiototis 1o Buntpotootps 1+ TPUIEM BTH cI0Ba He OyayT HAYMHATBCS C
TeX CJIOB, KOTOPble ObLIM BHIOpaHbI paHblie. B To e BpeMs IJIMHBI 9THX CJIOB BCE
BpeMs pacTyT (Tak Kak A\; < Aa < ... < A»), IO9TOMY OHU He MOIYT ObITb HpeduK-
caMM TeX CJIOB, KOTOpbie BbIOpaHbl panbine. MTak, B KoHile uMeeM HabOp M3 M CJIOB
B,y Bustotpm = Bns |B1] =l |Bn] = ln, Xombl B1, ..., By He SBIIIOTCS NpedUK-
caM¥ JIpyT [PYTa, a 3HAYUT, cxeMa o = (a; — ;)" ; Oymer mpedUKCHON 1, IO TeopeMe
npeabiayniero naparpada, pasaeauMoi. |

SAMEYAHUE
HepaserncTBo MakMnyiana CIpaBe/iinBo He TOJIBKO IS IBONYHOTO, HO ¥ JUIST M-UYIHOTO KOAUPO-
BaHUSI.

MNpumep. Asbyxa Mopse' — sTo cxema andaBUTHOIO KOAMPOBAHMS

(A=01, B-—1000, C— 1010, D —100, E —0,
F—0010, G-»110, H —0000, I—00,  J — 0111,
K —101, L —0100, M —11, N —10, O — 111,
P —0110, @ — 1101, R—010, S—000, T — 1,
U—001, V—0001, W —0ll, X —1001, Y — 1011,
Z — 1100),

T/1e IO UCTOPUYECKUM W TEXHUYECCKUM IIpUYMHAM 0 naseIBaeTcsa mouxo 1 0O03HAYAETCA
3HAKOM «-», a 1 HasbpIBaeTcs mupe n 0603HaYaeTCsa 3HAKOM <«—». VIMeeM

/4 + 1/16 + 1/16 + 1/8 + 1/2 +
+ 1/16 + 1/8 + 1/16 + 1/4 + 1/16 +
+ 1/8 + 1/16 + 1/4 + 1/4 + 1/8 +
+ 1/16 + 1/16 + 1/8 + 1/8 + 1/2 +
+ 1/8 + 1/16 + 1/8 + 1/16 + 1/16 +
+ 1/16 =
= 2/2 + 4/4 + 8/8 + 12/16 =
= 3 + 3/4 > 1L

! Camyais Mopse (1791-1872).
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Takum ob6pasom, HepaBeHCTBO MakMuiiana s asdOyku Mopse He BBIIOJIHEHO, U 3Ta
cxema He sBJseTcs pasjeauMoil. Bosee Toro, B azbyke Mopse MHOTHE KOIOBBIE CJIOBA
SIBJIIOTCS TIpehUKCAMU IPYTUX CJIOB, 2 TOTOMY HEKOTOPble KOMOUHAIIMN GYKB Hepasin-
YUMBI.

Mpumep. AM =0111=J, TO=1111=MM, WMW =01111011=JY.

Ha camom jiesie B a3byke Mopse UMEIOTCS JOIOJHUTEIbHbIE DJIEMEHTBI — 1aAY3bl MEKLY
OykBaMu (M CJIOBaMK), KOTOPbIE II03BOJISIOT AEKOAMPOBATH COOOIIEHUsST. DTU JOIOJIHU-
TeJIbHbIE HIEMEHTHI OIIpeieieHbl He)OpPMaIbHO, IOITOMY IIPUEM 1 IIepegada cOOOIEeHn
¢ nomompio azbyku Mopse, 0COOEHHO ¢ BBICOKOH CKOPOCTBIO, SIBJSAJIMCH HEKOTOPBIM
HCKYCCTBOM, a He MPOCTON TeXHUYECKOU MPOIEypPOH.

CNEACTBUE. Ecnu cxema angpasummnozo xoouposanusi o = (a; — ﬂiﬁ:l pasderuma, mo
cyuecmsyem npeurcnas cxema o' = (a; — By, npuuém i (|5;] = |5i)).

MNpumep. Cxema (a — 0,b — 01) — paszpesinmasi, Ho He npedUKCHas,
a cxema (a — 0,b — 10) — npeduxcuas (u pasaeanumas).

6.2. KogpupoBaHue ¢ MMHUMAaAJIbHOW U30ObITOYHOCTbIO

Jljist IPaKTUKU BaSKHO, YTOOBI KOJBI COOOIIEHUIT UMEJH 10 BO3MOKHOCTH HAUMEHDIIIYIO
JuinHy. AdaBUTHOE KOIMPOBAHKE TIPUTOIHO st JIOOBIX COOOIIEHU, TO ecTh st S =
A*. Ecom 6oJiblile PO MHOKECTBO S HUYET0 HE WU3BECTHO, TO TOYHO C(HOPMYJIMPOBATH
3aJayy ONTUMM3AINU 3aTPyAHUTENpHO. OMHAKO HAa NMPAKTHKE YacTO JOCTYITHA JOTOJI-
HuTebHAS WH(popMarus. Hampumep, /Jisi TEKCTOB HAa €CTECTBEHHBIX S3BIKAX M3BECTHO
pacrpeieJieHre BEPOSITHOCTH TOsIBJIeHUsT OYKB B coobiieHnn. M cmonb30BaHue TaKOH WH-
opmary 103BOJIIET CTPOTO MOCTABUTh M PEIIUTH 337a4y NOCTPOEHUS] ONTUMAIBHOTO
aaBUTHOTO KOJMPOBAHUSI.

6.2.1. MnHnMmnsaums OJIMHbI KO4a COOOLLEeHUnda

Ecom 3aana paszesmmast cxema ajadaBUTHOTO KOAUPOBaHUS 0 = (a; — [3;)1_,, TO J0bast
cxema o’ = (a; — B;');_,, T1e mocaesoBatenbHoCTh (8’1, ..., 3',) ABJASETCS MEpecTaHoB-
KO TocIeloBateabHoCTh (B, . . ., B,), Takxke Oyaer pasaennmoit. Ecam bl semeH-
TaprIX KOI0OB paBHbI, TO HepeCTaHOBKa SJICMeHTaprIX KO/ZIOB B CXEMe€ HE BJIMJACT Ha
JUIMHY Kozia coobmenus. Ho ecm aIMHbI 21eMEeHTapHbIX KOAOB Pa3JINYHbL, TO AINHA KO
COO0OIEHN 3aBUCUT OT COCTaBa OYKB B COOOIEHUH U OT TOIO, KAKUE dJIEMEHTaPHbIE KOJbI
KakuM OyKBaM HasHadeHBL ECIM 3amaHbl KOHKpPETHOe COOOLIeHNe U KOHKPETHas CXeMa
KOAMPOBAHKA, TO HETPYIHO 10400paTh TaKylo IEPeCTaHOBKY dJIeMEHTapPHbBIX KOIOB, IIPU

KOTOPO#1 JyimHa Koia coobriueHust Oyaer munuManbia. Ilycts kq,...,k, — KojudecTBa
BXOKAeHUI OYKB ay, ..., a, B coobuenue s € S,aly,...,l, — IJIUHBI 2JIeMEHTAPHBIX KO-
IOB f31, ..., 3, cootBercTBeHHO. Torma, ecmu k; < ky m l; > 1, 1o kily + kjly < kily + kjl;.

[eiictBurenbno, nyctb kj = k+a, k; = knl; =1, l; = 1 +b, rne a,b > 0. Torna
(kilj + kb)) — (kily + k1) = (Kl 4+ (B +a)(I 4+ b)) — (k(I+b) +l(k+a)) =

= (kl+al+bk+ab+kl)— (kl+al+kl+bk) = ab > 0. OTciona BbITEKaeT aJropUTM Ha3HA-
YeHMsT 9JIEMEHTAPHBIX KOJIOB, IPU KOTOPOM JIIMHA KOJa KOHKPETHOTO coobuienus s € S
Oyaer MUHUMAaJIbHA: HY;KHO OTCOPTHPOBAaTh OYKBBI COOOILIEHUS s B MOPSAKE YObIBaHMS
KOJIMYECTBA BXOXKICHWH, 9JIEMEHTapHBIE KOJBI OTCOPTUPOBATH B TOPSIKE BO3PACTaHMUS
JUIMHBI U HA3HAYUTH KOJABI GYKBaM B 9TOM TIOPSJIKE.
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MNpumep. [lis andasura u3 Tpéx OYKB KpaTyailliias pas[esrMasi cXeMa UMEET BUJI
(x = 0,y = 10,z — 11) (wmn (z — 1,y — 01,z — 00)), TOCKOJBbKY CXeMbI ¢ OoJee
KOPOTKMMHM KOJIOBBIMHU CJIOBAaMHU He YIOBJIETBOPSIOT HepaBeHCTBY Makmuuiana. Eciu
Heobxoaumo tepenarh coobuenne «SOS SOS SOS», To caMoil BBITOAHON ABJISIETCS
cxema (S — 0,0 — 10, — 11).

SAMEYAHMUE

ITOT NPOCTOIl METOZ pPelaeT 337a4y MUHUMU3AIUU [UIMHBI KOJIA TOJBKO st (DUKCHPOBAHHOTO
coobienust s € S 1 (PUKCUPOBAHHOU CXEMBI O.

6.2.2. LleHa kogupoBaHus

[Tyctb 3amansr andasutr A = {ay,...,a,} ¥ BEPOATHOCTH MOSABJIEHNS OYKB B COOOIMIEHUT
P = (p1,...,pn) (p; — BEpPOSATHOCTH TOSIBNEHUsT OYKBHI a;). He orpanmumBas o6IIHO-
CTH, MOKHO CUMTATb, YTO P; + ... +p, = 1l up; = ... 2 p, > 0 (TO ecTb MOXHO

Cpasy UCKJIOYNTH OYKBBI, KOTOPBIE HE MOTYT MOSIBUTHCSI B COOOIIEHUM, U YITOPSIIOYUTH
OYKBBI TI0 YOBIBAHWMIO BEPOSITHOCTH WX MOsiBJIeHUst). J[yst Kaxaoil (pasmenumoii) cxeMbl
o = (a; — f;);—, andaBUTHOTO KOAUPOBAHUS MAaTEMATUYECKOE OXKHAaHNE K0d(UIIeH-
Ta YBEJIMUEHUsI JJINHBI COOOIIEHNsT TPU KOAMPOoBaHuu o (0603HAYAETCSI [, ) ONPENETSIETCs]

n
Def Def . .
caeyionum obpasom: I, (P) = E pils, Tne l; = | 8|, u naspiBaeTcs cpenuent yerou (nan
i=1
Onunoll) KOAUPOBAHUS o IIPU pacrpeeseHnn Bepostocreit P (em. 1. 5.1.7).

MNpumep. s paspesnumoit cxembr A = {a,b}, B = {0,1}, 0 = (a — 0,b — 01) 1pu
pacnpesenenun BepositHoctedt (0,5;0,5) 1eHa KOJUPOBAHKS COCTABJISIET
0,5+x1+0,5%2=1,5, a mpu pacupenenenuu Bepositnocteii (0,9;0,1) ona pasua 0,9 *
1+0,1x2=1,1.

Beeném obo3HaAUCHUS:

L(P) Xinfl,(P),  p. Eminpi, L2 [logy(n—1)] +1.

OueBH/IHO, YTO BCETJA CYIIECTBYET pasieiuMasi cxeMa o = (a; — [(;)._, Takas, 4TO
Vi (|8i| = L). Takas cxema Ha3bIBaeTcs CXeMOil pasnomeprozo xopupoBanust. Cieno-
Baresbho, 1 < 1, (P) < L, ¥ I0CTATOYHO YUUTBIBATH TOJBKO TAKHE CXEMBI, JIJISI KOTOPBIX
Vi (pil; < L), tie l; — nenoe u l; < L/p.. Takum 06pasom, UMeeTCst JIATITH KOHEYHOE YIC-
JIO CXeM o, Juist KOTOpbiX Ly (P) < 1, (P) < L. 3Ha4uT, CymeCTBYET CXEMA O, HA KOTOPOI
uHbUMyM nocturaercs: l,, (P) = L. (P).

Andasuthoe (pa3neauMoe) KOAUPOBAHUE 0, sl KOTOPOTO [, (P) = I.(P), HasbiBaercst
KOIUPOBAHIEM C MUHUMALLHOL USOLIMOUHOCTILIO I ONMUMALLHIM KOJUPOBAHIEM IS
pacipe/iesienus: BeposiTHocTeil P.

Apumep. Ilycrb B andasure 8 GykB. PaccMOTpUM 1ieHY PaBHOMEPHOIO KOAMPOBAHUS
Cy u «HauboJsiee HEPABHOMEPHOTO» KoAuMpoBauust Co MPU PABHOMEPHOM P} U HepaBHO-
MepHOM P» pacrpefiesieHUn BepOsITHOCTEH.
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Ci L Py Ly P, Ly | Cy la Py Loy Py, Ly
000 3 0,125 0,375 0,31 0930 1 0,125 0,125 0,31 0,31
001 3 0,425 0,375 0,24 0,72 | 10 2 0,125 0,25 0,24 0,48
010 3 0,125 0,375 0,47 0,51 | 110 3 0,125 0,375 0,17 0,51
011 3 0,125 0,375 0,11 0,33 | 1110 4 0,125 0,5 0,11 0,44
100 3 0,125 0,375 0,09 0,27 | 11110 5 0,425 0,625 0,09 0,45
101 3 0,425 0,375 0,05 0,15 | 111110 6 0,125 0,75 0,05 0,3
110 3 0,425 0,375 0,02 0,06 | 1111110 7 0,125 0875 0,02 0,14
111 3 0,425 0,375 0,01 0,03 | 11111110 8 0,125 1 0,00 0,08

1 3 1 3 1 4,5 1 271

W3 Tabauibl BUIHO, YTO MPU PABHOMEPHOM KOAMPOBAHUM PACTpE/ieJieHie BEPOSTHO-
cTell He BJWSET Ha IIeHY KOJMPOBAHUS, B TO BPeMs KaK HepaBHOMEPHOE KOJMPOBAHVE
M0 CPaBHEHWIO ¢ PABHOMEPHBIM KOJMPOBAHUEM CYIIECTBEHHO TPOWTPHIBAET TIPU PABHO-
MEPHOM DacCIpe/ieIeHUN BEPOSTHOCTE M HECKOJbKO BBIUTPBIBAET TIPU HEPABHOMEPHOM
pacrpesieJIeHU BEPOSATHOCTEN.

6.2.3. Anroputm ®daHo

Pekypcusnbiii anropurm Mamo' crpout pasaenumyio npedukcHyio cxemy anbaBuTHO-
ro KOAMPOBaHUS, GJM3KOTO K ONTUMAIbHOMY. AJIFOPHTM HCIHOJb3YeT JBe TJI00ajIbHbIE
CTPYKTYPBI JIaHHBIX:

P : array [1..n] of real — maccus BeposiTHOCTEII MOsIBJIEHNST OYKB B COOOIIEHNN, YIIOPSI-
JOYEHHBIN 110 HeBo3pacTanuio; 1> P[1]>...> P[n]>0, P[1]+...+P[n]=1.

C : array [1..n,1..L] of 0..1 — MaccuB s1eMEHTAPHBIX KOMOB.

OcHoBHast paboTa IO MOCTPOEHUIO DJIEMEHTAPHBIX KOAOB BBIMOJHSETCS PEKYPCUBHOM
npotenypoit Fano. Hauanbueiil Be30B mporieaypsl umeet Bu Fano(1,n,0).

Ausropurm 6.1. TIponenypa Fano nocrpoenust KogupoBaHus, OJIM3KOr0 K ONTHMAJIbHOMY

Bxoa: b — unHzekc Hauasia oOpabaTbiBaeMoil YacTu MaccuBa P, e — MHJIEKC KOHIla 00paba-
THIBAEMOM YacTi MaccuBa P, k — IJIMHa ysKe [OCTPOEHHBIX KOJI0B B 00pabaTbiBaeMoii
yactu maccupa C.

Boixoa: 3amnosiHeHHbI Maccus C.
if e > b then

k:=k+1 // MecTo mig o4epeHOTO pa3psia B Koje
m:=Med(b,e) // nmeneHue MaccuBa Ha JIBE YACTH
for i from b to ¢ do

Cli,k]:=1>m // B nepBoii gactu nobasisiem 0, Bo Bropoit — 1
end for
Fano(b,m, k) // obpaboTka mepBoil yacTu
Fano(m + 1,e,k) // obpaboTka BTOpOU 4acTu

end if

Oyukimst Med HaxomuT Meduany ykazanHoil dactu MaccuBa Plb..e], To ecTb ompenessiet
Takoit uamekc m (b < m < €), 9To cymMMa a1eMeHToB P[b..m] nanbosee 6ia1M3Ka K CymMMe
asneMeHTOB P[(m + 1)..e].

1 Po6epr Dano (pox. 1917).
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Agropurm 6.2. Oyukius Med onpeneseHus: MearaHbl

Bxoa: b — unzekc Hauyasa oGpabaTblBaeMOil yacTH MaccuBa P, e — HHIEKC KOHIA
obpabaTbiBaeMoii yacT Maccusa P.

m

e
Bbixoa: m — uHIEKC MeIUAHbL, TO €CTh  min Z Pli] — Z Pli]|.
meb..(e—1) |4 .

i=b i=m-+1
Sp:=0 // cymMMa 3IeMEeHTOB TIepBOI YacTu
for i from b to e — 1 do

Sy:=S8p + Pli] // BHauaje Bce, KPOME IMOCTEHETO
end for
Se:=Ple] // cymma 2J1leMEHTOB BTOPOM 4acTu
m:=e // HaunmHAeM MCKAThb MeJNAHy C KOHIIA
repeat

d:=|Sy — Se| // pasHocTh CyMM IepBOif M BTOPOU 4acTeil

m:=m—1 // ciBuraeM rpaHuily MeJHaHbl BHU3

Sp:=Sp — P[m]; Se: =Se + P[m] // nepeBbraucisieM CyMMBI
until |S, — S.| > d
return m

OBOCHOBAHUE. [Ipu KaX0M yIJMHEHUU KOAOB B OJIHOW YaCTH KOJbI YIJUHSIOTCS HY-
JIIMH, a B APYroii — eamHunamu. TakuM oOpasoM, KOJIbI OJHOU YacTH HE MOTYT ObITh
npeduKcaMu APYTOil. YITMHEHNE KOJIa 3aKaHIMBAETCS TOT/IA U TOJBKO TOT/A, KOTA JIJTU-
Ha 4YacTH paBHa 1, TO ecThb OcCTaeTcss €IMHCTBEHHBIM Koj. TakuM o6pasoM, cxema 110
MTOCTPOEHUIO TTPe(PUKCHAsI, a TIOTOMY pas3zieuMast. O

MNpumep. Koabl, nocrpoenubie aaroputMoM MDaHo IS 33/[aHHOTO HEPABHOMEPHOTO
pacmpezieieHus BeposgTHOcTel (n = 8).

Pi L pil;
0,31 10,31 0 1 0,31
0,24 | 0,69 0,24 100 3 0,72
0,17 0,41 0,17 101 3 0,51
0,11 0,28 0,11 110 3 0,33
0,09 0,17 0,09 1110 4 0,36
0,05 0,08 0,05 11110 | 5 0,25
0,02 0,03 0,02 111110 6 0,12
0,01 0,01 111111 | 6 0,06

2,66

6.2.4. OnTumanbHOe KogupoBaHue

Onrumanbhbie cxeMbl anhaBUTHOTO KOAMPOBAHUsI OGJAMAIOT ONPENeNEHHBIMU CTPYK-
TYPHBIMU CBOWCTBaMH, yCTaHaBJIMBAaeMBIMHU B cielylomux Jemmax. Hapymenue atux
CBOJCTB [I7Is1 KaKO#-TMO0 CXeMBI 03HAYAET, YTO CXEMa He ONMTUMAJbHA.

JIEMMA 1. Ilycmv o = {(a; — ﬁiﬁ:l — cxemMa ONMUMAaIbHO20 KOOUPoBanus 0l pacnpe-
denenust eeposimuocmeit P =py > ... = p, > 0. Tozda ecnu p; > p;, mol; < 1.
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AokasatenbctBo. Ot npotusnoro. Ilycrs @ < j, p; > p; u l; > ;. Torna paccmoTpum

cxemy o = {a1 —>61,...,ai — ,Bj,...,aj —)61',...,@” — ﬂn} Nmeem lg _la/ =
= (pili + pjlj) — (pil; + pjl;) = (pi — p;)(li — ;) > 0, 9TO IPOTHBOPEYUT TOMY, YTO CXEMA
0 — OLUTUMAJIbHA. t

Takum 06pasoM, He OrpaHMYMBast OOMIHOCTH, MOKHO CUUTATh, 4TO |1 < ... < I,

SAMEYAHMUE

Dakrtryeckw, jeMMa 1 MOBTOPSIET UIs1 BEPOSITHOCTEH TO, 4TO OBLII0 0OHAPYIKEHO /ISt 9acToT B 1L 6.2.1.

JIEMMA 2. Eciuo = {a; — ﬂi>?:1 — cxema ONMmuMaibHoz0 NPePUKCHO20 KOOUPOBAHUS.
0ns pacnpedenenus eeposimuocmeil P = p1 > ... = p, > 0, mo cpedu siemenmapnulx Ko-
006 umermcst 06a K0OA MAKCUMALLHOU ONUHBL, KOMOPbLE PASIUUAIOMCS TOTBKO 6 NOCACOHEM
paspsioe.

DOoKA3ATENLCTBO. [lo mpenbinyimeii ieMMe KOMOBBIE CJIOBA MAKCUMATBbHON IJTUHBI SIBJISI-
I0TCS TTOCJIeITHUMU B cxeMe. Jlajsiee OT TIPOTUBHOTO.

[1] Ilycth KOmOBOE CJIOBO MaKCUMAJbHOHM JJIMHBI OJHO W uUMeeT BuUi (3, = Fb, Tie
b=0V b=1 UUmeem Vi € 1.n — 1 (I; < |fB]). Tax xax cxema npedukcHas, To crosa
B, -, Brn—1 He aBissioTCs pedukcamu 3. C 1pyroii cTOpoHsl, £ He saBJsieTcst TpeuKCcoM
cloB 1, ..., Bn_1, uHave 6bi10 61 S = 3;, a 3Haunut, [; 661710 ObI NIPedukcom 3,. Toraa
cxema o’ :=(ay — B1,...,a, — B) Toxe npedukcuasd, npuiéMm l,/(P) = l,(P) — pp, 4TO
MIPOTUBOPEYHT ONITUMATHBHOCTH O

[2] IlycTb Temnepb /Ba KOAOBBIX cioBa (3, 1 ¥ 3, MAaKCUMAJbHOU JJIMHBI PA3JIUYAIOTCS
He B TOCJefHeM paspsifie, To ectb B, 1 = BV, B, = B'V', B # ", upnuém 3, 5" ne
SIBJISTIOTCST ipedukcamMu st 1, .. ., B2 1 Haobopor. Torma cxema o’ :=(a; — B, ...,
ap—2 = Bn_2,an_1 — B’V a, — B") Takxke siBasiercst npedukcHON, mpuuéM I,/ (P) =
= l,(P) — ppn, YTO TIPOTHBOPEYUT ONTUMAIBHOCTH 0.

[3] IlycTh KOZOBBIX CJIOB MAaKCUMAJIbHO AJMHBI GoJibliie ABYX. Toraa cpeayu HUX Haii-
JIyTCS JIBA, KOTOPbIE PA3JIMYAIOTCS HE TOJIBKO B MOCJEAHEM Pa3psi/ie, YTO MPOTUBOPEUUT
yiKe IOKa3aHHOMY ITYHKTY 2.

SAMEYAHME
B nmpuMepe II. 6.2.3 nmeercss He B4, a MIECTb 3JIEMEHTApHbIX KO/[OB MaKCUMaJIbHOI JJINHDBI, 4TO
IIPOTUBOPEYUT JIEMME 2u TOBOPUT O TOM, 4YTO KOJUPOBaHUE (Damno He onTUMaJIbHO.

—1
TEOPEMA. Eciuo,_1 = (a; — Bi)_, — cxema onmumaisnozo npeqpuxcrozo koouposa-
Husl 015 pacnpedenenus eeposimuocmeli P = py > ... = pp_1 > 0up; = ¢ + ¢, npuuém
P1Z . = pis1 2 Pigl = ... 2 Dao1 = ¢ = ¢ > 0, mo xoduposanue co cxemotl
on = (a1 = B1,...,aj—1 = Bj—1,a541 = Bjx1,-- -, Gn-1 = Bn-1,a; = B;0,a, — B;1)
AGNAEMCS ONMUMATLHBIM NPEPUKCHBIM KOOUPOBAHUEM Ol PACHPEOCNEHUS 6ePOSIMHOCEN
— / /!
Pn =Pis---sPj—-1,Pj+15+-+yPn-1,4,94 -

[LOKASATENIbCTBO. 3aMeTUM CJIefIyIolee.
[1] Ecau 0,_1 6bLI0 NPePUKCHBIM, TO 0, TOXKE 6yZI€T MpeUKCHBIM TI0 TIOCTPOEHUIO.

[2] llena KOAMPOBAHUSA IS CXeMbl 0, OOJIbIIE IIEHBI KOAUPOBAHUS JUIS CXEMbl 0,1
Ha BeMUuny p;: lo (Pn) = pili + p2lo + ... +pj—1lj—1 + pjr1ljs1 + .o+ Du—iln—1+
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+ G+ +¢"(+1) =pili+ . A Pl (¢ + () =i+ F
+Pn—1ln—1 + ljpj +p; = lon,,l (Pn—l) + pj.

[3] Ilyctp HekoTopas cxema o), : =(a; — B;)1, ontuMansHa 1yist P,. Toraa mo semme 2
JIBa KOJIa MAKCUMAJbHOM JJIMHBI PA3IUYAOTCS B TOCJAeNHeM paspsze: o), = (a1 — [,
ceslp_y = Bh_gan—1 — B0,a, — B1). Tonoxum I':=|F] 1 paccMOTpUM cXeMy
oy 1:=(a1 — B1,....,a; = B,...,an—2 — fBl,_5), TA€ j OLUPELEJICHO TAK, YTOOLL pj_1 >
¢ 4+ ¢" > pj+1. lena kognpoBaHust st CXeMbl o), OOJIbIIE II€HBI KOJMPOBAHUS JIJIsI
CXeMbl 0], TaKkKe Ha BeMMuuHy pj: lor (Pn) = lipt + ... + ln_opp2 + (I' + 1)¢'+

+U+1Dg" =lpr+ ..+ lopn2+ (@ +¢") + (' +4") =lo_ (Pa1) +pj.

[4] Cxema o], — npeduKcHas, 3HAYUT, CXEMa 0}, _; — TOXKe npedUKCHasL.

[5] Cxema 0,_1 — OIITUMaJIbHA, 3HAYNUT, ZOZH(P”_l) 21, (Pno1).

[6] Wmeem Iy, (Py) = lg, ,(Po1) + 15 <l (Po1) +pj = lor (P). Ho cxema o,

n—1

OIITUMaJIbHA, 3HAYHUT, CXEMa 0, TaKiKe OIITHMaJibHa. ([l

6.2.5. Anroputm XacddpmeHa

Asnroput™m Xaddmena! cTpout cxeMy onTHMAIBHOTO MPehUKCHOro andaBHTHOTO KOIN-
POBAHUST [T 33/IAHHOTO PACIIPEIETIEHIST BEPOSITHOCTEN MOSIBJICHUST OYKB.

Agropurm 6.3. Pexypcusnast niponieaypa Huffman

Bxox: kosmmuectBO OyKB n, MaccuB BeposiTHOcTelr OykB P : array [l.n] of real,
YIOPSIOUEHHBIH 10 yOBIBAHUIO.
Beixoa: maccuB asieMeHTapHbIX Koz0B C' : array [1..n, 1..L] of 0..1, maccuB juH
AIIEMEHTAPHBIX KOMOB ¢ : array [1..n] of 1..L.
if n =2 then
C[1,1]:=0;¢[1]:=1 // nepBblil aJIeMeHT
C[2,1]:=1;4[2]:=1 // BTOpOI 271€MEHT
else
g:=Pln— 1]+ P[n] // cymMma IByX HOCJEJHUX BEPOSTHOCTEH
j:=Up(n,q) // mouck Mecra u BCTaBKA CYMMBI
Huffman(P,n — 1) // peKypCUBHBIIl BbI3OB
Down(n,j) // moctpanBaHue KOIOB
end if

ODynuknunsa Up HaXoawT B MaccwBe P MecTO, B KOTOPOM [OJKHO HAXOUTHCS UHCTIO ¢
(1. 6.2.4), 1 BCTaBJISIET 3TO YUCJIO, CABUTASI BHU3 OCTAJbHBIE 3JIEMEHTHI.

Bxox: n — ayHa oOpabarbiBaeMoil yacTH MaccuBa P, ¢ — BcTaBjisieMas CyMMa.
BbIixoa: m3MeHeHHBIN MaccuB P.
j:=1 // MecTo BCTaBJISIEMOTO 3JIeMeHTa
for i from n — 1 downto 2 do
if P[i —1] < ¢ then
Pli]:=P[i — 1] // ciBur ajeMeHTa MacCHBa

1 laBun A. Xabdmen (1925-1999).
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else
j:=1i // omupeleseHre MeCTa BCTABJISIEMOTO dJIEMEHTA
exit for i // BCé cleslaHO — LUK HE HY)KHO IIPOJIOJIKATH
end if
end for
P[j]:=¢q // 3amuch BCTaBJISIEMOTO dJiEeMEHTA
return j

[Tpouemypa Down CTPOMUT ONTHUMAIBHBIN KO/ AJIsi m OYKB Ha OCHOBE IOCTPOEHHOI'O OII-
TUMAJIBHOTO KoAa /it n — 1 GykBbl JIJist 9TOTO KOZ OYKBBI ¢ HOMEPOM j BPEMEHHO
HCKITioYaeTcst 13 MaccuBa C TIyTeM CIBUTa BBEPX KOMOB OYKB ¢ HOMepaMu, HOMBITIMI j,
a 3aTeM B KOHell o6pabaThiBaeMoii yactu MaccuBa C' 1006aBJISIETCS apa KOIOB, MOTyYeH-
HBIX 13 Kofa OYKBBI ¢ HOMepoM j yauHenuem Ha 0 1 1 coorBercTBentio. 3mech Ci, *]
O3HAYaeT BBIPE3KY M3 MACCHUBA, TO €CTh -0 CTPOKY Maccua C.

Bxoxa: n — mauHa o6pabaThiBaeMOil yacT MaccuBa P, j — HOMep «pas/ieisieMoii» OYKBBL
Beixoa: onTuMasibHBIE KOJBI B TIEPBBIX 1 3JieMeHTax mMaccuBoB C' u /.
c:=Cl[j,] // 3anomumanue Koma OYKBHI j
l:={[j] // m mnuHbl 3TOTO KOZA
for : from j to n — 2 do
Cli,x]:=C[i+1,%] // caBur kona
L[i]:=L[i+1] // u ero LUHLL
end for
Cln —1,%]:=c¢;C|n,*|:=c // xonupoBaHue Kojia OYKBBI j
Cln—1,141]:=0;C[n,l 4+ 1]:=1 // napammuBanue Ko10B
ln—1]:=1+1;4n):=1+1 // ¥ yBennueHue IJIuH

OBOCHOBAHUE. [lJist mapbl OYKB IpU JIIOOOM PacIlipeie/ieHUI BEPOSITHOCTEH ONTHMAJIb-
HOEe KOAMPOBAaHWE OYEBUIHO: MEpBOM OyKBe HY:KHO HazHauuTh Kox 0, a BrOpoit — 1.
VMeHHO 9TO U jiejiaeTcs B IepBoil yacTu oreparopa if ocHoBHO# nponenypsl Huffman.
PexypcuBHast 9acTh aJaropuT™Ma B TOUHOCTH CJIEIyeT MOKA3aTETbCTBY TEOPEMBI TIPEIBIIY-
mero nogpaszena. C momorpio GyHkimu Up B UCXOJHOM YIHOPSJIOYEHHOM MmaccuBe P
orGpackIBaiOTC ABe MocaeaHe (HaMMeHbIINE) BEPOATHOCTH, M MX CYMMa BCTaBJISIETCS B
MaccuB P Tak, 4ToObI MaccUB (Ha eIMHUILY MEHbIIEH JUIMHBI) OCTAJICS YIIOPSAITOUEHHBIM.
3aMeTHM, YTO TIPU 3TOM MECTO BCTaBKM COXPAHSIETCS B JIOKAJBHOU mepeMeHHOU j. Tak
MIPOUCXO/IUT IO T€X TOP, MOKA He OCTAHETCS MACCUB U3 JIBYX 3JIEMEHTOB, JIJIsI KOTOPOTO
ONTUMAJIbHBIN Koz u3BecTeH. ITociie 9Toro B 06paTHOM HOPSIAKE CTPOSTCS ONTUMAIbHBIE
KOJIBI JIJIST TPEX, YETHIPEX U T. /. BJIEMEHTOB. 3aMETUM, UTO MPHU ITOM MACCHUB BEPOSITHO-
cTeil P yke He Hy)KeH — HYKHA TOJIBKO TIOCJIE0BATEIBHOCTh HOMEPOB KO/IOB, KOTOPBIE
JOJKHBI OBITh M3BSITHI U3 MAcCHBa KOJOB U TPOAYOJUPOBAaHBI B KOHIE ¢ 100aBJICHUEM
paspsia. A 3Ta MOCJIEA0BATENBHOCTD XPAHUTCS B 9K3EMILIAPAX JIOKATHHON TIepeMeHHON
J, COOTBETCTBYIOIUX PEKYPCUBHBIM BbI30BaM rpoiieypbl Huffman. O

Mpumep. Iloctpoenue ontumanbHOro Kozma Xaddmena nnsg n = 8. B seBoil yactu
TabIuIBl IOKA3aHO M3MeHeHume MaccuBa P, a B mpasoil yactu — maccusa C. Ilosu-
IIMsl, COOTBETCTBYIONIASI TEKYIIEMY 3HAUYEHUIO MEPEMEHHON j, BbIJEJNEHA TOJTYKUPHBIM
HayepranueM mpudra.
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Pi c li pili
0,31 0,31 0,31 0,31 0,31 0,41 0,5901 1 00 00 00 00 2 0,62
0,24 0,24 0,24 0,24 0,28 0,31 0,41 1 00 014 10 10 10 10 2 0,48
0,17 0,17 0,17 0,17 0,24 0,28 01 000 11 11 11 11 2 0,34
0,11 0,11 0,11 0,17 0,17 001 010 011 011 011 3 0,33
0,09 0,09 0,09 0,11 011 0100 0100 0100 4 0,36
0,05 0,05 0,08 0101 01010 01010 | 5 0,25
0,02 0,03 01011 010110 | 6 0,12
0,01 010111 | 6 0,06

2,56

IleHa KOIMPOBAHUS COCTABIISIET 2, 56, UTO HECKOJBKO JIyUIlle, YeM B KOIMPOBAHWH, TTOITY-
yennoMm asroputmom Damo.

6.3. NomMmexoycTonumBoe KoanpoBaHue

HanéXHOCTh 2/IeKTPOHHBIX YCTPOMCTB TI0 M€Pe UX COBEPIIEHCTBOBAHUS BCE BPeMs BO3-
pacTaet, HO TeM He MeHee B UX paboTe BO3MOKHBI KAK CUCTEMATHYECKUE, TaK U CIydaiiHbie
ombku. CurHaj B KaHajle CBSI3M MOYKET OBbITh MCKayKEH [MOMEXOM, MOBEPXHOCTh Mar-
HHUTHOTO HOCHUTEJIA MOKET 6bITb TIOBpEXIEHA, B paS'béMe MOJKET 6LITB TMOTEPAH KOHTAKT
u T. . OmubKY anmapaTypsl BEAyT K UCKAKEHHIO UK TI0Tepe TIePelaBaeMbIX UM XPaHU-
MbIX JaHHDbIX. HpI/I OHpelIeJIéHHbIX yCJI0BHAX, HEKOTOPbIE N3 KOTOPbIX paCCMaTPpUBaIOTCA
B TOM pasjiesie, MOXKHO IPUMEHATb METO/bl KOAMPOBAHUS, [103BOJIAIONIME IIPABUJIBHO
JEKOJINPOBATh MCXOHOE COOOIeHNe, HECMOTPsI Ha OIMOKU B JIaHHBIX Kojla. B xavectse
HCCIIeyeMOl MOJIEIM JIOCTaTOYHO PACCMOTPETb KAMAL CBSA3U € NOMEXAMU, TTIOTOMY 4TO
K 9TOMY CJIy4alo JIeTKO CBOAATCS ocTajabHble. Hanpumep, 3anuch Ha AUCK MOXKHO pac-
CMaTpMBaTh KaK Iepeaavy AaHHbIX B KaHaJl, a YTEHHE C ANUCKAa — KaK HpI/IéM JaHHDBIX U3
KaHasa.

6.3.1. KoanpoBaHue c ncnpaeneHuemM owwmnOOK

Ilyctb uMeeTcss KaHan CBSI3U, CONEPXKAIIUN UCTOYHUK mMoMmeX. [loMexu mposiBiagioTCS
B TOM, YTO MPUHSITOE COOOIIEHUE MOKET OTJIMYATHCS OT TEPEJAHHOTO, TO eCTh MMEETCsT
orromenne C C K x K', K, K' C B*, tne K — MHOeCTBO TlepelaHHbIX, a K’ — cooTBer-
CTBYIOIIlee MHOKECTBO MPUHSTBIX 110 KaHaxy coobmenuit. Mcnonssys samucek s’ = C(s),
s € K, s € K', nopasymeBaeM, 4TO pasHble «BbI30Bbl» OTHOIIEHUsI C' € OMHUM U TEM
’Ke apryMeHTOM MOTYT BO3BpallaTh pas3jnyHble pe3yibratel. Kogmposanne F': A* — B*
(BMecTe ¢ JIeKOIMPOBAHUEM F~1.B*—> A*), obnagaioniee TeM CBOMCTBOM, YTO

S K-SR TS vseSc A (FYOWF(s) =s),

HA3BIBAETCSI NOMEX0YCMOUYUBHIM, VITU CAMOKOPPEKMUPYIOUUMCS, TLITU KOOUPOBAHUEM C UC-
npasnenuem owubox. bes orpanuuenust obuHOcTH npuHUMaeM, uto A = B = {0,1}.
Kpome Tor0, ecTecTBEHHO HPEAIIOJI0XKUTD, YTO COfep:KaTeIbHOe KOJAMpOBaHUE (BbIYMC-
nenue F u F~!) poinonnsgercs Ha ycTpoiicTse, cBOGOIHOM OT HOMeX, TO ecTh F u F~1
SIBJIAIOTCS (DYHKIIUSMU B OOBIYHOM CMBICIIE.

3AMEYAHME

Oynxiua F~' apisercs AeKoAupoBaHneM sl KoAWpoBanus F, HO OHa e sBJsieTcss oOpaTHOIl
dyuxmuen ansa oyaknuu F B cMbicie onpeaenenuii . 1.4.3, 1.6.2.
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Boobiiie roBops, ommOKU B KaHasie MOIyT ObITh CJIEAYIOIIUX THUIIOB:

01, 1+ 0 — omubKa THIIa 3aMeIIeHIs Pa3Psa;
0~ e, 1~ & — ommbKa THIA BIAJEHUST Pa3Psia;
g+ 1, e = 0 — ommbKa THIA BCTABKU pa3psiia.

Ecmu npo ucrounuk nomex C' HUYETo He U3BeCTHO, TO hyHKIMK F u F~! ne MoryT GbITh
OIIpe/IesIeHbl, 3a UCKII0UEeHEeM TPUBUAJIBHOTO ciaydast S = J.

Mpumep. Ecau xaman ¢usmdeckun pa3opsBaTh, TO BCEe Pa3psbl BBHIAAYT, U HUKAKOE
JIEKOZIMPOBAHNE HEBO3MOXKHO.

TaxuM 06pa3oM, JIsT PeNieHnst MOCTABIEHHO 3a1aun HeOOXOANMO UMETh OMUCAHNE BO3-
MOKHBIX OIMUOOK (IPOSIBICHUN MTOMEX).

Boob1ie roBopsi, IIOMeXU MOTYT UMETh Pas/IM4YHbIe XapPAKTEPUCTUKU B 3aBUCHUMOCTH OT
du3nUecKoil MPUPOALI KaHaIa:

OMUOKN MOTYT 3aBHUCETH OT CAMOTO TIEPEIABAEMOTO COODTIEHIST;
OMIMOKKM MOTYT CJIyYallHO BO3HMKATh C HEKOTOPOU BEPOSITHOCTHIO;
OMIMOKHE MOTYT OIPEAETATHCS (DU3MIECKUM YCTPOHCTBOM KaHAJIA.

31ech paccMaTpUBAETCS MPOCTENIas MaTeMaTHIecKass MOJIesIb KaHasla, TPAKTHIECKU He
3aBUCAIIAs OT ero uanyeckoir npuposbl. [Ipeanonaraercs, uTo:

1) coobuienus nepesaoTcss 6A0KaMU ONPEAEIEHHON JJIMHBL 1, IPUYEM OUMOKKU B pas-
JIMYHBIX OJIOKaX HE3aBUCHMBIL;

2) sHaueHUs paspsioB 0 v 1 paBHOIPABHBL €CJIU BO3MOKHA ontiOKa 0 — 1, To BO3MOKHA
u ommbka 1+ 0;

3) s KaK[I0ro TIa OIMOOK M3BECTHA BEPXHSS TPAHUIA KOJUYECTBA OMINOOK B OJIOKE
JIJIAHBL M.

Ob6mas xapaxmepucmuxa omnboK KaHana (TO €CTh UX KOJMYECTBO M THUIIBI) 0603HAYA-
ercst § = (d1,09,03), Te §1,02,03 — BEPXHUE OIEHKHN KOJUYECTBA ONMMOOK 3aMEIeHusT,
BBITIJIEHUST, BCTABKU pa3psijia COOTBETCTBEHHO.

MNpumep. /[lomyctum, 4To MMeeTCs KaHAT ¢ XapaKTepucTukoii § = (1,0, 0), To ecTb B Ka-
HaJie BOBMOKHO He 6oJiee 0HOI ommOKY THUTIA 3aMEIeHIsT pa3psifia Py Tepegade 6I0Ka
musbl n. Koguposanue: F(a):=aaa (TO €CTb KaXKIblil pa3psili B COOOIIEHUN yTpanBa-
ercst) u aexopuposanue F~1(abc):=a+ b+ c > 1 (To ecTb pa3psifi BOCCTAHABJINBAETCS
METOJIOM <TOJIOCOBAHUS») KAKETCS MOMEXOYCTOMUMBBIM JIJIsI JaHHOTO KaHama. OnHaKo
METOJI TOJIOCOBAHUSI OYeHb pacTounTesieH (ToTpebyeTcst mepenaTh TP OJI0Ka BMECTO Ofi-
HOTO) U HE BIIOJIHE HAJEKeH — eCJIu [yinHa GJIOKA 1 He KpaTHA TPEM, TO rpaHuiia HI0KOB
OPOMAET MO KOy OZHOTO Paspsijia, ¥ eCJiu OIUOKA IPOU3OHAET B OCJAEHEM Paspsijie Tiep-
BOTO 6JI0Ka U B COCEJIHEM TEPBOM Pa3psijie BTOPOTO 610K, TO BOCCTAHOBJIEHHE MPOUIET
HEBEPHO.

Takum 06pasoMm, TIPK MOCTPOEHUH TOMEXOYCTOUYNBOTO KOAUPOBAHUS HEOOXOIUMO HAlTH
GasaHC MEX/IY HAIEKHOCTHIO U (P (HEKTUBHOCTHIO.

OTCTYIJIEHUE
Ciientyer pasinyaTh 06Hapysicerue owubox u ucnpasienue owubox. Hapumep, panee npu mnepemgade
JQHHBIX IIHPOKO HCIOJIB30BAICS OUm 4émHocmu, TO €CTh JIOTOJHUTENbHBIA Paspsiil, KOTOPBIN 0~
6aBIISICS K KaskA0MY OJIOKY Tak, 4TOOBI 001Iee KOJMYECTBO Pa3psiioB, UMEIOINX 3HaYeHue 1, 6b110
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4€THBIM (MJI HEYETHBIM), TO €CTh CyMMa Pa3psioB GJioKa 110 MojyJio a8a pasHa 0 (uium 1). Oue-
BHU/IHO, YTO 3TOT TMPOCTON METOJ| MO3BOJISIET OOHAPYKUTH OJMHOYHYIO OMIUOKY THIIA 3aMEIeHMUsT,
HO He T03BOJISIET €€ MCIPaBUTh. B HacTosiiee BpeMst OUT YETHOCTH TIPUMEHSIETCST PEXKe, OCKOIb-
Ky MMEET HEBBICOKYIO TIOMEXOYCTOMYUBOCTD: €CJI B OJHOM OJIOKE MPOU30IIYT ABe ONMMOKU THIIA
3aMeIleHns], TO OHN He GYAyT 0OHApYIKEHDL.

Apumep. Ilycts § = (1,0,0) mas c0B AAUHBI n. MeTO TOIOCOBAHILS, PACCMOTPEHHBIN
B IpUMepe MPeABbIYINero Moapas/iesna, SBasdeTcsd KOAUPOBAaHUEM € MCITPaBJIeHUEM OHOMN
omMOKK THUIIA 3aMeleHus], HO He SBJIsIeTCs KOAUPOBAHIEM ¢ MCIIPABIECHHEM BCeX OIMINOOK
npu n > 1.

6.3.2. BO3MOXHOCTb UcnpaBfeHus Bcex owunobok

Paccmorpum mMHOXKecTBO coobmmennit S C {0,1}*, kogmposanue F: {0,1}* — {0,1}*
u kanan C ¢ xapakrepuctukoii 8. Ilyctb E9.(s) — MHOXKECTBO CJIOB, KOTOPble MOTYT
OBITH MOJIyYeHBI U3 COOOIIEHNs s € S B pe3yJsbrate KOAUPOBaHus F 1 BCEX BOZMOKHBIX
KOMOWHAIINH, TOMYCTUMBIX B KaHAJE OMHUOOK THUTA 4.

Apumep. Ilycts S = {00,11}, komuposamue F' 106aBisieT K cOOOIIEHNIO TPETUI pas-
psin (6ut uérHoctn), a § = (1,0, 0) ast 6iokoB pumnHb! 3. Torma
F(OO):OOO,E%(OO):{000,001,010, 100}, F(11) = 110, E%(11) = {110,111, 100, 010}.

Nmeem E2,(00)NE2(11) = {100,010}, u ecotu 13 KaHata MoIyYeH O/iMH 13 KooB 100 win
010, TO OJJHO3HAYHO OIPELESUTh UCXOAHOE coo0IeHre HeEBO3MOXKHO. Eciu e B KauecTBe
TPETHETO pa3psla IIPU KOAUPOBAHUN B3ATh KOHBIOHKIIUIO, TO

F(00) = 000, E2.(00) = {000,001, 010,100}, F(11) =111, E%(11)={111,110, 101,011}

[pu atom E2.(00)NES.(11) =@ u ncxoanoe cooblieHne OlpeieNsercs 0JHO3HAYHO.

SAMEYAHUE
MHOKeCTBO cooOIIeHmi S SIBJIsIeTCsl CYIECTBEHHbIM (akTopoM. Hampumep, eciu B yCIOBHSX
MPEBIYIIEro TTpuMepa MHOKeCTBO coobmmenuit S = {01, 10}, To, Kak HETPYIHO TTPOBEPHUTH, HUKA-
Koe JoOaBJIeHIE TPETHETO paspsia He SABJISIETCs OMEXO0YCTONUNUBBIM KOAMPOBAHUEM.

TEOPEMA. UYmobvL Cyusecmeosano nomexoycmouuusoe xoouposanue F ¢ ucnpasienuem
scex oumubox muna 9§, Heobxo0umo u docmamouro, umobvt

Vsy,80 €8 (E%(Sﬂ QE%(@)) =2.

JOKA3SATENbLCTBO.

[ =] Ecin kopuposanue nomexoycroituusoe, To E%(s;) N E%(sy) = @, unaue F~*
HEBO3MOKHO GbLIO GbI ONPENENUTh KaK (PYyHKIUIO.

[ <=1 UsycnoBusa Vsy,so € S (E%(s1) N EY(s2) = @) no reopeme 1. 1.7.1 carenyer, uro
cymecrByet pasbuenne B = {B,}cs Muoxectsa {0,1}*, npuuém Vs € S (E%(s) C By).
[To paz6uennio B tpeGyemas dynkuus F~1: {0,1}* — S crpoutca caemyiommm obpa-
som: if s’ € B, then F~1(s'):=s end if. O
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Takum 0Opa3oM, caMa BO3MOMKHOCTb MCIIPaBJIEHUsI OLIMOOK 3aBUCHUT OT TPEX (haKTOPOB:
MHOKeCTBa COOOIIEHUI, TPUMEHIEMOTO KOJMPOBAHUS U XapaKTEpUCTUKKM KaHaja. Kak
[IPABIJIO, MHOXKECTBO COOOILEHUI M XapaKTePUCTHKA KaHala CYMTAIOTC 3aJaHHBIMU, U
3ajJia4a COCTOUT B TOM, Y4TOObI 1I00OPATh 110 BO3MOKHOCTH d(PMEKTUBHOE OMEXOYCTOM-
yuBoe KopupoBaHue. OLHAKO B HEKOTOPHIX NMPAKTHYECKUX CJIydasX MCIPaBIEHUE 6CexX
oMMOOK HEBO3MOKHO.

Mpumep. PaccMoTprM KaHAJ, B KOTOPOM B JIIOOOM TIEPETABAEMOM Pa3Psiie MOKET MTPO-
HCXOJIUTH OIMMOKA THUTIA 3aAMEIEHUsT C BEPOSTHOCTHIO p, TPUYEM 3aMEIEHUST PA3TIMYHBIX
PaspsIIOB CTATHCTUYECKY He3aBUCUMBL. TaKOH KaHaT Ha3bIBAETCS JGOUUHBIM CUMMEMPUY -
Hoim. B aToM cirydae mo6oe ¢JI0Bo MOXKeT ObITh IPeoOpasoBaHo B JI1000€ APYroe CI0BO TOI
K€ JUTMHBI 3aMEIeHUSIME Pa3psiioB. TakuM 06pa3oM, UCIIPABUTH 6Ce OMMOKU B IBONYHOM
CHMMETPUYHOM KaHajle HEBO3MOYKHO JasKe TP CKOJIb YTOAHO MajioM p > 0.

OTCTYNNEHUE
JUJ1st pas3iimaHBIX MOZIEJICH €O CTyYaiiHBIMK ONTMOKAMU (B TOM YHCJIE Ui IBONYHOTO CHMMETPUYHO-
ro KaHaja) CPEIICTBAMU TEOPHU BEPOATHOCTEH PACCMATPUBAIOTCS U PEIIAIOTCS, B YACTHOCTH, TaKUe
3a/[a4H, KaK:

1) omnpejeseHre MaKCUMATILHOTO KOJIMYECTBA WH(MOPMAIMY, KOTOPasi MOJKET OBbITh [epejlaHa uepes
KaHaJl [IPU HAIUYUK [TOMeX (MPOnYycKHAsi cCROCOOHOCMb KAHAA);

2) onpejiesieHUe MaTEMAaTHYECKOTO OKUIAHKUS BEPOATHOCTH MCIpPaBJeHUs ommbOK B KaHase (do-
CMOBEPHOCMb 0eKOOUPOBANUSL);

3) ompezeneHne MUHHUMAJIBHOTO KOJMYECTBA MHMOPMAIIUHU, KOTOPYIO HEOOXOAUMO Iepeiarh de-
pe3 KaHaJl ¢ COXpPAaHEHHUEM BO3MOXKHOCTU IIOCJIELYIOUIEr0 MCIOJIb30BaHUS JaHHBIX (cocamue ¢
nomepsmu).

Bce atn BOITPOCHI ABJIAIOTCA IIPEIMETOM Meopuu UHgbopmauuu, KOTOpad 3/1eCb HE pacCMaTPUBAETCA.

PaccMOTPUM BO3MOJKHOCT MCTIPABJIEHUS BCEX OIMMOOK ¢ TPAKTUYECKON TOUKH 3PEHMUS.
ITycTp B KaHAJEe BO3MOKHBI TOJIBKO OIMIMOKY 3aMeIleH s Pa3PsiioB (BbIIAJEeHIE U BCTAaBKA
PaspsIIOB UCKJIIOYEHBI ), COOOIIEHUST TIEPeAloTCss GI0KaMU JITTUHBL 1, U B KasKIOM paspsiie
BO3MOKHA OITUOKA C BEPOATHOCTBIO p. ITO JIOMYIIEHUE COOTBETCTBYET YCTPOICTBY IIHHBI
repe/iayyl JJaHHBIX B COBPEMEHHOM KOMIIbloTepe. Toria BeposiTHOCTh TOTO, YTO TIPON30ii-
AéT poBHO k ommbok, pasha v = p¥(1 — p)"~*. PaccMoTpuM umcieHHOe 3HavYeHue TOi
BEJMYUHBI IIPY HEKOTOPBIX TUIINYHBIX 3HAUYCHUSIX BEJUYUH N, kK U .

n k P v n k P v
32 1 1079 19,695-107%% |64 1 1079 ]9,389.10~%
32 1 1079 |1,000-107% ||64 1 10796 |9,999.10797
32 2 10791 9,704-107°7 || 64 2 10793 9,399 -10797
32 3 107%%19,714-1079 |64 3 10793 | 9,408 1010
32 2 107% | 1,000-107*2 |64 2 1079 |9,999.10"'3
32 3 107° | 1,000-107'® ||64 3 10796 |9,999.10"1°

Takum 06pasoM, BO3MOKHOCTBIO OJHOBPEMEHHOTO BO3HUKHOBEHUsS OMIUGOK OOJIBIION
KPaTHOCTH MOKHO TIpeHeOpedb, U IO0CTATOYHO PACCMATPUBATh TOJBKO KaHAJIBI C OTpa-
HUYEHHOU XapaKTEPUCTHKON § << n, [JisT KOTOPBIX 33jla4ya MCIIPABJIEHUS] BCEX OMMOOK
OKa3bIBaeTCsl PaspelMoii.
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6.3.3. PaccTtosHua JleBeHwiTeiiHa 1 XaMMUHra

Heorpunarensuas dyukuust d(x,y): M x M — R, wnassBaercst paccmosnuem (Wan
Mempukoi) Ha MHOXecTBe M, eciiM BbIINOJHEHBI TPU YCJIOBHUSI, KOTOPbIE Ha3bIBAIOTCS
AKCUOMAMU METNPUKLL.

1. Axcuoma mosxcoecmea: d(x,y) = 0 <z = y.

2. Axcuoma cummempuu: d(z,y) = d(y, x).

3. Hepasencmso mpeyzonvnuka: d(z,y) < d(z, z) + d(y, 2).

MNpumep. Dyuxims \/(azl —22)2 4 (y1 — y2)? + (21 — 22)? sIBJIsIETCSI METPUKOI M Ha-
3bIBAETCST €6KAUOOBbIM PACCMOSHUEM MEKY TOUKaMU (Z1,y1, 21) U (T2, Yo, 22) B TPEXMED-
HOM mpocTpaHcTBe R3.

MuosxectBo {y | d(z,y) < p} HA3BIBAETCS WAPOM, NIV MEMPUYECKOU OKPECTHOCMBIO, C TIEH-
TPOM B T M PaZILyCOM p.
OwnbKy 3aMeleHns, BhIIaAeHNs 1 BCTaBKUA CUMBOJIOB MOKHO PacCMaTpPUBaTh Kak OIle-
palyy ¢ JBOUYHBIMM CJIOBaMH. IIpUMEHSAS 3TU Olepaluy, BO3MOXKHO OIHO CJIOBO
a € {0, 1}* npeobpaszosath B apyroe caoso 3 € {0,1}*.

01 ;. 10 0 0 0 0
Mpumep. 01 - 11 =3 10; 01 —5 1 =25 10; 01 ==5 010 =5 10.

MuHuMaIbHOE YHCIIO Ollepaluii, IIepeBosiee CJIOBO ¢ B CJIOBO /3, HA3bIBAETCS PACCMO-
simuem Jlesenwmerina n obosnavaercst L(a, 3).

Apumep. L(01,10) = 2.

NEMMA. Paccmosnue Jlesenwmeiina L agnsiemcs mempuxotl.

[ OKASATENbLCTBO.

[1] L(a,B8) = 0 <= a = 3, MocKOIbKYy TpeoOpa3oBaHie OTCYTCTBYET TOT/A U TOJBKO
TOT/Ia, KOT/IA CJI0BA COBIAJAIOT.

[2] L(a,B) = L(B, ), TOCKOJBKY OMIMOKM CUMMETPUYHBI U, 3HAYUT, TPEOOPa3OBAHUS
CJIOB 0OPaTUMBI.

[3] L(a, B8) < L(a, )+ L(8, ), TOCKOJbKY KOHKATEHAINST TOCTIEA0BATEIBHOCTEN TPe0l-
PasoBaHUs o — Y U Y —> 3 ABIISETCS HeKOMOPOL TI0CAeJ0BATENIbHOCTDIO, IIPeodpasyoieit
a B f,a L(a, B) aBisercs IJIMHON KpaTJaiiliiell 13 TAKUX IOCJIe10BATEIbHOCTEN. O

3AMEYAHME
Paccrosnue JleBeHiTeiina HeTPYHO OIIPE/ICJINTD IS CJIOB B IPOU3BOJIBHOM asihaBuTe, a HE TOJIb-
ko B andasute {0,1}. B TakoM cirydae 3TO pacCTOSIHUE YaCTO HA3BIBAIOT OUCTMAHUUEL PEOaKMUpPO-
BaHUSL.

OTCTYMJIEHUE
Ha onepanuu peiakTupoBaHust MOTYT ObITh HAJIOKEHbI Pa3jinyHble orpaHudeHus. [Ipu atom, ec-
JI TIPeoOpPa30BaHUs CJIOB OCTAIOTCS 0OPATHMBIMHU, & KOHKATEHANUsl PeoOpPa3oBaHUN SIBJISIETCSI
npeoGpasoBanueM, To paccrostiue JleseHmreiiHa octaéress MeTpukoil. Hanpumep, B IOmyJIsipHOii
UHTEJUIEKTYATbHON Urpe TpeGyercst mpeoO6pas3oBaTh OJIHO CJIOBO B JIPYTOe, 3aMeHssT 0 OHON OYK-
Be. Torma 3 < L(ko3a, BosK) < 5, OCKOJIbKY HEOOXOAMMO 3aMEHUTh TPU OYKBbI, U €CTh PelleHue
K032 11032 T10JIa— TTOJTK— BOJIK.
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IIycTh HEKOTOPBIH KaHaI UMeeT XapakTepucTuky o = (1, ds,03). Ilycts E?(a) — MHO-
JKECTBO CJIOB, KOTOPbIe MOTYT OBbITh MOJIyYEeHbI U3 CJIOBA (v B PE3YJIBTATE BCEX BO3MOJK-
HBIX KOMOMHAIMH [IOTyCTUMBIX B KaHaje OO0k Tuia 0. [I0CKOIbKY paccMaTpuBaioTCst
cUMMeTpryHbIe olnOKH, sicHo, uto B € E%(a) <= a € E°(pB).

Honoxum Ho(a, B): = if a € E%(B) then L(a, 8) else +co end if.

Dynxima H® naspiBaercs paccmosmuem Xommuneza'. Paccrosuue XoMMUHTa SBISETCS
METPHUKOH TI0 TeM >Ke MIPUINHAM, YTO U paccTossHue JleBeHITeitHa, a TOTOMY MHOKECTBO
E%(a) yMecTHO Ha3blBaTh §-0KpPecmiuocmvpio cJioBa q.

MNpumep. Paccrosnne Xammunra B EY. Ilycts § = (n,0,0), To ecTb j0OIyCKaOT-
Cs1 TOJIBKO OIIMOKH THIA 3aMelleHus] paspsaoB. PaccMOTpUM cloBa o = ap...a, W

Def &

B =by...b,. Torma H’(a, ) = 3. (a; # b;). To ectb paccTosinueM XoMMUHTa MEKILY
i=1

OUTOBBIMU MIKATAMH OJHON [JTHHBI SIBJSIETCS YHNCJIO HECOBIAMAIONINX PA3psiaoB. VIMeHHo

3TOT YACTHBIH CTy94ail YacTO HAa3bIBAIOT paccTosiHieM XaomMmuura B EY u o6o3nadaior H"™.

SAMEYAHUE
B mocnenneii dopmyse, Tak ke Kak W B JPYTHX MECTaX 3TON KHUTH, WCTOJH3YETCsI HESIBHOE
npusezietue false — 0, true — 1.

6.3.4. KopoBoe paccrosaHue

PaccmoTpuM npuMeHeHUEe BBEAEHHBIX MOHATHUN K MPOCTEUIEMY cJydaio ajhaBUTHOTO
kozuposauust. Ilycts o = (a; — ;) — cxema andaBUTHOTO KOAMPOBAHMS, & d — HEKO-

Topast MeTpuKa Ha B*. Torza MUHUMATBHOE PACCTOSTHAE MEK/Y 3JIEeMEHTAPHBIMU KOJAMHU

Def .
d(o) = min d(B;, 3;) Ha3BIBAETCS KOOOBHIM PACCMOSHUEM CXEMBI 0 B METpUKe d.
1<i<j<n

TEOPEMA. Angasumnoe xoduposatue co cxemoti o = {(a; — ;)i U ¢ K0008bIM paccmo-
snuem Xommunea H(o) = 5 1}31111 HO(B', B") asrsemcs koduposanuem ¢ ucnpaeienuem h
/7 " GV

owubox muna 6 mozoa u moavko moeda, kozoa H(o) > 2h.

DOKASATENbCTBO. EcCiaM MOXKHO WCIPaBUTL OMHOKM B KaKIOM M3 KOMOBBIX CJIOB, TO
MOJKHO MICIIPaBUTh OIUOKK U BO BCeM cooliienui. [10aToMy 0cTaTouHo paccMaTpuBaTh
TOJIbKO KOJIOBbIE CJIOBA. 3aMETHM, UTO MHOKeCTBO F% () — aTo map paanyca h ¢ 1eHTpoM
B a. Takum obpasom, E°(B;) N E°(B;) = @ <= H(o) > 2h. Ilo Teopeme 1. 6.3.2 yciosue
E°(B;) N E°(B;) = @ paBHOCUJIBHO CYIIECTBOBAHUIO J1€KOANPOBAHMSL. O

JIpyTuMu cIOBaMM, UCTTPABIEHNE OMMHOOK THTIA § BOSMOKHO TOT/IA U TOJBKO TOT/IA, KOT/IA
KOJ/IOBBIE CJIOBA CXEMBI He JIeXKaT B J-OKPECTHOCTSIX APYT APYTa.

CNEACTBME. Cxema pasiomeprozo xoouposanus o = (a; — B;)i=1, 20e Vi (|8;] = m),
m > |logy(n — 1)] + 1, moscem ucnpasasmo h owubox muna samewenus ¢ m paspaoax,

1<i<jsn \p—1
pasauuaomcs we menee uem 6 2h paspaoax.

m
ecnu u monvko ecau  min (> Bilk] # B; [k]) > 2h, mo ecmw 1106bie 08a K000BLIX CLOBA

1 Puyapn Becsn Xammunr (1915-1998).
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Mpumep. Ha pucynke 6.1 mpesncrasiieH Tumep-

KyO a1 npoctpaHcTBa E3 1 Be 1-OKPeCTHOCTH ot
Touek 101 u 010 (To ecTb nBa mapa paauyca 1

c nentpamu B Toukax 101 u 010). OueBuHO, 4TO |
MOJKHO B3SITh /IBA JIIOOBIX MHBEPCHBIX KOJA, U IIa- 001 }
PBI C IIEHTPAaMU B 9TUX KOJIAX HE MEPECEKYTCs, HO |
BCe JIpyTHe Mapbl paanyca 1 ¢ MeHTpaMu B JIpy- L
[UX TOYKAX [EPECEKYTCS ¢ 0GOUMU BBIIECTIEHHBIMU /
mapamu. V13 31oro HabJIIOJIEHUsT 1 TEOPEMBI CJie- /
IIYET, YTO TPEXPA3PSIAHBII KOl MOKET MCIIPABJISTD 000
OJIHY OIMUOKY THUIIA 3aMeTeHust [1ist an(aBUTHOTO
KOIMPOBaHU TOJIBKO ABYXOYKBEHHOTO ajihaBUTa. Puc. 6.1. Tunepky6

111

101

6.3.5. MowHOCTb KOAUPOBaHUSA

Mowrocmuvio KoOuposanus Ha3bIBAETCS MOIIHOCTh MHOMKECTBAa COOOLIEHUH S, KOTOpbIe
yIa€Tcs 3aKOUPOBATH C BBHITTOJTHEHWEM 3aJJaHHBIX YCI0BUM. YeM MolllHee KOJUPOBaHUE,
TeM 0OJIbIIE PA3IMYHBIX COOOIIEHNH BO3MOKHO 3aKOAUPOBATDH C €r0 MOMOILBIO.

W3 Teopemsl 1. 6.3.2 ciietyet, 4TO HOMEXOYCTONYMBOE KOIMPOBAHE MAKCUMAJIbHOM MOTIL-
HOCTH JIOCTHTAETCSI B TOM CJIy4ae, KOria pazbueHre MHOKECTBA MPUHSITHIX COOOIEHMH
nMeeT MaKCUMAJIbHYIO MOIIHOCTb.

Mpumep. IloMmexoycToliunBOE KOAUPOBAHUE C UCIIPABIEHEM He GoJiee OfHOM omMOKU
THIIA 3aMelieHns B OJIOKe JUIMHBI 3 UMeeT MOLIHOCTD He Oouee 2.

PaccMoTpuM ciaydail KaHajga, B KOTOPOM BO3MOXKHO He Gojiee h OmMOOK 3aMeIleHust
paspsiioB B Gsokax 1umHBI n. KakoBa MakcuMasibHas BO3MOKHASI MOIIHOCTb TIOMEXO-
YCTOHYUBOIrO KOAMPOBaHUA? B paccmMaTpruBaeMOM cilydyae B METPUYECKOM IIPOCTPAHCTBE
EZ ¢ paccrosiniieM XaMMuHra H"™ MHOXECTBO BO3MOKHBIX OIIMOOK B COOOIIEHUH §
OTIpeIeNIsieTCsT KaK 1ap pagmyca h ¢ meHTpoM B Kofe coobenust F(s):

BP0 () = VM(F(s),h), the V™(z,h) E {y € By | H"(x,y) < h}.
h
JIEMMA. Vz € EV (Vh >0 (|V”(J:, r=> C(n,z)))
1=0

Doka3ATENbCTBO. V" (2,h) ={y € EY | H"(x,y) < h} =
h
= ,Qo{y € Ey | H"(z,y) =i}, [{y € By | H"(2,y) = i} | = C(n,1). O

SAMEYAHMUE

Ilokazannast ieMMa 060011aeTcst Ha JI0060€ JAUCKPETHOE METPUYECKOE IIPOCTPAHCTBO, B YACTHOCTH,
HPOCTPAHCTBO CJIOB HaJl JI0OBIM anaBuTOM ¢ paccrosinveM JleBeHireiina.

TEOPEMA. Mownocms nomexoycmouuueozo KoOuposanus 0is Kanaid, 6 Komopom 603-


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

6.3. NMomexoycToiumBoe KoaMpoBaHme 317

MOXCHO He bonee h owubox 3ameuenust paspsoos 6 OI0Kax OLUHbLL T, HE NPEBOCXOOUNM YUCLA
wWapos, KOMopvle MOICHO YA0HCUmMs 6 npocmpancmee EY 6e3 nepeceuenuii:

271
5] € .

DOKASATENLCTBO. /[JIsT KasK/IOTO COOOIIEHUST MHOKECTBO BO3BMOJKHBIX OIITHOOK STBIISIETCST
urapoM pazuyca h, 1 IOMeXOyCTOMUMBOCTU Iapbl He JOJUKHBI IlepeceKaTbCsl, a BCEro
B IIPOCTPAHCTBE 2" TOYEK. ]

Mpumep. B crenyrormeii Tabsuite MOKa3aHbl BEPXHIE OIEHKHU JJIsT MOITHOCTH TOMEXO-
YCTOMYMBOBTO KOJAMPOBAHUS B 3aBUCUMOCTH OT h U n.

R\"[12 3 4 5 6 7 8 9 10 1 12

0 4 8 16 32 64 128 256 512 1024 2048 4096

1 12 3 5 9 16 28 51 93 170 315

2 11 1 2 2 4 6 11 18 30 51

3 11 1 2 2 2 3 ) 7 1 17
SAMEYAHUE

Cayuait h = 0 COOTBETCTBYET MAaKCUMAJIbHOW MOIIHOCTU KOAMPOBAHUS NPU OTCYTCTBUM OTPAHU-
yeHuil. Takoe KOAUPOBaHUE HA3BIBAETCS 6€3bI30bIMOUHIM.

Crennduueckne 0coOEHHOCTH MHOKECTBA COOOIIEHHH S MOXKHO HCIIOJIB30BaTh IIPH I10-
CTPOEHUH KOIMPOBAHMUSI, O[HAKO TO TPeOyeT ClelUaIbHbIX YXUIIPEHUT 1 He sIBJISIeTCS
YHUBEPCAIBHBIM peniterueM. [list mpakTuky HanboJsiee BaskeH caydaii S = EF, |S| = 2™,
TO €CTh COOOIIEHIEM MOKeT OBITh J11060€ CJIOBO JUIHHBI M.

CNEACTBUE. FEcuu S = EI' u cywecmsyem nomexoycmoiuugoe koouposanue 0nst Kana-
14, 8 KOMOPOM 803MOINCHO He 6oee 0010 OwUOKU 3ameuens 6 OL0Ke OIUHbL N, MO
2n

2™ .
Sn+1

DoxazatensctBo. I[lo popmyre teopemor C(n,0) + C(n,1) =1+ n. O

HOMQXO}’CTOﬁ‘H/IBOE KOANPOBaHNE HE MOJKET OBITb OE3bI3OBITOYHBIM.

O6o3HaunuM k:=mn — m — MUHUMAJBHOE KOJHUUYECTBO KOHMPOLLHHIX PA3Pso08, TO €CTh
U30BITOYHBIX Pas3PsoB, HEOOXOAUMBIX JIJISI TIOMEXOYCTONYMBOCTH.

MNpumep. B ciexyormeil Tabinile MOKa3aHO COOTHOIIEHUE It m, m U k 1ipu h = 1.
3necp n':=|2"/(n+1)]. Ansg n = 1,2 NOMEXOYCTONYUBOTO KOJUPOBAHUS HE CYIIECTBYET.

n |34 56 78 9 10 11 12 13 14 15 16
n 1213 5 9 1628 51 93 170 315 585 1092 2048 | 3855
2m 1212 4 8 1616 32 64 128 256 512 1024 2048 | 2048
m [1]1 2 3 4] 4 5 6 7 8 9 10 11 11
k 12|13 3 3 3| 4 4 4 4 4 4 4 4 5
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MoOKHO 3aMeTHTh, HAIIPUMEp, UTO T-paspsijiHble OJOKM IepelaioT CTOJIbKO e MH(pOop-
Mallid U C TaKOH Ke HaJEKHOCTHIO, UTO U 8-pa3pdAHble, aHAJOTUYHAS CUTYAIUsS [JId
15-paspannbix n 16-pa3pgaaHbIX KOJIOB U T. 1.

JloJ1s1 KOHTPOJIbHBIX Pa3psioB, HEOOXOAUMBIX VIS CYILECTBOBAHUSI IIOMEXOYCTONYMBOIO
KOAMPOBaHMs, HaYMHast ¢ 1 = 6, He IIPEBBIIIAET IOJOBUHBI BCEX Pas3psIoB 6JI0Ka U C
POCTOM 7 TIOCTENIEHHO yMeHbIaeTcs. B wactHocTH, ipu n € 27..57 uMmeeM k = 6, a nipu
n = 64 umeeM k = 7.

6.3.6. Bugbl koanpoBaHus

Hpez[nomeHo MHOKECTBO paSHOO6p33HbIX c1ocoboB HOMeXoyCTOfI‘{I/IBOFO KOANPOBaHUA.
Bce st criocobsr TIOYUHAIOTCA BhIBEACHHBIM KOJTMYECTBEHHBIM OTPAHUYCHUAM, HO OTJIM-
HaloTCA UCIIOJIb3YEMbBIM MAaTEMATUYECKUM allllapaToM, leO6CTBOM IIpuMeHeHusd, HarJAa1-
HOCTBIO 1 APYTUMU KAa4YECTBECHHBIMU XapPaKTEPUCTUKaMU.

Mpumep. Ilycts m = 2,h = 1. Torma muaumMaspo n = 5k = 3. MoxHO no-
dobpamp TOIXOJISIIIE YeThIpe MATUPA3PSIIHBIX KOJa TaK, YTOOBI X 1-OKPECTHOCTH B
MeTpuKe XIMMIHTA He TTepeceKaniuch. B yacTHoctu, ¢ momorbio Kaptet Kapuo (1. 3.5.5),
Kak 1oKa3aHo Ha puc. 6.2. BeiOpanubie Kombl (LEHTPHI IAPOB) BbIAEIEHBI HOJIYAKIP-
HBIM HauyepTaHWEeM U IOAYEPKHYTBI, CAMM IIApbl BbIJEJEHbl PAa3JIMYHON INTPUXOBKOW U
3QJIUBKO.

000 001 011 010 110 111 101 100

00 00000 | 00001 | 00011 00010 /| 00110 | 00111 00101 00100

01 01000 01001 01011 01010 || 01110 01111 01101 01100

11 11000 11001 11011 11010 11110 11111 11101 11100

10 10000 10001 10011 10010 10110 10111 10101 10100

Puc. 6.2. Kapta KapHo

3areM MOXKHO IIPOMU3BOJBHO HazHAUYUTHh KoAbl coobrenusam: 00 — 00001, 01 — 01010,
11 — 11111, 10 — 10100. IexoampoBaHWe MOKXHO Peajn30BaTh C IOMOIILIO JlepeBa
pemennii (. 3.5.8), Kak moKasamo Ha puc. 6.3.

BapuaHTBI ¢ IIOMETKOI <«€rr» 03HA4YaloT MOSBJIEHUE OIIMOKH, IIPU KOTOPOH ITPOM3OLILIO
GoJiee OZIHOTO 3aMeleHusT pa3psia. Takyio oNMOKy TaHHOE KOJAWPOBAHWE UCIPABUTDH He
MOJKET, HO MOKET OOHAPYIKUTD.

3AMEYAHME
BbI60p crcTeMbl HemepeceKalomuXxcesl MapoB B Fy3', Ha3HAuYeHUs] KOJOB cJIoBaM u3 E™ sBiisiercst
npou3BoJibHBIM. Ecii coXpaHuTh 3TOT BBIOOp B TaliHe, TO KOAUPOBAHUE, HAPSILY C IIOMEXOYCTOIi-
YHBOCTBIO, CTAHET 00JIaJIaTh W CBONCTBAME TAHHOIICH.

Cpenu 1ecTpoTbl METOJOB TTOMEXOYCTOMYMBOTO KOAMPOBAHUS CBOEH MPOCTOTOU U SIC-
HOCTBIO BBIJIEJISETCS TPyIIa METOJIOB, OCHOBAHHBIX HAa NMPUMEHEHUU MATEeMaTUYeCKOTO
anmnapaTa 1 0603HAaUeHUI JTUHENHO! anre6psL.
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Puc. 6.3. [lepeBo pelueHuin

Hamomuum, uto nouunas apudmerura (FEsy; 44, &) apisercs momnem (1. 2.3.3) otHOCH-
TEJIBHO CJIOKEHUSI TI0 MOYJTIO 2 M KOHBIOHKIIUY, MHOKECTBO OUTOBBIX Kaa EY obpasyer
aGeney rpynny (i 2.2.6) OTHOCHTENBHO OIEpaluyl IIOPa3PsSIHOIO JIOTUYECKOTO CJIO-
JKEHUs TIKAJI W, KaK HETPYIHO MPOBEPUTh, MHOKECTBO OWTOBBIX IMKan EY obpasyer
BeKTOpHOE mpocTpaHcTBo (1. 2.5.1) Hax ABOMYHON apu(eTUKoL.

3AMEYAHUE
B xonTekcre aToro pasmena 3Hak + 03HAYAET CJIOKEHUE TIO MOXYJIO 2, a 3HAK YMHOKEHUs OIyC-
KaeTcsl, YTO MO3BOJISIET UCIOJIb30BaTh OObIUYHbIE 0003HAUECHUS JTUHEHHON anreObl, MMest B BUJLY, YTO
BCE BEKTOPbI M MaTPHIbl — OYJIEBbI, U ONEPAIlMH BBIOJIHAIOTCA MO NPaBUIaM, M3JI0KEHHBIM B
. 1.4.9. Pa3zmepn! MaTpuil ¥ BEKTOPOB, €CJIM HYKHO, YKA3bIBAIOTCS B HUXKHEM UHJIEKCE.

Beenem obosHaueHust: 0,, 03HaYaeT BEKTOD U3 m HyJiel, 0,,x, O3HAuaeT MaTpPHUILy pas-
Mepa m X n U3 HyJeH, a I, O3HAYaeT eMHUYHYIO MATPUILy pazMepa m X m.

PaccMoTpuM mpocTeiinimii cydail KoAUpOBaHUs, KOTA UCXOAHBIMU COOOLICHUSAMU SIB-
JITIOTCST BCE CJIOBA JITMHBI 1M, 2 KOTAMH SIBJSIOTCST OJOKW IUTMHBI n, . > m. LlycTh
a=aj...a, € EY — ucxoaHoe coobiienue, a 3 = by...b, € EY — KOMOBbIA OJIOK.
PaccmotpuMm coyuail, Korfa KaxKAblidi pas3psiji 5 MOXKHO HPEACTABUTH B BUJE JUHELHOU
dbysarumun ot paspsaaos « (1. 3.6.1). Torza kogupoBaHue 3aINUCHIBAETCS CIELAYIOIUM 00-
pasom: Vj € 1.n (b; = 31", a;gi ;). Vicromnb3yst 06o3HauenHus IMHEIHON anreGpsl, Koz 3
MOJKHO TIPEJICTABUTE B BUJIE TIPOU3BENEHUS BEKTOPA o U GYIeBON MATPHUIIBI Gy 1y, COCTAB-
JIeHHOIT u3 k03 dUINeHToB g; ;, win [ = aG. Marpuna G HasbIBaeTcst nopoxrcoaouwel
mampuyet xoja.

Mpumep. Paccmorpum coobuienne o = (0 1 1), Tlycrs Marpuiia

1 0 010 1 0 010
G={(0 100 1] Tormag=0 1 1){0 1 0 0 1)=
00 1 11 0 01 11
=0 1 1 1 0).3pecb m=3,k=2,n=>5.
Ecm 3G}, (GGt =1,), 10 BG™1=(aG)G ' =a(GG™')=al,, =a, u rekoauposa-

HUE BBIIOJIHAETCA YMHOMKEHMEM Koja Ha Marpuiy G 1,

TEOPEMA. Ecimu 3 Hyxyn (GH' = 04,x1), mo 8 = aG < BHT = 0y,
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DOKASATENLCTBO. (= aG <= BHT = aGHT = 00,,x; = 0y. O

Marpuua H HasblBaeTCsi npoeepouroll, HOCKOJIbKY ¢ MOMOIbIo paBeHcTBa SHT = 04
[I03BOJISIET IIPOBEPUTD, SABJLETCS JIM IPUHATHIN yepe3 KaHa KoJ 5 IeHCTBUTENBbHO KOAOM
HEKOTOPOTO COOOIIEHUsT (v TP KoAupoBaHuu G.

Mpumep. Marpuma H = <(1) (1) } (1) (1)) SIBJISIETCST TIPOBEPOYHON [JIT MaTpUIlsl G
10
1 0 01 0\ (0 1 0 0
npeapiaymero npumepa: GHT = [0 1 0 0 1 1 1{=10 0
0 01 11 10 0 0
0 1

OTCTYNJIEHUE
B TepMuHax JMHEITHOI ajreOphl, €Cid CTPOKK TTOPOKAAOIIEN MaTPUIbl G JIMHEHHO HE3aBUCHUMBI,
TO KOJIbI Pa3JINYHBIX COOBIIEHUI 06Pa3yoT JUHENHOE TOAIPOCTPAHCTBO BEKTOPHOTO MPOCTPAHCTBA
E3. B artom ciydae mpoBepoyHasi Matpuila H 3amaért opTOTOHAJNBHOE ONOJHEHWE BEKTOPHOTO
MIPOCTPAHCTBA, 3a/1aHHOTO MaTpuileil G. Bce moJioskeHnst paciipoCcTpaHsIioOTCsT HA CJIy4ail BEKTOPHbIX
MIPOCTPAHCTB Hajl JIOOBIM KOHEUHBIM TTOJIEM, a He TOJNBKO Fs. Vcmombp3oBanue TOHITUN JTTHEHHOM
asre6pbl (B TOM YHMC/Ie TIOHSATHN, BBIXOASIIMX 32 pAMKH M3JI05KEHHOTO B IIaBe 2) MO3BOJISIET CAeIaTh
OlMCaHue KOAUPOBAHUSA JTJAKOHUYHBIM U OOIIUM, HO HE MEHsIeT aJiTOPUTMUYECKOil CyTH Jea.

6.3.7. CuctemaTnyeckas popma KOAOBbIX COOOLLEHUI

WsBecten odeHb IPOCTOil criocob onpepenenuss marpur G, G—! u H, KoTtopblii u3-3a
cBoell (hOpMbI HA3bIBACTCS CUCMEMAMUUecKUM Koouposanuem. IIpu cucreMaTnyeckoM Ko-
JIMPOBAHUU OJIOK M3 1 PA3PAL0B COCTOUT U3 1 UHDOPMAUUOHHBIX PA3PAA0S, 32 KOTOPHIMU
CIenyIoT k = n — m nposepouvix paspsoos (W KOHMPOIbHbIX PASPSA006), TIPUYEM UH-
(bopMaIoHHbIE pa3psibl KOMUPYIOTCS B KOJ 0¢3 M3MEHEHUsI, a MMPOBEPOYHBIE Pa3PsSbl
BBIUUCJISIOTCS KaK JIMHEHHbIE QYHKIIUU OT WH(POPMAIIMOHHBIX Pa3psioB.

B artux cornamenusix mnoposkiaonias Matpuna uMeet Bull G = [Ly|Pnxkl), tae I, —
eJIMHUYHAs MaTpulla, opMupyolias UHPOPMAIMOHHbIE Pa3PAAbl, a P, xr — MaTpHILA,
OIIpe/IeJISIIoNIast IIPOBEPOYHYIO YACTh.

TEOPEMA. Eciu G = [I,,| Pyuxi], mo:

1) Gt = [Im|0mxk]T u npu smom GG = I,,,;
2) Hyxn i = [Pl k] wnpusmom GHT = 0y, ..

kxm

JOKASATENbLCTBO.
[ 1] [onoxum Cpysrm:=GG™ 1. Vimeem G, ; = if i = [ then 1 else 0 end if unu, kopoue,
Gy = (i=1)npn 1 <41 <m, n rakxe Gl_j = =j).

Torma C; ; = > Gi,le_,jl = (i =j), 1o ectb C = I,.
=1

[2] Tonoxum Cpyxp:=GHT. meem G, = (i =1) npu 1 < i,1 < m,
Hfj:(l—m:j) mpum+1<I<m+k,1<j<k arakke Gy =Pij_p, npul >m
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I/IHE]»:PZJ mpu 1 <1 < m.

Torna Ci’j = l; Gi,lHlTj = l; Gi»lHlTj + lferl Gi,lHlTj = Pi,j + Pi’j =0. ([l

3AMEYAHUE

HamomuuM, 4yTo MaTpuilkl GyJIeBbl, U B ONEPAIMsAX C MATPUIAME 3HAK + O3HAYAET CJIOKEHUE IO
MOJIYJIIO 2.

CucreMaTU4eCKui KOJ C ITapaMe€TpaMu n 1 m obo3HavaeTCa Kak (TL7 m)-KOH.

Cucrematideckasi (hopMa KOZOBBIX COOOIIEHWIT TI03BOJISIET YAOOHO KOAUPOBATH U JIEKO-
JIMPOBATh COODIIEHNSI, a TaKkKe OOHAPYKMBATh HEKOTOPBIE OMUOKHU, HO He TapaHTUPYeT
HCTIPABJIEHUST ONITHOOK.

1 0 010
Mpumep. B ycinoBusx npenpiayumx npumepoB G =0 1 0 0 1|,
00 1 1 1
01 1 1 0
H=<10101).HyCTba:(011).TOFI[35=O¢G=(01110).

ITycrb Tenepp npousolina omubKa B TPETbeM paspsije, U U3 KaHajla IPUHSATO CJIOBO
=0 1 0 1 0). Torma /Gt =(0 1 0)u coobmeHne IEKOAMPOBAHO HEBEPHO,

o /HT =0 1 0 1 0)

O R, O

0
1
1| =(1 1) wu omubka obHAPYKEHA.
0
1

3AMEYAHUE

ITo reopeme 1. 6.3.5 KomupoBaHue ¢ mapamerpamMu m = 3, k = 2, n = 5, paccMaTpuBaeMoe
B [IpUMeEPE, He MOKET ObITh IIoMexoycToituuBbiM. Eciim m = 3, To Heobxoaumo k > 3.

6.3.8. Koabl XaMmmuHra

HpI/I HOMexoyCTOﬁqHBOM KO/IMPpOBaHNN OCHOBHadA 3aJada COCTOUT B TOM, ‘—ITO6BI o1ipe-
JIeJIUTh, KaKyl0 AOIOJHUTENbHYI0 MH(MOPMAIUIO HAAO HepesaTh, YTOObI €€ 00bEM ObLI
MUHUMaJbHBIM, a JEKOANPOBaHNE ITO BO3SMOKHOCTU HECJIOKHDIM.

Bunimo, HanboJsiee U3BECTHBIM CUCTEMATHYECKUM CAMOKOPPEKTUPYIOIIUMCSI KOJIOM B Ha-
CTOsIIIIEe BPEMST SIBJISIETCST KOO XamMMuHzd.

Beeném obosmavenust. [lyctb o € EY' — ucxonssiii 610k, 8 € EY — KOHOBBIi 6JIOK,
TTOJTyYeHHBI C TIOMOIIBIO TTOPOXKAAIONEN MATPHUIBI (G, x 1, JJIST KOTOPOW M3BECTHA IIPO-
BepouHag MaTpuna Hyy,, Takas, uto GHT = 0,, . Iycts B € E¥ — 610K ¢ BO3BMOXKHOIT
OIMmuOKOH, MOTyYeHHbIN Yepe3 KaHaw, a € € EY — 6umosas wkaia owubox, KoTopast couep-
SKUT 1 TaM, rje mpousolnia omubka, u 0 B OCTaJIbHBIX paspsiax. PesybraT npuMeHeHus
[IPOBEPOYHON MaTpuilbl K OJIOKY C OMMOKON HasbIBAETCS CUHOpOMOM U 0OO3HAYAETCS
C:=p'H".

TEOPEMA 1. Cunopom sagucum moavko om 6umoeoi wxaiw. ouubox: ¢ = eH' .
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DOKA3ATENLCTBO. [lo ompenenennio 3’ = 3+ €, Te + 03HAYaeT MOPA3PSIAHOE CIOKEHNE
6utoBbx mKaa 1o moayso 2. lanee ¢ = B'HT = (B+ e)HT = BHT + eHT = e¢HT,
nockosbky SHT = 0. O

OTcioa BBITEKAET METOJ KOAUPOBAHUSA U [IEKOAMPOBAHM C MCIIPABJICHHEM OAUHOYHON
omOKM 3aMelleHus: paspsija B OJI0Ke JAJUHbL n.

1. TIo dopmysam wiau Tabauiam 1. 6.3.5 nogobpaTh YKCIO M TaK, 4TOObI
2m < 2"/(n+ 1) n nonoxuth k:=n —m.

2. Onpeznenutb OyJeBbl MATPUIIBL MOPOKAAIOULYIO MATPUILY Gy xpn, CTPOKH KOTOPOIA JIN-
HEITHO HEe3aBUCHMBI; MATPUILy JeKoaupoBanus G, ., . Takyio uyto GG~ = I,,,; mpose-
pounyto Matpuity Hyx,, Takyio uto GH T = 0,,x%. Bce atn MaTPUIILI OTIPEIEIAIOTCA
HEOJTHO3HAYHO.

3. Pas3burs ucxoanoe coobuenue Ha OJOKU JJIMHBL M.

4. Kaxapiii 6JIOK «¢ IJIMHBL 7 HE3aBMCUMO YMHOKHUTH Ha IIOPOKAAIOILYI0 MATPHILY, IIO-
sydast 6J10K B : = aG IIUHBL N.

5. Biok 8 mepenarp yepes KaHaul, mojydast 010k 3’ = by ... b,, BO3MOKHO COZEPIKAIIUI
OJIHY OIIUOKY 3aMelleHMs].

6. Boruncauth cunapom := 3 HT.

7. Ecou cunppom ¢ = Oy, To omubox Het, a ecau ¢ # Oy, TO ONPENETUTh j — HOMEP
TOTO CTOJIOIA TTPOBEPOYHON MATPHIIBI, KOTOPBII COBIIAZAET ¢ CHHIPOMOM, MOCJIE YETrO
MHBEPTUPOBATD j-i paspan: bj:=1+b;.

8. Jexoauposath 6710k o : = B'G™1L.

TEOPEMA 2. B ykrasannvix 0603nauenusx o = o/

LOKAZATENLCTBO. Ecim ommbok He ciayunnocsh u 8’ = 3, To @ = a 110 CBOWCTBY MaTPHIL
G u G~ IlycTs npousoniia omubka B paspsje j. UssectHo, uto ¢ = eHT. ITockombKy
6uTOBas MIKAJIa € COAEPKUT 1 B j-M paspsizie v 0 BO BCEX OCTAILHBIX PaspsijiaX, CHHIPOM
paBeH j-My ctosiOiy Marpuiibl H. VIHBepcus j-ro paspsja ycTpaHser ommOKy B Koae U
MO3BOJISIET TIPOU3BECTH OOBIYHOE JECKOAUPOBAHNE, d

3AMEYAHME
[Taru 1 u 2 BBIMOJHAIOTCSA TOJBKO OAMH pa3, U MX TPYAOEMKOCTb He KpuThyHa. [Ipoume marm
BBITIOJHAIOTCS JIJIs KQKAOTO GJI0KA, ¥ CKOPOCTh UX BBIMONHEHUs BaxkHa. Ocoboro BHUMaHUs 3a-
CITy’KMBAIOT mark 6 u 7, MOCKOJBbKY 3TO <«HAKJIAJHbIE PACXOJbl» Pajyl MTOMEXOYCTOHYMBOCTH HA
KOJIMPOBaHUe U AEeKOAMPOBaHUE.

OcHoBHast ues Kojga XoMMUHTa COCTOUT B TOM, YTOObI B IIPOBEPOYHON MaTpulle H uc-
MOJIb30BaTh K KAuecTBE j-TO CTOJIONA JABOMYHYIO 3aMiCh HOMepa aToro crojbia. Torma
BBIYMCJIEHME CUHAPOMA CPasy JAaéT HOMep paspsijia, B KOTOPOM IIpousoliia omubka. Ec-
JII CHHIPOM paBeH HyJo, TO omuOKku Her. COOTHOIIEHHE MEXIY N U k TaKOBO, YTO
k pa3ps/ioB Kak pa3 IOCTATOYHO JJIsI 3aITUCU YMCEN B /iuamnasone 1..n.

Mpumep. Ilycts m = 4, torna k = 3 u n = 7. IIpoBepounas marpuna koga: H =
0001111
0 1 1 0 0 1 1].IIyctb o = 1100 1 ucnosbayercs cucTeMaTHueCKOe KOIUPO-
1010101

Banue. Torga 8 = 1100b5bb7. CooTHOIIEHUS /711 TIPOBEPOUHBIX CUMBOJIOB IIOJIydaeM U3
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yenosusa BHT = 0y, 1o ectb Vi € 1.k (Z;;lijj,i = O). Nmeem b5 + bg + by = 0,

1+4+b+b7; =0, 1+ b5+ by =0. llonyuaem b; = 1, bg = 1, by = 0. 3uauur, 5 = 1100110.
[IycTth BO BpeMs IIPOXOMKIEHHUS 4epe3 KaHajl IPOU30lLIa OMMOKA B TPETheM CHUMBOJIE:
B’ = 1110110. Haiiném cuHapoM B JaHHOM CJIydae:

¢=(1 110 1 1 0)

R, R PR, OOO
OO~ O
— O RO O

I

—~

o

—

=

N

Vmeem j = 3, B 9TOM paspsi/ie Kak pa3 U MPOU30ILIA OINOKa.

6.3.9. UcnpaBneHue OO4HOIro 3amMmeLieHns

CylIecTBYIOT APYrue CIocoObl IMHEHHOIO KOAUPOBAHMS, OTINYHBIE OT CUCTEMATHYECKUX
KOJOB, IIPU KOTOPBIX [IPOBEPOYHBIE PAa3PAbl HAXOASTCS HA MO3KUIIUSAX, 00JIerdaronnx Ko-
JnupoBaHue. PaccMOTpUM B KayecTBe MpUMepa ciydail ofHOro 3amenienus. Onpeneanm
MOCJIEIOBATENbHOCTH HATYPAJIBHBIX YHCEN B COOTBETCTBUU C WX TIPEICTABJICHUSIMU B IBO-
UYHOU CHCTEME CUMCIEHUS CIEAYIONUM 06pasoM:

V1:=1,3,5,7,9,11,... — Bce umcia, y KOTOpbixX pa3psy 1 pasen 1;
V5:=2,3,6,7,10,... — Bce uncja, y KOTOPLIX pa3ps 2 paBeH 1;
V3:=4,5,6,7,12,... — Bce umcJa, y KOTOPBIX pa3psja 3 paseH 1 u 1. 1.

Ilo onpeneneHuIo moce0BaTe/IbHOCTh Vj, HaunHaeTcs ¢ yncia 251, Takske paccMOTpUM
nocsenoBarensoctu Vi, rae V) nosydaercst u3 Vi, 0TOpachiBaHUEM [EPBOTO 3J1EMEHTA.
OTHU MOCIE0BATEILHOCTU OIIPe/IeIeHbl CTaTUUECKU U MOTYT ObITh BbIUMC/IEHbI 3apaHee.
[Iyctp 3amanbl yucaa n, m, npuuém 2™ < 2"/(n+ 1) u k = n — m. Paccmorpum k
paspsnos ¢ Homepamn 20 = 1, 21 = 2,22 = 4, ... 25~! B ciose by ...b,. DT paspanbl
CUNTAIOTCS KOHTPOAbHbIMU. OcTalbHble Pasps/ibl, @ UX POBHO 1, CYMTAIOTCS MHMOPMA-
nuonHbIMU. [ToMecTuM B MHGOPMAIMOHHBIE Pa3ps/ibl BCe Pa3ps/bl CIOBA a7 ... 4, KakK
oHM ecTb. KOHTpo/IbHbIE Pa3ps/ibl ONPeeInM CIeAyIonMUM 06pasoM:

by : =bs+bs+br+..., TO eCTb CyMMa BceX pa3psiioB ¢ HoMepamu u3 V7,
by :=bz+bg+br+..., To ecTh CyMMa BCexX Pa3psiioB ¢ HOMepamu 13 Vy;
by:=bs+bs+br+..., TO eCTh CyMMa BCEX Pa3psiioB ¢ HOMepaMu u3 Vy;

1 BOOOIIe, byj—1: = .\ b;, IPHYEM CJIOKEHHE BBINOIHACTCS 110 MoyJtio 2. ITyers mo-
J

cJie MPOXOXK/EHUST Yyepe3 KaHal IMOJy4YeH KOJX Cp...C, W IycTb I — HOMep paspsia, B
KOTOPOM, BO3MOKHO, IIPOU30IILIA OIInOKa 3amMelienus. IIycTb aTo YMCI0 MMEeET CJieLyio-
1ee JIBOMYHOE TipejictaBienue: [ = ;.. .4;. Onpenenum uncyao J = j; ... j1 CIAeqyIOMUM
06pasoMm:

J1:=ci+c3+cs+cer + ..., T. e. cyMMa Bcex pa3psioB ¢ HoMepaMu u3s Vi;
Jjo2i=ca+c3 +cgtcr+..., T. €. cymMMa BCeX pa3psA/loB C HOMepaMu u3 Vo;
jsi=cq4+c5+cgt+cr+. .., T. €. CcyMMa BCeX pa3p4aJ0B C HoMepaMu u3 Vs;

u BooO1Ie, jp:=y gV, Cq> T CIIOKEHHE BBIIOJIHSACTCS 10 MOLYJIO 2.

TEOPEMA. B yxaszannvix 0603nauenusx I = J.

[OKA3ATENIbCTBO. JTH YHWCJA PABHBI, TOTOMY YTO TOPAa3PSAHO PAaBHBI WX J[BOMYHBIE
upezcrasienus. [leiictBurensno, myctsb i1 = 0. Torna I ¢ Vi u, 3uauut, j; = ¢ + c3 +
+c5+ ... =b1 + b3+ b5+ ... = 0 no onpezesenuio paspsazaa by. Ilycrs tenepn ¢; = 1.
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Torna I € Vi n, 3Ha4ur, j; =cy+c3+cs+...=by+b3+bs+...+b.+... =1, Tak Kax
€cii B CyMMe 110 MOIYJIIO 2 M3MEHUTb POBHO OAMH Pa3psl, TO U3MEHUTCS U 3HAUCHUE
Bceil cymMmbl. UITak, i3 = j;. AHasornyHo (MCIOJb3ysl TocjaefioBaTebHOCTH Vo U T. 11.)
uMeeM ig = jo U T. . Takum obpasom, I = J. O

6.4. CxaTtue v wndppoBaHMe AaHHbIX

Matepuan paszmesna 6.2 TOKa3bIBaeT, YTO MPU KOAUPOBAHWU HAGIIOMAETCS HEKOTOPBIH
GajaHC MEKIy BpeMeHEeM U TaMsIThio. 3aTPaTHB JOMOJHUTENbHbIE YCUIUSA TIPU KO-
POBaHWMU U JIEKOJAUPOBAHWUU, MOKHO COKOHOMHTD MaMsITh, U HA060POT, eciiu npeHebpedb
ONTUMAaJIbHBIM UCIIOIb30BAHUEM MTAMATH, MOKHO CYIIECTBEHHO BBIUTPATh BO BPEMEHU KO-
IVPOBaHMsS U feKoanpoBanus. Koneuwno, aToT GajaHc MMeeT MECTO TOJTBKO B OTIPEENEH-
HBIX IIpeJiesiaxX, U HeJIb3s COKPATUTDh PACXO/ NaMATU 10 HyJIS WU IOCTPOUTh MTHOBEHHO
pabotarotiiie aIropuT™Mbl KopupoBanus. [yt andaBUTHOTO KOAUPOBAHUS MPEIESBI BO3-
MO>KHOTO YCTaHOBJIEHBI B pasziesie 6.2. [y 1ocTizkeHUs JaJbHENIero mporpecca HysKHO
paccMoTpeTh HeaslaBUTHOE KOIMPOBaHNE.

6.4.1. CxaTtue TeKcToB

JlomycTuM, 4TO UMEeTCst HEKOTOPOe COODIIEH e, KOTOPOe 3aKOANPOBAHO KAaKUM-TO 001IIe-
OPUHSATBHIM CII0COO0M (ZI7IsT TEKCTOB 970, Hanpumep, kox ASCII) u XpaHUTCS B HaMATH
KOMIIbIOTEepa. 3aMeTuM, 4To paBHOMepHOe KojaupoBanue (B yactHoctu, ASCII) He aB-
JIIETCST TSI TEKCTOB OTNTUMAJIBHBIM. J[eHCTBUTENBHO, B TEKCTAX OOBIYHO UCTIOJIH3YETCS
CYIIECTBEHHO MEHbIIIe, 4eM 256 cMBOJIOB (B 3aBUCHMOCTH OT si3blka — mpuMepHo 60—80
¢ y4éTOM 3HAKOB IPENMHaHMsI, IIUdP, CTPOUHBIX U TponucHbIX 6ykB). Kpome Toro, Be-
POSITHOCTH TIOSIBJICHUST OYKB Pas/IMUHbL, U JJIT KAKIOTO €CTECTBEHHOTO SI3bIKA W3BECTHBI
(C HEKOTOPOIT TOYHOCTHIO) YACTOTHI MOSABJICHUsT OYKB B TeKcTe. TakuM 06pa3oM, MOKHO
3aJ1aThCsI HEKOTOPBHIM HAOOPOM OYKB U YACTOTAMH UX TMOSIBJIEHUSI B TEKCTE, U C MMOMO-
nipio anroputMa XaddmeHna nocTpouThb ONTUMATIbHOE anhaBUTHOE KOAMPOBAHUE TEKCTOB
(n1s1 3amanHoro asndasura u g43bika). [IpocTble pacyéTsl OKA3bIBAIOT, YTO TAKOE KOJUPO-
BaHMeE JIJISI PACIIPOCTPAHEHHBIX €CTECTBEHHBIX SI3BIKOB OyA€T MMETh IIEHY KOAMPOBAHIS
HECKOJIBKO MeHbIIe 6, TO eCTh JACT BHIUTPHIII 110 cpaBHeHNO ¢ kKogoM ASCII Ha 25% umn
HECKOJIBKO OOJIbIIIE.

3AMEYAHUE
MeTozbl KOAMPOBAHUS, TTO3BOJISTIONIE TOCTPOUTh (6e3 morepu nHGOPMAIMH!) KOIbI COOOIIEHMI
MeHDbIIIEH IUHBL 10 CPABHEHUIO C MCXO[HBIM COOOIEHNEM, HA3bIBAIOTCS METOIAMU Cxcamusi (Uiu
ynaxoexu) NaHHbIX. KauecTBO ciKaTUs ONPENeNseTcs: Kodpduuyuenmom cacamus, KOTopbiii 0ObI4HO
U3MepsIeTCsT B MPOIEHTAX W TIOKA3BIBAET, HA CKOJIBKO TIPOIEHTOB KOIMPOBAHHOE COODIIEHNE KOPOYe
HICXO/THOTO.

W3BecTHO, 4yTO MpakTUYeCKue MPOTPaMMBbI CKaTus (rar, zip U ZIp.) UMEIOT TOPasfio Jyy-
e rokasaTesu, yeM Koj XaddMeHa: MpU CKATUU TEKCTOBBIX (hailyioB KOahpUIMeHT
ckaTust gocturaer 70% u Gosiee. ITO O3HAUAET, YTO B TAKUX MPOTPAMMaxX HCIIOIb3YeTCsI
He andaBUTHOE KOJIUPOBAHUE.

6.4.2. NMpenBapuTenbHoe NOCTPOEHne croBapa
PaccMoTpuM caiegyionuii ¢rocot KogupoBaHus.

1. HMcxoznnoe cooblenue o HEKOTOPOMY aJIFOPUTMY pa3OUBaeTCs Ha II0CJeA0BaTeIbHO-
cTv OYKB, HaszblBaeMble ¢108amu (CJIOBO MOKET UMETD OAHO MJIM HECKOJIbKO BXOKIEHUI
B MCXOJIHBIN TEKCT COOOLIEHN).
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2. TlotydyeHHOE MHOKECTBO CJIOB CUMTAETCst OyKBaMu HOBOTO ajicasura. [lyist aToro asda-
BUTA CTPOUTCS pasziesmMasi cxema aiaBUTHOTO KOAUPOBAaHUS (PaBHOMEPHOTO KOU-
POBaHUA WU OIITUMAJIbHOIO KOJUPOBAHNUS, €CJIU /LIS KaKJIOTO CJI0BA ITO/ICYUTATD YNC-
JIO BXOXKIEeHUU B Tekct). TlosmydeHnass cxeMa 0OBIYHO HA3LIBAETCST CLOGAPEM, TaK Kak
OHa COIOCTABJISIET CJIOBY KO/I.

3. Jlamee Ko cOOOIIEHUST CTPOMTCS KAK Mapa — KO CJOBapst U TOCJEI0BATEIbHOCTD
KOJIOB CJIOB M3 JIAHHOTO CJIOBApSI.

4. TIpu JeKoJMPOBaHUU UCXOJHOE COOOIIEHNE BOCCTAHABIMBAETCS IIyTEM 3aMEHbl KOLOB
CJIOB Ha CJIOBa U3 CJIOBApA.

MNpumep. [omycrum, 4To TpebyeTcss KOAMPOBATh TEKCThI Ha PYCCKOM fA3biKe. B Kaue-
CTBE aJIFOPUTMA JIeJIEHUs] Ha CJI0BA IIPUMEM €CTECTBEHHBIE TIPABUIIA A3bIKA: CI0OBA OTIEI-
I0TCSI APYT OT Apyra npodeaaMu WK 3HAKaMU MPeNnUHanust. MOKHO IIPUHATD JOIIYILEHNE,
4YTO B KaKIOM KOHKPETHOM TeKcTe umeerca He Oosee 2'6 paznuunbix cjioB (06bIYHO
ropaszo Menbliie). TakuM 00pasoM, KaxIoMy CJIOBY MOKHO COIIOCTaBUTb HOMEp — Iie-
JIoe 4MCJIO U3 ABYX OaiiToB (paBHOMEpHOE KomaupoBaHue). [IOCKOABKY B CPEeAHEM CJIOBA
PYCCKOTO sI3bIKa COCTOAT GoJiee 4eM U3 ABYX OYKB, TaKoe KOAMPOBaHUE JAET CYIIECTBEH-
Hoe ckaThe Tekcta (0KoIo 75% 1Jist OOBIYHBIX TEKCTOB Ha PYCCKOM s3bike). Ecau Teker
JOCTATOYHO BEJHMK (COTHU THICSY WJIM MUJIJIMOHBI OYKB, TO €CTh COTHU U THICSYM CTpa-
HUIT), TO JIOIOJHUTEIbHbIE 3aTPAThl Ha XPaHEHME CJIOBApsl OKA3bIBAIOTCS CPABHUTEIHHO
HeOOIbIINMU.

3AMEYAHUE
JlaHHBII METO/] TIOITYTHO NO3BOJISIET PEIUTD 3aady NOAHOMEKCMOB020 NOUCKA, TO €CTh OIIPE/IeNIUTD,
COZIEPKUTCS JIM 3aflaHHOE CJIOBO (WJIM CJIOBA) B JTAHHOM TEKCTE, IMPUYEM JUIST 9TOTO He HY’KHO
IIPOCMATPUBATh BeCh TEKCT (ZOCTATOYHO IIPOCMOTPETH TOJBKO CJIOBAph).

YkasaHHBIH METO/l MOKHO YCOBEPIIEHCTBOBATH CJeAyionmM obpasoM. Ha mrare 2 cie-
JIyeT PUMEHNTH anroput™ XaddmMeHa s TOCTPOeHUsT ONTUMAJIBHOTO KO/, a Ha IIa-
re 1 — pemmTh IKCTPEMATbHYIO 3aady pasOHEHUsT TEKCTa Ha CJI0Ba TaKUM 0OPasoM,
4TOOBI CPENU BCEX BO3MOKHBIX Pa3bUeHUN BHIGPATH TO, KOTOPOE JMAéT HAMMEHBINYIO TIEHY
Ko/MpoBaHus Ha mmare 2. Takoe KoaupoBanue GyaeT «abcomoTHo» onTuMaabubiM. K co-
JKAJIEHUI0, YKa3aHHAsI SKCTPEMAJIbHAS 3a/[a4a OY€Hb TPYAOEMKA, OITOMY Ha MPAKTHUKE
HEe WCTIOJIb3YeTCsl — BPEMsT Ha TPEBAPUTENbHYI0 06paboTKy GOIBINOTO TEKCTAa OKa3biBa-
€TCsT YPE3MEPHO BEJIMKO JIaske TP UCIOJb30BaHIK COBPEMEHHBIX ObICTPOAEHCTBYOIINX
KOMITBIOTEPOB.

6.4.3. Anroputm Jlemnena—3uBa

Ha mpaxTuke NCTOIBb3YeTCs CAEMYIONast Uaest, KOTOpasi N3BECTHA TAK)KE KaK adanmueHoe
cacamue. 3a OIUH MIPOXOJ] IO TEKCTY OJHOBPEMEHHO IMHAMUYECKU CTPOUTCS CIOBApb U
KoxupyeTcst TeKCT. [Ipu 5TOM HET HeOOXOMMOCTH XPAHUTD CJIOBAPD: 32 CYET TOTO, YTO TIPU
JIEKOJIMPOBAHUM HCIIOJIb3YeTCsT TOT JKe€ CaMblil aJIFTOPUTM IIOCTPOEHUSI CJIOBApsl, CJI0Baphb
JIMHAMUYECKU BOCCTaHAaBJINBAETCS.

Husxe npuBezieHa mpocTeifinas peajnsalys 3Tol ujien, n3BecTHasl Kak azzopumm Jlemne-
na'-3usa’

1 A6paxam Jlemmnen (poa. 1936).
2 SIko6 3us (pox. 1931).
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Axropurtm 6.4. YiakoBka 1o merony Jlemrena—3uBa

Bxo/: MCXOMHBIN TEKCT, 33/laHHbIA MACCUBOM KOJIOB CUMBOJIOB | : array [1..n] of char.
Bbixoa: cKaThIil TEKCT, MPEACTABIEHHDBII MOCJAEN0BATEIBHOCTBIO Tap (p,q), rae p —
HOMEp CJIOBa B CJIOBape, ¢ — KOJI JOMOJIHsIoIIei GYKBBI.
D[0]:=¢;d:=0 // HauayibHOE COCTOSIHHE CJIOBAPSI
k:=1 // HOoMep TeKyIell GYKBBI B HCXOIHOM TEKCTE
while £ < n do
p:=FD(k) // p — uHmeKc HalIEHHOTO CJIOBA B CJIOBape
l:=Length(D[p]) // ! — niauna HaiiIleHHOTO CJIOBA B CJIOBape
yield (p, f[k +1]) // xom Haiimentoro cioBa u emé oxana 6yksa
d:=d+1;D[d] :=DI[p] + f[k+1] // nonosnenue cioBaps
k:=k+1+1 // npoxasuxkeHue Bepel 110 UCXOJAHOMY TEKCTY
end while

OBOCHOBAHUE. Brauase cioBapb D : array [int] of string conepskuT mycroe cJoBo, nMe-
tomee Koz 0. Jlajiee B TeKCTe 1MOC/Ie0BAaTENbHO BBIAEIAIOTCS CI0Ba. BolgessiemMoe cloBO —
9TO MAaKCUMAaJIbHO JJIMHHOE CJIOBO M3 ysKe MMEIOLIMXCS B CJIOBape ILIIC elié OAUH CUM-
BoJI. B cikaToe mpejcTaBiieHne 3aIMChIBAIOTCS HAMIEHHBIH KO CJI0BA W PACIIUPSIONIAst
GyKBa, a CIOBaph TOMOJHSIETCST PACIITUPEHHON KOMOMHAIIMEN. O

3AMEYAHUE
B anroputmax aToro paszena 3HaK «+», IPUMEHEHHBIH K IeJIbIM YUCJIAM, O3HA4yaeT CJOXKeHHe,
a TIPUMEHEHHBIN K CJIOBAM MJIM CUMBOJIAM — KOHKaTeHaINIo.

Mpumep. VYnakosars o Metony Jlemmena—3uBa abedecf abedac

Bxon a b c d e cf ab cd ac
Kox (p,q)| (0,a) (0,b) (0,c¢) (0,d) (0,e) (3,f) (0,) (L,b) (3,d) (1,¢)
Munexke d 0 1 2 3 4 5 6 7 8 9 10

[lonyynnu cxaTbIil TEKCT, TIpe/iCTaBJIeHHBIN MAaCCUBOM Tap:

(0,a), (0,0), (0, ¢), (0,d), (0,¢€), (3, f), {0,), (1,b), (3,d), (1, ¢).

Cii0BO B cJjioBape MINETCs ¢ MOMOIIbI0 HecoxkHOoU dhyHKmu FD.
Bxox: k — HOMEp CHMBOJIA B MCXOJHOM TEKCTE, HAYMHAS C KOTOPOTO HY)KHO MCKATh B
TEKCTE CJIOBA U3 CJIOBapPSL.
Bbixoa: p — MHJEKC CaMOTO JUIMHHOTO CJIOBA B CJIOBApE, COBIAJAIONIETO C CHMBOJAMHU
flk].-f[k +1]. Ecam Takoro cioBa B cioBape HeT, T0o p = 0.
l:=0;p:=0 // HauaJabHOE COCTOSTHHE
for i from 1 to d do
m: = Length(D[i]) // nnuna cioBa B cioBape
if D[i] = f[k..k+m — 1] & m > [ then
p:=1;l:=m // Hauum 6Gojiee TOAXOSIIEE CTOBO
end if
end for
return p

Pacmakoska OCYHIECTBJIAECTCA COACAYIOIMIUM AJITOPUTMOM.
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Auaroputm 6.5. PacmakoBka 1o merony Jlemmena—3uBa

Bxona: cxkaThlil TEKCT, MPEICTABIEHHBIA MacCMBOM map g : array [l..m] of struct { p :
int; ¢ : char }, rae p — HOMeD cJI0Ba B cioBape, ¢ — KO/ AOTOJHSIONIENH OYKBBL.
BbIxoa: MCXOIHBIN TEKCT, 3aJaHHBIN MOCTEI0BATETHPHOCTHIO CTPOK W CIMBOJIOB.
D[0]:=¢;d:=0 // HayaybHOE COCTOSTHHE CJIOBAPSI
for k from 1 to m do
p:=glk].p // p — WHIEKC cl0OBa B CJIOBape
q:=glkl.q // q — nononuuresbHas OyKBa
yield D[p| + q // BbiBoz cJioBa U €Ié OMHONW OYKBBI
d:=d+1;D[d]:=DI[p] + q¢ // nonosnnenue cioBaps
end for

Mpumep. Pacnakosars o metosy Jlemmnena—3uBa
(0,a), {0,b), {0, ¢), (0,d), (0,¢), (3, f), (0,), (1,b), (3,d), (1,¢).

Kor (p,q)| (0,a) (0,b) (0,¢) (0,d) (0,¢) (3,f) (0,) (Lb) B.d) (1,0
CioBapb a b c d e cf ab cd ac
Nunexc d 0 1 2 3 4 5 6 7 8 9 10

Ilonyunnu ucxomusiii TekeT abedecf abedac.

3AMEYAHME

Ha IIPpaKTHUKE MMPUMEHAIOT pa3/IMYHbIC YCOBEPUICHCTBOBAHUS 3TOI CXEMBI:

1. CiioBapbh MOKHO Cpa3y MHUIMAJIN3UPOBATH, HAIIPUMED, KOJAMU CUMBOJIOB (TO €CThb CUUTATD, 4TO
0/IHOOYKBEHHBIE CJIOBA YK€ M3BECTHBL).

2. B TekcTax 4acTo BCTPEYAIOTCS] PETYJISIPHBIE MOCTEI0BATENILHOCTH: TTPOOEIBI, Taby sy B Tab-
saunax u T. m. ColocTaBATh KaKA0H MOIIOCAe[0BATEIbHOCTH TaKOH MOCIeA0BATEIbHOCTU OT-
JIeJIBHOE CJIOBO B CJIOBape HepallMOHAJAbHO. B Takux ciydasx Jjydine NIPUMEHUTb CHElUasib-
HBIIT TIPUEM, HAIPUMED, 3aKOJAMPOBATh 1OC/IENOBATENbHOCTh PoGesoB mapoit (k, s), tae k —
KOJIMYECTBO MPOOENIOB, a § — KOJ mpobea.

SAMEYAHUE

B nannom naparpade mnpezcrasien aaroputm Jlemmnemna—3usa LZ78 (1978 r.), He caenyer nytarth
ero ¢ anxroputMoM LZ77 (Jlemnena—3usa, 1977 T.), KOTOPBI UMeET APYTON MPUHIAIT PabOTHL.

OTCTYNJIEHUE

OcuoBHast unest LZ77 cocTouT B TOM, 4TO BTOPOE U TOCJENyIONNEe BXOKIEHUSI HEKOTOPOIl CTPO-
KU CHMBOJIOB B COOOIIEHUN 3aMEHSIIOTCSI CChUIKAMU Ha eé TepBoe Bxoxkiaenue. LZ77 ucronb3yer
yIKe TIPOCMOTPEHHYIO 4acTh COOOIIEHUS KaK coBapb. UToObI JOOUTHCS CKATUS, OH MbITAETCS 3a-
MEHUTh OYepeNHON (hparMeHT cOOBIEHUsT Ha yKasaTeslb B cojepkumoe cioBaps. LZ77 ucnoabayer
<CKOJIB3sIIIEe> 10 COOBIIEHUIO «OKHO», Pa3/eJIEHHOE Ha JiBe HepaBHble yacTu. [lepBast, 6obias mo
pasMepy, BKJIIOYAET YiKe IIPOCMOTPEHHYIO YacTh cooblienus. Bropast sipisiercst 6ydepom, copeprka-
MM ellé He3aKOANPOBAaHHbBIE CUMBOJIBI BXOIHOTO IIOTOKA. AJITOPUTM IIBITAETCS HAWTH B CJIOBape
(Goubliiei yacTy OKHA) (hparMeHT, COBHAAKMIUN ¢ comepkuMbiM Oydepa. LZ77 Bbiaér Kombl,
COCTOSIIIINE U3 TPEX 3JIEMEHTOB: CMeIlleHHe B CJI0Bape OTHOCHUTEJbHO ero Hadaja TOACTPOKH, COB-
HaJIaiolieil ¢ HAYaJIoM COIEPKUMOro Oydepa; IIMHA 3TO IOACTPOKY; MEPBbIA cuMBoa Gydepa,
caenylomuii 3a noacrpokoil. HezoctaTku: HEBO3MOKHOCTD KOJMPOBAHMS HOJACTPOK, OTCTOSIIUX
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IPYT OT JIpyra Ha PacCTOSHUMU, OOJIbIIEM JJIMHBI CJIOBAPs; JUIMHA MOACTPOKH, KOTOPYIO MOXKHO 3a-
KOJMPOBaTh, OrpaHnyeHa pasmepoM Gydepa. Paccmorpennsiii Asropurm Jlemnena—3usa LZ78 e
MMeeT 9TUX HEeJOCTATKOB.

6.4.4. Kpuntorpadpusa

3amuTa nHOOPMAIUU, XPAHSIIEHCsT B KOMITBIOTEPE, OT HECAHKIIMOHUPOBAHHOTO JIOCTY-
a, MCKKEHUS W YHUYTOKEHUS B HACTOSIINEE BPEMs SBJSETCS CEPHE3HON COIMATBHON
mpobsiemoil. TIpUMEHSTIOTCST Pa3IMYHbIE OAXOABI K PEIIEHUIO 9TOU TPOOIEMBL.

1. TlocTaBUTh MEXIY 3JIOYMBINIEHHUKOM U JAHHBIMU B KOMITBIOTEPE HETIPEOIOTMMBII
«busnueckuii» 6apbep, TO €CTh UCKIIOUUTH CaMy BO3MOJKHOCTH JIOCTYIA K JAHHBIM
IIyTEM HU30JISIIIUU KOMIIbIOTEpPa C JAHHBIMM B OXPaHsIeMOM IIOMEIIeHUH, TPUMEHEHUsT
almapaTHBIX KJII0Yeil 3alMThI U T. 1. Takoil oJxo/ HaJléKeH, HO OH 3aTPyAHSeT A0CTYIl
K JIAaHHBIM JIJIS1 3aKOHHBIX 110JIb30BaTesel, a IOTOMY IIOCTEIIEHHO YXOAUT B [IPOLLIOE.

2. TloctaBuUTh MeEXy 3JIOYMBIILJIEHHUKOM ¥ JIAHHBIMU B KOMIIBIOTEPE <«JIOTUYECKUIT>
Gapbep, TO eCTh IIPOBEPATH HAMUYHUE IIPaB Ha JOCTYII K JAHHBIM U OJIOKHPOBATH AOCTYIL
MIPU OTCYTCTBUM TaKUX MpaB. J{Jis1 3TOTO MPUMEHSIOTCST Pa3JTMYHbIE CUCTEMBI TTAPOJIe,
perucTpanusi 1 uAeHTU(DUKAIIS T0JIb30BaTeNel, pa3rpaHuueHue TIPaB JOCTYIA U T. II.
ITpakTHKa TOKa3bIBaeT, yTO 6OpbOAa MEKAY XaKepaMu U PaspabOTUMKAMU MOJYJIeH
3aIUTHI ONEPAITUOHHBIX CUCTEM WJIET C TIEPEMEHHBIM YCIIEXOM.

3. XpaHuThb JaHHbIE TAKUM 06Pa3oM, YTOOBI OHU MOTJIH «CaMU 3a cebs1 mocTosATh». J[py-
[MME CJIOBAMU, TaK 3aKOAMPOBATH JaHHbIE, YTOOBI, JasKe MOJYYUB K HUM JOCTYII,
3JIOYMBINIJIEHHUK HE CMOT HAHECTH YIIep0a.

ITOT 1 rocJjeaymonme Haparpa(bbl pa3zesia MOCBAMIECHBI O6cy)K/1€HI/IIO METOZI0B KOJIMPO-
BaHWA, IPUMEHAEMBIX B IMOCJEIHEM CJydae.

Hlugposanue — 3T0 KOAUPOBAHUE NAHHBIX C II€JBIO 3ANIUTHI OT HECAHKIMOHUDPOBAH-
Horo pocrymna. [Ipoitece KOAUPOBAHUST COOOIIEHMSI HAa3bIBAETCS wudposanuem (v 3a-
wudposxoil), a Ipolecc JAeKOAUPOBAHUS — pacuugposvieanuem (MO pacuudposroil).
CaMo KoJMpOBaHHOE COOOIIEHIe Ha3bIBACTCS wupposannvim (WA TIPOCTO WUDPOBKOIL),
a MIPUMEHSIEMBIN METO/ HAa3bIBAETCS WUPDPOM.

OcHoBHOe TpeboBanue K MUGPY COCTOUT B TOM, 4T0ObI paciudpoBka (1, MOKET ObITh,
samudpoBKa) GblTa BOBMOYKHA TOJBKO MPU HAJTWYUU CAHKIIUH, TO €CTh HEKOTOPOH 10-
TTOTHUTENbHON MHGpopManun (UM yCTPONCTBA), KOTOpas HA3bIBAETCS KA0YoM Tmdpa.
ITpouecc nekoanpoBaHus MUGPOBKU 6e3 KJfoua HasbiBaeTcsl dewugposanuem (Wi Oe-
wugpavuert, Wiy IpocTo packpvimuem mudpa). Obsactb 3HaHUN 0 METOZAX CO3JAHUS U
packpbITus MMGhPOB HA3BIBAETCS Kpunmozpaguei (Wi mainonucvto). CBOHCTBO mud-
pa MPOTUBOCTOSITH PACKPBITHIO HAZBIBAETCS KPUNMOCMOUKOCMbt0 (WU HAOEHHOCTBIO) U
OOBIYHO OIEHUBAETCS CIOKHOCTBIO AJITOPUTMA Jeniudpanuu.

OTCTYMJIEHUE
B npaxrtuueckoii kpunrorpadun KpUNTOCTONKOCTh HIH(Pa ONEHUBAETCS U3 HKOHOMUYECKUX CO-
obpaxxenuil. Ecsim packpbitne mmdpa cTout (B JEHEKHOM BBIPAKEHHUH, BKJIOYash HEOOXOIUMbIe
KOMIIBIOTEPHbIE PECYPChI, CHELHaIbHble YCTPOUCTBA, YCJAYTH CIEIUATUCTOB U T. 11.) OOJIblle, YeM
cama 3amudpoBaHHasd HHGOPMAIW, TO MHU(P CUUTAETCS JOCTATOUHO HaJEKHBIM.

Kpunrorpadust ussecta ¢ riyGoKoil IPEBHOCTH W HUCIIOAb3YET caMble Pa3sHOOGPasHbIe
mmdpsl, Kak 41cTo MHGOPMAIMOHHbIe, TaKk ¥ MexaHudeckue. B HacTosiee BpeMsl Hau-
GoJibIliee TPAKTHYECKOE 3HAUEHUE MMEET 3alllUTa JAHHBIX B KOMITBIOTEPE, TIOITOMY JIajiee
paccMaTpUBaIOTCST TPOrpaMMHbIie U pPbI st coobinenuii B andasute {0, 1}.
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6.4.5. lWUndpoBaHne ¢ NOMOLLbIO Clly4YalHbIX Yucen

[TycTh MIMeETCsT NaTYMK 1Ce8O0CAYUaliHbIX Yrces, PabOTAIONUI 10 HEKOTOPOMY OIIpe-
JeJIEHHOMY aJToOpUTMY. JacTo MCHONB3YIOT cieayiontii anroput™: 11 :=(a - T; + b)
mod ¢, thne T; — TpenpiIyliee MceBAocaydalinoe uucyio, 111 — ciexyioliee TMCeBIO-
ciydaiiHoe yucio, a KoaGUIHMEHTHI a, b, ¢ MOCTOSHHBI ¥ XOPOLIO U3BecTHbL. OOBIYHO
¢ = 2", rme n — Pa3pSIAHOCTD Tporieccopa, ¢ mod 4 = 1, a b — HeuéTHOE. B atom ciyuae
MOCJIEIOBATENBLHOCTD TICEBAOCTYIAHBIX ynces umeeT mepuop ¢ (eMm. [11]).

I[Iporece mmdpoBanusd onpenensercs caexyoumM obpasom. Iudpyemoe coobienne
MIPEJICTABJISIETCS B BUJIE TIOCEI0BATETBHOCTH CIIOB Sy, ST, . . ., KAKI0E JITTHBI 7, KOTOPBIE
MTOPa3PSTHO CKJIAJIBIBAIOTCS TI0 MOJYJIIO 2 cO cioBaMU TocienosarenbHoctd 1y, 11, .. .,
To ecThb C;: = S; +2 T;.

3AMEYAHUE

IlocnenoBarenprocTs To, T, . .. HA3bIBAETCS 2aMMOl wuppa.

I[Tpouece pacmn@poBbIBAHKUS 3aK/II0YAE€TCA B TOM, 4TOOBI €lIé pa3 CIOKUTH MU(pPOBaH-
HYIO TIOCJIE[JOBATEIBHOCTh C TOW JKe camoil rammoit mmmdpa: S;:=C; 4o T;. Kiodom
mugpa SBIASETCS HauaabHOE 3HaU€eH e Tp, KOTOPOE SIBJISIETCS CEKPETHBIM U JIOJIZKHO ObITh
M3BECTHO TOJIBKO OTHPABUTEJIO U MOJIyYaTes 0 Nn(POBAHHOTO COOOIIEHMUSL.

SAMEYAHME

IlIudpel, B KOTOPBIX i 3amn@poBKU U paciiupPOBKU HCIIOIb3YETCsSI OAUH U TOT e KIIOoY,
Ha3bIBAIOTCS CUMMEMPUUHBIMU.

Eciin mepros mocsieIoBaTeIbHOCTH TICEBAOCAYUANHBIX YMCEJ JIOCTATOUHO BEJUK, YTOOBI
ramma tdpa OblIa JUMHEEe COOOIIEH s, TO AeMmubpPoBaTh COOOIEHNE MOKHO TOTBKO
nogb6opoM Kiova. [Ipu yBeIWYeHUN n 9KCIIOHEHI[HAIBHO YBEJIUYUBAETCS KPUIITOCTOMU-
KoCThb mmmdpa.

OTCTYNJIEHUE
ITOT OYEHb HpOCTOIL/'I n 3(bq)CKTI/IBHbIIL/'I METO/] 9aCTO MPUMCHAIOT «BHYTPWU» IIPOTPAMMHBIX CHUCTEM,
HallpuMep A 3alllMThl /IaHHBIX Ha JIOKAJIbHOM /IUCKE. I[JIH 3alllUThI TaHHBIX, IIE€pe/laBa€MbIX 110 OT-
KPbITbIM KaHaJlaM CBA3H, 0COOEHHO B CJIyda€ MHOTOCTOPOHHETO obMmeHa COO6HleHI/I$IMI/I, 9TOT METO/
IIPUMEHAIOT HE TaK 4YaCTO, [TOCKOJIbKY BO3HUKAIOT TPYAHOCTU C Ha/IEKHOMN Hepeaaqel‘/’l CEKPETHOI0
KJIt04a MHOTHUM I10JIb30BaTeJIAM.

6.4.6. KpunTOCTOMKOCTDb

OmnucaHHBIN B IPEIBIIYIEM MOApaszene MeTo mudpoBaHust 06JaaeT CYIeCTBEHHBIM
HemocTaTkoM. Ecii m3BecTHa XOTsI GBI 9acTh MCXOHOTO COOOTIEHMsI, TO BCé cOObIeHne
MOKET OBITH JIETKO e poBaHo. [[eficTBUTEIBHO, TyCTh U3BECTHO OJJHO MCXOIHOE CJIO-
Bo ;. Torna T; : = C; +2 S;, M najee Bcs MpaBasi 4aCTh FaMMBI MIGpa ONpeessieTcs mo
yKa3aHHOU (hopMyJie aTYMKA TICEBIOCTYYANHbIX YUCEL.

3AMEYAHUE
Ha mpakruke yacth cooOlieHUsI BIOJHE MOKET ObITh M3BECTHA 3JIOYMBbIILIEHHUKY. Hanpumep,
MHOTHE TEKCTOBbIE PEJAKTOPBI MOMEIA0T B Hadauo (ailia JOKyMeHTa OJHY M Ty Ke CIyKed-
Hylo nHbopMarmo. Ecian 3/0yMbIIVIEHHUKY M3BECTHO, YTO MCXOAHOE COOOIIEHHE MOATOTOBIEHO
B [IAaHHOM PEJIAKTOPE, TO OH CMOXKET JIETKO jielindpoBarh coobiIeHue.
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s moBbIIIeHNS KPUITOCTOWKOCTH CUMMETPUYHBIX MUMPOB MPUMEHSIOT Pa3INYHbIe

TIPUEMBL:

1) BbluMcieHKre raMMbl Udpa 10 K04y 6ojiee CI0KHBIM (MM CEKPETHBIM) CII0COO0M;

2) IpUMeHeHHe BMECTO +5 0oJiee c10KHOU (HO 0O6paTuMOi) OIepaiuu s BhIYUCIEHUS
i poBKY;

3) upeaBapuTelIbHOE TIEpeMeNIBaHe OUTOB MCXOAHOIO cO00IEeH s 110 (PUKCHUPOBAHHO-
MYy aJTOPUTMY.

Haub6oJiee HanéxHbIM cuMMeTpryaHbIM Inugpom cuutaercss DES (Data Encryption Stan-
dard), B KOTOpOM HCTIOMB3YETCST CPa3y HECKOIBKO METOOB MOBBIMEHUST KPUTITOCTOIKO-
CTH.

6.4.7. lWUndppoBaHne ¢ OTKPbITbIM KJTIOHOM

B HacTostiiiee BpeMs IUPOKOE PACIIPOCTPAHEHUE TIOJYUWIN WUDPbL C OMKDULMBIM KIIOUOM.
I1u mUbPHl He ABJSIOTCS CUMMETPUYHBIMEA — JUIS 3aNTH(MPOBKU W pacuimdpoBKY HC-
MOJMB3YIOTCS  pasHble  Kaoud.  [Ipy  9TOM  KJIOY,  MCHOJIb3yeMblil st
3ammdPOBKH, SIBJISETCS OTKPBITBIM (HE CEKPETHBIM) U MOKET OBbITh COOOIIEH BCEM KeJla-
IOIUM OTIPABUTH MK(PPOBAHHOE COOOIIEHNE, a KJIIOY, UCIIOIb3YEeMbIii 1JIs1 paciuinpPOBKH,
SIBJISIETCS 3aKPHITHIM M XPaHUTCS B CEKpeTe IoJiydaresieM HiMpPOBAaHHBIX COOOIIEHUI.
Jlaxke 3HaHME BCero 3amM(POBAHHOTO COOBIIEHUS U OTKPBITOTO KJIOYA, C TOMOIIILIO KO-
TOPOTO OHO OBLIO 3an(pPOBaHO, He MO3BOJIsIET JAemudpoBaTh coobiieHue (6e3 3HAHMS
3aKPBITOTO KJIIOYA).

[MTudbpoBanme ¢ OTKPHITHIM KIIOYOM TIPOUIBOIUTCS CAELYIONIM 00Pa3oM.

1. TlomyuareseM cooOUIEHUI MPOM3BOIUTCS TeHepalisl OTKPHITOro KJioda (Iiapa duces
n W e) M 3aKpbIToro Kiova (uucio d). [lns aroro:
a) BBIOMpatOTCs ABa NPOCThIX uncaa (. 2.4.4), p u g;
6) BBIYMCJSAETCS TIEPBask YaCTh OTKPBITOTO KJIOYA 7 : = pg;

B) ONpeJeNsIeTcss BTOPAs YacTh OTKPBITOTO KJ0Ya — BbIOMpaeTcst HeGOJbINOE He-
4ETHOE YUCJIO €, B3aMHO 1pocTtoe (1. 2.4.2) ¢ unciom (p—1)(¢—1) (3ameTum, uto

(h—1)q— 1) = pa(l - 1/p)(1 — 1/q) = p(n), . 249);
I) OompejesseTcs 3aKphIThIi Kmod: d:=e ! mod (p — 1)(q — 1).
ITocJie yero OTKPBITHIN K04 (4KciIa n 1 e) coodIaeTcss BCeM OTIIPaBUTENISIM coolIIIe-
HUH.
2. Ornpasutens mubpyer coodinenne, pazduBast ero, eciu Hy:KHO, Ha CI0Ba S; IITHHON
Mmenee log, n pas3psinos: C;: =(.5;)¢ mod n, 1 OTHPABJISET MOJIYYaTEIO.

3. TMomyuarens pacumbpoBbBaeT COOOIIEHNE € TIOMOIIBIO 3aKPLITOTO KJII0Ya
d: P;:=(C;)? mod n.

TEOPEMA. [llugposanue c OMKpoimovLM KIHOUOM KOPPEKMHO, O eCMb 8 NPedbloyuux 060-
3nauenusx P; = S;.

DOKASATENLCTBO. Jlerko BugeTh, uto P; = (5;)°? mod n. Ilokaxkem, 4To
VM <n (MEdEMmodn).
JeficTBUTENBHO, YNCIA d U € B3aMMHO 06paTHbI 110 MoayJo (p — 1)(¢ — 1), To ectb
ed=1+k(p—1)(g—1)
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pu Hekotopom k. Eciiu M # 0 mod p, To 110 manoit Teopeme @epma (11. 2.4.9) umeem
M= M (M(pfl))k(qil) = M - 1%=1) = M mod p.

Eciu M = 0 mod p, To cpaBuenue M ¢d = M mod p, oueBUAHO, BBINOMHAETCS. Takum
oGpasom, V0 < M <n (M = M mod p) . CoBepIIeHHO aHATOTIYHO MMeeM

VO M <n (M= Mmod q) u, 10 CIEACTBIIO U3 KATANHCKOI TeOpeMbl 00 0CTaTKaX
(. 24.7), VM < n (M = M mod n) . Iockonbky S; < n n P; < n, 3aKI09aeM, 4TO
Vi (P =S;). O

MpumMmep. Teneparus KiIroYeit:

1. p:=3,q:=11.

2. n:=pqg=3x*11 =33.

3. (p—1)(¢g—1)=2%10=20,¢e:=T.

4. d:=7"tmod 20 = 3, (7+ 3 mod 20 = 1).
[Myctp S1:=3, So:=1, S3:=2 (51, S92, 53 < n = 33). Torna xoj onpenesnsieTcs ciaenyio-
UM 06Pas3oM:

1. C;:=3" mod 33 = 2187 mod 33 = 9.

2. Cy:=1"mod 33 =1 mod 33 = 1.

3. C53:=27 mod 33 = 128 mod 33 = 29.
[Ipu pacuindpoBke umeem:

1. P, : =93 mod 33 = 729 mod 33 = 3.

2. Py:=13mod 33 =1 mod 33 = 1.

3. P3:=293 mod 33 = 24389 mod 33 = 2.

OTCTYNJIEHUE

[T pbl ¢ OTKPBITHIM KJIIOYOM CPABHUTEIBHO IIPOCTBI B PEAJTU3AIIH, OYEHDb IIPAKTUYHBI (IIOCKOJIBKY
HeT HEOOXOIMMOCTH TIEPECHLIATD 0 KAHAJIAM CBSI3U 3aKPBITHII KJIIOY U MOKHO GE3011aCHO XPaHUTD
€r0 B OJIHOM MECTE) U B TO K€ BPeMs 0OJIA/[al0T BhICOYANIIEN KPUNITOCTOIKOCThIO. Kaskercs, 4to
nemdpoBarh COODIIEHIE HECTOKHO: JOCTATOYHO PA3JIOKUTh OTKPHITO OMYOIMKOBAHHOE YHCIIO 7N
Ha MHOKHUTEJH, BOCCTAHOBHUB YUCJA P U ¢, U JIAJiee MOXKHO JIETKO BBIYUCJIUTDH CEKPETHDIH KII0Y
d. OmHako [eio 3akjio4yaercs B cienyionieM. B Hactosiiee Bpemsi usBecTHbl 3G QeKTUBHbIE aIT0-
PUTMBI ONIPE/ICIEHUSI TIPOCTOTHI YUCEJ, KOTOPbIE TI03BOJISIIOT 32 HECKOJIBKO MUHYT MOI00paTh mapy
o4eHb Gonbimmnx mpocThix yucesn (o 100 u Goapure mnudp B gecaTuuHol 3anucn). B 10 e Bpems
HeusBecTHbI 9(PEKTUBHBIE AITOPUTMbI PA3JIOKEHMsT OY€Hb GOJIBIINX YKMCET HA MHOXUTE . Pas-
JoKeHne Ha MHOKkuTeu yncia B 200 u Gosibiie 1udp norpeboBano Obl cOTEH JeT paboThl CaMOTo
JIYYIIIeTo CyIepKOMIIbIoTepa. [Ipu mpakTruyeckom mpuMeHeHnn mudpoB ¢ OTKPBHITHIM KJIIOYOM UC-
MOJIb3YIOT JAEHCTBUTENBHO GoJblre npocThie yrciaa (e Menee 100 nudp B gecATHIHON 3amucH, a
06BIYHO 3HAYMTETLHO GoJibilie). B pesysbrate BCKPBITH ATOT MUGP OKa3bIBAETCS HEBO3MOXKHO, €C-
Ji He cymiecTByeT a((HeKTUBHBIX aJTOPUTMOB PA3JIOKEHIT HA MHOKUTETH (UTO OYEHb BEPOSITHO,
XOTsI ¥ He JJOKA3aHO CTPOTO).
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6.4.8. LUndppoeaa nognuchb

[ITudp ¢ OTKPHITHIM KJIIOYOM TIO3BOJISIET BITIOJHATHL U MHOTHE JIPYTUE MTOJIE3HbIE OTIepa-
LM, TOMUMO I POBAHKS U HOCBLIKK cOo00IeHuii B oy cropony. IIpesxie Bcero, st
OpraHu3aliuiu MHOTOCTOPOHHEN CEKPETHON CBSI3W KAXKIOMY M3 YYaCTHUKOB JOCTATOYHO
CTeHepUPOBaTh CBOK Mapy KJodyeld (OTKDBITBHII M 3aKPHITHIN), a 3aTeM COOOLIUTh BCEM
TIApTHEPAM CBOM OTKPBITBIA KJTIOY.

3aMeTuM, 4TO ollepaluy 3aimu@poBKU U pacingpoBKY, 110 CYIIECTBY, OAMHAKOBBI U Pa3-
JIMJAIOTCS TOJBKO TTOKA3aTesieM CTEIeHH!, a IOTOMY KOMMYTHDYIOT:

M = (M®)% mod n = M® mod n = M mod n = (M%) mod n = M.

3710 06CTOATENBCTBO TIO3BOJIAET IPUMEHSITh Pa3IMYHbIE TIPUEMBI, U3BECTHBIE KaK Uu@po-
6as (WA INEKMPOHHASL) TIOTIVICE.

PaccmoTpuM ciiefyioniyio cxeMmy B3auMojeicTBUsI KoppectonenToB X u Y. Otnpasu-
Tenb X KopupyeT coobuienue S cBouM 3akpbiThiM KaodoM (C': =S¢ mod n) u mocwliaer
nosyuareno Y mapy (S, C), To ects moamucanioe coobuienue. Ioyuarenp Y, mOTyuns

TaKoe cooObIIeHIe, KOAUPYET IOAIUCH COOOIIEHUST OTKPBITHIM KJIIOUOM OTIIpaBUTES X .

To ectp Bhumcager S’ :=C°¢ mod n. Ecim okaswbBaercd, uto S = S’, T0 310 03Ha-

vaet, uto (HemupposBanHoe!) coobiienue S MEHCTBUTETBHO GBLJIO OTIIPABJIEHO KOPpE-
crongedToM X. Ecim ke S # S’, To coobuieHne ObLIO MCKaKEHO MPH Iepegade Wau
danvcudurmponano.

OTCTYNJIEHUE

B 11011061010 pojia cxeMax BO3MOKHbBI Pa3JIMyHbIe IPOOJIEMBI, KOTOPBIE HOCSIT YK€ HEe MaTeMaTuye-
CKUI, a colMaibHbIN XapakTep. Hanpumep, 10mycTuM, 4TO 37I0YMBIIJIEHHUK Z UMEEeT TeXHUUECKYT0
BO3MOKHOCTb KOHTPOJIMPOBATDH BCIO BXOASIIYI0 KOPPECIIOH/ICHIIUIO TToJIy4yarTesis Y He3aMeTHO IS
nociuensero. Torzaa, mepexBaTuB cooblieHne OTMpaBUTeNst X, B KOTOPOM COOOIIAJICS OTKPBITHIN
KJIOY €, 3JIOYMBIIUIEHHUK Z MOKET IOJMEHUTb OTKDPBITHI KJO4 OTipaBuTesss X CBOMM C00-
CTBEHHBIM OTKPBITBIM KJ04oM. [locjie 3TOro 3710yMbIIIJIEHHUK CMOXeT (haabcuuimupoBarh Bce
coo0IeHIsI OTIIpaBuUTesT X, TIOANUCHIBAsE UX CBOEH IM(POBOIL MOAIMCHIO, M TAKKUM 00pa3oM ieii-
CTBOBaTh OT uUMeHM ornpasutesns X. [pyrumu ciaoBamu, nudpoBasi MOJIKNCH YAOCTOBEPSIET, YTO
coobuienne S MPUILIO U3 TOTO e UCTOYHUKA, U3 KOTOPOTO GBI TIOJYYeH OTKPHITHIA KII0Y e, HO
He GoJiee TOTO.

MosKHO TOAMUCHIBATH U MIM(pPoBaHHbIE cOObIIeHUst. JIJIst 9TOT0 OTIpaBuTe b X CHadama
KOJIMPYET CBOUM 3aKPBITBIM KJIIOYOM coobiieHue S, mosydast nudposyo noamuch C, a
3aTeM KoaupyeT nosydennyio napy (S, C') oTKpbITbIM KiiouoM nosydaresis Y. [oxyuus
Takoe cOOOIIeH e, oTyYaTe b Y CHauaia paciimdpoBBIBAET COOOIIEHNE CBOMM 3aKPHI-
TBHIM KJTIOYOM, a TIOTOM YOEKAAeTCs B TOJTMHHOCTH MOJTYYEHHOTO COOBIIEHNS, CDABHIB
€TO C pe3yJbTaTOM MPUMEHEHUS OTKPBITOTO Kiova oTrpaButesns X k noanucu C.

SAMEYAHME
K coxanenuio, paxke 3T Mepbl He CMOTYT 3all[UTHTh OT 3JIOYMBINJIEHHUKA Z, CYMEBIIETO TOJI-
MEHMTDb OTKPBITBHIN KJIou oTnpaButess X. KoHeyHo, B 9TOM ciydae 37I0yMBINIEHHUK HE CMOXKET
nenmdpoBaTh NCXOIHOE COODIIEHNE, HO OH CMOXKET MOIMEHHUTD MCXOIHOE coobiienne danbeudu-
[[MPOBAHHBIM, a TOJTy4ATeNb HE CMOXKET OOHAPYIKUTH MOAMEHY COOOIIEHHUSI.
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JTa TJIaBa OTKPHIBAET 3aKJIOYUTETHHYIO YaCTh KHUTH, TIEJIMKOM MOCBSIIEHHYIO Tpadam
u asroputMaM Ha HuX. Cpenu JUCIUIIMH U METO/IOB JIMCKPETHON MAaTEMATUKKU TEOPUs
rpadoB ¥ OCOOGEHHO azopumMyvL HA 2pagax HaXoAST Harbojee MUPOKOE MPUMEHEHUE
B MPOTPAaMMUPOBAHUM.

Kaxk mokaszano B paszesie 7.5, MKy TIOHATHEM Tpada U MOHITHEM GHHAPHOTO OTHOIIe-
HUsI, PACCMOTPEHHBIM B TJIaBe 1, nMeeTcst TIyOOKast CBSI3b — MOYKHO CKa3aTh, YTO 3TO
pPaBHOOODBEMHDBIE TTOHATHS. BO3BHUKAET €CTECTBEHHBIN BOIIPOC, TIOUEMY Ke Toraa rpadam
OKa3bIBAETCS CTOJIb 3aMETHOE IpeANoYTeHrue MPU M3YYeHWU IUCKPETHON MaTeMaTHKH
Y TIPOTPaMMUPOBAHUS?

Jlesio B TOM, 4TO Teopusi TpadoB IPEJOCTaBIIET OUeHb YAOOHBIN A3bIK AJIsS ONUCAHUS IIPO-
rpaMMHBIX (ZIa 1 MHOTHX JPYTUX) MOJEJeH. DTOT TE3NC MOKHO TOSICHUTD CJEAYIONEi
aHajoruveil. [loHsATHE OTHOUIEHUS TaKKe MOYKHO ITIOJTHOCTHIO BBIPA3UTh Uepe3 MOHSATHE
MHOKecTBa (3ameuanve B 1. 1.5.1 u gamee). OmHAKO HE3aBUCHUMOE OIpEAeIeHne TOHI-
TS OTHOLIEHUS y000Hee — BBEIEHNE ClIelMabHBIX TEPMUHOB ¥ 0003HAYEHUH yIIpoIaeT
U3JI0KEHME TeOPUH U zieiaeT eé Gosee MOHATHON. To e OTHOCUTCS 1 K Teopur rpados.

CrpoiiHas cucTeMa CIelUaIbHBIX TEPMUHOB U 0003HaYeHUN Teopuu TpadoB MO3BOJISIET
IIPOCTO U JIOCTYITHO ONUCHIBATH CIOKHbBIE 1 TOHKYE Beln. OcoOeHHO BajkHA BO3MOKHOCTh
HarJIsaHou rpadudeckoii unrepnperanun nousatus rpada (cm. n. 7.1.4). Camo HazBaHue
«rpad» mozpasyMeBaeT Hajuuue rpaduueckoil MHTeprperayy. KapTHHKN 4acTo 103-
BOJISTIOT CPa3y <«yCMOTDETh» CYTh [leJla HA WHTYUTHBHOM YPOBHE, [OIIOJHSIS M yKpalrast
YTOMUTEJIbHbBIE TEKCTOBBIE [IOKA3aTeIbCTBA U CIOKHbBIE (DOPMYJIHL.

IpeacraBienue rpadoB U MOAOOHBIX UM OOBEKTOB B MpOTpaMMax AaéT yOeauTesbHbIi
npuMep pemaionieil poJM MpejCcTaBAeHus JAaHHBIX B IporpamMMmupoBanuu. [as rpados
MHO’KECTBEHHOCTh AJITEPHATUBHBIX MPEICTABJIEHUH B TPOrPaMMaX HE TOJBKO TEOPETH-
YeCKM BO3MOJKHA, HO W MPAKTUYECKN HenzOekHa. MHOTHe alTOpUTMBbI Ha rpadax g10cTa-
TOYHO H(HHEKTUBHBI B TOM CMBICJIE, YTO UMEIOT HEBBICOKYIO TEOPETUYECKYIO OIIEHKY TPY-
noémrocty. Takue aqropuT™Mbl GbIBAIOT UYBCTBUTEILHBI K A/JIMTUBHBIM U MYJIBTHILIAKA-
TUBHBIM KOHCTAHTaM, KOTOPBIMHU TIPEHEGPETAIOT TP TIOJYUYEHUH TEOPETIHUYECKON OTEHKH.
3HaveHre 9TUX KOHCTAHT OTpe/esisieTcst pecTaBierreM rpada. Ha mpaktuke, ocobeHHO
st 6oabIux TpadoB, HeyIauHO BHIOPAHHOE MPE/ICTABIEHIE MOKET BOCIIPEIATCTBOBAT
PEIIeHNI0 KOHKPETHON 3a/1aull Ha UMEIoIeMcst 060pPY/I0BaHUM.

ITa ry1aBa MPAKTHYECKH TTOJHOCTBIO TOCBSIIEHa OMUCAHNIO A3bika Teopun Tpados. Kown-
KPETHbIE METOJBI ¥ JITOPUTMBI (GoJiee TIOAPOOGHO PACCMATPUBAIOTCS JlAJiee.

7.1. OnpepenexHusa rpados

Kak 970 HU yIMBUTETBHO, HO J7Is TIOHATHS «IPpad» HeT 06IEeNnPU3HAHHOTO eIMHOTO OTIpe-
nejieHus. PasHble aBTOPBI, 0COOEHHO TIPUMEHHUTENBHO K Pa3HbIM MPUJIOKEHISIM, Ha3blBa-
0T CJIOBOM «Tpad» OYeHb MOXOKUE, HO BCe-TAKU PA3IUYHbIE OOBEKTHL. 3eCh MCIOJb-
3yercs TEPMUHOJIOTHsI U3 KHUrK Xapapu [9], Kotopast Oblia BhIOpaHAa U3 COOOPasKEHUI
MaKCHMAaJbHOTO YIIPOIIEHUS OTpe/eJIeHU 1 TOKA3aTeJIbCTB.

7.1.1. UcTtopua teopuu rpacdpoB

Teopus rpacdhoB MHOTOKPATHO TI€PEOTKPBIBAJIACH PA3HBIMU aBTOPAMU TIPU PEIIEHUU Pa3-
JINYHBIX TPUKJIAIHBIX 3a/1a4.
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1. 3adaua o kénuzcbepeckux mocmax. Ha puc. 7.1 npeacraBieH cCXeMaTUIeCKuii TJIaH 11eH-
TpasibHON Yactu ropoga Kénurcbepr (HbiHe KanmuHuHrpam), BRIOUYAIINI 1Ba Gepera
pexu llperois, 1Ba ocTpoBa HA Hell U ceMb COeIMHSIONINX UX MOCTOB. 3ajjada COCTOUT
B TOM, 4TOOBI 060¥TH Bee YeThipe yyacTka cymmu (oboszHauenst A, B, C, D), mpoiis mo
K)KI0MY MOCTY OJMH Pa3, I BEPHYTbCA B MCXOAHYIO Touky. B 1736 roxy Ditnepom’
OBLIO IIOKA3aHO, YTO pelIeHMs HTOH 3azauyu He CyllecTByeT. TouHee roBopsi, Jijep
HOJTyYUT HeOOXOANMOE U JIOCTATOYHOE YCJIOBUE CYIIECTBOBAHUS PEINEHUs JUIST BCEX
3ajlay THIA 3a4a4u 0 KéHurcbeprekux mocrax (cm. m. 10.2.1).

A N Y

N\
J
N

PR - PR
AT N

7 < J X\ J N D

Puc. 7.1. NnniocTtpauus K 3agade 0 KEHUrcOeprckmx MocTax

2. 3adaua o mpéx domax u mpéx xonoduax. ViMeercst Tpu J0Ma U TPH KOJIOJIA, KaKUM-
TO 06pPa30M PACTOIOKEHHbIE Ha TIOCKOCTH. TpeGyeTcst MPOBECTH OT KasKA0TO JI0Ma K
KaKTIOMY KOJIOJIITY TPOTIMHKY TakK, YTOOBI TPOTIMHKY He TIEPECEKATICh. JTa 3ajlaua TaK-
e He umeet pemenns (puc. 7.2). B 1930 roxy Kyparosckum? 6110 [0Ka3aHO HAMHOTO
GoJiee CUIIbHOE YTBEPK/IEHNE, & UMEHHO JOCTATOYHOCTD YCJIOBHUS CYIECTBOBAHUS Pe-
[IeHUs LIS BCEX 3ajiay THUIIA 33[a4i O TPEX J0oMax U TPEX Kosoanax (HeoOX0IMMOCTh
9TOro ycjioBus Oblia U3BecTHa U paHee, M. 1. 10.8.2).

Puc. 7.2. NnnocTtpauus K 3aga4e 0 TPEX A0Max U TPEX Konoauax

3. 3adaua o uemvipéx kpackax. Paznenenue MIOCKOCTH Ha HETIEPEKPBIBAIONIECS 006JacTH
HasbiBaeTcst kapmou. O6macTi Ha KapTe HA3BIBAIOTCS COCEAHUMH, €CJIM OHU WMEIOT
o61Iyio TpaHuIly. 3ajlaya COCTOUT B PACKPANIMBAHUU KapThl TAKUM OOPa3oM, 4YTO-
6Ll HUKaKWe [Be cocemHue 00macTy He OBLTM 3aKpalieHbl OIHUM I[BeToM (pHc. 7.3).
C xonma XIX Beka m3BeCTHa THUIOTE3a, YTO JJIS 3TOTO JOCTATOYHO YETHIPEX KPACOK.
B 1976 roxy Anmenp u XelikeH onyOIMKOBaIU PelIeHre 3a0a4l O YeTHIPEX KpacKax,
KOTOpoe 6a3upoBaIoCch Ha Tepebope BAPUAHTOB € MOMOIILI0 KOMITBIOTEPA.

t Jleonapn ditnep (1707-1783).
2 Kasumup Kypartosckuii (1896—-1979).
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()

Puc. 7.3. Wnnioctpauus K 3agayde 0 4eTblpEX Kpackax

OTCTYINMJIEHUE

Pemenne 3agmaun o 4erplpéx kpackax ArmmesneM M XeHKEHOM <«IIPOTPAMMHBIM IIyTeM» SIBUJIOCH
PeIeIEHTOM, TTOPOAUBIINM OYypHYIO [IHMCKYCCHIO, KOTOpasi OTHIOAb He 3akoHdyeHa. CyThb ory6-
JIMKOBAHHOTO DEIEHKsI COCTOUT B TOM, 4TOObI 1epebparh OOJIbIIoe, HO KOHEYHOe YHCI0 (OKOJIO
2000) TUIIOB MOTEHIMAIbHBIX KOHTPIIPUMEPOB K TEOpPeMe O YeThIPEX KPacKax U IOKa3aTbh, YTO
HU OJIMH CJIy4Yail KOHTPIIPUMEPOM He SIBJISIeTCS. DTOT 1epeGop GBI BBIMOIHEH TPOrPaMMOii TIpu-
MEpPHO 32 ThICSYY 4acOB PabOThl CYIIePKOMIIbIOTEPA. IIPOBEPUTD «BPYyUYHYIO» IIOJYUYEHHOE pellleHue
HEBO3MOKHO — 0OBEM T1epebopa BBIXOAUT JAJIEKO 32 PAMKHM YEJOBEYECKUX BO3MOXKHOCTEH. MHO-
rMe MaTeMaTUKK CTaBsIT BOIIPOC: MOXKHO JIM CYUTATh TaKOe <IIPOTPAMMHOE J0Ka3aTesbCTBOY» JIeii-
CTBUTEJILHO JI0Ka3aTebecTBOM? Benb B mporpamme MoryT ObiTh ommOKu... Metozabl hopMaibHOTO
JIOKa3aTeIbCTBA TIPABUJIBHOCTU MPOTPAMM He NMPUMEHUMbBI K MIPOrPaMMaM TaKOH CJIOKHOCTH, KaK
obcyxkmaemast. TectupoBanue He MOXKET rapaHTHPOBATH OTCYTCTBUE ONIMOOK M B TaHHOM CJIydae
BOOGIIEe HEBO3MOXKHO. TakuM 06pasoM, ocTaéTcsl YIOBATh HA TPOTPAMMHUCTCKYIO KBAJIU(MUKAIIIO
ABTOPOB ¥ BEPUTH, YTO OHU BCE CIIEJIAIN TIPABUJIBHO.

7.1.2. OcHOBHOe onpepeneHve

Ipagom G(V, E)) Ha3bIBaeTCS COBOKYITHOCTD JBYX MHOKECTB — HEIYCTOTO MHOXeCTBa V
(MHOeCTBa 6epwun) U MHOXKeCTBa E JBYX3/€MEHTHBIX MOAMHOMKECTB MHOXKecTBa V
(E — MHOKecTBO pébep),

GV,B)X (ViE), V#@, Ec2’ &VecE (le|=2).

3AMEYAHUE
Jlerko BUZETb, 4TO JT1060€ MHOKECTBO E IBYX3JIEMEHTHBIX TIOIMHOKECTB MHOKECTBA V' OlIpeIesier
CUMMETPUYHOE GUHAPHOE OTHOLIeHUE Ha MHOXKecTBe V. [loaToMy MOKHO cuutaTh, uto B C V XV,
FE = E~! u TpakToBarh pe6po He TOJbKO KaK MHOXKECTBO {v1,vs}, HO 1 Kak mapy (vi,ve).

Yucso Bepimud rpada G 0603HAUUM p, a YucIo pédep — ¢
Def

ef
p Zp(@) E v, ¢ = q@) 2 El

Eciu X0TAT sIBHO YIOMSIHYTh YKCJIOBbIE XapaKTepUCTUKK Tpada, To ToBopaT (p, ¢)-rpad.

Def Def

SAMEYAHMUE

MHoKecTBa BepIIUH 1 PEGEP CUMTAKOTCS KOHEUHBIMU, €CJIU SIBHO HE OTOBOPEHO IIPOTUBHOE.
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7.1.3. MHUNAQEHTHOCTb, CMEXHOCTb U AOMNOJIHeHue

ITyctb vy, v9 — BepuMHbL, e = (v1,v9) — coexuHsiolniee ux pebpo. Torma BepiIUHA vy
u pebpo e unuudenmuoi, pedpo e 1 BEPIINHA vy TaKKe MHIMIAEHTHBL [IBa peOpa, MHIIN-
JIEHTHDIE OJTHOM BePIINHE, HA3BIBAIOTCS CMEXCHOLMU; IBE BEPIIUHBI, HHIUIEHTHBIE OJHOMY
pe6py, TakKe HA3bIBAIOTCS CMENCHOIMU.

MHOXKECTBO BEPIIUH, CMEKHBIX C BEPIIUHONW v, HA3BIBACTCS MHOICECMEBOM CMENICHOCTIU

(unu  oxpecmnocmuio) BeplMHb v U obo3Havaercs [T (v). Ilo ompexeneHuto
Def Def

rt(v) = {ueV](u,v) e E}, T*w) =TT (v)+w.

MHoskecTBO pébep, MHIMAECHTHBIX BEPIINHE v, HA3BIBACTCI MHONCECIBOM UHUUOECHIMHOCTU

BepunHbl v 1 obosHavaercss A(v). ITo onpenenennio A(v) et {e€ E|veel

3AMEYAHME

Ecmu ne OTOBOPEHO MPOTHUBHOE, TO CUMBOJI I Ges NHJEKCa I10/[padyMeBacT F+, TO €CTb CaMy
BEPHIMHY B OKPECTHOCTDb HE BKJIIOYAIOT.

OueBnpno, uro u € I'(v) <= v € T'(u). Ecin A C V' — mHoxecTBO Bepiu, To I'(A) —
MHOJKECTBO BCEX BEPIINNH, CMEKHDBIX C BEPITHHAMHA 13 A:

T(A) 2 fueV|3ved (wel ()} = |JTw).

veEA

Pacemotpum rpad G(V, E) ¢ HekoTopbiM MHOKecTBOM BepinuH V. Jonoanenuem G(V, E)
HA3bIBAETCS JIPYTOil rpad, ¢ TEM K€ MHOKECTBOM BEPIIUH V, B KOTOPOM BEPIIIMHDLI CMEIK-
HBI TOT/Ia U TOJIKO TOT/A, KOTZA OHU HE CMEXHBI B MCXOAHOM rpade.

Jlpyrumu ciioBamu, ecau pebpo e = {u, v} TpuHAATERUT rpady, TO OHO He TPUHAITEKUT
JomoHeHn o Tpada, u 06paTHO, eciu pedpo e = {u, v} MPUHAMIEKUT TOTOJTHEHUIO Tpada,
TO OHO He NPUHAJJIEXKUT rpady.

TEOPEMA. Cymmapioe Koiuwecmso pébep 6 zpage u 6 ezo 00noIHeHUuUu onpeoensemcs
wucaom sepuun p u pasno p(p — 1)/2.

[OKABATENLCTBO. UNC/I0 BYX3/EMEHTHBIX MOJMHOXKECTB MHOXKECTBA BEPIIMH — 3TO
i —_p
ynco couetannii C(p,2) = T = p(p—1)/2. O

CNEACTBUE. /s 110601 6epuiuibl CYMMApHOe KOJUUECIBO BEPULUN CMENCHBLX U HE CMEC-
HbIX € Hell pasHo p — 1.

JlomosiHeHTe MOJKHO PacCMaTPUBATh M KaK OMepanuio Ha rpadax, u Kak OTHOIIEHUE MEK-
ny rpadamu. Kak omepaiius, J0N0JIHEHNE WHBOJIOTUBHO: JOTIOJTHEHUEM K JIOTIOJIHEHUIO
rpaca sBasiercs cam rpad. Kak oTHolIeHne, 10MOIHEHe CAMMETPUYHO: ecii G BJIseTCs
nononaenueM G, To u G sBisieTcs ponosHeHueM G.

7.1.4. Ouarpamma rpada

O06b1uHO rpad U306pakaoT Juazpammoil: BepIIuHbl — TOYKaMu (MM KpysKKamu), péd-
pa — JIMHUSAMU.
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Mpumep. Ha puc. 7.4 npuBeneH npuMep auarpaMmbl Tpada, UMEIOIIETo YeTbipe Bep-
[UHBL U 15Tk pébep. B aToM rpade BEpUIMHBL v1 U Vs, Vo U V3, U3 U Vg, Vg U V1, Vo U U4
CMESKHBI, 2 BEPIIUHBI U] ¥ v3 He cMeskHbL. CMeXHble PEOpa: e U eg, ez U €3, €3 U €4, €4
ne,e nes, €3 Ues, €3 UE5, €4 U E5. Hecmesxubie pe6pa €1 " ez, €2 U ey.

V1 Vy
€1
€s
€4 ez
€3
V4 V3

Puc. 7.4. Ouarpamma rpada

7.1.5. Oprpadsl, ncesporpadbi, mynbTurpadol n runeprpadbl
Yacro paccMaTpUBAIOTCS U APYIHe POACTBEHHbIE TpadaM 0ObEKTHI.

1. Ecsm ajieMeHTaMu MHOKECTBA F SABISAIOTCS ynopsidouennwie napbl (to ectb £ C VX V),
To rpad HazbIBaeTcs opuenmupogannvim (Uau opzpagom). B aToM ciydae sieMeHTbHI
MHO’KeCTBa V' Ha3bIBAIOTCS Y3IAMU, A DIIEMEHTBI MHOXKeCTBa E — dyzamu.

2. Eciu ajieMeHTOM MHOKecTBa E MoxeT ObITh napa odunaxosvix (He PasjudyHbIX) dJe-
MEHTOB V/, TO TaKoll aJieMeHT MHOXKecTBa E HasbrBaeTcs nem.etl, a Tpad Ha3bIBAETCS
epaom ¢ nemasmu (M ncesdozpapom).

3. Eciin E gBiisieTcsi He MHOYKECTBOM, a MYAbMUMHONCECMBOM, COJIEPKAIIUM HEKOTOPBIE
DJIEMEHTHI 110 HECKOJIbKY Pas, TO 9TH DJEMEHTbl Ha3bIBAIOTCS KPAMHbIMU PEOPaAMU,
a rpad Ha3bIBAETCS MYAbMUZPAPOM.

4. Ecnu ajieMeHTaMU MHOXKeCTBa F SIBJISIOTCS He 00sI3aTebHO [[BYX3JIEMEHTHBIE, a Ji0-
Ovte (HeyCThle) MOJMHOKECTBA MHOKECTBA V, TO TaKue 2JeMEHThl MHOXecTBa F
HA3bIBAIOTCS 2uneppébpamu, a rpad HA3BIBAETCS 2unepezpadom.

5. Ecain muoxectBo E sBisgercss oTHomeHreM Ha 2V, TO eCcTb KaAblil 5J€MEHT MHO-
JKecTBa F meiicTByeT M3 MHOXKECTBA «HAYal» B MHOJKECTBO <«KOHIIOB», TO 3JIEMEHTHI
MHOecTBa E HasblBaroTCs 2unepoyzamu, a rpad Ha3bIBACTCS 2UNEPOPZPapoM.

6. Ecom 3amana dynkinusa F': 'V — M u (umm) F': E — M, To MHOKecTBO M Ha3bIBaeTcA
MHOXKECTBOM nOMemok, a rpad Ha3biBaeTCs nomeuenHvim (Wi Hazpydsrcennoim). B ka-
YecTBE MHOKECTBA MOMETOK OOBIYHO WCIOJNB3YIOTCS OYKBBI WU Tiesible uncia. Ecau
dbyHKIMSI F UHBEKTUBHA, TO €CTh PasHble BePITUHBI (PEGPa) UMEIOT Pa3HbIe TIOMETKH,
TO Tpad HA3BIBAIOT HYMEPOBAHHBIM.

SAMEYAHUE
OTHOIIIEHHE CMEKHOCTH SIBJISIETCSI B HEKOTOPOM CMBICJIE OMPEAEISIONM [Uist TpadoB U mog0GHbIX
uM 00bekTOB. [Ipu aTOM Cllefyer y4uThiBaTh OCOOEHHOCTH KaskAoro tuia o0beKkToB. B oprpade
V3€J v CMEKEH C Y3JI0M U, €CJIN CyTecTByeT ayra (u,v). IIpu aToM y3es u MoKeT ObITh HeCMeXKeH
¢ y3ioM v. OTHOIIEHIE CMEKHOCTU B rpade CUMMETPUYHO, a B oprpade OHO BOBce He 00sI3aHO
6bITHh CHMMETPUYHBIM. B rpacde 06BIYHO CYUTAIOT OTHOLIEHUE CMEKHOCTH PE(IIEKCUBHBIM, TO €CTb
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HOJIATAIOT, YTO BEPUIMHA CMEXKHA cama ¢ coOoil. B nceBnorpade, HAPOTUB, BEPUIMHY HE CUUTAIOT
CMEXHOI ¢ co6oH, ecn y Heé Her mersiu. B rumeprpade Be BEPIIMHBI CYUTAIOTCS CMEKHBIMHU,
€cJIM OHU TIPUHAJJIEKAT OJHOMY Tuiieppedpy. B runepoprpade runepayra o6bUHO TIPOBOAUTCS U3
OJIHOTO y3J1a B MHOKECTBO Y3J0B (BO3MOKHO, IIycTOe). B TakoMm ciydae oTHOIIEHHE CMEXKHOCTH
OKa3blBaeTcsl yKe He GMHAPHLIM OTHOLIeHHeM Ha V, a oTnomenneM 13 V' B 2¥. D1u u nozobubie
€CTeCTBEHHBIE BAPUAIIUH OIIPEIEIEHNH 0OBIYHO CUUTAIOT SICHBIMU U3 KOHTEKCTA.

[lanee Boipaxenue «rpad G(V, E)» o3HavaeT HEOPUEHTHUPOBAHHBIN HETIOMEYEeHHBIN Tpad
6e3 TeTeNb ¥ KPATHBIX PEGEP ¢ MHOKECTBOM BepIiuH V U MHOKecTBOM pébep F.

7.1.6. Nsomopduam rpados

ToBopsr, uto nBa tpada, G1(Vi, E1) u Go(Va, Es), usomopduvt (obozuauaercst Gy ~ Go
i G = G3), ecau cyniectByeT usomopbusm h: Vi — Vo, yBaxkaonmil OTHOIIEHUE
emesxkrocTn (oM. 1L 1.7.4): ey = (u,v) € By <= e3 = (h(u), h(v)) € Es.
TEOPEMA. /somopgusm epaghos ecmv omuouLeHue 3K8USANEHMHOCHIU.

JOKA3ATENbLCTBO.

h
[PednekcusHocts] Mmeem G ~ G, Tiie h ecTh TOXAECTBEHHAS (HYHKITHS.
h h=t
[CummeTpuyHocTb] Eciu Gy ~ Ga, T0 Gy '~ Gj.
h g goh
[TpansutmeHocTb] Eciu G1 ~ Go u Gy ~ G3, To G1 "~ Gs. O

I'padbl paccMaTPUBAIOTCS € MOUHOCTIBIO 00 USOMOPPUIMA, TO €CTH PACCMATPUBAIOTCS KJIac-
CBI 9KBUBATEHTHOCTH IO OTHOIIEHUIO n3oMopduama. (1. 2.1.5).

MNpumep. Tpu BHellHe pa3JUYHbIE AUArPAMMBI, IPUBEAEHHDBIE HA PUC. 7.5, SIBJSIIOTCS
IMarpaMMaMy OJHOTO U Toro ke rpada K 3.

Vi V2 V3 Vi V4

Vi V3

Ve V2

Vg Vs

V4 Vs 0 Vs V3

V2

Puc. 7.5. Ouarpammbl n3aoMmopdHbIx rpadosB

YucaoBast XapaKTePUCTUKA, OUHAKOBAS JIJIST BCeX M30MOP(MHBIX TPadoB, HA3BIBAETCST UH-
sapuanmom rpada. Tak, p(G) u ¢(G) — unsapuantsl rpada G. He uzBecTHO HUKAKOTO
mpocToro Habopa MHBAPUAHTOB, OMPENEJSIONNX rpad ¢ TOUHOCTHIO 10 n3oMopbusMa.
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Puc. 7.6. narpammbl Hen3oMopdHbIx rpadoB C COBMaZAOWMMM NHBApUaHTamMm

Mpumep. KosmuectBo BepiinH, péGep U KOJMYECTBO CMEKHBIX BEPLIMH JJISA KaKIOi
BEpIINHBI He oTIpeiesisTioT Tpad naxke B mpocTeiimux cayvasax! Ha puc. 7.6 mpencraBiens
JIMarpaMMBbl TPadoB, Y KOTOPBIX YKa3aHHbIE MHBAPUAHTBI COBIA/IAIOT, HO rpadbl IPU 3TOM
He uzomopdubl. IIpeacrapienusie Tpadbl He M30MOPGhHLI, TOTOMY 4TO B rpade crpasa
€CTh JIBa TPEYTOJbHUKA, a B rpade cieBa TPEYyroJbHUKOB HET.

Nsmopdusm rpacda B cebs HaszbiBaeTcs asmomop@usmom rpada.

Mpumep. TpeyronpHuk asToMopden cebe Ipu 000l TepecTaHOBKE BEPIIHH.

7.2. AnemeHTbl rpadoB

IMocyie paccMOTPEHUsT ONPEIESICHUH, OTHOCAIIUXCS K TpadhaM Kak K [eJbHBIM 0OBheKTaM,
€CTEeCTBEHHO JIaTh OTIPe/IeJICHUS PAa3InYHBIM dJieMeHTaM rpados.

7.2.1. Noarpadsi

Ipad G'(V', E') uasviBaetcst nodepagom (vwmu uacmwio) tpada G(V, E) (obosnagaercs
G'c@),ecm V' CcV & E' C E.Ecin V' =V, 1o G' Has3bIBaeTCA 0CMO6HbIM N00Zpagdhom
G.EcmV' CV & E'CE&(V'#£V V E #FE), 1o tpad G’ Ha3bIBAeTCsI COOCMBEHHBIM
moarpadom rpada G. Ioarpad G'(V', E') naseiBaercst npasunivrvim noarpagom rpada
G(V,E), eciu G’ COJICPKUT BCE BO3MOJKHBIE péb6pa G-
Vu,ve V' ((u,v) € E= (u,v) € E').

[Ipasunbnbiii noarpad G’ (V') E') rpada G(V, E) onpezeisieTcsi HOAMHOKECTBOM BEPIITUH
V.

Mpumep. Ha puc. 7.7 nokasansl guarpaMmbl rpada, npaBusbHoro noArpada u Herpa-
BUJIBHOTO ToATpada.

Puc. 7.7. Onarpammbl rpada, NnpaBuabHOro nogrpada n HenpasuiabHOro noarpada

3AMEYAHME

Wnorna noarpadamu Ha3bIBAIOT TOJBKO MPaBUJIbHBIE TOArpadbl, a HellpaBUIbHbIe ToArpadbl Ha-
3BIBAIOT U3Zpagamu.



https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

340 Maea 7. Npadsbl

7.2.2. BaneHTHOCTb

KosmuectBo pébep, MHIMIECHTHBIX BEPIINHE v, HA3BIBAETCS cmenenvto (WM 6aleHmHo-
cmwvi0) Bepnibl v U 0bo3HaYaeTcs d(v):

VoeV (0<d(w) <p-1), d(v) = [Tt (v)].

Takum 06pas3oM, crereHb d(v) BEPIIMHBI v COBIAMAET € KOJIUYECTBOM CMEKHBIX C HEU
Bepiiui. KosmdyecTBO BepIIH, He CMEKHBIX ¢ v, 06o3Ha4aoT d(v). ScHo, 4ro

VoeV (dv)+dv)=p-1).

O603HaYNM MUHUMALLHYIO CTelieHb BepumnHbl Tpada G uepes 6(G), a Makcumarvuyo —
gyepes A(G):
5(G(V, B)) %! mind(v), A (G(V,E)) £ max d(v).
ve vE
fAcno, uro 6(G) u A(G) sBasiiorcss nHBapuanTamu. Ecim cTenienn BcexX BEpIIMH PaBHbBI
k, To Tpacd Ha3BIBAETCS pezyaspHbiM CTeTleHn k:

S(G)=AG) =k YveV (dv)=k).

Crenenpb peryasipuoct obozHavyaetcst r(G). st veperyssipabix rpacdos r(G) He ompe-
JleJIeHO.

Mpumepbl
Ha puc. 7.8 npuBesiens! iuarpaMmbl TPEX MTPUMeUYaTETbHBIX PETYJISPHBIX IrpadoB crerie-
Hu 3. Ha puc. 7.6 mpuBenieHb! 1rarpaMMBbl IBYX PETyJISIPHBIX, HO HeM30MOPGhHBIX TpadoB
cTeneHu 3.

Puc. 7.8. Ouarpammsbl perynspHbix rpadoB cteneHn 3

Eciu crenens Bepiuubl paBua Hyo (1o ecth d(v) = 0), TO BepllinHa HA3bIBAETCS U30-
aupoeannoli. Ecnu crereHb BepuHbI paBHA exuHuUlle (To ecTh d(v) = 1), TO BepuIrmHa
Ha3bIBAETCS KOHUEBOU, NN BUCAUEH.

Jlns oprpada 4mcio yT, MCXOMAANINX U3 y3Ja v, HA3BIBAETCS NOMYCMENEHbI0 UCXood,
a YMCJI0 BXOAANINX — noaycmenenvio saxooa. Obosnagaiores atu uncaa d— (v) u d(v).

TEOPEMA (Jlemma o pykonoxatusix). Cymma cmeneneil eepuun zpagha (myavmuzpaga)
pasa yosoennomy Koauvecmey pébep:

Z d(v) = 2q.

veV

DOKAZATENLCTBO. [Ipu mojacyére CyMMbI CTENEHEN BEPIIMH Kak[0e PeOPO yUUThIBAETCS
IBa pasa: Uit OJTHOTO KOHIA pebdpa ¥ st IPYTOTO. ]
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CNEACTBUE 1. Yucno sepuun Heuémuot cmeneny 4YemHo.

LokA3ATENLCTBO. [lo Teopeme cymma crereHell Bcex BepimuH — 4éTHOe uncyo. Cymma
cTenieHel BepINUH YETHOM CTeNeHW 4Y€THA, 3HAUWT, CYMMa CTelleHell BepHIMH HeYETHOU
CTeIleHU TaK’Ke UETHA, CJIeJJOBATEJIbHO, X YETHOE YKCJIO. [l

CNEACTBUE 2. Cymma nomycmenenei ysiose opzpapa pasna yoeoeHHomy Koiudecmsy

Oye:
> d () + ) dt(v) =2q.

veV veV

DokA3aTENbCTBO. CymMa rosycreneHell y3a0B oprpada paBHa cyMMe cTelleHell BEPIIuH
rpada (Mysabrurpada), mosydeHHOTo U3 oprpada 3abbiBaHHEM OPUEHTAIIMN [YT. (]

7.2.3. MapwpyTthbl, uenun, LukJibl

Mapwpymom B rpade Ha3bIBAeTCS YePEAYIONIAsiCS TOCIe0BATENLHOCTh BEPIIMH U PE-
6ep, HAYMHAIONIASACA U KOHYAIONIASACSA BEPIIMHON, g, €1,v1, €2, V2, - - . , €k, Vg, B KOTOPOI
JIIO0bIE [[BA COCEIHUX 3JIEMEHTA UHITUAECHTHBI, IPUYEM OHOPOJIHBIE 3IEMEHTHI (BEPIIUHBI,
péGpa) uepe3 OJIMH CMEKHbI I COBIAAIOT.

SAMEYAHUE
ITO ompejiesieHNe TOAXOMNUT TaKKe JJIsST TICEB/IO-, MyJBTH- U oprpados. IIpu atom B rpade (op-
rpade) IOCTATOYHO yKA3aTh TOJBKO MOCJIEA0BATENBHOCTh BEPIIMH (Y3JI0B) UM TOJBKO TOCJ]EN0-
BaTeNbHOCTD péGep (ayr).

Ecin vg = wg, TO MapuipyT samxnym, wHade — omkpoim. Eciu Bce pébpa pasnndmbl,
TO MapUIPyT HasbiBaeTcs uenvio. Ecii Bece BeprunHbl (a 3HAUUT, U PEOpPA) PasJIAYHBL,
TO MapIIpyT Ha3bIBAETCS npocmou 1ernbio. B menm vy, ey, ..., ek, U BEPIIMHBI Uy U Vg
HA3BIBAKOTCS KOHUamu 1ier. [OBOPSIT, YTO TIellb ¢ KOHIAMK U U v Coedunsiem BEPUIMHBL U
u v. Iletb, coenHSIONIAst BEPITUHBL v 1 v, 06o3Hauaercs (u, v). Eciu HyKHO ykasaTb rpad
G, KOTOPOMY NPHHAJIEKUT IeTIb, TO J00ABIAIOT UHAEKC: (u,v),. HeTpyaHo mokasats,
YTO €CJIN €CTh KaKas-JinOo 1ellb, COEUHSIIOIIAs BEPIIUHBI U U v, TO €CTh U TPOCTast ellb,
COEJIMHSIONIAS 3TU BEPIIUHBIL.

3aMKHYyTasl 1ellb Ha3bIBACTCS HUKJIOM; 3AMKHYTasi MPOCTasl IeMb HA3bIBAETCS NPOCMbIM
yuxaom. Jucyo 1ukioB B rpade G obosHauaercss z(G). Tpad Ge3 1UKIOB Ha3bIBAETCS
avuxauveckum. ducio pébep B LUKIIE HA3BIBAECTCA OAuUHOU yukida. TUciIo HUKIOB JJIUHBI
k B tpade G obosmavaercs z(G, k).

JIEMMA. Kouuuecmeo npocmulix yukios Onunst k 00unaxoso 0is usoMoppHuix zpagos.

DoxkazatenbctBo. Ilycrs rpadbsr Gi(Vi, E1) u Go(Va, Es) usomopdHbl ¢ Ouekiuein
h: Vi — V,, coxpausionieil cMeKHOCTb. KosinuecTBO MPOCTHIX IUKIOB JNIUHBL k B Go
He Menblie, yeM B G1: z2(G1,1) < z(Ge,1). Ot nporusnoro. Ilycts vy, vs,...,v; — mpo-
croit riuka rpada Gy, a h(vy), h(va), ..., h(v;) He sBisieTCst IPOCTBIM 1UKIOM Tpada Go.
3uaunT, HAMAETCS Takas mapa BepuuH A(v;), h(vi11), 1ast kotopoit (h(v;), h(vit1)) € Eo,
YTO MPOTUBOPEYUT TOMY, UTO I COXPAHSIET CMEKHOCTh. AHAJIOTHYHO, KOJIUIECTBO TTPOCTHIX

LUUKJIOB JIUHbL k B G5 He Ooublie, ueM B G: JOCTATOYHO paceMoTperh h™1: Vo — V7.
O
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3AMEYAHME

Iliist iceBrorpacdoB 00bIYHO 0C060 OTOBAPUBAIOT, CYUTAIOTCS JIM HETJIU [UKJIAMU.

Jlst oprpadoB 1ienb Ha3bIBAETCS nymeM, a KT — koumypom. 11yTs B oprpade us ysia
—
u B y3eT v 0603HAYAOT (U, v).

Mpumep. B rpade, tuarpamma KOTO-
poro npuBeseHa Ha puc. 7.9: Vi V2

1) vy, vs, v1, v4 — MApUIPYyT, HO HE TIETIH;

2) vy, vs, Us, Vg, U3, V4 — ll€lb, HO HE
MIPOCTAast TIeTD;

3) w1, vy, U3, Vg, U5 — MPOCTAS TIEIIb;

4) vy, vs, U5, Vg, Vs, Vg, V1 — IUKJ, HO
He IIPOCTON UK, V4 Vs

5) w1, v3, U4, V1 — TPOCTOH UKL

V3

Puc. 7.9. MapuwpyTbl, Lenu, uukibl

7.2.4. CBsi3Hble N HeCBSI3Hble rpadbl

ToBopsit, uTo NBe BepHIMHBI B rpade c8s13aHbL, €CIU CYLIECTBYET CoeuHsIomas ux (1po-
crast) 1enb. [pad, B KOTOPOM Bce BEPIIMHBI CBSI3aHbI, HA3BIBAETCS C8:3HbiM. HeTpynHo
[0Ka3aTh, YTO OTHOIIEHNE CBSIBAHHOCTHU BEPINUH SIBJISETCS 9KBUBAJIEHTHOCTHIO. Kitaccht
9KBUBAJIEHTHOCTH 110 OTHOIIEHUIO CBSI3AHHOCTH HA3BIBAIOTCS KOMNOHEHMAMU C8SA3HOCTIU
rpada. Yucno komionent cesisnoctu rpada G obosnavaercst k(G). Tpad G sisisiercst
CBSI3HBIM TOTZIA M TOJIbKO ToT/a, Korzaa k(G) = 1. Ecom k(G) > 1, To G — HecssnzHblil
rpad. Ipad, cocrosimmii ToJIbKO U3 M30JIUPOBAHHBIX BepiiH (B KoTopoM k(G) = p(G)
u r(G) = 0), Ha3BIBAETCSI BNONHE HECBAIHBIM.

TEOPEMA. /lus 1106020 zpaga mubo cam zpag, ambo ezo dononnenue A6iaemcs Ces3HbIM
zpagon.

DOKA3ATENbCTBO. Ecim mcxonnsiii Tpad cBsi3eH, To TeopeMa gokasana. Ilycts ncxomgasiii
rpad) HECBSI3€H U UMEET HECKOJIBKO KOMIIOHEHT CBS3HOCTH. PaccMoTpuM Jio0bIe [1Be Bep-
muHel. Ecin onu npuHajjieskaT pa3HbiM KOMIIOHEHTaM CBSI3HOCTU UCXOJHOTrO rpada, To
OHU COEJIMHEHbI B JIONOJTHEHUN PeOPOM, a TIOTOMY CBsI3aHbl. Ec/ii OHM MpUHAIEKaT O-
HOM KOMIIOHEHTE CBSI3HOCTH, TO B JOIOJHEHUN OHU CBA3aHbI MAPLIPYTOM U3 ABYX PEGED,
[POXOIAIIUM Yepe3 JI0OYI0 BEPUIMHY U3 APYroil KOMIIOHEHTHI CBS3HOCTH. O

7.2.5. PaccTossHue Mexzay BepLinHamMu, pycbl u gnametTp rpada

Jlunoti mapupyma Ha3bIBaeTCST KOJNUECTBO péGep B HEM (¢ yuéroMm moBropenwmii). Ec-
i MapipyT M = vg, e1,v1, €2, V2, - - ., €, Vg, TO AiuHa M pasua k (obGoznavaercs |[M| =
k). Paccmosmuem mexay BepiiHaMu u U v (o6o3navaercst d(u,v)) Ha3bIBaeTCs JJIMHA

u o o . Def
Kpardaiiineil memu (u,v), a caMa KpaTdaiiiiast melb Ha3blBaeTcst 2eodesuueckoll, d(u,v) =

min |{u,v)|. Eciu nist mo0bIX IByX BepIiinH rpada CyluecTBYeT eIMHCTBEHHAsI Teojie-
{(u,0)}
3UYECKast 1[eMlb, TO Tpad HAZBIBAETCS 2€00€3UUECKUM.
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3AMEYAHUE

Def
Ecoit BepimmHbl v M v He CBA3aHbI, TO d(u,v) = +o00.

Jlerko BUJIETD, UTO PACCTOSTHUE MEXK/Y BEpIIMHAMU SIBJISIETCSI METPUKOII B IPOCTPAHCTBE
BepiH rpada. MHOKeCTBO BEPIINH, HAXOMSAIINXCS Ha 33/TAHHOM PACCTOSIHUM 1 OT Bep-
muHbl v (06o3HaveHne D(v,n)), HA3BIBAETCS APYCOM:

D(v,n) et {u eV ]d(v,u) =n}. dcHO, YTO MHOXKECTBO BEPIIUH V BCSKOTO CBSI3HOTO

rpad)a O/ITHO3HAYHO pa36HBaeTc51 Ha ApyCbl OTHOCUTEJIBHO JIaHHOI BEPIIMNHBI. ,Z[uaMempOM

D(G) rpada G nassiBaercs pimuHHelnas reojesndeckas: D(G) et max d(u,v).
u,ve

7.2.6. DKCLUEHTPUCUTET U LEeHTp
Ixcuenmpucumemonm e(v) Bepimnet v B cBsizuoM rpade G(V, E) Ha3bIBaeTCs MAKCHMAIIb-
HOE PACCTOsSIHUE OT BEPIIUHBI v [0 APYTUX Bepiiud rpada G:
Def
e(v) = maxd(v,u).
() 2 max d(v,u)

3ameTuM, 9TO HambOJIEe DKCIIEHTPUYHBIE BEPITHHBI — 3TO KOHIBI auameTpa. Paduycom
R(G) rpada G Ha3piBaeTCsi HAUMEHDIINI U3 9KCIEHTPUCUTETOB BEPIITUH:
Def .
R(G) = mine(v).
veV

BepuirHa v Ha3bIBAeTCS UCHMPALLHOU, €C €€ DKCIIEHTPUCUTET COBIAAAET C PAAUYCOM
rpada, e(v) = R(G). MuoxectBo 1eHTpaisbubix BepiuiiH C(G) Ha3bIBAETCS UEHMPOM

rpada: C(G) et {veV]|el)=R(G)}.

Mpumep. Ha puc. 7.10 yxazaHbl 9KCIEHTPUCUTETHI BEPIINH U IEHTPHI ABYX TpacdoB.
Bepnmnel, cocTaBsiioniue eHTp, 3aKpalieHbl.

3 3 3
4 4 3o I * 03
) l 2 2
3 3 3
Puc. 7.10. 3KCUEHTPUCUTETHI BEPLUMH U LEHTPLI rpadoB
7.2.7. CteneHHbIe NocnenoBaTesibHOCTU
[TocemoBaTeTbHOCTD CTETIEHEH BEPITIH (dl, ey dp) HEKOTOpOTro rpacda Ha3bIBAETCS cme-

NeHHOI NOCcIed08ameIbHOCMbI Zpada, W zpag ool nocied08amervHOCmbto. SIcHO, Y4TO
BCAKagd CTelleHHas MOCJe0BATeIbHOCTh ABJISETCS TIpe/ICTaBJICHUEM MYJIBTUMHOXKECTBA,
MO3TOMY, He OTPaHUYMBasA OONIHOCTH, MOKHO CUMTATh, YTO

di <dy <+ < dp.

Apumep. IlocienoBarenvroctu (2,2,2,2,3,3,4) u (1,1,1,1,2,4) sBJASIOTCS CTEIEH-
HBIMU TIOCJIEZIOBATEIBHOCTSIMU TpadoB, IUATPaMMbl KOTOPBIX TIPEACTABJICHBI Ha TIPEIbI-
JyTIeM PHC..
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He Bcaxas TIOCJIeI0BAaTEJIbHOCTD HEOTPUILATEJIbHBIX IEJbIX YUCEJ ABJIAECTCA CTelleHHOM
II0C/Ie10BaTC/IbHOCTbBIO.

Npumep. Ilocrenosarenbuocts (0,1,2,...,p — 1) He SBJISETCS CTENEHHOW HU TIPU
KakoM p. JleiicTBUTENIbHO, TIepBasi BepIIMHA AOJKHA ObITh M30JMPOBAHHON, a MOCIE-
HSIS JI0JKHA OBITh CMEKHA CO BCEMH OCTAJIbHBIMHE, YTO IIPOTUBOPEYUT M30JIUPOBAHHOCTI
TepBOI BEPIIUHBI.

Ecan nocnenoBarensiocts D = (dy, .. ., dp) SABJISIETCSI CTEIIEHHOU II0CJIeI0BATEIbHOCTHIO
rpacda G, To ToBoOpAT, UTO rpad G peanusyem MOCTETOBATETBHOCTD D.

Jlerko 3aMeTuTh, 4TO, €cau /1Ba rpada UMEIOT Pa3indHble CTETIEeHHbIE TTOCJIe0BATENbHO-
ctd, To oHu He m3oMopdHbl. Ho 13 puc. 7.6 BuaHO, 9TO Tpadbl ¢ OAMHAKOBBIMU CTEIIEH-
HBIMM II0CJIE0BATENBHOCTMU TAKKe MOTYT OBITh He M30MOPGHBIMU. TakuMm oOpasom,
CTeTIeHHAsT TTOCJIeZI0BATEBHOCTh MOKET UMETh MHOXKECTBO PA3NUYHBIY PEATUZAIU.

OTMETHUM HECKOJIbKO IIOYTH O4YE€BHUIHDBIX CBOICTB CTEIIEHHBIX HOCJIe[[OBaTeJII)HOCTef/,I.

JIEMMA 1. Cymma cmenennoil nocaedo8amenvHocmu — Uémmoe ucio.

DOKASATENBCTBO. [0 JleMMe O pyKOHOXATUsIX » b, d; = 2q. O

JIEMMA 2. Ecau nocredosamenviocms (dy, . . ., dy,) cmenennas, mo nociedo8amenvHocmy
(0,...,0,d4,...,d,) maxoce cmenennas, u naobopom.

DOKA3ATENbCTBO. [130s1poBaHHbIE BEPIIMHBI MOKHO HE YUNUTHIBATh. ]

JIEMMA 3. B cmenennoi nocaedosamenviocmu (dy, . .., d,) Kaxicovui snemenm menvue
Onunvt nocredosamenvrocmu: Vi € 1..p (d; < p).

Aoka3ATENLCTBO.  Crienenb JiI0O0I BEPIIUHBI MEHBIIE YKC/IA BEPIIHH. O

Takum oOpasoM, He yMmaiisss OOIUHOCTH, JOCTATOYHO pacCMaTpUBaTh TOJLKO IIOC/IEN0Ba-
TeabHOCTH (d1, ..., dp), Takue 4T0 0 < di < do < -+ < dp < p.

Ilycts D = (di,...,d,) — HeyObIBaoOLasl MOCIELOBATEIbHOCTD HATYPAIbHBIX YHCEJL,
npuuéMm Vi (d; < p). Ilocrpoum nocaenosarensrocts D' = (d'q,...,d p—1) ciaegyomum
06pasoM: d, ji=dp1—1,..., ;_de i=dp_q,41— 1, d;_dp i=dp_q, — 1, d;_dp_l i=
i=dpq,~1, -+, dy:=dy. JIpyruMu cioBamu, mocieganuil (HauOOJbIINIT) 3JEMEHT 110-
CJIeI0BATEIbHOCTH d), yaansercs, a d, NPeANIeCTBYIONUX 3JIEMEHTOB YMEHbIIAIOTCA Ha
enunuiy. OcraBliyecs ajeMeHTbI (a OHU ecTb, IOCKOJIBKY d,, < p) ocraiorcs 6e3 13-
Menenust. Takast orepaiysi Ha3bIBaeTCsl omKaadvisanuem sneMenta d,, a D' naspiBaercst
0CMAamouHol noOCIe008AMENLHOCTIBIO.

MNpumep. OTi0oXuUM TOCHENHUIN dIEMEHT B IocienoBaTeabuoctu: (2,2,3,3,3]3) —
— (2,2,2,2,2). Ilpn oTKJIAIBIBAHUN 2JIEMEHTA YNOPSIOYEHHOCTh MOKET HAPYIIUTHCS:
(2,2,2,2|2) —~ (2,2,1,1).

Ipadmdeckn oTKIabIBAHYE DIEMEHTA MOKHO OTOOPA3UTH, COEMMHSISI PEOPAMU BEPIINHY,
COOTBETCTBYIOILYIO Y/IAJIAeMOMY 2JICMEHTY, C BePIINHAMU, COOTBETCTBYIOIIMMH yMEHbIIIA-
eMbIM ajieMenTaM. DaKTUYeCKy, IPU OTKJIABIBAHUU JJIEMEHTOB TIOCTEIIEHHO TIPOPUCOBBI-
BaeTcs Auarpamma rpada (ecau 3To BO3MOXKHO), HAUWHASA C BEPIIUHBI ¢ MAKCUMATbHOMN
CTeleHbIo.
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3AMEYAHUE
IToCcKOJIBKY OTKJIA/[BIBAHIE 2JIEMEHTA B CTEIIEHHON 11OC/Ie/I0BATEIBHOCTH OJHO3HAYHO COOTBETCTBY-
€T IPOPHCOBKE BEPIIMHBI B Auarpamme rpada, 9acTto HCIOIb3YIOT BOJBHOCTb PEYM U TOBOPSIT
«OTKJTA/[BIBAHIE BEPIIIHBI>.

Mpumep. Ha puc. 7.11 nmokazaHO OTKJAIbIBAHWE BEPIIVH JIJIS TOCJIEI0BATENTbHOCTH
(2,3,3,3,3). OrkiagbiBacMble BEPITUHBI BbIJIETEHBI CEPBIM.

® @ @
®
® &

Puc. 7.11. OTtknagpiBaHne BepLUMH

TEOPEMA. Ilocnedosamenviocmov D = (dy, . .., d,) aeisemcs cmenennoti nociedosamens-
HOCMb10 Mozda u moivko mozoa, xkozda nocredosamenviocmsv D' = (d'y,...,d',_1), nony-
uennas OmxAA0bIBANUEM NOCIEOHE20 INEMENMA d,y, ABNAEMCS CMENEHHOU.

JOKA3SATENIbCTBO.

[ =] Ilycrp mocrenoBarenbHocTs D = (dy,...,d,) cTeneHHas, a G — pealn3yIOMuil
rpa¢. Paccmorpum B rpade G BeplmHy MaKCUMAJbHOI creneHu w, d(w) = dp. Ilycts
S — MHOXeCTBO BEepHIMH CO CTeneHAMU dp_g,,...,d,—1. Torna ecmu I'(w) = S, 1o

G — w — ucKoMblil rpad, peanusyroumii nociaeposarenbaocts D' = (d'1,...,d p—1).
I[Tycrp rereps T'(w) # S, moctpoum torzaa takoi rpad G’, 8 koropom I'w) = S. TTockosib-
Ky I'(w) # S, cymecrByer Bepummna z € I'(w), CMeXXHAsT ¢ BEPIIUHON w, U CYNIECTBYET
BeplIMHa z € S, He cMexHas ¢ BepumHoil w. [lo mocrpoennio S umeeMm d(z) < d(z),
CJIEZIOBATEJIBHO, CYIIECTBYET BEPIIMHA ¥, CMEKHasl C o, HO HE CMEKHas C z. YIaJIUM
pébpa (w,z) u (y,xz), nobasum pébpa (w,z) u (y, z). TAKUIMH MOCTPOECHUAMH TOTyYaEM
rpad G’ Takoit, uto I'(w) = S, npuuém rpadp G' — w peanusyer MOCTEAOBATETHHOCTD
D = (dll7 e ,d/p_l), puc. 7.12.

AN
y
Puc. 7.12. K pokasatenbCctBy Teopembl n. 7.2.7
[ <1 Ilycrs mocnenosarensHocts D' = (d'q,...,d p—1) crenenHas, a G — peanusy-
101Ul Tpad, BepUIMHBI KOTOPOTrO HMEepeHyMepoBaHbl B MOPSAKE HEyObIBaHMS CTEleHel

1,...,p—1. lo6aBum B rpac G BepiInHy CTENEHU d;, U COEAMHUM €€ C BEPIIMHAMIE C HOMe-
pamu p — dp,..p — 1. Homyuennslii rpad peanusyer nocienosarensHocts D = (dy, ..., dp).
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JlokazaHHast TeopeMa MO3BOJISIET TPOBEPUTb, SIBJISIETCSI JIM 33jlaHHAsT IOCJIE[OBATEIbHOCTD
HATYPAJIbHBIX YHCEJI CTEMIEHHO TTOCIeI0BATENLHOCTRIO M TIOCTPOUTH rpad, peanusyomuit
3Ty MOCJIEN0BATENBHOCTD. AJITOPUTM HCIIOJIb3YET JABYCBSI3HBIN CIMCOK [IJIsI TIPE/ICTABIIE-
HUSI CTETIEHHON mocenoBateabHoct. [Ipotenypa Ordering BoccTaHaBIMBaeT ymopsiao-
YEHHOCTD JIBYHAIIPABJIEHHOTO CIIUCKA, UCIOJb3Ys TOT (DAKT, YTO OTPE3KU CJI€BA U CIIPaBa
ynopsiiouennsl (puc. 7.13).

I ndr I ndr I ndr Il ndr I ndr I ndr
I{Illdll’f’"«—latl | I*T”'w—laIl | [l | |’1”'"<—laI| I I*T”--«—Lilpldpl/l
N w v u z t

Puc. 7.13. K npouenype Ordering

Ausroput™ 7.1. ITpouenypa Ordering.

BXOI{: YKa3aTeJib Ha Ha4aJi0 CIIMCKa S, YKa3aTeJb Ha KOHEI] CITMCKa t, YKa3aTeJib Ha TOT
DJIEMEHT U, I/le MOKET ObITh HapyIleH MOPSIOK.
Boixoa: nepeynopsijioueHHbIN CITUCOK
if u# s & u.l.d> u.d then
vi=u.l //v.d>u.d — HapyleHue mMopsIaIKa
z:=u; while v.d > 2.d do z:=z.r end while //v.d < z.r.d
w:=v; while w.d > u.d do w:=w.l end while // w.l.d < u.d
vri=zryzrli=vul:=wr;wlri=u; zr:=w; wl:=z

end if

Agroputm 7.2. Iloctpoenue rpada 1o CTENEHHOM MOCJIe/I0BATENbHOCTH

Bxoza: matypanbHOe YUCJO p W IBYHAIIPABJEHHBIN YIOPSMIOUYEHHBIN CITMCOK HATYpaJb-
HBIX YHCeJI, IIPeICTABICHHBIN yKa3aTeseM t.
Beixox: false, eciiu mociiegoBatesibHOCTh D He CTEIlEHHasl, HHAYE true;
rpad G : array [1..q] of struct { b,e:1..p }
q:=0 // cuéruux pébep
for i from 1 to p do
d:=t.d;n:=tn // NOCIeTHUN 3JIEMEHT
if d = 0 then return true end if // rpad yxe nocrpoex
if d < 0 then return false end if // rpad Henb3st MOCTPOUTH
w:=tl wr:=nil, ~ t; t:=u // OTKIaABIBAEM BEPLIUHY #
for j from 1 to d do
ud:i=ud—1,q:=q+1; Glg]:=u // nobaBusem pebpo
end for
Ordering(s,t,u) // BOCCTaHABIUBAEM MOPSIIOK, €CJIU HYKHO
end for

7.3. Bupbl rpacdoB u onepauumn Hap rpadamm

B nmanHoM pasziesie paccMaTpUBAIOTCS Pa3iddHble YacTHBIE ciaydan TpachoB U BBOJATCS
omnepanuy Haj rpadgamMu ¥ UX dJeMeHTaMHU. 3aMeTUM, YTO He BCe HMCIIOJIb3yeMble HaMU
0603HAUEHUs oTepaliii HaJl TpahaMu ABJISIOTCS TPAAUIIMOHHBIMU U OOIIETTPUHATHIMH.
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7.3.1. MonHble n nycrtbie rpadsbl

I'pad, cocrosinuii n3 ofHON BEPIIUHBI, HA3BIBAETCS Mmpusuaivbhvim. Ipad, cocrosimii n3
MPOCTOTO THKJA ¢ k BeprmHamu, obostadaercs C.

Mpumep. C5 — mpeyzonvHux.

Ipad, B KOTOpOM J1100bIE BE BEPIUIMHBI CMEKHBI, HA3bIBAETCS NOAHbIM. 11onblii rpad ¢ p
BepiinHaMu 00o3HadaeTcst K, OH MMeeT MaKCUMAIbHO BO3MOXKHOE 4ncyIo pébep:

qo(Kp) =pp—-1)/2.

I'pad, B KOTOpOM HET CMEKHBIX BEPIINH, Ha3bIBaeTcst nycmoim. 1lycroii rpad ¢ p Bepim-
Hamu oGo3Havaercst K, OH UMeeT MUHIMAJIbHO BO3MOXKHOE YHCJI0 PEOED:

Q(Kp) =0.

JloroHeHneM TI0JIHOTO rpada sSIBJIAETCS MyCTOH U 00paTHo.

MakcumanbHbIi TOHBIH ToATpad (HEeKoTOoporo rpada) HasbIBaeTcs KAukol (3TOTO rpa-
da). MakcumasbHbIM HoArpad sBISETCS B TOM CMbICJe, 4TO J1060i Apyroil moarpad
rpada, BKJIOUAIONINI MHOKECTBO BEPIIMH KJWKH, He gBJseTcs NoJHBIM. Ipad MoxkeT
MMETb HECKOJIbKO KJMUK. MakcruMasjbHOe YMCJIO BepHIMH CPeAy KJIMK JlaHHOTro Tpada
Ha3bIBACTCS KAUKOBLIM uuciom Tpada (WU niomHoCcmoio).

MNpumep. Ha puc. 7.14 usobpaxén rpad
U JBE ero KJIUKM, pébpa KJIMK Ha JAMarpam- |
Me OTMEYEHbI YTOIEHHBIMU U Ty HKTUPHBIMU |
muausamy. KankoBoe 4nciio B JaHHOM cirydae

PaBHO YETBIPEM. Puc. 7.14. lpad
n oBe ero Knnkun

N
7/

7.3.2. OAByponbHbie rpadbl

Ipad G(V,E) naswiBaercs deydonvnoin (Wnu Guzpagom, nnn uémuoim rpacdom), ecin
MHOKeCTBO V' MoskeT ObITh pasOMTO Ha JBa HelepeceKalolmmxcs MHoectBa Vi u Vo
VUV, =V, ViNVy = @), upuuéM Beskoe pedpo u3 F MHIUAEHTHO BeplinHe u3 V;
u BepuinHe u3 Va (TO ecTb coenuuseT BepuuHy u3 Vi ¢ BepmuHoil u3 Va). MHoxkecTBa
Vi u V, HaseiBaiorTcst donsimu jiBynosbHOro Tpada. Eciu nBymosbHbiil rpad comepskuT
BCce pébpa, CoeNUHSIONIIEe MHOXKeCTBA V) U V3, TO OH Ha3bIBAETCSI NOJIHbIM 08YOOLbHbIM
epagpom. Ecom |Vi| = m u |Va| = n, To nosHblil ABYA0bHbIH rpad obozHavaeTcs: K, .

Mpumepsl

Ha puc. 7.5 npuBenensl Tpu auarpam-
MBI IIOJHOTO JBYJOJBbHOTO rpada K 3.
Ha puc. 7.15 mpuBenena auarpamma

Puc. 7.15. Juarpamma
JIPYTOTO JIBYZIOJBHOTO Tpada.

OBYyAONbHOro rpada

TEOPEMA. [hpag seisemcs 08YooavHbiM mo20a i MOAbKO mozdd, K020a 6 HEM Hem npo-
CIbIX UUKLO08 HEUEMHOU ONUMNbL.
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[OKA3ATENLCTBO. /[OCTATOUYHO pacCMaTPUBATh TOJBKO CBA3HBIE TPadbl, TTOCKOIbKY KasK-
JIyI0 KOMIIOHEHTY CBS3HOCTU MOXKHO PaCcCMaTpPUBATDh OTHEJBHO.

[ = ] Ot uporusnoro. I[lycts G(V1,V;E) — nBymoabHbIN Tpad U vy, Vs, . . ., Uogy1, V1 —
MPOCTON TMKA HedeTHOW mawHbL. Ilycts vy € Vi, Torma vy € Vo, v3 € Vi,
vy € Vo, ..., vak 41 € Vi. Umeem: vy, vop1 € Vi U (v1,U241) € E, 9TO IPOTUBOPEYUT
JIBY/IOJIBHOCTH.

[ <1 Pa3obbéM MHOXecTBO V Ha TOAMHOXKeCTBA Vi M Vo € MOMOIIBIO CHEAYIONIel
MIPOIETY PhI.
Bxoa: rpadp G(V, E).
Boixon: MuoxecrBa Vi u Vo — nosu rpada.
select v € V' // upousso/ibHas BEepUIMHA
Vi :=v // B Hauase TiepBas AOJS COAEPKUT v,. ..
Voi=@ //...aBTOpas mycra
for u € V — v do
if d(v,u) — 4érno then
Vi:=Vi +u // nomelaeM BEPIIUHY © B TEPBYIO JIOJIIO
else
Vo:=Va+u // nomeniaeM BepIIUHY % BO BTOPYIO JI0JIIO
end if
end for

[lanee ot mporusHOTO. IIyCTh €CTh /IBe BEPUIMHBI B OAHON M0JE, COENUHEHHDBIE PEGPOM.
[Mycts nst onpepenéunoct u,w € Vo u (u,w) € E. Paccmorpum reope3ndeckue (v, u)
u (v, w) (31ech v — Ta MPOU3BOJIbHASI BEPIINHA, KOTOPAST MCIOJIb30BAJIACH B AJITOPUTME
nocrpoenusi goneit rpada). Torna puubt | (v, u) | u | (v, w)| HeYéTHBL. DTH Teoe3Ude-
CKHe UMetoT oblre BepiiuHbl (0 KpailHell Mepe, BepuinHy v). Paccmorpum HauboJiee
VIIEHHYIO OT v OOIIYI0 BEPIIUHY Teoe3ndeckux (v, u) u (v, w) u obo3Haunm e€ v’ (Mo-

JKeT OKasaTbesi Tak, 4ro v = v'). Umeem | (v, u) | + | (v, w)| = |{v,u) | + | {(v,w) | —
2| {(v,v') | — wérHo u v',...,u,w,..., v’ — MPOCTON MUK HEYETHOHN JIMHBI, YTO MPOTHU-
Bopeunt ycnosuwo. Ecim ke w,w € Vi, To AnuHb | (v,u) | 1 | (v, w)| 4E€THBI, U UMeeM
v, u,w, ..., v — TIPOCTOM TUKJT HEYETHON JTHBIL.

CNEACTBUE. Auuxauueckue zpaduvt 08YO00IbHbL.

MNpumep. Ha puc. 7.16 npeacTaBieHbl IUArPaMMbI BCEX CBSI3HBIX JIBYAOJIBHBIX rpadoB
C TISITHIO BEPIIUHAMM.

Puc. 7.16. [JuarpamMmmbl CBS3HbIX ABYAONbHbIX rpadoB

7.3.3. HanpaBneHHble oprpadbl n cetn

Ecau B rpade opueHTHpPOBaTH Bce PEOPa, TO MOJMyduTCst oprpad, KOTOPBIN Ha3biBaeT-
CS HANPasLenHviM, WA anmucummempuynvim. HarpaBienubiii oprpad, mosydyeHHbI 13
oJIHOTO Tpada, HA3bIBACTCS MYPHUPOM.
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3AMEYAHUE

B antucummerpuyHoM oprpade He MOXKeT ObITb «BCTPEYHBIX> YT (u,v) 1 (v, ), @ B IIPOU3BOJBLHOM
oprpade Takoe JI0MyCTHMO.

OTCTYMJIEHUE
Hassanne «TYPHUP>» UMEECT CJieAyroniee IMponucxoKJacHue. PaCCMOTpI/IM CIIOPTHUBHOE COPEBHOBaHHE
JUTS TIap YYaCTHUKOB (MJIM Hap KOMaH/), I7/ie He IpeaycMmarpuBaiorcess Huubi. [lomeTnm Beprmne
oprpada yyacTHUKaMU 1 IIPOBEIEM AyTH OT robenuTeieil K mobeskAEHHbIM. B TakoM cirydae TypHUD
B CMBICJIE TeopuH TPaoB — 9TO KaK pas Pe3ysbTaT OHOKPYTOBOTO TYPHUPA B CHOPTUBHOM CMBICJIE.

Ecam B oprpade mosycrenenb 3axoia HEKOTOPOTo yaia pasHa Hymo (d¥(v) = 0), To Ta-
KOI1 y3eJl Ha3bIBAETCSI UCMOYHUKOM, ECIIH JKe HYJII0 PaBHA roJrycrenedb ucxozaa (d— (v) = 0),
TO y3es HasbiBaercst cmokom. Hampasienusiii caabocBsiaubiii (eMm. 1. 8.5.1) oprpad ¢
OTHUM HMCTOYHUKOM U OJIHUM CTOKOM Ha3bIBACTCS CEmbio.

7.3.4. Onepauuu Hap rpacdpamm

Beenem crenyromue onepaiuu Haj rpadamu:

1. dononnenuem epagpa G1(Vi, Eq) (@BHaquHe — G1(V1,E1)) naseiBaercsa rpad
GQ(VQ,EQ), rae V2 = Vl&EQ = E1 = {6 S V1 XV1 | e g El} = VXV\E
MNpumep. K, = K;.

2. O6sedunenue (Jusstonxmuoe) zpagos G1(Vi,E1) u Go(Va, E3) (obosnavenne —
G1(V1, E1) U Ga(Va, E2) npu yeaosuu Vi NV, = &) maér rpad G(V, E),

e V=ViUV, & E=FE;UEj5.
Mpumep. K33 =Cs5UCs.

3. Coedunenue epagos G1(V1, E1) u Go(Va, Es) (obosuauenne — G1(V1, F1)+Ga(Va, Es),
pu ycioBuu Vi N Va = &) maér rpad G(V, E),
rme V=V, UV, &E:E1UE2U{6:(’U1,U2)|’U1 ewn &'UQE‘/Q}.

Mpumep. K33 =C;3+ Cs.

4. Yoanenue sepuwunvt v us rpada G1(Vy, E1) (obosuauenne — G1(Vy, E1) — v npH yciio-
Bun v € V1) naér rpad Go(Va, Es), Tie
Vo=Vi—v & Ey=F1\ {e=(v1,v2) |v1 =v V vg =v}.

Mpumep. Cs5 —v = K.

5. Yoanenue pebpa e us rpada G1(V1, E1) (0bosnauenune — G1(Vi, Eq) — e npu ycaoBuu
e € Ey) naér rpap Go(Va, Es), tne Vo = Vi & Es = Fq —e.

MNpumep. K; —e = K.

6. Jobasrenue eepuunvt v B rpad G1(V1, E1) (obosnauenue — G1(Vi, E1) + v ipu yciio-
Bun v ¢ Vq) naér rpad Ga(Va, E2), tne Vo = Vi +v & Ey = Ej.
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Mpumep. K; +v =Ky UKj.

7. Jlobasrenue pebpa e B rpad G1(Vi, Eq) (obo3navenne — G1(Vy, 1) + e npu ycjaoBuu
e & Fy) naér rpab Go(Va, Es), tne Vo =V; & Ey = Ey +e.

8. Cmszusanue npasuivnozo nodzpaga c MuoxectBoM Bepiri A rpada G1(V1, F1) K Bep-
mnHe v (o6osnauenuve — G1(Vi, F1)/A npu ycnosun A C Vi) naér rpad Go(Vs, Es),
rne Vo= (Vi \ A) +v,

Eyz=FE1\{e=(w,w) |lue AVweA}U{e=(u,v) |uel(4)\ A}

MNpumep. K,/C5 = Kos.

9. Pasmnoocenue sepuunnt v rpada G1(Vy, E1) (obosnauernne — G1(Vi, F1) 1 v ipu yciio-
Bun v € Vi,v' € Vi) naér rpad Go(Va, Es), tne Vo = Vi + 0/,
Ey = E1 U{(v,v)}U{e= (u,v") |ueTlt(v)}.

Mpumep. K> Tv=Cs.

HekoTopble U3 IPUMEPOB, IPUBEAEHHBIX B ONPEAEIEHUAX Olepaluil, HeTpyAHO 0600-
HIUTh. B 4acTHOCTH, JIETKO TIOKA3aTh, YTO UMEIOT MECTO CJIEAYIONNe COOTHONIEHUS:

Km}n = F’I’TL —"—?n’ Kp—l == Kp - 'U7
G+U:GUK1, KpflzKp/Kg,
Kp/Kp,1 = K27 Kp = Kp,1 T v.

Beenéunble onepannuy 00JIaIaioT PSAOM IPOCTHIX CBOMCTB, KOTOPbIE JIEFKO BBHIBECTH U3
onpenesenuii. B yactHocTu:

G1UG2:G2UG1, G1+G2:G2+G1,
G1:G2<:>612627 01UG2:§1+§2~

SAMEYAHUE

Omeparu 106aBICHNS U yAaIeHnsT pebpa B3aNMHO 0OPaTHBL:
Vec E,e' ¢ E ((G—e)—l—e:(G—l—e')—e’:G)_

B 10 xe Bpema Vo' ¢ V ((G+v') —v' = G), Ho ecam BepmmHa v rpada G He M30IMpOBaHHAS,
t0 (G —v) + v # G, noromy uto B aToM ciydae ¢((G —v) +v) < ¢(G).

PesynbraT BBITTOJHEHNST HECKOJBKUX IOCJIEIOBATETBHBIX OTEpaIuil yAaTeHus W JI0-
GaByieHUsT BEPIIUH WK PEOED He 3aBUCHUT OT MOPSIAKA BBITTOJIHEHUS OTIEPATTHIA:

(G+U1)+’U2=(G+U2)+’U1, (G—vl)—UQZ(G—’lJ2>—U1,
(G+61)+62=<G+62)+61, (G—el)—egz(G—eg)—el.

ITosToMy omepanuu yaanteHus U 1o0aBaeHus] BEPIIUH U PEGEp MOKHO 0000IIUTD U 10-
MycKaTh B Ka4eCTBE BTOPOTO apryMeHTa MHOKECTBA BEPIIUH U pébep.
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OTCTYMJIEHUE
[IpuBenénnbie onpenesneHus: onepannii Haj rpagamMu U MpUMepsl K HUM JIAIOT TOBOJ| 3aTPOHYTh
ONIMH TOHKHUH BOTIPOC, CBSI3AHHBIN C PA3TMUNSIMHU B TPAAUIUAX MATeMaTHIECKUX U TPOTPAMMHBIX
obo3Havenuil. PaccMoTpuM TIpuMep K Olepalyu AU3bIOHKTHOTO 00beAnHe s TpabhoB

F;},,g =C3UCs.

Ecu BBenénubie 0603HaYEHNs] TOHUMATD OYKBAJIBHO, TO 3TOT IIPUMED KaXKETCS TPOTHBOPEYAIIIM
onpezesaennio. JleficTBUTENBHO, onpeiesieHue TpeGyet, 4ToObl MHOKECTBA BEPIIHH 00bEIMHIEMbBIX
rpacoB He nepecekauch. Ecau cuurarh, uto Cs 0003HAYAET KOHKPETHBIA TPEYTOJbHUK, TO IPH-
NIETCsT pU3HaTh, 4TO B BeIpakeHnun C3 U C's MHOXeCTBAa BepIINH HE TOJBKO IepeceKkaroTcs, HO
U COBIIA/IAIOT, a 3HAYMT, onepanus obbenuHenust HenpruMennma. Ha camom nene Cs o6o3Havaer
KaK KJIACC TPEYTOJbHUKOB (BCE TPEYTOJBHUKH M30MOPGHDBI Kak rpadbl), TaK U OTAENBHBIN 00b-
eKT — IK3eMNAsP ATOTO Kiacca. Kak MMEHHO ciefyeT MOHMMATh 0603HAUEHHE, CYUTAETCS SICHBIM
n3 KoHTekcra. Ecam crpemMuTbes K (M3JAUIIHEH B ZIaHHOM CJIy4ae) CTPOTOCTH M OJHO3HAYHOCTH
0603HAUEHUT, TO TIPUBEAEHHBINA TPUMEDP MOKHO ObLIO ObI 3aIUCATh, HAIIPHUMED, TAK:

VG1(Vi, B1)€C3,Ga(Va, B2) €03 (ViNVa # @ = 3G3(V3, E3)€K33 (G1UG2 ~ Gs3)).

IToxo6Hast HEOAHO3HAYHOCTh OGO3HAYEHUN MPUCYIIA U IPOrPAMMUPOBAHKIO, XOTSI U B MEHbIIEH
crerieru. Hanpumep, KJII04eBOe CJI0BO int B Pa3JIMYHBIX KOHTEKCTAX MOXKET 0603HAYATH BCTPOEHHbIN
THII IaHHBIX (KJ1acC OOBEKTORB), OEPAIMIO TIOPOKIEHUSI HOBOIO 0OBEKTa 3TOr0 TUIIA (IK3EMILISpa
KJlacca), olepaiuio 1Ipeodpa3oBaHus APYroro ob6bekTa B 0OBEKT THIA int (sBHOE NpHUBEAEHMUE).
Crienyst cTuiiio 06beKTHO-OPHEHTUPOBAHHBIX SI3bIKOB TIPOrPAMMUPOBAHUS, TPUBEAEHHBIN PUMED
MO3KHO OBLTO ObI 3aMcaTh TakK:

newkK3s 3 = newC'3 UnewCs.

PaZlI/I KPaTKOCTHU 1 ITPOCTOTHI U3JIOKEHNS B JTOI KHUTE IIPUHAT 3HAYUTEJIbHO MEHEe CTpOI‘I/Iﬁ CTHUJIb
obo3HaueHuil B Ha/leXx/le Ha TO, YTO HPOrpaMMHUCTCKasd HUHTYULUA U BHPaBbIﬁ CMbICJI 1IO3BOJIAT
yuTaTeno n3bexkarhb 3&6]Iy>I<ZIGHI/II>)I, HECMOTpPA Ha BOJIbHOCTHU B 0003HAYEHUSIX.

7.3.5. MpocTble UUKbI

BaskHbIll U 110J1€3HBIN MOIKIace rpadoB 00pasyoT mpocTbie UKIbI Cy,.

TEOPEMA 1. Pezynsapuvlii zpagh cmenenu 2 cocmoum u3 npocmulx YUKL08.

LOKA3ATENBCTBO. PaccMoTpum cHavasa ciaydvaii csisuoro rpada. [lycrs G(V, E) — cBs3-
ubtii tpap u Vo € V (d(v) = 2). PaccmoTrpum nipousBosibHyio Bepiiuny v € V. Y Heé ectb
JIBe cMeskHble BepiuHbl. [IycTh ofHa U3 HUX — BepiiuHa w. [lepeiinéM U3 BepIIUHDBI v B
BepuIuHY u 10 pe6py (v, ). Torma y BepIIMHBI % €CTh POBHO OJHA HECMEXKHAS W PaHee He
npotifenHas Bepimia w. [epeiinem B Heé Mo pebpy (u, w). Takum 06pazoM TepexoInM
eIMHCTBEHHBIM 00PasoM KasKiblil pa3 1o HOBOMY pebpy Jmbo B paHee HENPOHAEHHYIO
BepIIUHY, 1100 B HAYAIBHYIO BEPIIHHY v. JlefCTBUTENBHO, TIOCKOIBKY MEPEXOABI OIHO-
3HAUHBIE, HEJOCTIKEHNE KaKOU-INGO0 BEPIIMHBI TPOTUBOPEYUT CBSI3HOCTH Tpada. Takum
00pasoM, CBSA3HBIA PEryasApHbIi rpad cTerneHn 2 — 9To IMPOCTON HUKJI. PaccMoTpum Te-
nepb HecBsI3HBINA Tpad. OH cocTOUT U3 k KOMIIOHEHT CBS3HOCTH, Ka)K[Iash U3 KOTOPBIX
SIBJISIETCST TIPOCTBIM ITUKJIOM. |

TEOPEMA 2. B auuxiuueckom epage pébep menvuie, uem 6epuiun.
2(G) = 0= q(G) < p(G).
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DOKA3ATENLCTBO. PaccMorpum cnavasa ciaydvaii essiznoro rpada. [lycrs G(V, E) — cBss-
HBIHM anmkandeckuii rpad. Unaykmus no p. basa: npu p = 1 umeem ¢ = 0, ipu p = 2
nmeeM ¢ = 1. IlycTb yTBepskieHue TeOpeMbl BepHO /g BceX rpadoB ¢ YnCIOM BepUIMH
MeHbIIle p. PaccMOTpUM CBSI3HBIM anmKJInMdeckuil rpad ¢ p BepmmHamu. Eciau B Tpade
€CTb BUCSYAs BEPIINHA v, TO yaanuM e€, G : =G —wv. Torna ¢—1 < p—1 110 UHAYKITUOHHO-
MY TIPEONOKEHNIO, U 3HAYUT ¢ < p. Ecau Bucstunx Bepim net, To Vo € V' (d(v) > 2).
ITo o6pasily MOCTPOEHUs B JOKA3aTeIbCTBE IPEAbIAYIIEH TeOPeMbl BOSbMEM IIPOU3BOJIb-
HYIO BEPIIUHY U NepeiféM B CMEKHYIO BEPIIUHY 10 paHee He IpOoiAeHHOMY pebpy. ITO
BCET/Ia BO3MOKHO, TIOCKOJIBKY CTEIEHb JI0O0H BEPIINHBI He MEHBIIe ABYX. BBUIY KOHEU-
HOCTU MHOKECTBA BEPIIVH, PAHO WJIHM TMO3/HO TMOMAJEM B OJHY M3 paHee NPONIEHHBIX
BEPIIUH, TO €CTh BBISIBUM ITUKJ — TPOTUBOpeuYne. PaccMOTpUM TeTniepb HECBSI3HBIN alluK-
Judeckuii rpad. ETo KOMIIOHEHTaMU SIBJISIOTCS CBSI3HbIE AITUKJINYEeCKIE TPadbl, B KAKIOM
U3 KOTOPBIX YUCIO PEOEP MEHBINE YKCIA BEPIITHH. O

7.3.6. PébGepHblie rpadbl

ITycts G(V, E) — rpad 6e3 neresb. CocTaBUM KBAAPATHYIO MATPHILY

I(G) : array [l..q,1..q] of 0..1, B KOTOpOIl U CTPOKH, U CTOJOIBI OTBeYAOT pEdpam G,
U ONpeIeuM eé dJIEMEHThI CIEAYIONMM 06pasoM:

I(Q)z,y]:=if JveV (vexz & vey) then 1 else 0 end if. /Ipyrumu cioBamu, ecim
pébpa T M y CMEKHBI U PA3JIMYHBI, TO B COOTBETCTBYIONIEH KJIE€TKE MATPHIBI CTaBUM 1,
unade 0. Takyio MaTpUIy HA3BIBAIOT MAMPUUET CMENICHOCTU PEGED.

Pébepnvin epapom nas (p, q)-rpada G(V, E) (obosnauenue I(G)) HasbiBaetcs tpad ¢ g
BepIIMHAMH, COOTBETCTBYIOIUMU PEGPaM UCXOAHOTO rpada, MpUIéM BepLUIMHbI PEGEPHO-
ro rpada CMeKHBI TOT/Ia U TOJIBKO TOT/IA, KOT/Ia CMEXKHBI COOTBETCTBYOIINE PEGPa NCXO/-
Horo rpacda. Takum 06pa3oM, MaTpPULA CMEKHOCTH PEOEp SBJISETCS MAaTPHUIIEH CMEKHOCTH
pébeproro rpada.

SAMEYAHUE
[TocTpouTs srarpammy pébeproro rpada I(G) no quarpamme rpada G odenp mpocro. Jlocratouno
MOCTAaBUTh MO OAHOW TOYKE B IPOM3BOJBHOM MECTE KaKAOi JauHMM, mdobpaxaromei pebpo G,
U 3aT€M COEIMHUTD MOIAPHO BCE TOYKHU, KOTOPbIE COOTBETCTBYIOT CMEKHBIM peGpaM.

MbI BHIMM, 4TO JIJIS BCSIKOTO Ipada CyIIECTBYET COOTBETCTBYIOIINIT eMy pébepHbIil rpad.
Bo3HUKaeT ecTeCTBEHHBI BOIPOC: KaK Y3HATh, SIBJSETCS JM JaHHBIA Tpad péGepHbIM
rpacdom HekoToporo apyroro rpada? OTBeT Ha BOIPOC JIAeT CJAeAYIONIas TeopeMa.

TEOPEMA. [pag I(G) sensemcs pébepuvim epapom ons nekomopozo zpapa G mozda u
MoK M020a, K020a 01 NPeocmasuM 8 6Ude MHONCeCMEa PEOepHO HeNePeceKaUUXCS KIUK
Ky ¢ d(v) sepwunamu, maxux, umo K, d(v) Umeem ie 6oaee 0010t 00wWell epuubL ¢ 110001
OpYy20tl KIUKOU, NPUUEM BEPUIURA MONCETn 8X00UMD He O0Jiee ueM 6 06e KIUKU.

JOKA3ATENbLCTBO.

[ =1 Iycte I(G) — pébepubiii rpad mist rpada G(V, E). PaccMOTpuM TIPOU3BOJIBHYO
Bepiiuny v € V. Eif uniuaentao d(v) pédep. Paccmorpum Jiobyto Bepiiuny u € I'(v),
u nycth e = (v,u). Torna B I(G) BepumHa e, cootTBercTByMOIas pebpy e rpada G, co-
enunsiercst pebpamu ¢ d(v) — 1 BepIIUHAMM, COOTBETCTBYIONIUMH OCTAJIbHBIM pebpam G,
vHIMAeHTHbIM v. To ecth B 1(G) umeem nosnbiii noarpad Ky, TOPOKIAEHHbI Bep-
muHoi v rpada G. PaccMoTpum Temepb BepumHy u. [IpoBezns [y He€ aHANIOTHYHBIE
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paccyskieHus, IPUXOJUM K TOMY, UTO e coequHeHa peOpamu Takke ¢ d(u) — 1 Bepru-
HaMH, KOTOpble BMecTe ¢ e oOpasyloT aApyroil mommbiii rpad Kye,. [Ba rpada, Ky,
1 Kg(,), BIMeIoT poBHO 1 00IIyIo BepiIuHy, OmpenesseMylo eIMHCTBEHHBIM pebpoM e,
cBa3bIBaOMUM v U u (puc. 7.17).

Ky

K(I(ll)

Puc. 7.17. K pokasaTenbCcTBy Teopemsbl . 7.3.6

[ «1 IIpeanonosxum, 4yTo, Ha060OPOT, rpad G MPEACTABUM B BHE MHOXKeCTBA PEGEPHO
Herepecekatouuxcs kK U (e; ), 1 mobas mapa atux kiauk (U(e;), U(e;)) umeer e 6osee
OMHON 00TIel BEPITMHBI, IPIYEM BEPITIHA MOKET BXOAUTDL He G0Jiee YeM B /[BE KIIHMKU.
Torma G1 MOKHO paccMaTpuBaTh Kak pébepHbiil tpad I(G) Hekoroporo rpada G. dcHo,
uTo Kaxkaas kianka U(e;) umeer d; < d(e;)+1 obumx Bepiuus ¢ apyrumu kankamu U (e;).
Kasxgomy U (e;) HOCTaBUM B COOTBETCTBUE OJIHY BEPIIMHY v; U COCAUHUM v; ¥ v; peOPOM
B G Torza u ToJbKo Toraa, koraa Ule;) u U(e;) umeroT obmiyto BepinHy. K atum pébpam
nobasum d(e;) — d; pébep (v;, u), MAYIMX K HOBBIM BEPIIUHAM U, B KOTOPBIX CYIECTBYET
TOJIBKO OJIHO 3TO Pebpo. O

Tosopsit, uto aBa tpada G1(E1, Vi) u Go(Es, V) pébepio usomopgmot, ecv cyecTByer
TaKoe B3aMMHO OJIHO3HAYHOE COOTBETCTBHE Fp <3 Fy MexIy ux pébpamu, u4To ecau T
" y; — cMexkHble pEOpa B G1, TO COOTBETCTBYIOINTNE UM PEGPA To M Yo CMEXHBI B G, U
Ha000pOT. 3aMeTHM, YTO 7Ba Tpada pébepHo n30MOpPGhHBI TOTAA W TOJBKO TOT/A, KOT/A
ux pébepbie rpadsl nsomopdubl. Ha puc. 7.18 npencrasiaensr asa rpada, u3oMopdHbIe
péGepHO, HO He U30MOP(HBIE B OOBIYHOM CMBICTIE.

Kak MbI BhIsICHUJIM paHee, 000l rpad G ompesessier, IpUYéM eIMHCTBEHHBIM 00Pa3oM,
COOTBETCTBYIONTHI pébepubiit Tpad I(G). BosHmkaeT BOTpoc, OMHO3HAYHO JIM OTIPEEISET
pébepunrit tpad I(G) ncxomusiit tpad G? PaccMoTpeHHbIH mpuMep — TpeyroabHuK Cs
u TpéxkoHeuHas 3Be3za Sz (puc. 7.18) — 1moka3biBaeT, UTO ATO He BCETAA TaK.

Puc. 7.18. [ipa rpada c ognHakoBbiMU pEéBepHbIMU rpadamm

TEOPEMA (Yuthun). Jho6otl ceasnbiil koneunvlii zpag, omauunoiii om Cs u S3, 00HO3HAUHO
sadaémcs ceoum pébepnvim zpapom.

JOKA3ATENbLCTBO. be3 mokasareabcTBa. O
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7.4. MNpepctaBneHuve rpadoB B nporpaMmmax

Cremyet eie pa3 MOAYEPKHYTb, YTO KOHCTPYMPOBAHUE CTPYKTYP [AAHHBIX IS TIpell-
CTaBJIEHUsI B TIPOTpaMMe OOBEKTOB MAaTEeMaTHYECKONW MOJEJN — 3TO OCHOBA MCKYCCTBA
MPAKTUYECKOTO TIPOTPAMMUPOBAHUS. MBI TIPUBOJIUM YETHIPE PA3IUYHBIX GA30BBIX MPE/-
craBieHust TpachoB. BbiOOp HAWIYUIIETO MPEACTABJIEHUS OIPENeIseTcss TPeOOBAHUSIMU
KOHKpeTHOI 3asiaun. Bosiee Toro, Ha mpakTHKe MCIOJb3YIOTCS, KaK IIPaBUJIO, HEKOTO-
pbie KOMOUHAITMY WM MOJM(MDUKAIINN YKa3aHHBIX TIPEACTABIEHUI, 061IIee YMCIO KOTOPBIX
Heo6o3pumo. Ho Bce OHUM Tak WM WHAYe OCHOBAHBI Ha TeX Ga30BBIX UAESIX, KOTOPHIE
OIIMCAHbl B 9TOM pasjeJie.

7.4.1. TpeGoBaHuga K npeacTaBneHuio rpados

V3BeCTHBI pasaM4HbIE CIIOCOOBI TIPECTaBIeHUs TPAhOB B MAMSATH KOMIIBIOTEPA, KOTOPbIE
pasinyaroTcss 0GBEMOM 3aHUMAEMON TTAMSITH ¥ CKOPOCTBIO BBITIOJTHEHUST OTEPAIlMid HaJl
rpaamu. IIpexncraBienvie BoIOUPAETCs UCXOMs1 U3 MOTPEOHOCTEN KOHKPETHOH 3a1avi.
Jlasiee puBeieHbI YeThIpe HanGoJee YaCTO UCTOMB3YEMbIX MPEICTABIECHNS C YKA3aHUEM
XapaKTepUCTUKU n(p,q) — OOBEMA MAMSITU JUIS KaXKIOTO MPEICTABIEHUs. 31eCh p —
YUCJIO BEPIIWH, & ¢ — YUCIO PEdep.

S3AMEYAHME

3HavyeHre XapakTepUCTHKH N (P, ¢) YKa3bIBAETCS C HOMOIIBIO CUMBOJa O, KOTOPBIN 03HAYAET COB-
TajieHre 1o TOPSAKY BEeJTMYUHBI (MU PABEHCTBO C TOYHOCTHIO ZI0 MYJIBTHILINKATUBHON KOHCTAHTHI
¢, nocnenHee 3amevanve B 1. 1.3.2). [IpuMmennTenbHO K N3MepEHNIO 3aHUMAEMOI TTAMSITH HCIIOTH30-
Banue cuMBoJia O CBSI3aHO C TEM, YTO IaMSATh MOKET OBITh M3MepeHa B OuTax, GaliTax, MAIIMHHBIX
CJIOBaX WJIM UHBIX eAnHUIAX. KoaddunmenT ¢ mpu aToM MeHsIeTCs, a TTOPSIIOK BETUIUHBI OCTAETCS.

[IpencraBienus WIIOCTPUPYIOTCS Ha KOHKPETHBIX IpuMepax rpada G u oprpada D,
JIMarpaMMbl KOTOPBIX TIpe/iCTaBjIeHbl Ha puc. 7.19.

] Uy 01

@ >

[
Lad

€3 v
® >o

N (o N (o

Puc. 7.19. Onarpammbl rpada (cresa) n oprpada (cnpasa), VUCNONb3yeMbix
B KaQ4yecTBe NpPMMepoB

7.4.2. MaTtpuyua CMeXHOCTU

[IpencraBnenue rpada c momorsio Mmarpuiisl M : array [1..p, 1..p] of 0..1, orpaxkaroreii
CMEKHOCTb BEpIINH, Ha3bIBAeTCs Mampuuei cuexcnocmu, tae Mli, j]:=(v; € I'(v;)), To
€CTb BEPIIMHBL v; U vj cMeXHBL 151 Matpuisl emeskHoctH n(p, ¢) = O(p?).
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Mpumep.

OO
— = O
= o= O
O ==
o oo
SO O
= o= O
OO RO

SAMEYAHME

Martpuia cmeskHOCTH Tpada CMMMETPUYHA OTHOCUTEJIBHO IJIaBHON INaroHasy, II09TOMY /1I0CTaTou-
HO XPaHUTb TOJBKO BEPXHIOI (MJIM HMUXKHIOIO) TPEYTOJbHYIO MaTPUILY.

7.4.3. Martpuua nHumaeHunmn

ITpexcraBienue rpacda ¢ moMoIsio Matpuilsl H : array [1..p,1..q] of 0..1, orpaxkartorueii
UHIUICHTHOCTD BEPIITMH U PEGEp, HA3BIBACTCA MAMPUUET UHUUOCHUUIL,

rae Hli,jl:=3e; € E (v; € €;), TO eCTb BepIIMHA v; UHIIUJEHTHA Pebpy €;.
IIpexacraBienue oprpada ¢ momomnbio matpuiisl H : array [1..p,1..¢] of —1..1, orpa-
JKaloreil MHIMAEHTHOCTh Y3708 U /YT, TaKyKe HA3BIBAETCS MAmMpuuet uHyuoenyuil, rie
H[i,j]:= if Je; € E (e; = (z,v;)) then 1 else if Je; € E (ej = (v;,2)) then —1
else 0 end if, To ecTb ecim ysen v; MHIMIEHTEH Ayre e€; U SIBJISLETCS €€ KOHIOM, TO
HJi, j] = 1, a ecai y3eJt v; UHIUJCHTEH JyTe e; U sIBIsteTcs eé HavanoM, To HJi, j] = —1,
ecJu ke y3es v; U pebpo e; He uHUMAEHTHBL, TO H|[i,j] = 0. JlJst MaTpuIlbl HHI[MAEHIINI
n(p,q) = O(pg).

Mpumep.
10010 1 0 0 1 0
1100 1 1 -1 0 0 -1
G o1 100 Prlo 11 0 o
00 1 11 0 0 -1 -1 1
3AMEYAHUE

Jlus cBs3ubix TpacoB g = p — 1, OITOMY MaTpUIA CMEKHOCTH HECKOJHKO KOMIIAKTHEE MATPHUILBI
VHITU/IEHI[AI.

7.4.4. CNUCKM CMEeXHOoCTH

[Tpencrasienue rpada ¢ MOMOIIBIO CIIUCOYHON CTPYKTYPBI, OTPasKaIOIIel CMEKHOCTD BEp-
IIMH U cocTosiniell n3 mMaccusa ykasateseil I' : array [1..p] of 1 N Ha cimcku cMeXHBIX
BEPIIUH, TJie 3JIEMEHT CIUCKa sIBJseTcs cTpykrypoit N = struct { v : 1.p,n T N },
HA3bIBACTCS CHNUCKOM CMedcHocmu. B ciydae mpeAcTaBlIeHIST HEOPHEHTHPOBAHHBIX Tpa-
doB crckamu cmexuoctu n(p,q) = O(p + 2q), a B caydae OPUEHTUPOBAHHBIX rpadoB

n(p,q) = O(p + q).
3AMEYAHME

MaccuB I' Takske MOKHO TIPEJICTABUTH CIIUCKOM.

Mpumep. Chucku cmeskHocTu 1751 rpada G u oprpada D nipeacraBienbl Ha puc. 7.20.
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Puc. 7.20. Cnuckn cmexHocTtn ana rpada G (cresa) n oprpada D (cnpasa)

7.4.5. Maccue ayr

ITpencrasienue rpada ¢ TOMOIIBIO MACCUBA CTPYKTYP

E : array [1..q] of struct { b, e : 1..p}, OTpaKaIOIIETO CIUCOK AP CMEKHBIX BePIIHH (N,
JUist oprpadoB, y3JI0B), Ha3bIBAETCS MACCUBOM pébep (maccusom Oyz). Jus maccuBa pébep
(um ayr) n(p, q) = O(2q).

3AMEYAHUE
Jlnst ipezictaBiiennst rpadoB ¢ M30JMPOBAHHBIMH BEPITHHAMI MOKET MOHAO0UTHCS XPAHUTD EIIE
YHCJIO P, €CJIU TOJBKO CUCTEMA IIPOrPAMMUPOBAHUS He TI03BOJIACT U3BJICYb 3HAYCHUE P N3 MACCUBA
cTpyKTyp E.

Mpumep. IlpencraBieHre ¢ TOMOIbIO MaccuBa pébep (yr) MOKaszaHO B CJeAyoIIeit
tabsmie (ais rpada G — ciesa, a s oprpada D — crpasa).

b

e b e
1 2 1 2
1 4 2 3
2 3 2 4
2 4 4 1
3 4 4 3

SAMEYAHME

YKazanHble IpeCTaBIeHUs IPUTOAHDI /U1 rpacdoB U oprpados, a 1mocjie HeKoTOpoil MoauduKa-
MU — Takxe ¥ s 1ncesgorpados, myasturpados u runeprpados.

7.4.6. O0xopbl rpadoB

O6x0x1 rpada — TO HEKOTOPOE CUCTEMATUYECKOE IE€PEYUCIIeHUe ero BepiiuH U (Man)
péGep. HauboJibiinii MHTEPEC MPEACTABISIIOT 00XOJIbl, UCTIOJB3YIOIIHe JTOKAIBHYIO WH-
dopmarmio (crickn cMmexxnoctn). Cpeau Becex 06x010B HanboIee UBBECTHBI IIOUCK 6 Ulld-
puHy ¥ 8 zaybuny. AJTOPUTMBI IOUCKA B MIUPUHY U B TJIYOUHY JIEKAT B OCHOBE MHOTHX
KOHKPETHBIX aJITOPUTMOB Ha rpadaX. AJTOPUTMBI MOMCKA B IIUPUHY ¥ B TIyOUHY U3J10-
’KE€HBI BO MHOJKECTBE UCTOUHWKOB, OJHO U3 CAMBIX TTOJPOOHBIX ¥ JETATBHBIX U3JI0KEHMH
npuBezieHo B pyHaaMeHTa bR KHure [2]. Onpeenenye OMCKa B LIMPUHY U B TIyOHHY
06BIYHO AETCST HE TIOCTYIMPOBAHUEM TPeOYEMBIX CBOUCTB 0OX0/I0B, HO aJITOPUTMUYECKH,
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[PeIbsIBJIEHIEM KOHKPETHBIX AJITOPUTMOB. ITO 0OCTOSTENBCTBO, & TAKKE MHOTOYUCJIEH-
Hble TeXHUYECKHUe JeTaly U3JI0KeHUd HeCKOJIbKO 3aTyMaHUBAlOT OCHOBHYIO MJI€I0, U MO-
JKET CJIOKUTHCS BIIEYATJIEHHE, YTO TIOUCK B IMMPUHY U B TIIYOUHY — 9TO MIPUHIIMITHAIBHO
pasJIMyHble aJTOPUTMBL: HAIIpUMep, IIOUCK B IIUPUHY — UTEPATUBHBII aITOPUTM, & IIOUCK
B IyOuHYy — peKypcuBHBI. Ha caMoM fieste, XOTSI TIOWCK B MUPUHY U B TIYOUHY [eHCTBHI-
TEJBHO MAIOT PA3INUHbIe 0OXO/IBI, IO CYIECTBY 9TO ABE PEATU3AIMU OHOTO AJTOPUTMA,
IIPUMEHSIONNE PAa3JINdHble CTPYKTYPHI JAaHHBIX, KaK ITOKa3aHO B alroputMme 7.3.

Ausropurm 7.3. TIowck B IUPUHY U B TIyOUHY

Bxoa: rpad G(V, E), npencraBjieHHblil cliucKaMu cMeskHOCTH I
Bbixo: moc/e[oBaTebHOCTh BepIIMH 06X0/1a.

for v € V do
z[v]: =0 // BHauase BCe BEPIIUHBI HE OTMEYEHBI
end for

select v € V' // Hauano o6xo[1a — NPOU3BOJIbHAS BEPIIUHA
v— T // noMmemniaemM v B CTPYKTYPYy JAHHBIX T...
z[v]:=1 // ... oOTMeYaeM BEPIIMHY ¥
repeat
u < T // u3BjieKkaeM BepIIUHY U3 CTPYKTYPbI AaHHBIX 7. ..
yield v // ...u BosBpaliaeM e€ B KauecTBe OUYEPEAHON MPOUIEHHO BEPIIMHBI
for w € T'(u) do
if z[w] = 0 then
w — T // nomeliaeM w B CTPYKTYpPY HaHHBIX T...
z[w]:=1 //...u oTMe4yaeM BepIIMHY W
end if
end for
until 7 = @

Ecim B asnropurme 7.3. ctpykrypa manabix T — ato crek (LIFO — Last In First Out),
TO 006XO0/ Ha3bIBAETCS NOUCKOM 6 2iybuny. Eciu T — aro ouepenp (FIFO — First In First
Out), To 06X0/T HA3BIBAETCST NOUCKOM 8 ULUPUHY.

3AMEYAHUE
ITO U3JI0KEHUE AJITOPUTMOB 3aMETHO OTJIMYAETCS OT M3JI0KEeHUs B KHUre [2]. 3/1ech He UCTIOb3Y-
eTcst TPEX [[BETOB BEPIIHH, ¥ 1P OYKBAJIbHOM CPABHEHUHU [TPOTOKOJIOB PAbOTHI AJITOPUTMOB TTOUCKA
B IJIyOUHY TIOJTy9aloTCsl pasindHbie 00X0/bl. B pesysibrate y BHUMATETLHOTO YUTATENST MOKET CO-
3[1aBaThCsl OIIMOOYHOE BIIEUATIIEHUE, YTO NPUBEAEHHBII aJTOPUTM <HENpaBWIbHbIN». Ha camom
JleJie 3TO He Tak. B ciyyae 1mowcka B MUPUHY PA3IHMIUil MEXK/Y TPUBEAEHHBIM aJTOPUTMOM 7.2 U
O6bl‘iHblM U3JI0KEHUEM aJITOPpUTMaA IIOVCKA B IIUPUHY HET. Paznnune MEX1Y llpl/lBeLléHHblM aJIro-
puUTMOM 7.2 B ciIydae TOUCKa B IIyOMHY U OOBIYHBIM PEKYPCUBHBIM aJITOPUTMOM MOUCKA B TIYOUHY
3aKJII0YAETCS TOJIBKO B IIOPsI/IKE PACCMOTPEHMS BEpIINH w, CMEXKHBIX C TeKylleil BepuHoil u. B
ajropuT™e 7.2 BepIIMHbI w 3aHOCATCS B CTPYKTYPY JAaHHBIX T B TOM IIOPS/KE, B KAKOM BEPIINHbBI
BCTPEYAIOTCS B CUCKE CMEKHOCTH (), M, COOTBETCTBEHHO, PACCMATPUBATHCS OYAYT B 0OpaTHOM
nopsizike, ecim T — 3T0 cTeK. B pekypcuBHOM BapuaHTe BEPIIUHBI OYAYT PACCMATPUBATHCS B I10-
PSIIIKE CJIEIOBAHUS B CIIUCKE CMEKHOCTH. Takum o0Opa3oM, pasjidre B TOM, KaK MMPOCMATPHBATDH
CIMCKM CMEXKHOCTH: OT Hayaja K KOHI[y WJM OT KOHIA K Haudany. Ha cBoiicTBa airopuTmMoB u
MOJIy4aeMBIX 0OXO/I0B 9TO PA3JIMYNE HE BIIHSICT.

Mpumep. B cienymoreit Tabsmile MOKa3aHbl MPOTOKOJIBI TIOMCKA B TJIyOUHY U B IIU-
punHy A rpacda, AmarpaMMa KOTOPOTo IpuBefieHa Ha puc. 7.21. Ilpeanomaraercs, 4to
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HauyaJIbHOM sBJsieTcs BepuirHa 1. B mepBoil nape cron6uos B Tabjuile NPUBEIEH IIPO-
TOKOJI TTOWCKA B IUPUHY, 2 BO BTOPOH mape crosbmoB — B rayouny. Kpome toro, mis
CPaBHEHUSI, B TPETHEM CTOJIOTE IPUBEEH TIPOTOKOJT TOUCKA B TIYOUHY IS CIydast, KOT/a
CMEKHBIE BEPIIMHBI 3aHOCSTCS B CTEK B 0OpaTHOM MOpsiike. TeM caMbIiM TpeTuit cTosrber
MOKA3bIBAET, KaK BEMET ceOs PEeKyPCUBHBIN BapUAHT aJrOpUTMa Toncka B riaybuny. Ha
puc. 7.21 cTIIoNIHbIE CTPETKU ¢ HOMEPAMU PSIIOM ¢ PEOPaMU TTOKA3bIBAIOT ABWKEHHUE 1O
rpady mpu Moucke B rIyOHHY, a YHKTUPHBIE — B ITUPUHY.

A
U T u T U T 1 ig 33
1 2,4 1 2,4 1 4,2 l }
2 43 | 4 23 |2 4,3 ’
4 3 3 2 3 4 4 ; 3
3 g 2 g 4 9 Puc. 7.21. Onarpamma rpa-

da K Nnpumepy obxoaa B LMPU-
HY 1 B MyOUHY

TEOPEMA. Eciuzpag G cessen ukoneuen, mo nouck 6 Wupumy U nouck 6 2iyouny 06xoosm
8ce sepuiibL N0 00HOMY PA3Y 34 8PEMSL, NPONOPUUOHATLHOE He 00Iee UeM CYMMAPHOMY YUCTY
sepuun u pedep.

J OKASATENBLCTBO.

[ EOMHCTBEHHOCTb 06x0aa BeplwmHbl] O6X01ATCA TOIBKO BepuIuHbl, onasiive B 1. B T
MONAJIAI0T TOJIbKO HeoTMeueHHble BepIiuubl. [Ipu nomaganuu B 7' BeplinHa OTMEYAETCS.
CiuenoBaTesibHo, Jiobas BepiirHa Oyzer obolizeHa He GoJiee OZHOrO pasa.

[3aBepwaemocTs anroputmal Beero B T Mosker nonactb He GoJiee p Bepinud. Ha xaxmom
mare ogHa BepuMHa yaajserca us 1. CienoBaTelbHO, aITOPUTM 3aBEPUIMT paboTy He
6oJiee 4eM yepes p 1Iaros.

[06x04 Beex BepwuH] Ot npotusBHOTO. IIycTh aIropuT™ 3aKOHYMII PabOTy U BEPIIMHA W
He obolieHa. 3HauuT, w He nonasia B 1. CiegoBaTeIbHO, OHA He Oblia oTMedeHa. OTcoa
CJIEJIYET, YTO BCE BEPLIMHbI, CMEXKHbIE C w, He ObLIM 000HAEHBI M OTMEYEHbI. AHAJIOTUYHO,
I[IO6I>I€ BepIHI/IHbI, CBsA3aHHbIE C HEOTMEUYEHHbIMU, CaMU HEe OTMEYECHbI (HOCJIG SHBepH_[eHI/IH
anropurMma). Ho G cBsi3eH, 3HaYWT, CynIecTBYeT 1IyTh (v, w). CeIoBaTeNbHO, BEPIIIHA ¥
He oTMeueHa. Ho oHa Oblyla OTMeY€eHa Ha IepBOM Iuare!

[TpyzoémkocTs anroputmal Wuuimanusanus (Bropast cTpouka) Bbinosnsercs 3a O(p).
B nukie kaxkgas BepIIMHA IIPOCMATPHUBAETCS He OoJjiee OQHOIO Pasa, M I KaKIoii
MIPOCMATPUBAEMON BEPIIUHBI €€ CIIUCOK CMEXHOCTU MpocMatpuBaercs oawH pa3. Cre-
JloBaTenbHO, MUK BhinosHsteTcst 32 O(q). Takum o6pasoM, TPYAOEMKOCTH aJITOPUTMA
O(p +q). 0

CNEACTBME 1. Ilycmo (uq,...,U;, ..., Uj,...,Uy) — 00X00 (Mo ecmv nociedosamenv-
nocmo eepuun) npu noucke 6 wupuny. Toeda Vi < j (d(uq,u;) < d(ug,u;)).

[pyrumMu cioBaMu, pacCTOSTHUE TEKyIel BEPIINHBI OT HAaYaJIbHOW SIBJSETCS MOHOTOHHO
Bo3pacrawlieil GyHKIMeil BpeMeH! MOUCKA B MIUPUHY, BEPITHHBI 00XOIATCS B MOPSIIKE
BO3PACTaHUs PACCTOSIHUS OT HauyaJbHON BEPIINHBI.
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CNEACTBME 2. Ilycmo (ui,...,u;,...,u,) — 00x00 npu noucke 6 2iyouny.
Toeda Vi >1 (d(ul,ui) <1< p).

JIpyrumMu cJioBaM¥, BpeMsI MOMCKa B TyOMHY J1060U BEPHIMHBI HE MEHEE PACCTOSHIS
OT HavaJIbHOU BEPIIUHBI U He GoJjiee OOIIEro YKMC/a BEPIIUH, TIPUUYEM B XY/IIEM CIydae
BpeMs II0KCKa B IJIyOUHY MOKeT ObITh MaKCHMMAaJIbHbBIM, HE3aBHCUMO OT PACCTOSHUS 10
HavyaJIbHOU BEPIINHBL.

CNEACTBME 3. Ilycmov (uq,...,u;,...,u,) — 00x00 npu noucke 8 wupuny, a D(uy,1),

D(u1,2),... — apycot epaga omnocumenvio eepuunvt u, . Toeda
d(ug,u;)—1 d(u1,ui)
Viz1l | Y [D(uj)l<i< Y [D(uy,j)
=0 =0

Jpyrumu cioBamu, BpeMs MOWCKA B IMUPUHY OTPAHWYEHO CHU3Y KOJIMYECTBOM BEPIIUH
BO BCeX spycax, HaXOJAIMXCS Ha PACCTOSIHUM MEHbIIeM, YeM paccTosiHue OT HadalbHOI
BEpIINHBI /10 TEKYIel, 1 OTPAaHMYEHO CBEPXY KOJIMYECTBOM BEPIIWH B sIpycax, HauMHAasI
C sipyca TeKyllel BepHIMHbI U BKJIOYasi BCe MEHBIINE SIPYCHI.

CNEACTBUE 4. Ilycmov (uy,...,u;,...,u,) — 00x00 npu noucke ¢ wupuny, a (vy, ...,
Vj, ..., p) — 00x00 npu noucke 6 enybuny, 20e u; = v;. Toeda 6 cpednem i = 2j.

ﬂpyFI/IMI/I CJIOBaMM, ITIOMCK B F]Iy6I/IHy B CpE€/THEM BABOE 6bICTpee, YEM IIOUCK B IINPDUHY (CM.
puc. 7.22).

Mpumep. Ha puc. 7.22 B rpadudeckoii popme nokazaHbl TPOTOKOJBI TOMCKA B MIUPUHY
(cneBa) u B TybuHy (cipasa).

do

d;

Puc. 7.22. 06xoabl B LWWAPUHY U MYyOUHY

3AMEYAHUE

AJITOpUTM MOUCKA B MIMPUHY W B TIyOUHY MOXET ObITh IIPUMEHEH TaKKe K HECBSI3HBIM rpadam.
JleiicTBUTENbHO, /I ATOTO JIOCTATOYHO MPUMEHWUTDH aJTOPUTM K OIHON KOMIIOHEHTE CBSI3HOCTH,
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HOTOM K CJIeAyIomedl u T. J. AJTOpuT™M MOKeT ObIThb HNPUMEHEH Takxke K JIOObIM oprpadam, B
TOM 4ucJie K oprpadam, KOTOpble He SIBJSIOTCS CUIbHO cBsi3HbIME (cM. 1. 8.5.1). [lis artoro mo-
CTATOYHO TIPUMEHUTH AJTOPUTM HAYMHASI C IPOM3BOJIBHOTO y3JIa, YIAJIUTH BCe OOOIIEHHbIE Y3IIbI
C MHIIMJEHTHBIME JyTaMy, a 3aTeM MIPUMEHUTH AJITOPUTM K OCTaBIlelicss yacTu oprpada u T. 1.

7.5. Tpadbl U OTHOLWIEHUS

[lesb1o 3aKJIIOUUTEIHBHOTO pas/iesia JaHHO! IJIaBbl SIBJISETC YCTaHOBJIEHUE CBSA3U TEOPUU
rpadoB ¢ APYTUMU pasjieaMy JUCKPEeTHON MaTeMaTHKH.

7.5.1. Oprpadbl U OMHaApPHbIE OTHOLUEHUS

Jlio6oii oprpad G(V, E), BOSMOKHO, ¢ TETJISIMHA, HO O3 KPaTHBIX YT, 337aéT GUHApHOEe
orronrerne E na muosxkectse V. O6patho, n10boe GuHapHoe oTHOIeHHe F Ha MHOKECTBe
V onpenessier oprpad G(V, E): napa seMEHTOB TPUHAJIEKUT OTHOIIEHHIO
(a,b) € E CV x V Ttoraa u ToJbKo Toraa, Koraa B rpade G ects ayra (a,b).

Mpumep. Ha puc. 7.23 npejcraBiena auarpaMMa HarpyskeHHoro oprpada, cooTser-
CTBYIOIIETO OTHOIIEHUIO cOOCTBEHHON pesumoctu (1. 2.4.1), 3alaHHOMY Ha MHOKECTBE
{2’ 37 47 53 6) 7, 87 9}

@@@@@@é

Puc. 7.23. OTHOLWIEHNe COOCTBEHHOW AENNMOCTU Yncen

Oprpad, cooTBeTcTBYIOMNN pedIeKCHBHOMY OTHOIIEHHMIO, B KAXKIOU BEPIIMHE HMeeT
MeTJII0, a 3HAYWT, sBJsgeTcs nceBnorpadom. Ecan ske oTHoIeHNe aHTHPEehIEKCUBHO, TO
oprpad BoBce He MMeeT meTeslb. Eciam oTHomleHMe pediieKCHMBHO, TO PHUCOBATh IETJIIO
HA JUarpaMme y KajcOoi BEPIIMHBI YTOMHUTENbHO W HEMH(POPMATUBHO, MOITOMY IIET-
Ju Ha jJuarpammax rpadoB u oprpacoB IMOKA3bIBAIOT, TOJIBKO €CJIU 3Ta UH(MOPMAIIUS
CYIIECTBEHHA.

[lomotaenne oprpadoB ecTh JOTNOJHEHNE OTHOIEHUN. V3MeHeHMe HAmpaBJeHUs] BCeX
IyT COOTBETCTBYET 0OpaTHOMY oTHOMIeHHIO. CTenenu GuHapHOTO oTHOIEHUss E C V XV
cooTBeTcTBYIOT myTsiM B oprpade. Crenenb E! cOOTBETCTBYeT IyTsM AJMHBI 1, TO €CTh
ayram, E? cOOTBETCTBYeT MyTsAM JJIMHBI 2 U T. 1. Ec/IM OTHOIIEHWEe aHTHCMMMETPUYHO,
TO COOTBETCTBYIONUI eMy oprpad He MMeeT BCTPEUYHBIX AyT. AHTUCUMMETPUYHBIMU SB-
JISIIOTCS, B YaCTHOCTH, OTHOIIEHMs TOPsI/IKa, KOTOPble PacCMaTpUBAIOTCS B CJELYIOIIeM
naparpadpe ¢ Touku 3peHuss Teopuu rpacos.

Ecam ke oTHOIIEHWE CUMMETPUYHO, TO BCsKas Ayra oprpadga mMeeT BCTPEUHYIO, U Ha-
[paBJIeHNe yTH He UMeeT 3HaYeHust. TakuM 00pa3oM, BCSIKOMY CHMMETPUYHOMY OTHOIITE-
HUIO COOTBETCTBYET HEOPUEHTUPOBAHHBIN rpad, u o6paTHo, rpad (HEOPUEHTHUPOBAHHDII)
COOTBETCTBYET CUMMETPUYHOMY OTHOIIeHUIO. ITosHblil rpad coOOTBETCTBYET YHUBEPCAJID-
HOMY OTHOIIEHUIO.
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MpumMmep. Paccmorpum oTHONIEHHTE

R = {(a,b) e NxN| (a+b) mod 4 =0}
Ha MHOKECTBE {2,3,4,5,6,7,8,9}
(puc. 7.24). ODTO OTHOIIEHWE CHUMMeET-

PUYHO, TI09TOMY €My yIOoOHee CTaBUTh B Q:z} @
cooTBercTBUE Tpad, a He oprpad. Ileran

Ha [uarpamMme 3Toro rpada gBisAoTCA
CyIIIeCTBEHHBIMH, TaK Kak OTHOIIeHUe He

pedyiekcuBHO 1 He aHTUPe(IEKCUBHO. ( 8 )

Puc. 7.24. Juarpamma oTHOWeEHUS R

Mpumep. Hamomuanwy, 4TO oT-
HOTIIEHHE B3aMMHOMN MIPOCTOTBI
R = {(a,b) e NxN|gecd(a,b) =1} Ha
MHO’KECTBE HATypaJbHBIX 4YMCEJI CHM-
merpuuHo. Ha puc. 7.25 mupexacrasieHa
nuarpaMma  rpada,  COOTBETCTBYIOIIETO
OTHOIIIEHWIO B3aUMHOW TIPOCTOTHI  HA
MHoxecTBe {2,3,4,5,6,7,8,9}.

Puc. 7.25. narpamma OTHOLEHNS
B3aMMHOM NPOCTOTHI

SAMEYAHME

Wcxons 3 HazBanuii «rpad» U «OpUEHTUPOBAHHBINM Tpad» B MEPBBII MOMEHT MOJKET MOKA3aThCs,
4yTo Kyacc rpados mmpe kiacca oprpados. OQHAKO HA caMOM JieJie, TIOCKOJIbKY CHMMETPUYHBIE
OTHOIIEHUS SIBJISIOTCS TTOJIKJIACCOM KJIacca BCeX OTHOIIEHUH, Kaace rpadoB SIBJISETCS MOKIACCOM
ksacca oprpagoB. Tak HCTOPUYECKH CJIOKIIIACH TePMUHOJIOTUSL.

B 10 ke BpeMsi cienyeT oOpaTUTh BHUMAHUE, YTO MYyJbTHOPrpad He MOXKET 3a/laBaTh OMHAPHOE
OTHOIIIEHUE, TaK KaK Iapbl B MOJMHOXKECTBE IMPSIMOTO NPOM3BEICHUS JIBYX MHOKECTB HE MOBTO-
pstioTcst. JIpyrumMu cioBaMu, MEK/Y SI3BIKOM MYJIBTUTPAGhOB U SI3BIKOM OMHAPHBIX OTHOIIEHWIT HET
IIPSIMOTO COOTBETCTBUSL.

DYHKIHST SBASETCS YACTHBIM CJTy4aeM OTHOIIEHUST ¥ MOKET OBITh MPENCTaBIeHA Op-
rpadom. Pacemorpum dynkmmio f: A — B, el COOTBETCTBYET IBYAOJbHBIN oprpad
G(A, B, E), nast xotoporo V.= AUB u E = {(a,b) € Ax B| b= f(a)}. MHoxectBo
Bcex BepiiH oprpada G, UMEIINX UCXOJISIIIE IyTH, €CTh 00JACTh OnpeeteHus (hyHK-
I[UH, 2 MHOKECTBO BCEX BEPIIIH, UMEIOIUX XOTSI OBl OJHY BXOJSIIYIO IyTy, — 00JacTh
sHaueHuii pynkimn. [Ipu aToM B crity 0JiHO3HAYHOCTH JTI060I y3en oprpada G uMeer He
GoJiee OMHOI UCXOAAIIEH HYTH.

Ecim xe dynkimmsa asiserca dbynkimeii Ha MHoxectse V, f: V. — V, To nuarpamma
oprpada G(V, E) MOXKET UMeTh JOBOJBHO MPUYYAJIUBYIO (GOPMY.
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Mpumepsl

Ha puc. 7.26 cieBa mpezncTaBieHa auarpamma oprpagda, cooTBeTCTBYIONIEro (yHKITUN
f(z) = xmod9 + 1, a cipaBa — dyukimu g(z) = r mod 4 + 1, AefCTBYIONNX HA MHO-
xectBe {1,2,3,4,5,6,7,8,9}. Tak kak GyHKIMU TOTAJIbHbBIE, KAXKIBII y3€J MEET POBHO
OJTHY MCXOJISIIYIO JIyTY.

Puc. 7.26. Ouarpammbl oprpacdoB, COOTBETCTBYIOLLMX GYHKUMSAM f U g

3AMEYAHUE
Jluarpammbl oprpacdoB HPUTOAHBL [JIs1 IPENCTABJIEHMS TOJbKO TaKUX (DYHKKIMH, Y KOTOPBIX 00-
JIACTH OTIPE/IETICHUS U 06IaCTh 3HAYEHUIT CYIeCTBEHHO KOHEUHbL. [l7is1 GeCKOHEUHO 3alaHHbIX (QyHK-
Wi, B YaCTHOCTH, HEIIPEPBIBHBIX (DYHKIUI BEIECTBEHHON II€PEMEHHOI, TPAAUIIMOHHBIM 1 Hanbo-
Jiee MCIIOJIb3YEeMbIM TPpahuecKiM Cpe/ICTBOM ABJIsIeTCs NpejicTaBienne rpaduka GyHKIUNA B BUJE
JINHUW, KOTOPast K TOMY >Ke HarJSIHO WJITIOCTPUPYET MHOTHE CBOMCTBA 3TON (DYHKIIUM.

7.5.2. Tpad HUMAOEHUUN

OTHolIIeHe MHIUIEHTHOCTH MeKAy BepilnHamu U péOpamu (ysjJaMu U AyraMu) Tak-
sKe MoxeT ObITh npegcTasaeHo rpadom (oprpadom) unyudenyuii. JIns rpados oTHOIIE-
HU€ WHIUIEHTHOCTY CUMMETPUYHO, TI0TOMY Tpad MUHITUAEHIINI SIBJISIETCS ABYI0JbHBIM

rpacdom (a He oprpacdom).

MNpumep. Ha puc. 7.27 npexacrasiensl quarpamMbl rpada (cieBa) u ero rpada MHIN-
neHiuii (cripasa), juid npumepa u3 1. 7.4.1.

€l

Vi %) Vi
4] e
V2

e
ey 5 e (]
V3

ey

es v
V4 V3 4

€s

Puc. 7.27. Ouarpammbl rpada n ero rpada MHUMAEHLNIA

Yro6bl He MOTEPSATH HHPOPMAIIUIO O HAMPABJIEHUH JT, U1 OPrpadoB 0OBIYHO CUMTAIOT,
YTO y3eJs MHIUAEHTEH UCXOJSIINM /[yTaM, U BXOJSIUe Ayr¥M MHIUJAeHTHB! y3ay. Takum
obpasom, st oprpadoB OTHOIEHUE WHIUAEHIIUU 33/1aETcst oprpadoM.
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Puc. 7.28. [narpammbl oprpada u ero oprpada nHuMaeHumi

Mpumep. Ha puc. 7.28 npejicrasiens auarpammbl oprpada (ciesa) u ero oprpada
WHIWAEeHIIW (crpaBa), Jisg npuMepa u3 1. 7.4.1.

3AMEYAHUE
B rpade mHIMIEHIMI CTENEHM BEpPIIMH COXPAHAIOTCH, a crerenu pébep pasHbl 2. B oprpade
WHINAIEHIINH TTOTyCTeNeHN Y3JI0B COXPAHSIIOTCS, a y AYT MOJyCTelleH! PaBHBI 1.

I'pad MHIUAEHINI OKa3bIBAETCS OCOOEHHO IM0JIE3€H IIPU PACCMOTPEHUH OTHOIIEHUH, YCTPO-
€HHBIX OoJiee CI0KHO, HEsKEeU OUHAPHbBIE OTHOIIEHMS] HA KOHEYHOM MHOKECTBE.

7.5.3. lMneprpadbl U MHOFrOMECTHbIe OTHOLUEHUS

B runeprpacdax pé6bpa cBSI3BIBAIOT TPOM3BOILHBIE HEMYCThIE MOJAMHOKECTBA MHOKECTBA
BepiuuH. st runieprpadoB HET eAMHOM 00IIenpUHATOM HoTay guarpamm. Ha puc. 7.29
npuBezieHbl Tp HanbGoJiee pactipoctpanénnbie. Ciiea pé6pa M306paskeHbl B BUJE OBAJIOB,
OXBAaTBIBAMOIINX CMEXKHbBIE BePHIMHBL. [Ipu GOIBIIOM KOJMYECTBE BEPIIHH 1 PEGEp Takast
JMarpaMMa TPYIHO yuTaeTcst. MOKHO pucoBaTh PEOpa, MMEIONIe HECKOIBKO KOHIIOB (CM.
PHUCYHOK B IIEHTPE) C TIOMOIIBIO CHENUANBHBIX «POMOUKOB», KOTOPBIE CYUTAIOTCS YaCThIO
JiuHAH, a He purypoil. MakTrdyecku, 3TOT crocod 3agaét uarpamMmy rpada WHIHIEHIUNA
runeprpaca (CM. pUCYHOK CITpaBa).

€]

N e .
ez
©) e

4

Puc. 7.29. Ouarpammebl runeprpados

=

3
%)

<
%)

3amernM, uTo rpad MHIUAEHIIMIA ruieprpada — 9To ABYA0JbHbIN rpad 6e3 orpaHnYeHni
HA CTEINeHH BEPIIUH.

AHajornuHbIe OCTPOEHUS JIETKO IIPOBECTHU /ISl TUIIepOPrpados.
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OTCTYNJIEHUE
He caenyer nymars, uto runeprpadst 1 runepoprpadbl — 9TO Kakasi-To 9K30THKa. HanpoTus, Takue
KOHCTPYKIIUY YaCTO BCTPEYAIOTCS B PealbHBIX MpUIoxkeHusx. Hanpumep, uzposvie Oepesvsi, n3sect-
Hble TakkKe Kak depesvs M/UJIH, KOTOpbIE SBJSIOTCS OCHOBHOW CTPYKTYPO#l MaHHBIX B MTPOBBIX
[IPOTPAMMaX B CUMBOIUUECKOM UCKYCCMBEHHOM UHmeNlekme, (DaKTUIeCKHU SIBJISTIOTCS TUIiepoprpada-
MU CIIEIUAJIBHOTO BUa. JIPyruM IpuMepoM SBsOTCS OJ0K-cxeMbl, guarpammbl UML, guarpammbl
«CYIIHOCTb-CBSI3b» U T. II.

Takum 00pa3oM, UMeeTCs MOJHAST aHAJIOTUST MeXIy oprpadaMu u OGUHAPHBIMU OTHOIIIE-
HUSIME — (DaKTUIECKH, 3TO OJIMH U TOT K€ KJIAcC OOBEKTOB, TOJIBKO OIMUCAHHBIN Pa3HbBI-
mu cpenctBamMu. OTHOMIEHUS (B YaCTHOCTH, (DYHKIMMK) SBJSIOTCS 0a30BBIM CPEICTBOM
JUISL TIOCTPOEHUST TIOIABJISIONIETO OGOMBITHHCTBA MATEMATUYECKUX MOJIEJIEH, MCIOIb3ye-
MBIX TIPU peIleHUN MpakTuieckux 3agad. C ApyToii cTOPOHDI, rpadbl A0TMYCKAIOT HATJISI-
HOE TIpeJICTaBJIeHUE B BUE JAUATPAMM. ITUM OOCTOSITENBCTBOM OOBSICHSETCS HMIMPOKOE
HCHoJIb30BaHue rpadoB B IIPOrpaMMUPOBAHUH.

7.5.4. JOCTUXUMOCTb U YaCTU4YHOE ynopsaoyYeHue

B kauecTBe mpuMepa CBsI3u MKy oprpadaMiu u OMHAPHBIMEI OTHOIIIEHUSIMU PACCMOTPUM

OTHOIIEHUST YACTUYHOTO TIOPSIZIKA C TOYKU 3peHusi Teopuu rpados. Ysea u B oprpacde

G(V, E) docmudicum n3 y3ia v, eCIM CYIECTBYET MyTh U3 v B u. [LyTh 13 v B u 0603HAYNM
-

(v,u). OTHOLIEHNE JOCTHKUMOCTH MOKHO TIpeicTaBuTh Matpuieit T : array [1..p, 1..p]
of 0. 1, roe T'[i,j] = 1, ecam y3en v; NOCTIKUM U3 y3na v;, u T[i,j] = 0, ecin ysen
v; HEOCTIDKUM U3 y37a v;. PaccMOTpUM OTHOLIEHME CTPOTOTO YacTUYHOTO IIOPSKA -,
KOTOPOE XapaKTEPUIYETCS CAEAYIOMUMI AKCHOMAMTL.

1. Antupeduexcusnocts: Vv € V. (=(v > v)).
2. TpaH3UTUBHOCTS: Vu,v,w (v=-w & w>=u= v > u)).
3. AntucummerpudHOCTh: Vu,v (—(u = v & v = u)).

OTHOIIEHWIO CTPOTOTO YACTUYHOTO Topsiika =C V X V MOXHO COTIOCTaBUTH oprpad
G(V, E), B koTopoM a = b <= (a,b) € E.

TEOPEMA 1. Ecuu omuowenue E ecmv cmpozoe uacmuunoe ynopsoouenue, mo opepagh
G(V, E) ne umeem xoHmypos.

DokasatEnbcTBO.  OT 1porusHoro. Ilycte B G ectb koHTYyp. Paccmorpum modyio ny-
ry (a,b) B atom koutype. Torza wumeem a > b, HO b > a 10 TPAaH3UTUBHOCTH, 4TO
IIPOTUBOPEUNT aHTHUCUMMETPUYHOCTH YHOPSIAOUCHHUS. O

TEOPEMA 2. Ecuopepap G(V, E) ne umeem Konmypos, mo omuoueHue 00Cmuicumocmu
ecmob Cmpozoe YacmuuHoe Yynopsoouenue.

JOKA3ATENbLCTBO.
[AHTupednekcusHocTb] HeT KOHTYpOB, ceoBaTeIbHO, HET TIETEIb.

[TpaH3nTMBHOCTE] Eciau cymiecTByIOT IyTH U3 v B W U U3 W B u, TO CYIIECTBYeT U IyThb
U3 v B U.

[AnTucummetpuaHocTb] Ot mporusmoro. Ilycrs Ju,v (u > v & v = u), TO ecTb cyile-
— —
CTBYET IyTh (v, u) U3 v B u ¥ MyTh {u,v) u3 u B v. CieoBaTeNbHO, CYIIECTBYET KOHTYP
— —
Buza (u,v) + (v, u), YTO NPOTUBOPEYUT YCJOBUIO. O
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TEOPEMA 3. [Eciu opepag ne umeem KoHmMypos, mo 6 Hem eCib yY3eJl, NOAYCMenes 3ax00a
Komopoeo pasta 0.

DokasatenbctBo. Ot mpotusHOro. IIycTh TaKOro y3ia HeT, TOTAa s JIOOOTO y3ia
HaHIETCsT y3es, U3 KOTOPOTO eCTh Ayra B JaHHBIN ysend. CieoBaTesbHO, IMeeM KOHTYP
IIPOTHUB HATIPABJIEHUS CTPEJIOK. O

3AMEYAHUE
ITa TeopeMa IO3BOJSICT HANTU MUHUMAJIBHbBIA 3JIEMEHT B KOHEYHOM YACTUYHO YIHOPSAOYEHHOM
MHOKECTBE, KOTOPbIii TPeOyeTcss B aJTOPUTME TOTOJOTUYECKOH COPTHPOBKU. A MMEHHO, MUHU-
MAJILHBIA 3IEMEHT — 3TO UCTOYHUK, TO €CTh Y3€JI, KOTOPOMY B MATPUIIE CMEKHOCTU COOTBETCTBYET
HyJIeBO# cToJI6et.

7.5.5. JOCTUXUMOCTb U TPAH3UTUBHOE 3aMblKaHune

Ecim E — 6unaproe oTHOIIEHUE HA V, TO TPAaH3UTUBHBIM 3aMbikanueM KT wa V Gyzaer
OTHOIIEHNE JOCTHKUMOCTH Ha oprpade G(V, E).

TEOPEMA. Ilycmv M — mampuuya cmexcnocmu opepagpa G(V, E). Tozoa M*[i,j] = 1
8 MOM U MOILKO 8 MOM CYHUAe, eCllu CYuecmeyem nymv OAUHOU k U3 Y314 v; 8 Y3ei v;.

DOKASATENLCTBO. Unaykiua mo k. Basa: k = 1, M! = M — nyru ammusr 1. ITycts
p
M*=1 copepaur myru gmunet k — 1. Torma M*[i, 5] = \/ (M*'[i,1] & M]L,j]), 10 ectb

MyTh AJWHBI k U3 y37a ¢ B y3eJ j CyIIeCTByeT TOTJa W TOJIBKO TOT/A, KOT/Ia HAUAETCs

N
y3eJt | Takol, 4To cyuiecTByer nyTh HuuHbl k — 1 u3 ¢ B [ u ayra (I, ), To ects 3 (i, j)

(|<¢7j>| — k) =3I (3 (.1 <|<ﬁz>|=k—1 &(l,j)eE)). 0

p—1
Eciu T — maTpuina goCTHXRUMOCTH, TO 04eBUAHO, uTo T = \/ M k, TpynoémkocTb Tpsi-
k=1
o 4
MOTO BBIYHCJIEHUS 110 3TO# hopmy.ie coctaBut O(p?). Marpuiia goctiskumoct T MOXKeT
GbITH BBIYMCJIEHA TI0 MaTpHIle cMeskHocTH M anroputmom Yopmasia (1. 1.5.2) za O(p?).
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masa 8 CBAA3HOCTb

B aroii rmaBe o6CysKaaeTcs BaxKHOE IS IIPUJIOKEHMII MOHATHE CBSI3HOCTH, HOKa3blBa-
ercst (pyHIAMEHTaJIbHAsI TeOpeMa — Teopema MeHrepa1 U paccMaTpuBaloTcs HauboJjiee
TIOTYJISIPHBIE JITOPUTMBI ITOMCKA KPATYaNHIINX ITyTeu.

8.1. KoMNoHeHTbl CBA3HOCTU

B pycckoMm s3blke ecTb KaK CJI0BO «KOMIIOHEHT» MYKCKOIO poJia, TaK U CJIOBO «KOMIIO-
HEHTa» JKEHCKOTO pojia, 00a BapuaHTa JOIyCTUMbL. B COBPEMEHHOII SI3bIKOBOU MPAKTUKE
yaiie MCIOJb3yeTCs CJI0BO MYXKCKOTO poja. OIHAKO MCTOPUYECKH CIOXKHUIOCH TaK, YTO
<KOMIIOHEHTa CBA3HOCTU» MMeeT XEHCKUU pojl, U B JAHHOM CJy4ae Mbl IIOAYMHSAEMCS
TPaJUIUH.

8.1.1. OO6beanHeHue rpacoB N KOMMNOHEHTbI CBA3HOCTU

NEMMA. B nempusuanviom cesasmuom zpage G(V, E) ons 1106020 pasbuenus mMuoxcecmea
sepuun na nenycmoie 610xu U, W cyuecmsyem pebpo, uniudenmuoe 6epuLunam us Pasuvlx
610K08:

VUWCVU#2&W#S&UNW =& UUW =V =
= J(u,w) e E (uelU & weW)).

DOKA3ATENBCTBO. Paccmorpum Bepuinubl u € U, w € W u nens (u,w), KOTOPbIE Cy-
MECTBYIOT O YCIOBUSM JieMMbl. Ecau 1emb (u,w) COCTOWT U3 OAHOTO pebpa, TO 3TO
pebpo — Tpebyemoe. Ecaut 11emb COCTOUT M3 HECKOJIBKHUX PEGEP, TO PACCMOTPUM BEPIIH-
HY v Ha 1enu (u, w), CMEKHYIO ¢ BepiHoi u. Eciu v € W, to pebpo (u,v) — tpebyemoe.
B npoTuBHOM ciiyyae OTIIEnuM OT 1enu (u, w) pebpo (u, v), MOMOKNUM u : = v U CHOBA Pac-
CMOTPHM II€Mb (U, w), KOTOPasi yIOBJIETBOPSIET YCJIOBUSIM. DyJieM TIPOIOJIKATD MTPOIECC
OTIIETIEHNH, TIoKa He ToayunM Tpebyemoe pebpo. TIporecc oTIeneHnii 3aKOHINTCST,
MIOTOMY YTO MCXOIHAS IEITh KOHEYHA. O

TEOPEMA. [paq cessen mozoa u moivko mozoa, K02oa ez0 Heiv3si npedcmasumy 6 gude
obvedunenus 08yx epagoes.

JOKA3ATENbLCTBO.

[ =1 Ot nporusnoro. [lycts k(G) = 1 u rpad G coctout u3 AByX KOMIIOHEHT, TO €CTh
G = Gl(Vl,El) U GQ(‘/Q,EQ), rme ViNnVey = @, E1NE, = @, W 75 a, Vo 75 .
Bosbmém vy € Vi, va € Voo Torma I(vi,va) (v1 € Vi & ve € V3). B aroil 1nenu
Je = (a,b) (a€ Vs & be V). Ho torna e & Ey, e & Es, cienoBatenbto, e & F.

[ <=1 Ort nporusnoro. [lycts k(G) > 1. Torma cyiecTBYIOT [Be BEPIIUHBI, u U v, HE
coeZIMHEHHBIE 1enblo. CireloBaTe/IbHO, BEPUIMHBI ¢ U v TIPUHA/JIEKAT PA3HBIM KOMIIOHEH-

taMm cBsas3HocTH. ITomoxknum G; — KOMITOHEHTa CBS3HOCTH I u, a G — Bce ocTalbHOeE.
Nmeem G = G1 U Go. O

1 Kapn Menrep (1902—-1985).
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3AMEYAHUE
HecBsiaubiii rpad Beeriia MOKHO MPEACTABUTH KaK 0ObeMHEHNE CBSI3HBIX KOMIIOHEHT. T KOMITO-
HEHTbI MOJKHO PacCMaTpPHBaTh He3aBUCHMO. [[09TOMY BO MHOTUX CJIydasix MOJKHO O€3 OrpaHuYeHuUsT
OGIIHOCTH TIPE/IIOJIATaTh, YTO PACCMATPUBAEMBIN rpad) CBs3eH.

8.1.2. Toukn couneHeHusi, MOCTbl U GJIOKU

Bepimna rpada HasbIBaeTCs MOUKOU COUCHEHUS, NI PA30eNsI0uell 6epuLUHOl, eCii eé
yAaJeHre YBeJNYMBACT YNCJI0 KOMIIOHEHT CBA3HOCTH. Mocmom HazbiBaeTcst pebpo, yase-
HUE KOTOPOTO YBEJNYMBAET YNCJIO KOMIIOHEHT CBSAZHOCTH. biokom Ha3bIBaeTCs CBA3HBIN
rpad, He UMEIOIIUI TOYeK COYIeHEHNUs.

Mpumep. B rpade, nnarpamma KOTOpOro mpezcrasieHa Ha puc. 8.1:

1) BEpUIMHBI w, v — TOYKU COWICHEHUS, U JPYTUX TOYEK COUTECHEHUS HET;

2) pebpo T — MOCT, U APYIUX MOCTOB HET;

3) mpasuabhbie moarpadsr {a,b,w}, {b,u,w}, {a,b,u,w}, {c,d,v}, {e, f,v} — Gmokmn,
U IPYTHX OJOKOB HET.

Puc. 8.1. Touku couneHeHusi, MOCTbl U 60KK

JIEMMA. B 11060M HEMPUBUATLHOM Zpadhe ecmb no Kpaiitell Mepe 06e 6epuiuibl, KOMopole
He AGNAIOMCA MOUKAMU COUNCHEHUSL.

DOKAZATENbCTBO. Hampumep, TAKOBBIMHU SIBJISIIOTCST KOHIIBI JIOOOTO THAMETPA. O

TEOPEMA 1. Ilycmv G(V, E) — cessuviil epa uv € V. Tozda credyrowue ymeepicoenus
IKBUBANEHMHDL:

1) v — mouka counenenusi;
2) Ju,weV (u#w &Y (u,w)g (ve (uw)g))
NIV WUNW=a&UUW=V—-v&VucUweW (V{u,w), (ve (uuw)y))).

JOKA3ATENbCTBO.

[ 1=3] Paccmorpum G':=G — v. Ipap G’ we cBszen, k(G') > 1, cnenosarensuo, G’
UMeeT 10 KpaifHell Mepe /1Be KOMIIOHEHTBI CBSA3HOCTU, TO ecTb V —v =U U W, rne U —
MHO’KECTBO BEPIIUH OXHON M3 KOMIIOHEHT CBSI3HOCTH, a W — Bce oCcTaIbHbIE BEPIIMHBI.
IIycts w € U, w € W. Torna —3(u,w),,. Ho k(G) = 1, crenoBarembno, 3(u,w), H,
3HaunT, V (u, w), (v € (u,w)s).

[ 3=2] TpusuasbHO.

[2=1] Paccvorpum G':=G — v. Umeem —3(u, w),. Cuegosarensno, k(G') > 1,
OTKYy/Ia v — TOYKA COYJIEHEHUS. O


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

368 aea 8. CBA3HOCTb

MNpumep. Ha puc. 8.1: v — Touka counenenust, upu arom U = {a,b,u,w}, V =

{¢,d,e, f}.

CNEACTBMUE 1. Eciu sepuuna unuudenmua MoCmy u e S6AAemcs 6UCSYell, MO OHd A6~
ASeMCsl MOYKOU COUNIeHEHUS.

DoxazatenbctBo. Ilyctp (u,v) — moct u d(v) > 1. Torma v cMmexHa € w, TPUYEM
w # u. Jlamee paz6op caydaes. Ecau 3 (u,w) (v ¢ (u,w)), To pebpo (u,v) mpuHaLTE-
KT [UKJTY, YTO IPOTUBOPEYUT TOMY, UTO (u, v) — MocT. Ecau sxe =3 (u, w) (v ¢ (u,w)),
T0 V (u,w) (v € (u, w)) N, 3HAYUT, v — TOYKA COWICHECHUS IO MYHKTY 2 TEOPEMBI. O

SAMEYAHME

OTHIO[[I) He BCAKadA TOYKa COYJIEHEHH ABJAETCA KOHIIOM MOCTa.

MpumMmep. B ycinoBugx mpeapiAyIiero npuMmepa Mpu yAAJIEeHUH MOCTa T BepIIUHA v
OCTAETCsI TOYKOU COYJIEHEHMS, U He SIBJISIeTCS KOHIIOM MOCTA.

CNEACTBUE 2. Ecau epag G(V, E) cessen, a sepuuna v He si81siemcsi Moukou coune-
HeHus, Mo 01st 100X 08YX OpYeux eepuun, v U w, cyuecmeyem npocmast (u, w)-uens, He
codepicawas eepuuny v.

DokA3ATENbCTBO. [lo myHKTYy 2 Teopembr 1. O

TEOPEMA 2. [Tycmwv G(V, E) — ceasnviii epagp u x € E. Tozda credyiowue ymeeparcoenust
IKBUBATEHMHDL:

1) = — mocm;

2) x He npuHadieHCUm Hit 00HOMY NPOCIMOMY UUKLY;

3) Ju,weV V(u,w)g (z € (u,w)y));

L) IUWUNW=a&UUW =V &VuecUNweW (Y (u,w), (z € (u,w)g)))).

[OKABATENICTBO. AHAJIOTUYHO Teopeme 1. O

Ipadst K1 u Ky hOpMaIbHO MOXKHO CUUTATH OJIOKAMMU, TIOCKOJBKY Y HUX HET TOYEK CO-
wieHeHUsA. ITU GIOKM YMECTHO HA3BATh MPUSUATLHBIMU, TIOCKOJIBKY OHU YIOBIETBOPSIOT
OIPEIENIEHNIO, HO He 00J1alaloT 3aMevaTe/IbHbIMU CBOUCTBAMHE, TPUCYIIIUME HETPUBUAIb-
HBIM OJIoKaM. B 4acTHOCTH, HETPYIHO BUIETH, YTO B HETPUBUAIBHOM OJIOKE HE TOJHKO
HET TOYEK COUJIEHEHUS, HO TaKyKe HeT MOCTOB, M HET BUCSYMX BeplinH. Bojee Toro, Bce
BEPITUHBI OJOKA CBSI3aHBI HEEMUHCTBEHHBIM 00PAa30M, UTO YCTAHABIMBAET CJIEMYIONIAS
TeopeMa.

TEOPEMA 3. Ecnuepagh G(V, E) cesizenup(G) > 2, mo credyrouue ymeepocoenust 3Keu-
8aNEHMHYL:

1) G — nempusuanvnoiii 610k,
2) mobvie 06e sepuitbl NPUHAOLENCAT OOHOMY NPOCTROMY UUKILY,
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3) mobas eepuuna u 11060e pebpo NPUNAOAEHCAM 00HOMY NPOCMOMY UUKILY,
4) mobvie dsa pebpa npunadnexcam 00HOMY NPOCMOMY UUKLY;

5) Ons m06vix 08Yx sepuwun u 1106020 pebpa cyuecmayem npPocmast yenv, CoeOUHIIOUAS IMU
sepuLunbL U CO0ePICAuast 3mo pebpo;

6) Ona mobvbix mpex eepuiui Cywecmseyem npocmas yenv, CoOeOUNSIOULAs 06e 6ePULUINDL U CO-
depacamas mpemnio.

JOKA3ATENbLCTBO.

[1= 2] Ilyctp u u w — mobble aBe BepimuHbl. PaccMoTpum U — MHOKECTBO BCEX
BEPIIUH, BXOJSIIUX BO BCE MPOCTBIE ITUKJIBI, CONEPKAIUe BepIIUHY u. SIcHo, uto U # &,
MOCKOJIbKY BEPIIMHA U He SIBJISIETCST BUCSYEH, T0ITOMY /ISt JIIOOBIX JIBYX BEPIIVH, Ui U
Uz, CMEXHBIX C BEPIIMHOW u, IO CJIEACTBUIO 2 K TeopeMe 1 CYIIeCTBYeT COeAMHSIONAst
UX 1eIlb, He COMePIKaIast BePIIUHBI U, U, 3HAYUT, CYIIECTBYET HEKOTOPDII MPOCTO UK,
cozpepskamuit Bepmuny w. [lomoxum W : =V \U (puc. 8.2). [lanee ot nporusnoro. [Tycts
W # @ uw € W. Ipad cBsaseH, u, 3HaUuT, B HeM ecTh pebpo (s,t) Takoe, uto s € U,
t € W (smemma 1. 8.1.1). Tlockoabky w € U u s € U, 0b6e 9TV BEPIIUHLI TPUHAITIEKAT
HeKoTopoMmy 1poctomy 1Ky Z. Ilo caencrsuio 2 cymiectByer mpocrasi (u,t)-1enp P,
He cojiepskariast Bepuay s. O603HaUNM uepes v MEPBYIO BEPIIUHY, CUUTAs OT BEPIITUHBI
t, Ha 1enn P, KoTopas Tak)ke MPUHAMJIEKUT IUKITY Z. Toraa paccMOTpUM CJIENYIONIyio
[IOCJIeZIOBATENBHOCTD TIPOCTHIX I€llell: OTPe30K Ileru P OT BEPUIMHbI ¢ 0 BEPIIUHBI v,
OTPEe30K IMKJA Z OT BEPIUIMHBI ¥ J0 BEPIIMHBI 4, OTPE30OK IUKJIA Z OT BEPIIUHBI U 0
BEPIIUHBI 8, PeOPO (s, ). DTO MUKJ, TPUUEM TPOCTOH, U BEPUIMHLL u U ¢ 00e TIpUHA/Ie-
JKaT 9TOMY IMKJY U BXOAST B MHOKECTBO U, UTO TPOTHUBOPEYUT BHIOOPY BEPIIUHBI ¢ U
NpeAnooxennio w € W.

u

Puc. 8.2. K pokasatenbctBy nyHkTa [1=—-2] Teopembl 0 Bnokax

[2=-3] Ilycts u — miobas BepmuHa u (v,w) — moboe pebpo. Bepumtbl « u v npu-
HaJIe’kKaT HEKOTOpoMy Tipoctomy 1ukiay Z (puc. 8.3). Eciu w € Z, To TpebGyemplii 1kt
crpoutcst u3 pebpa (v, w) ¥ U3 TOTO OTPe3Ka IMUKIA Z OT v [0 w, KOTOPBIH COMEPIKUT
BepiinHy u. Eciu ke w ¢ Z, TO 10 CJEACTBUIO 2 CYIIECTBYET Tpoctasi (u,w)-1enb P,
He cojiepskariast Bepuay v. OO03HAUNM Yepe3 s MEPBYIO BEPIIUHY, CUMTAs OT BEPIITUHBI
w, Ha 1lenu P, KoTopas Takke MPUHAANEKUT MUKy Z. Torma paccMOTPUM CJIEAYIONIYIO
[I0CJIEeI0BATENBHOCTD IIPOCTBIX IIeTeil: OTPe30oK ey P oT BepHIMHbI w /10 BEPIIUHBL S,
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u

Puc. 8.3. K pokasarenbctBy nyHkTa [2=—-3] Teopembl 0 Gnokax

OTPE30K MUKJIA Z OT BEPIIUHBI § 10 BEPIIUHBI v, COAEPIKAIIUN BEPIIUHY u, U pebpo (v, w).
ITO UK, TPUYEM TIPOCTOM, COllepsKaliil BepiinHy u U pebpo (v, w).

[3=4] Ilycrb (u,w) u (s,t) — nBa mobbix pebpa. Ilo ycrosuio, pebpo (u,w) u Bep-
IIUHA s TIPUHAJIIEKAT HEKOTOPOMY IIMKJIY Z1, ¥ B TO e BpeMst pebpo (u,w) U BepuInHa
t TIpUHAZJIEeKAT HEKOTOPOMY UKy Zo (puc. 8.4). Torma paccMOTpUM cieayrornryio mo-
CJIe/IOBATEIBHOCTD MPOCTHIX Tlemneil: pedpo (u,w), OTPE30K MUK Z1 OT BEPIIUHBI U 0
BePIIUHBI s, pedpo (s,1), OTPE30K MUKJIA Zo OT BEPIIUHBI ¢ [0 BEPIIUHBI w. JTO UK,
npuuéM TIPOCTOH, comepskanuii péopa (u, w) u (s,t).

Puc. 8.4. K pokasatensctBy nyHkTa [3=—-4] Teopembl 0 6nokax

[4=5] Tlyctb w u w — Jsiobble aBe BepuwHbl U (s,¢) — mioboe pebpo. Ipad cBszew,
3HAYWT, CYIIECTBYET IpocTast (u, w)-temb P. [Iycts P = (u, x, ..., w). I[To ycioBuio, pébpa
(u, x) ¥ (s, t) TPUHALTIERAT HEKOTOPOMY TIpocToMy KTy Z (puc. 8.5). Obosmnaunm vepes
v TEPBYIO BEPIINMHY, CYUTAsT OT BEPIIUHBI w, HA TEMH P, KOTOpask TAKKe MPUHAIEKUT
nukay Z. Toraa paccMOTPUM CJIEAYIONIYIO [TOCJIe/[0BaTeIbHOCTD MTPOCTHIX Ielel: OTPe30K
[UKJA Z OT BePUIMHBI U 0 BEPUIMHBI v, TIPOXOAAIIUN yepe3 pebpo (s,t), OTPE3oK 1enu
P oT BepHIMHBL v 10 BEPIIUHBI w. JTO IEMb, IPUIEM MPOCTast, copepaiiast pebpo (s, t).

[ 5==6] IlycTtb u, v, w — MOGBIE TPU BEPIIUHBL U (w, ) — HEKOTOPOE PeOPO, MHITH/IEHT-
Hoe BepmuHe w. Ilo yciaoBuio cymecTByeT mpocTast (u,v)-1emb P, comepskamas pedbpo
(w,x) U, 3HAYNT, BEPIIUHY W.

[6=1] Ilycrb v — mobas BepuHa. IlokaxkeM, 4TO BepIIMHA v He ABJSETCS TOYKOI
cousienenust, To ectb rpad G — v cBst3en. Pacemorpum u 1w — miobbie gBe BepimuHbL. [1o
YCJIOBUIO CYIIECTBYeT MpocTasi (u,v)-1elb P, mpoxozsinas yepe3 BepiiuHy u. OTpe3ok
ey P or u 710 w obecrneyrBaeT CBI3aHHOCTh BEpPUIMH u ¥ w B rpade G — v. O
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Puc. 8.5. K nokasaTtenbcTBy nyHkta [4—>5] Teopembl 0 610kax

8.1.3. BepwuHHaa u péGepHaa CBA3HOCTb

[Ipu B3rJIsizie Ha aUArpaMMbl CBsI3HBIX TpadoB (cpaBHHUTE, Hampumep, puc. 7.5 u 8.1)
BO3HUKAET €CTECTBEHHOE BIIEYATIEHNE, YTO CBSI3HBIN rpad MOXKeT ObITh «00jIee» UIU «Me-
Hee» CBs3eH. B aTom maparpade paccMaTpuBaIOTCS HEKOTOPBIE KOJUYECTBEHHBIE MEPbI
CBSI3HOCTH.

Bepuwunnoti cesiznocmoio tpada G (obo3Hauaetcst »(G)) Ha3bIBAETCS HAUMEHbBIIEE YUCIIO
BEPIIVH, yIaleHie KOTOPBIX TIPUBOJUT K HECBSIBHOMY WJIM TPUBHAJIBHOMY rpady.

Mpumepnl
»(G) =0, ecau G HecBsi3eH;
»(G) =1, ecan G MMeeT TOYKY COUJICHEHUST;

»(K,)=p—1, ecim K, — nomusrii rpac.

I'pad G naswiBaercst n-cesznvim, ecin »x(G) = n.

Pébepnoti cessnocmoio tpada G (obosnauaercss A(G)) HasbIBAETCS HaWMEHBIIEE YHCIIO
pébGep, yaajeHe KOTOPBIX TPUBOAUT K HECBIZHOMY WJIM TPUBHAJIBHOMY rpady.

Mpumepsl
AMG) =0, ec G HeCBsI3€H;
AMG) =1, ecau (G IMeeT MOCT;

ANKp) =p—1, ecm K, — nonmnblii rpacd.
TEOPEMA. (G) < A(G) < 6(Q).

L OKASATENBLCTBO.

[<A] Ecom A =0, 10 2 = 0. Ectu A = 1, TO ecTb MOCT, a 3Ha4uT, 100 ecTb TOYKa
couieHeHust, 6o G = Ks. B mobom ciyuae » = 1. Ilycrs Tenepb A > 2. Torna, yaaaus
A — 1 pe6po, moayunm rpad G', umerommii MocT (u,v). s Kakmaoro us yaaasieMbix
A — 1 pébep ymaniuM MHIUICHTHYIO BEPIIUHY, OTJIUYHYIO OT u U v. ECIU TOCJEe TaKoro
yAajIeHus: BepiiuH rpad HecBsA3eH, TO » < A — 1 < A\, Ecin ¢Bsi3eH, TO yIaauM OJUH U3
KOHIIOB MocTa — u uian v. UMeem 2 < .

[A<d] Ecmmé =0, 10 A = 0. IlycTh BepiumrHa v UMeeT HAUMEHBIIYIO CTeneHb: d(v) = J.
Vnanum Bce pébpa, uniuaenTroie v. Torma A < 4. O
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Ocoboe 3HaueHne UMEIT 08YycesA3iHble TPadbl IO BYM IPUYMHAM. BO-NIEPBbIX, OHU 0CO-
GEHHO YacTo BCTPEYAIOTCS B NPUJIOKEHUAX. BO-BTOPHIX, ABYCBsI3HbIE TPadbl ABJISIOTCS
YACTHBIM CJTy4aeM GJIOKOB, KOTOPbIE 06IaIal0T MHOTUMU TIOJIE3HBIMU CBOUCTBAMH, YaCTh
13 KOTOPBIX MPUBe/leHa B TPEABIAYIEM maparpade.

SAMEYAHUE
Jlerko BuETH, 4TO JIEOOOU ABYCBSI3HBII rpady siBisieTcsi GJIOKOM, IIOCKOJbKY HE CONEPKHUT TOYEK
cousieHeHnst. B To jke BpeMst BCSAKMIT HETPUBUATIBHBIN GJIOK SIBJISIETCS, IO MEHbINEH Mepe, IBYCBsI3-
HBIM, HO MOKET ObITh U TPEXCBS3HBIM, U BOOOIE MMETh IIPOM3BOJIbHYI) BEJIUYNHY BEPUIMHHON
CBSI3HOCTH, IIOCKOJIbKY, HAIIPUMED, BCAKUI TIOJMHbINA rpad siBisteTcs: HIOKOM.

8.1.4. OueHka uncna peEdep

Jlerko 3amernts, yro unBapuantel p(G), ¢(G) n k(G) He ABIAIOTCS HE3aBUCHMBIMHU.

TEOPEMA. [lycmo p — uucio eepuiui, ¢ — 4ucio pébep, k — uucio KOMNOHEHM CeA3HOCTNU
epaga. Toedap—k<qg< (p—k)(p—k+1)/2.

JOKABATESIbCTBO.

[p—k < q] Wapykmmsa o p. baza: p = 1, ¢ = 0, k = 1. IlycTp onenka BepHa s
Bcex rpadoB ¢ YncIOoM BepliuH Menbine p. Pacemorpum rpad G, p(G) = p. Ymanum B
G BepIiIuHy v, KOTOpPasi He sIBJISIETCST TOUKON counenenus: G': =G — v. Torma ecom v —
n3oaupoBaHHas BepimHa, T0 p' = p— 1, k' =k —1,¢ =q NUmeemp —k =p' — K <
< ¢ = q. Eciim v — He msosnmpoBaHHas BepiuHa, 10 p' = p — 1, k' =k, ¢ < q. Imeem
p—k=1+p -k <1+4¢ <q

¢ < (p—Fk)p—Fk+1)/2] Meron BbleseHus «kputuueckux» rpados. Yucuao pédep g
rpada ¢ p BepiIMHAMU U k KOMIIOHEHTAaMH CBSIBHOCTH HE IIPEBOCXOAUT ducja pébep B
rpacde ¢ p BepiIMHAMU U k KOMIIOHEHTaMU CBSI3HOCTH, B KOTOPOM BCE KOMIIOHEHTBI CBSI3-
HOCTH CyTbh ToJIHbIe rpadbl. CienoBaTebHO, IOCTATOYHO PACCMATPUBATH TOJIBKO rpadpbl,
B KOTOPBIX BCe KOMIIOHEHTBI CBSIBHOCTH moJiHbie. IIycTh ecTh /IBe TOJIHbIE KOMITOHEHTHI
csizocTH, G u Ga, Takue, yto 1 < p; = p(G1) < p2 = p(Gs). Ecau nepenectu oy
BEPIINHY M3 KOMIIOHEHTBI CBSIBHOCTH (7 B KOMIIOHEHTY CBA3HOCTH Ga, TO YHCIO PEGEP
usMeHuTCst Ha Agq = po — (p1 — 1) = pa — p1 + 1 > 0. CaeioBatesbHo, uncio pébep Bo3-

pociio. Takum o6pasom, cpeau Beex rpadoB ¢ p BepIIUHAME U k TOJTHBIME KOMIIOHEHTAMU
—~ k-1

¢BsI3HOCTHU HanboJblee drcsio pédep umeer rpad K, : = K,_,41U |J Ki, B KoTOpOM Bce
i=1

péGpa cOCPeIOTOUEHBI B OJTHOM KOMIIOHEHTE CBSIBHOCTH. [IPSIMBIM TOCYETOM TTOTyUIaeM:
WKy =@p-k+1)(p-k+1-1)/24+0=(p—k)(p—k+1)/2. O

CNEACTBUE 1. Ecaugq > (p—1)(p — 2)/2, mo epag cesizen.
BoxazatenbctBo. Ot nporusnoro. Ilycts ¢ > (p — 1)(p — 2)/2, no rpad He cBsizeH, TO

ectb k> 2. Hortorma (p—1)(p—2)/2<qg< (p—k)p—-k+1)/2< (p—-2)(p—-1)/2 —
POTUBOPEYHE. 0

CNEACTBUE 2. B csasnomepadep —1 < g < p(p—1)/2.

DokA3ATENbCTBO. ClrenyeT n3 TeopeMsl pu k = 1. (]
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8.2. Teopema MeHrepa

WHTYUTUBHO OYeBUHO, 4TO Tpad TeM Gosiee cBsA3eH (MPU UCIOIBb30BAHUN PA3TUYHBIX
Mep CBSI3HOCTH), 4eM GOJIbIIE CYIIECTBYET PA3TMYHBIX TETell, COSUHAIONNX OTHY Bep-
IMUHY C JPYTOW, W TeM MeHee CBSI3€H, YeM MEHbIle HYXHO YAAIUTh TPOMEXYTOUHBIX
BepIIUH, YTOOBI OTAENUTHh OAHY BEPIIMHY OT APYyroil. B aTOoM pasjeie ycTaHaBIMBaET-
cs TeopeMa MeHrepa, KOTOpas NpuAaér 9TUM HeGOPMaabHBIM HaOMIOJEHUSIM TOYHBIN
U CTPOTUM CMBICIL.

8.2.1. Henepecekawwumecs uenu u pasgensioume MHOXeCTBa

[Iycts G(V, E) — cBsi3ublii rpad, «u u v — [Be €ro HeCMeKHbIe BepiiiHbL. /[Be 1er (u, v)
HA3BIBAIOTCS BEPUUHHO-HENEPECEKATOUWUMUCS, CTTA Y HUX HET OOTIMX BEPIITHH, OTIHIHDIX
oT u ¥ v. JIBe menu (u,v) HA3BIBAIOTCSA PEGEPHO-HENEPECEKAIOWUMUCS, €CTTH Y HUX HET
ob6mux pé6ep. Ecu nBe Ty BEPIIMHHO HE TIEPECEKAIOTCS, TO OHU U PEGEpPHO He mepe-
cekaiorcst. Oboznaunm vyepes P(u, v) MHOKECTBO BEPITHHHO-HEIEPECEKAIONUXCSI TleTIel
(u, v).

MuosxkectBo S Bepiunud u (uim) pédep rpada G pasdensiem nBe BEPUIUHBL, u U v, €CIH U
U v IIPUHAJJIEkKAT PasHbIM KOMIIOHEHTaM CBsI3HOCTH Tpada G — S. Pasdensiowee mmoxce-
cmeo pébep Ha3bIBAETCs paspe3om. Paszdensiowee mnoxicecmso sepuiun 1Sl BEPITAH u U v
obosnaunm S(u,v).

U3 onpenenenuii caemyer, uto nupu |P(u,v)| > 1 moboe MHOKeCTBO P(u,v) BepIIMHHO-
HETIePeceKAIONIXCsl Leneil 06/1aaeT TeM CBOMCTBOM, UTO (), \yep(uv) (4:0) = {u, v},
a Jmoboe pasiesstioniee MHOXKECTBO BepiiuH S(u,v) objgagaeT TeM CBOMCTBOM, YTO

G-S=G1UGy &ve G & ue Gy [1ns 3a1aHHBIX BEPIIMH u ¥ v MHOXKecTBa P (u,v)
1 S(u,v) MOXKHO BEIOUPATh PA3IMYHBIM 06Pa3OM.

SAMEYAHME

Ecait BepruHbl u 1 v TPUHAJIEKAT PA3HBIM KOMIIOHEHTaM cBsi3Hoctu rpada G, 1o |P(u,v)| =0
u |S(u,v)| = 0. IloaTomy 6e3 orpaHmdeHust OGIHOCTH MOKHO CYUTATh, YT0 G — CBSI3HBIN Tpad.

MNpumep. B rpade, auarpaMmma KOTOPOTO TIpeACTaBieHa Ha puc. 8.6, MOXKHO BBIOPATh,
HarpuMep, MHOKECTBA BEPIINHHO-Henepecekaomuxcs nyreit P = {(u, a, d, v), (u,b,e,v)}
u P, = {{u,b,d,v),{u,c,ev)}. 3amerum, 4to myTh (u,c,b,d,v) 06pasyeT MHOKECTBO
P; BepUIMHHO-HETIEPECEKATONINXCS IyTeH, COCTOSIIIEe U3 OHOTO djieMenTa. MHOKecTBa
Bepiind S1 = {a,b,c} u Sy = {d, e} ABAIOTCS PAZACIAIOMMUME JUUIS BEPLUIMH U U V.

Puc. 8.6. BepLumHHO-HenepecekaoLwmecs nytm n pasgensiowme MHOXeCTBa BEPLUNH
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8.2.2. Teopema MeHrepa B «BepLIMHHOW popme»

TEOPEMA (MeHrepa). Ilycmo u u v — HecmedxncHvle sepuiunvl 6 epage G. Haumenvuiee
YUCTIO BEPULUN 8 MHONCECTEE, PASOCAIOUEM U U U, PAGHO HAUOOILUEMY YUCLY GEPULUHHO-
Henepecekaouuxcs npocmolx (u, v)-yenei: max |P(u, v)| = min |S(u, v)|.

SAMEYAHMUE
ITyctp G — cBsi3HbliA rpad ¥ BepiMHbl u U v HecMeXHbL [lycts P: = P(u,v), S:=S(u,v). Jlerko
BUZETH, 4T0 | P| < |S|. HeltctBurensho, mobast (u, v)-uenb npoxoaut depes S. Ecau 651 |P| > |5,
TO B S Obliia Obl BepiiWHA, NPHHAUIEKAIMAs 6oJjiee YeM OAHOW Hermu U3 P, 4TO MPOTHBOPEYUT
Beibopy P. Takum obpaszom, VP (VS (|P| < |S])). CaenoarenbHo, max |P| < min |S]. YrBep-
JKJIEHUEe TeOPeMbI COCTOUT B TOM, 4TO B J1I0O0M rpade cywecmsyiom takue P u S, 9TO TOCTUTAETCS
pasenctBo |P| = |S|.

LokA3ATENbCTBO. Ilycth G — cBsA3HBIN rpad, v U v — HecMeskHble BeprHBL. CoOB-
MeCTHasi WHAYKIWS 10 p U ¢. baza: HamMeHbIil rpad, yIOBIETBOPSIONINN YCIOBUSIM
TeOPEMbI, COCTOUT U3 TPEX BEPIIUH, U, w, v, U ABYX pébep, (u, w) u (w,v). B uém P(u,v) =
{{u,w,v)} m S(u,v) = {w}. Takum obpasom, |P(u,v)| = |S(u,v)| = 1. Ilycrb yTBepsKI€e-
HUEe TEOPEMbI BEPHO [IJIsI BCeX TPaOB € YUCIIOM BEPIITMH MEHbIIE p U (MJIH) YUCTIOM PEGEp
Menblie q. PacemorpuMm rpad G ¢ p BepumHamu 1 g pebpamu. Ilyctes u, v € V, npudyém
u, v — He CMEKHBI 1 S — HEKOTOpoe HanMeHbIllee MHOKECTBO BEPINUH, pas/esisioliee u
u v. O603HauMM n : =|S|. PaccMoTpum Tpu carydast.

[1] Ilyctb B S ecTb BepuIMHBbI, HECMEXKHbBIE C u U HecMeskHble ¢ v. Torza rpad G — S
COCTOUT U3 ABYX Hempueuaivivix tpados, G1 u Go. O6pasyeM aBa HOBbIX rpada, G
n G,, cTaruBas HeTpuBHaIbHBIe Tpadsl G; 1 G2 K BEPIIMHAM « W ¥ COOTBETCTBEHHO:
Gy :=G/Gy, G, :=G/Gy (puc. 8.7). S mo-TipexxHEMY SIBJISIETCS HANMEHDBIITIM Pa3/Ieisi-
TONIUM MHOKECTBOM [IJid u M v Kak B G, Tak 1 B G,,. Tak kKak (G; u G2 HETPUBUAIBHDI,
T0 G, U G, UMeT MeHblIe BepiuH U (win) pébep, yeM G. ClenoBaresbHO, 10 WH-
NYKITMOHHOMY TIPEAIoNokeHnio B G, U B (G, UMeETCS 1 BEePIIMHHO-HETIEPECEKAIOUXCS
npocThix 1eneil. KoMOuHUpyst oTpe3ku 3Tux Ieneid or u 10 S u oT S /10 v, TMOJydaeM n
BEpIIMHHO-HeIlepeceKalonINXcsl MPoCThIX Ieneil B G.

Gu G,

N N

Puc. 8.7. K pokasatenbctBy Teopembl MeHrepa, cnyyai 1

[2] Ilyctp Bce BepIIMHBI S CMEXHBI ¢ u WIK € v ([ ONPEAENEHHOCTH MYCTh C U)
W cpelyu BepluH S ecTh BeplliMHA w, CMeKHAas OJAHOBPeMeHHO ¢ u u ¢ v (puc. 8.8).
Paccmorpum tpad G’ : =G — w. B Hem S — w — pasjiensionee MHOXKECTBO I U U v,
npuuéM Haumenblinee. [lo wMHAYKIMOHHOMY Tpernosoxennio B G’ umeercs |S —w| =
= n — 1 BepUTMHHO-HETIEPECEKATOINXCS TTPOCTHIX Tiemelt. [[06aBuM K HUM Temb (u, w,v).
Oma mpocTast U BEPUIMHHO HE TEPECEKAETCS € OCTATBHBIMU. TakuM 00pasoM, NMeeM n
BEpIIMHHO-HEeIlepeceKaloINXcsl MPoCThIX Ieneil B G.

[ 31 IlycTb Tereps Bce BepIIUHBI S CMEXKHBI € 4 WJIH C v (1715 OTIPEIeTIEHHOCTH TIYCTh C U),
U cpely BEepIIMH S HeT BEPIINH, CMEKHBIX OJHOBPEMEHHO C BEPIIMHON % M € BEpPIIMHON
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v. Pacemotpum xpamuaiiwyio (u,v)-tmens (u,wr,ws,...,v), wy € S, wy # v (puc. 8.9).
Pacemorpum rpad G':=G/{wy,wy}, monydennsiit u3 G CKIEHKOW BEPIIMH wi U ws.
HmeeM wy € S, B IPOTUBHOM CJIydae Iemnb (u,ws,...,v) Obuia 6bl emié Gosee KOpPOT-

koii. CienoBaresbho, B rpade G’ MHOKECTBO S TO-TIPEKHEMY SIBJISIETCSI HAMMEHDBIITIM,
pasnessionmM v 1 v, u rpad G’ uMmeer Mo KpaiiHeit Mepe Ha 0fHO peOpo MeHbIe. 1o
WHAYKITMOHHOMY TIPEINONOKEHNI0 B G’ CYIIECTBYIOT n BEPITMHHO-HETIEPECEKAIOTINXCS
npocteix mereid. Ho memnu, koropeie He mepecekaiorcst B G/, He mepecekaiorcst u B G.

Takum 06pa30M, TTOJTyYaeM 71 BEPITUHHO-HETIePECeKaAMNXCs TTPOCTHIX 1eneit B G. U
G
u [ u [
P
Puc. 8.8. K pokasarenbctey Puc. 8.9. K pokasarenbcTtBy
TeopeMbl MeHrepa, cny4dain 2 TeopeMbl MeHrepa, cny4yaii 3

8.2.3. BapuaHTbl TeopemMbl MeHrepa

Teopema Menrepa npejcrasiiser coboil BecbMa 06U GakT, KOTOPBIH B pasHbIX GOpMY-
JIMPOBKAX BCTPEYAETCS B PA3JUYHBIX 00JACTAX MaTeMaTuKu. KOMOMHUPYST BEPIIUHHO- U
pEGepHO-HEeTIEPECEKATONTIECST TETTH, PA3MIEsIsl He OTAeTbHbIe BEPITHHDI, & MHOKECTBA Bep-
IIWH, UCTIOJIb3YsI UHBAPUAHTBHI 3¢ U A, MOXKHO C(DOPMYJIUPOBATh U PYTUE YTBEPIKIEHUS,
nopoGHbIe Teopeme Menrepa. Hanpumep:

TEOPEMA 1. /[us m00vix 08Yx HecMenrcHblx sepuun u u v epaga G Hauboivuiee yucuo pé-
bepro-nenepecexkarouguxcst (u, v)-uenetl pagHo HauMeHvieMmy Yuciy péoep 6 (u,v)-paspese.

TEOPEMA 2. Ymobwi zpagh G 6vui n-c6s31bIM, He0OX00UMO U 00Cmamouno, umobvi 1obvie
08€ necmencHvLe GepuLibL ObLILU COCOUNEHDL HE MEHEe UEM T, BEPULUNHO -HENEPECeKAIOUUMUCS
nPOCMbIMU UETLAMIL.

Jlpyrumu ciioBamu, B jio6oM rpade G obbie [1Be HECMEKHBIE BEPITUHBI COEIMHEHDI He
Metee 4eM »(() BepIINHHO-HelePeCceKaoMUMUCS TPOCTBIMU TIEIISIMU.

JlokazaTebCcTBO MOAOOHBIX YTBEPKACHUNA TPeOYeT MeCTa, U Mbl OCTABJISIEM X 3a MpeJie-
JlaMu KHUTU. B mocsenyiomux paszenax mpuBeNeHbl U HEKOTOPbIE [PYTHUe Pe3yJbTaThl,
B KOTOPBIX NIpOsiBiIseTcs Teopema Menrepa.

8.3. NMapocouyeTaHus

Iapocouemanuem (NI HE3ABUCUMBIM MHONCECMBOM PEOEp) HA3BIBACTCS MHOKECTBO PE-
6ep, B KOTOPOM HUKakue [Ba peGpa He cMekHBL I[lapocoueTaHue Ha3bIBAETCS MAKCU-
MAIbHLIM, €CJIN HUKAKOE €r0 Ha/[IMHOYKECTBO HE SIBJISIETCS] HE3ABUCUMbIM.

3amaya OTBICKAHWS MAPOCOYETAHUN MMeeT MHOKECTBO Pa3JInIHBIX TPUMEHEHUI U MHTEP-
IpeTaluii, 4acTh KOTOPBIX MPUBE/IEHA B 3TOM pasjielie.

1

PaccMoTpeHre HAUMHAETCS ¢ MHTEPIPETANNIT TeOpeMbl X0Ima «0 CBafbOax» 1 MPOIOT-

JKaeTcsl IPYTUMHU [TPUMEPAMH.

! Mapuana Xoan (1910-1990).
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8.3.1. 3apgaun o ceBagbbax, TpaHCcBepcandax U napocovyeTaHnsax
paCCMOTpI/IM TPpW BHEIIHE pa3JIMYHbIE 3a/a4u.

1. ITycTh uMeeTcsT KOHEUHOE MHOXKECTBO IOHOTIEN, KAXK/[bIN U3 KOTOPBIX 3HAKOM C HEKOTO-
PBIM IIOJIMHOKECTBOM KOHEYHOTO MHOKECTBA JIeByIIeK. B KakoM cirydae Bcex IOHOIIEH
MOJKHO JKE€HUTH TaK, YTOOBI KaXK/Iblil KEHUJICS Ha 3HAKOMOM JIeByIIKe?

2. Iyers S = {S1,...,Sm} — ceMelicTBO MOAMHOKECTB KoHeuHoro MuoxkectBa E. [Tox-
MHOKeCTBa Sy, He 00s3aTeJIbHO PAsJMYHbl U MOTYT TepeceKaTbest. CUCEeMOU pasiud-
Holx npedcmasumeneti B cemeiictse S (Wau mpanceepcanvio B ceMeiicTBe S) Ha3bIBa-
ercs soboe moaMHOKecTBO C' = {c1,...,Cm} U3 M DIEMEHTOB MHOKeCTBA E Takmx,
gro Vk € 1.m (ci € Sk). B kakoMm ciydae CyiiecTByeT TPAHCBEPCATIH?

3AMEYAHUE

Bce anemenTs MHOkecTBa C' Pa3inyHbl, OTKY/IA U IPOUCXOJUT HA3BAHUE «CUCTEMA PA3JINUYHBIX
TIpe/ICTaBUTe e ».

3. llycrs G(V4, Va, E) — nBynoabnbiil rpad. Cosepuiennvim napocouemanuem u3 Vi B Vs
Ha3bIBaeTCs MapocovyeTanme, TOKphIBaolee BepiiuHel V7. B kakom cirydae cyriecTByeT
coBepIlleHHOe TTapocoyetanue u3 Vi B Vo?

SAMEYAHUE

COBCpH.[CHHOC ITapoco4YeTaHue ABJIACTCA MaKCUMaAJIbHBIM.

Boobiie rosopsi, ykasaHHble 3ajladyd — 9TO OJHA M Ta e 3ajaya. JeldcTBUTEIbHO, 3a-
Jada o cBazbbax CBOAMTCA K 3ajlade O MapOCOYeTaHWSAX CIAeAyoIuM oOpasom. Vi —
MHOZKECTBO IOHOIIEH, Vo — MHOKECTBO JIEBYIIIEK, pEOpa — 3HAKOMCTBA IOHOIIEH C JeBYII-
Kamu. B TakoMm cirydae coBeplueHHOE IapocoueTaHre — MCKOMBI Habop cBauel. 3amaua
0 TpPaHCBEPCAIX CBOAMTCS K 3a/aue O MapOCOYETaHUAX CIIeAyIomuM o6pasoM. TTomoxnm
V1:=8, Vo:=E, pebpo (Sk,e;) CyliecTByeT, eciiu e; € Si. B TakoM ciiydae coBepliieH-
HOE IIapocoYeTaHre — MCKoMas TpaHcBepcasb. Bee 3amaun uMeroT oOLIMii OTBET: B TOM
U TOJIBKO TOM CJIy4ae, KOTa

IOHOIIIEN 3HAKOMBI C
no6bie k | TIOAMHOKECTB B COBOKYITHOCTH coziepxar
BepIIUH u3 Vi CMEKHBI C
JIeBYIIKaMU
He MeHee 4yeM k 2J1eMeHTOB ,

BepuIMHaAMU U3 Vs

4YTO yCTaHABJIMUBAECTCA TeOpeMOfI XoJrna.

8.3.2. Teopema Xonna

TEOPEMA (Xonna). Ilycmv G(V1,Vs, E) — dsydomvnwiii epagp. Cosepuenioe napocoue-
manue u3 Vi ¢ Va cywecmseyem mozda u moavko moeda, kozda ¥V A C Vi (|A] < |T(A)]).

JOKA3ATENbLCTBO.

[ =] Ilycts cymectByet coBepiientoe mapocoderanue u3 Vi B V. Torma B T'(A) Bxomut
|A| BepIIuH U3 V5, MapHbIX K BEPIIMHAM M3 MHOXKecTBa A, M, BO3MOXKHO, €llle YTO-TO.
Takum o6pasom, |A| < [T(A)].


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

8.3. NapocoueTtaHus 377

[ <1 Job6aBum B G jiBe HOBbIE BEPIIUHbI, 1 U v, TAK YTO BEPIIMHA U CMEKHA CO BCEMU
BepIIMHAMU u3 Vj, a BepIIMHA v CMEXHA cO BceMu BepiinHamu u3 V,. CoBepineHHoe
napocoueranuie u3 Vi B Vo CyIIECTBYeT TOT[Ia U TOJBKO TOT/A, KOT/A cyliecTByoT |V;|
BEPIINHHO-HENEPECEKAOMINXCS TPOCTHIX (u, v)-1eneit (puc. 8.10). dcuo, uto |P(u,v)| <
< |V (Tak xak V) paszesisieT BEPIIUHBL U U V).

[To teopeme Menrepa max |P(u,v)| = min |S(u,v)| = |S], rie S — HanmeHbliiee MHOXe-
CTBO, pasjesioniee Bepmuubl v U v. meem |S| < |V4]. [Tokaxewm, uro |S| > |Vi|. Ilyctp
S=AUB,AcC Vi, B C V,. TornaT'(V1\ A) C B, He cuuTas BepuIuH u, v. [leiicTBuTENBHO,
ecim 661 T'(V1\ A) ¢ B, To cyimecTBoBa Obl «00XOMHONW» Ty Th (u, v1,ve, v) (puc. 8.10), u
S He 6BLTO GBI Pa3IEAIONINM MHOKECTBOM Uit u 1 v. Umeem |Vi \ A] < [T'(V1\ 4)| < |B|.
CaenosarensHo, |S| = |A| + |B| = |A| + |[V1 \ 4| = |[W1). O

Puc. 8.10. K gokasaTenbCTBy Teopembl Xonna

8.3.3. YcToitumMBbie Napoco4YeTaHusa

IIycTh uMeeTcss KOHEYHOE MHOXKECTBO MYKYMH M KOHEUHOE MHOKECTBO JKeHIUH (paB-
HOMOIIHBIE). DJIEMEHThI MHOKECTBA MYKYMH 00GO3HAYUM TIPOIMKMCHBIMU OYKBaMH, a dJie-
MEHTBI MHOKECTBA JKEHIIUH — CTPOYHBIMU. [IyCTh TaKsKe 3alaHO COBEPLICHHOE B3aUMHO-
OJIHO3HAYHOE MAPOCOYETAHUE M3 MHOKECTBA MYKUMH B MHOKECTBO JKEHIIUH U 0OPaTHO
(6paunoe otHorienue): Aa, Bb u . x1. TlycTh Tenepb y KaskAOTO MYKUHHBI €CTh CITU-
COK JKEHIIMH, YIIOPSIOYEeHHbBIN 110 YOBIBAHUIO «IIPUBJIEKATEIbHOCTH> [IJIs 9TOI0 MY KUM-
HbL. A y Ka)k[IOH KEHIIMHBI — CIIMCOK MY’KUYWH, TaKKe YIIOPsA0YeHHbINA 10 yObIBAHUIO
<IIPUBJIEKATEILHOCTU» JUJIsT HEE.

[Tapocoyeranue Ha3bIBACTCS HEYCMOUUUBHIM, €CJIU B HEM HaliyTcst MyskunHa X (KeHaTbli
Ha JKEeHIIWHE X) U JKeHIUHA y (3aMy’keM 32 My:KunHo Y ), IPeAmoUYnTaIoNie APYT IpyTa
CBOUM CYTIpyTaM, TO €CTb:

1) X cumraer y npuBieKaTeabHee, YeM X;
2) y cuutaer X npusiekareibHee, yeM Y.

HapocoquaHI/Ie Ha3bIBA€TCA ycmoﬁuuebw, €CJIM TaKuX Ilap B HEM HET.
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Mpumep. Yersepo myxuuun (A, B, C, D) coctost B 6pake ¢ 4eTHIPbMsI JKEHIITTHAMI
(a, b, ¢, d). TTopsiok TpeaIOYTEHUIT TIPEICTABIEH B TAOIUIAX.

My:xuunst | [Ipeamourenus || Kenmwmust | [Ipepmourenns
A cbda a ABDC
B bacd b CABD
C bdac c CBDA
D cadb a BACD

IMapocoueranue (Aa, Bb, Ce, Dd) Heycroiiunso, Tak Kak A u b mpeamounraor apyr
JIPyTra CBOUM CyTIPyTaM.

3ajaya 3aKjIi04aeTcs B HaXOXK/IEHUU YCTOWYMBOTO NApOCOYeTaHUs 0 JAHHBIM CIIHCKAM
npeanouTeHuil. MHBIMU cIOBaMH, HYXKHO B HOJHOM ABYAOJBHOM rpade K, , HaiiTh
COBEpIIIEHHOE YCTOWYMBOE MMApOCOYETaHUE, €CJIU OHO CYIIECTBYET.

Pemenne 3a/la4r CYIIECTBYET, KaK ITOKA3bIBAET aJTOPUTM 8.1. /1.7151 TIIpeacTaBJICHUA JaH-
HBIX 3a/[a9¥ B aJITOPUTME MCIOJIb3YIOTCA CAEAYIONINE CTPYKTYPhI JTaHHBIX.

1. Marpuma npexanoutenuii my:xuua M : array [1..n,1..n] of 1..n. duement M|[m, p]
O3HAYAET HOMED JKEHIIMHBI, CTOSIIIEH HA MECTe p B CIUCKE MPEANOYTEHUH MY KUMHDI
m.

2. Marpuria mpeanodrenuii skentmun W : array [1..n,1..n] of 1..n. dnement Ww,m]
03HAYAET PEUTHHT MY)KUUHbI m B CIIUCKE MPEAMOUTEHIH KEHITIHBI w.

Mpumep. /lanHbie NPeAbIYIIETO TIPUMeEPA MPEACTABISIIOTCS CJIELYIONUMUA MATPU-

HaMU:
2

W =

== WO
L = W o
= = W
DO s s
NN N

1
4
3 ’
2

W NN W

1
4
1

3. Cmmcox sxenuxoB B : array [1..n] of 0..n, rae B[m| — HOMep HEBECTBI, IIOMOJIBICHHOM
C JKEHUXOM M.

4. Cuncok npenyoxenuit P : array [1..n] of 0..n, e P[m] — KOJIMYECTBO NIPETIOKEHHI,
yIKe C/LeJIAaHHBIX KEHUXOM M.

5. Cmucok uesect G : array [1..n] of 0..n, rme G[w] — HOMep JKeHMXa, TOMOJIBIEHHOTO
C HeBeCTOU w.

6. Texyummit peiitunr R : array [1..n] of 0..n, rie R{w] — pefiTHHT jKeHIXa, HOMOJIBJIEH-
HOTO C HeBeCTOH w.

3AMEYAHUE
CuynrtaeM, 9YTO B HAYaJbHOM COCTOSTHUW CIUCKW WHWIIHATU3UPOBAHBI HYJSIMU, TO €CTh HHUKAKHE
HPeTIOKEHNsT He ObLIN CeNaHbl M HUKAKUe TOMOJIBKU He COCTOSIINCD.

OBOCHOBAHME.

[ 3aBeplaemocTb ] Ha kaxo0ii utepariiiyi pacCMaTpUBAETCST OJJHO NIPEJIOXKEHNUE, A BCETO
BO3MOKHO He GoJsiee n? TpeuioKeHuil.

[ Napocouetaemocts | Ha kammoii uteparuu [17is1 HEHYJIEBBIX 9JIEMEHTOB WHBAPUAHTHO
BbITIONHsAETCs yeaoBue: Glw] = m <= B[m] = w, napsl 06pa3yioT mapocoyeTaHue.
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Aaropurm 8.1. Teiina—Illens oTokeHHOTO coracust

Bxoza: n 4yucio My>X4YuH U KEHITUH, MAaTPUILI nipeanoutenuin M, W.
Boixoa: n copMupoBaHHBIX Iap B cruckax B, G.
k:=0 // KonuyecTBO chOPMUPOBAHHBIX TIap
while (k < n) do
for m from 1 to n do
if B{m] =0 then
// TEPBBIl CBOOOMHBIN JKEHUX M AETACT MPEIJOKEHIE HEBECTE w
P[m]:=Plm] + 1;w:= M[m, P[m]]
exit for ¢ // UMK He HYKHO IIPOJOJIKATH
end if
end for
if Glw] = 0 then
// TiepBoe TIPeJIoKeHne BCer/ia MPUHUMAETCSI — ITOMOJIBKA
k:=k+ 1;Gw]:=m, Blm]:=w; Rlw]: = W]w, m|
next while k < n // ciaegyomuii :keHIX
end if
if W(w, m] > R[w] then
// HOBBIN KEHUX Jydllle — MpeKHeMy OTCTaBKa
B[G[w]] : =0; B[m]: = w; R[w] : = W[w, m]; Glw] : =m
end if
end while

[ CosepLueHHOCTD ] Bcero CO31aHO T I1ap, 3HAYHUT, ITapOCOY€TaHE€ COBEPIIECHHOE.

[ YcroiumBocte ] Ot nporusnoro. Ilycrs B Halinennom napocoderanuu Xx, Yy cylie-
cTByeT HeycTolunBas KomOuHanust X—y. BoamoxkHbl siBa ciayuas. Mysxunna X He Jiesian
npe/ToKeHus skeHimnae y. Ho aTo o3HauaeT, 4To X IPEAIIECTBYET Y B CIIMCKE TPEIIouTe-
uuil X, 4TO NpOoTUBOpEYUT HeycTolunBocTu. Myskununa X fiesan npeiyioxKeHue sKeHInHe
y, 1 oHa eMy oTKa3asa. Ho 310 o3navaer, uto Y npeamectsyer X B CliicKe IPeAIIOYTEHUN
Y, 4TO IPOTUBOPEYUT HEYCTONUYUBOCTH. O

Mpumep. /L5 paccMaTprBaeMoro MprMepa aIrOPUTM [OCJIEA0BATENBHO IOCTPOUT CJIe-
aylomue napocoderanust: & — {Ac} — {Ac,Bb} — {Ac,Cb} — {Ac,Cb,Ba}
— {Cb,Ba,Dc} — {Cb,Ba, Dc, Ad}.

3AMEYAHUE
AJropuT™M HaXOAWUT OJJHO M3 MHOTMX BO3MOXKHBIX pelleHuil 3ajayu. B 1aHHOM ciydae ajaroputm
CTPOUT HAWJIYUINWI BAPUAHT JJIst MY)KUUH (IJIs1 KA)KAOTO MY’KUWHbI BbIOPAHHAS aJTOPUTMOM CY-
npyra HauboJiee IPUBJIEKATEIbHA JUUIsI HETO M3 BCEX BO3MOKHBIX YCTONUYMBBIX MAPOCOYETAHUN)
W HAUXYIAMIAH U1 KeHIMH (BBIOPAHHBIN CYIPYT HPABUTCS KaKAOW JKeHIIMHe He GoJIbIle, yeM
BO3MOKHBII CYNIPYT B JI0OOM IPYrOM YCTOHYMBOM HMApOCOUYETAHUN ).

OTCTYMJIEHUE
3azaya 06 yCTOWYMBOM NAPOCOYETAHMM HMEET MHOKECTBO IIPUJIOKEHUET 1 nHTepiperanuii. Hampu-
Mep, 33/[a4a o prueMe n abUTYPUEHTOB B m YHUBEPCUTETOB. IIycTh n aGUTYPHEHTOB TIOCTYIAIOT B
M YHUBEPCUTETOB, U YHUBEPCUTET C HOMEPOM Kk MOJKET NPUHSTD ng aburypuenToB. He orpannum-
Basi OOIIHOCTH, MOJKHO CYUTATD, YTO N1 + N2 + . .. + Ny = N, PACCMATPHUBAS, €CJU HYKHO, CAMbIN
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HesKeJaTeTbHbI «HUKAKOW» YHUBEPCUTET ¢ HeorpaHMYeHHOH éMKoCTbIo préma. Kaxasiii abuty-
PUEHT UMeET CBOU PeHTUHT YHUBEPCUTETOB, KAK/ABIH YHUBEPCUTET — CBOI PEHTHHT aOUTYPUEHTOB.
MO3KHO TOBOPUTH 00 «yCTOWYUBOM 3aYMCIEHUM», €CJIM HUKAKOI abuTypUeHT A, He 3auMCJIeHHBII
B YHHUBEPCUTET a, HO HMPEANOYUTAIONINN €ro CBOeMy BY3y, HE OKasKeTCs INPEAIIOYTUTEIbHee IS
YHUBEPCHUTETA &, YeM KTO-TO M3 €TO CTY/IEHTOB.

8.4. MNoToku B ceTax

PaccMoTpuM HEKOTOpBIE TIPUMEPDI TPAKTUYECKUX 3a/1a4.

Mpumepnl

1. Ilycth MMeeTcs ceTh aBTOMOOUIIbHBIX JOPOT, 10 KOTOPHIM MOKHO IIPOEXaTh U3 IIyHKTa
A B myHKT B. /loporn MOTYT TiepeceKaThCsl B TPOMEKYTOUHBIX TTyHKTax. KosudecTBo
aBTOMOOMJIEH, KOTOPble MOTYT IPOEXaTh MO KayKIAOMY OTPE3KY JOPOTH 32 €IUHHUILY
BpeMeHH, He Oe3rpaHuYHO: OHO OIPEAEIAeTCS TaKuMK (DaKTOpaMK, KaK HIMPUHA IIPO-
e3’Keil 4acTH, KaueCTBO JIOPOKHOTO TIOKPBITUS, JIEUCTBYIONTNE OTPAHUYEHUST CKOPOCTH
JBYKEHUS U T. 1. (0OBIYHO BTO Ha3BIBAIOT <IIPOITYCKHOI CIIOCOOHOCTBIO» soporn). Ka-
KOBO MaKCHMAaJIbHOE KOJIMYECTBO aBTOMOOMJIEH, KOTOpPble MOTYT MPOeXaTh U3 IIyHKTa
A B nyHKT B 3a exuHuIly BpeMeHu Ge3 obOpasoBaHUS MPOOOK Ha goporax (0OBIYHO
9TO Ha3bIBAIOT <«aBTOMOOMJIBHBIM ITOTOKOM»)? MOKHO IIOCTaBUTHh U APYrOi BOIPOC:
Kakue JOPOrM M HACKOJBKO HY)KHO PaCUIMPUTh WM YJIyYIIUTb, YTOOBI YBEJUYUTH
MaKCHMAJIbHbII aBTOMOOU/IBHBINA MMOTOK Ha 3a[JaHHYIO BEJIUYNHY?

2. Tlycth uMeeTcst ceTh TPyGOMPOBOAOB, COEAMHSONMX MYyHKT A (cKaxkeM, HedTempo-
MBICENT) C TIyHKTOM B (ckaxeM, HedTenepepadaThIBAOIINM 3aBOIOM ). TpyOOTIpOBOIbI
MOTYT COETMHATBCS U Pa3BETBJATHCA B MIPOMEKYTOUYHBIX IyHKTaX. KommuectBo Hed-
TH, KOTOPOE MOKET ObITh MEPEKAYaHO MO KAKIAOMY OTPE3Ky TPyOOIPOBOA B CAUHUILY
BPEMEHH, TakKe He Oe3rPaHUYHO U OTPEAESETCS TAKUMHU (haKTOpaMu, Kak AUAMETD
TPyObI, MOIITHOCTH HATHETAIOIIETO HACOCA U T. /. (OOBIYHO 9TO HA3BIBAIOT «IIPOIYCKHOM
CTIOCOOHOCTHIO» MM «MaKCUMAJIbHBIM PacXofoM» Tpybomnposoza). Ckoabko HedTH
MO’KHO IIPOKayaTh 4epe3 TaKylo CeTb 3a eMHUILY BPeMeHU?

3. Ilyctb uMeeTcs cucteMa MalIUH JIJIsl TPOU3BOJICTBA TOTOBBIX M3J/IEJUI U3 CBIPbSI U TI0-
CIIeI0BATEIbHOCTD TEXHOJOTNYECKHX OIl€PAIMid MOKET ObITh Pas/IMYHOl (TO €CTh Olle-
pali MOTYT BBIIIOJHATHCSA Ha PasHOM 000DYIOBaHUU WJIM B PasHOI 110C/IEI0BATEb-
HOCTH), HO BCE JIONMYCTUMbIE BApUAHTBI 3apaHee CTPOTO OIpeleseHbl. MaKcuMasb-
Hasl MPOM3BOANUTENBHOCTD KaXKION eIMHUIIBI 0O0PYIOBAHUS, ECTECTBEHHO, TAKXKe 3apa-
Hee M3BeCTHA U TOCTOsIHHA. KakoBa MakCUMaJIbHO BO3MOJKHAs MIPOU3BOAUTENHHOCTD
BCeil CHCTEMBI B II€JIOM M KaK HYKHO OPTaHU30BAaTh MPOU3BOJICTBO JIJIST JOCTUXKEHUS
MaKCUMAaJbHOUM MTPOU3BOANTEIHHOCTH ?

M3yueHre 9TUX ¥ MHOTOUUCJIEHHBIX TIOJ00HBIX UM MPAKTUYECKUX 33/1a4 IPUBOJIUT K TEO-
pHUU MTOTOKOB B CeTSIX. B JaHHOM pasfiesie pacCMaTpUBAETCs pelieHre TOJIbKO OMHOM (HO
caMOH CylIeCTBEHHOM) 3a/1a4M 9TOI TeOPUH, a UMEHHO: 33/1a4y OIpe/lesIeHUsI MAaKCUMaJIb-
HOTO ITI0TOKA.

8.4.1. OnpepneneHue noToka

Mycts G(V,E) — cetb, $ u t — UCTOYHUK U CTOK CETH COOTBETCTBEHHO. [lyru ceTtm
HArpy’KeHbl HEOTPUIATENbHBIME BEIleCTBEHHBIMU yrciamu, c: £ — RY. Ecom v n v —
Y3JIBI CETH, TO YKUCIO ¢(u,v) HA3BIBAETCS NPONYCKHOU cnocobrocmuio nyru (u,v).
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3AMEYAHUE

Marpuna npomyckubix criocobrocreii C' : array [1..p,1..p] of real siBasiercst npezacraBienuem
CeTH, AaHAIOTHMYHBIM MaTpulle cMexHocTu. HyseBoe 3Hauenue asementa Clu,v] COOTBETCTBYET
Jlyre ¢ HyJEBOil TPOIMYCKHOH CIIOCOOHOCTBIO, TO €CTh OTCYTCTBHUIO IYTH, a MOJOKHUTEIbHOE 3HA-
yernue anementa Clu,v] COOTBETCTBYET Jyre ¢ HEHYJIEBOW TPOIYCKHON CIOCOGHOCTBIO, TO €CTh
Jlyra [PUCYTCTBYET.

[Myctep 3amana dyuknua f: E — R. Jusepzenuueii dynkuyu f B y3ie v Ha3bIBaeTCs
yucso div(f, v), KOTopoe OTpeAesIIeTCs CAEAYIONUM 00pa3oM:

div(fw) = S fwo) - Y fwu).

{v|(u,v)EE} {v|(v,u)EE}

SAMEYAHME

B ¢usuke auBepreniys 0ObIYHO OMPEIENSETess HA0BOPOT: TO, YTO TPUIILIO, MUHYC TO, YTO YIILIO.
Ho B nanHOM ciydae yao0Hee, 4TOObI IMBEPTEHITHsT HCTOYHUKA ObLIA MOJTOKUTENbHA.

Oyukmus f: F — R #HasbiBaercs nomoxom B cetn G, ecin:
1) V(u,v) € E (0< f(u,v) < ¢(u,v)), TO €ecTb IIOTOK 4Yepe3 Jyry HEOTPHUIATEJeH U He
IIPEBOCXO/IUT MIPOITYCKHON CIIOCOOHOCTH yTH;

2) Vu € V\ {s,t} (div(f,u) =0), To ecTb AnBepreHNNs OTOKA PaBHA HYJIO BO BCEX
y3J1aX, KpOMe UCTOUYHHMKA U CTOKA.

Yucno w(f) Def div(f, s) naseiBaercsa seauuunoi noroka f. Ecau f(u,v) = c(u,v), TO
nyra (u,v) Ha3bIBAETCSI HACLIUEHHOU.

8.4.2. Paspesnl

Ilycte P — (s,t)-paspes, P C E. Besxuit paspes onpesessieTcs: pasdrneHrneM MHOKECTBA
BepmuH V Ha nBa moaMHOXecTBa, S u T, Tak, yt0 S C V, T CV,SUT =V, SNT = @,
s € S,t €T,as P nomagaior Bce ayru, coequmsmomue S u 1. Torma P = PT U P~
rne PT — nyru or S k T, P~ — nayru ot T k S. CyMMa TIOTOKOB 4epe3 AyTH pa3pesa
P obosHawaercst F(P). CyMMa TIPOTYCKHBIX CITOCOOHOCTEN AyT paspesa P Ha3bIBAeTCsS
nponyckHoil cnocobrocmvio paspesa u obosnavaercss C(P):

F(P)EN"fle), o) ZE Y cle).

ecP ecP

Awnanornyno, F(PT) u F(P~) — CyMMBbI TIOTOKOB 4€pPe3 COOTBETCTBYIOIIIE YaCTH Paspe-
30B (<IIOJIOKUTEJBHYIO> U «OTPUIIATEJbHYIO ).

8.4.3. Teopema Doppa—DPankepcoHa

B aTom Haparpa(be YCTaHaBJIMBAECTCS KOJIUYECTBEHHAS CBSA3b MEXKIY BEJIMYMHON MaKCH-
MaJIbHOTO IIOTOKa 1 IPOITyCKHbBIMUA CIIOCOOHOCTAMNA AYyT CETHU.

JNEMMA 1. w(f)=F(P*)—F(P).
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AOoKA3ATENLCTBO. Paccmorpum cymmy W:= > div(f,v). llycrs ayra (u,v) € E. Ecan
veS
u,v € S, To B cymmy W Tonajaior [aBa caraeMblx IJist 9TO# ayrit: +f(u,v) IpU BbI-
yucaennu div(f,u) u —f(u,v) npu Beruucaenuun div(f,v), uroro 0. Ecim v € S, v € T,
T0 B cymmy W nionajiaet ofiHo caaraemoe + f(u,v), Bce Takue ciaaraembie gaior F(PT1).
Ecmm w € T, v € S, To B cymmy W nonamaer oxHo ciaraemoe — f(u,v), Bce Takue
cnaraempie gaior F(P~). Takum obpasom, W = F(PT) — F(P~). C apyroii CTOpoHBI,
W= 3 div(f,v) = div(f, s) = w(f). 0

veSs

NEMMA 2. div(f,s) = —div(f,1).
DoKA3ATENLCTBO. Paccmorpum paspes P:=(S,T), rne S:=V —t, a T:={t}. Umeem

div(f,s) = w(f) = F(P*) = F(P") = F(P*) = Y f(v,1) = — div(f.t). O

NEMMA 3. w(f) < F(P).
DokasateEnbCTBO. w(f) = F(PT)— F(P~) < F(P') < F(P). O

JIEMMA 4. mfaxw(f) < mlinC(P).

DOKA3ATENLCTBO. [lo mpeabiaymieii mtemme w( f

) < F(P), cieioBaTesbHO,
m?xw(f) < m}in F(P). Ilo onpenenenuio F(P) < C

(P), cienoBaresbHO,

mFi)nF(P) < m}inC’(P). Nmeem mjgxw(f) < mgn C(P). O

TEOPEMA (doppa'-dankepcora?). Makcumaivivlii nomox 6 cemu pasen MUHUMATLHOLU
NPONYCKHOL CROCOOHOCTU NOJONCUMENLHOL YACTU PA3PE3A, MO eCMb CYULLCMEYem nomox f*
maxotl, umo w( f*) = m]gxw(f) = m;nC(PJ“).

DokA3ATENbCTBO. [lycTh f — HeKOTOpPBI MakcuMaabHbIN TIOTOK. [lokaxkem, 4To cyrie-
crByert paspes P takoit, uto w(f) = C(P). Paccmorpum rpad G’, noaydennsiii u3 cetu G
3a0bIBaHIEM OpI/IeHTaLII/II/I ayr. TTocTpouM MHOKECTBO BepIIUH S CJAEAYIOUM 00pasoM:
—{ eV |3 (s,u) € G'V(uj,uit1) € (s,u) € G’
((ui,uiﬂ) €k — f(ui,qu) < C(ui,qu) &
& (uiﬂ,ui) c bk — f(qu,ui) > O)},
TO €CTh BJIOJIb MYTHU (S,u) AYrd B HANPABJIEHUU YT He HACHIIIEHDBI, a IYI'd MPOTHUB
HATIPaBJIEHUSI ITyTH UMEIOT TOJIOKUTETbHBIN MOTOK. Takast 1emnb (s, u) Ha3bIBAeTCs aye-
menmanvroi. imeem s € S o moctpoennio. CienoBarensho, S+ . [lomoxum T : =V\S.
IToxaxewm, uto ¢t € T. JletictBuTenbHO, ycTh ¢ € S. Toraa cymiecTByeT ayrMeHTaIbHAS
1erb (s,t), obozHaunm eé R. Ho Torma MokHO HaiiTh yucio 6 > 0:
. c(e) — f(e) >0, ecau e OPUEHTUPOBAHO BIOJb R
d:=minA(e), rae Ae): = (e) = f(e) ’ p P ’
e€R fle) >0, €CJIM e OPUEHTUPOBAHO MPOTUB R.

t Jlecrep Penponnd Dopa mit. (pox. 1927).
2 Janp6epr Peit @ankepcon (1924-1976).
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B sTtom cJiyd4ae MOJKHO YBE€JMYUTH BEJIMYMHY ITTOTOKa Ha 5, MN3MEHUB IOTOK [JId BCEX AYT
ayFMeHTaJIbHOﬁ nemnm:

f(e) + 46, ecau e oprueHTHPOBAHO B/OJb R,
fle):= N
f(e) — 0, ecnu e opueHTHPOBAHO TIPOTUB R.

[Ipu saToM ycusoBust oroka BeinosHsiiorest: 0 < f(e) < C(e), div(v) = 0.

Takum 06pa3oM, MOTOK f yBeJWYEH Ha BEJIMYUHY 0, YTO MPOTHBOPEYNT MAKCHMATBHO-
ctu notoka f. Umeem t € T u T # @. CinenoBatenbHo, S u T oNpenensioT paspe3
P = PTUP~. B arom paspese Bce ayru e Hacbimensl (f(et) = c(e™)), a Bce xyru e~ He
Harpykenst  (f(e”) = 0), wumaue S MoxHO Obwto Obl pacmmpuTb. ViMeem
w(f)=F(Pt)— F(P~)=C(PT"), rakum obpasoM, P — HCKOMBII paspes. O

8.4.4. ANroputM HaxoOXAeHUs MakKCUMMaJibHOro NOToKa

Crenyronuii ajJropuTM OTIPeiesisieT MAaKCUMAIbHBIN TIOTOK B CETH, 33JJaHHON MaTpHIlei
MPOIMYCKHBIX CIIOCOGHOCTEH AyT. ITOT AJTOPUTM HCIIONb3YeT UK JOKa3aTeIbCTBA TEO-
pembl Mopaa—DankepcoHa, a UIMEHHO, 33/IaBIINCh HAYAIBHBIM TPUOIMIKEHUEM TIOTOKA,
OTIpe/ieJisieM MHOKECTBO BepPINUH S, KOTOPbIE COEAUHEHBI ayTMEHTATbHBIMU IETISIMUA C
MCTOYHUKOM S. Ecsin okasbIBaercd, 4To t € S, TO 3TO 03HAYAET, YTO TOTOK HEe MAKCUMAJIb-
HBII ¥ €T0 MOKHO YBEJIMYHUTh HA BeJUYUHY J. /7151 ompeneeHus: ayrTMeHTaIbHBIX Tieneit
U OHOBPEMEHHOTO IOJ[CYEeTa BETMYNHBI 0 B AJITOPUTME MCIIOIh30BAaHA BCIIOMOTATeIbHAS
CTPYKTypa MaHHBIX:
P : array [1..p] of struct {

s:enum (—,+) // «3HaK», TO €CTh HAIPABJIEHUE JIYTU

n:1l.p // npenmecTByIONas BeplinHa B AyTMEHTAJBHON 1€

J : real // BeqnMuMHA BO3MOKHOIO YBEIUYEHMsI IIOTOKA

}
N : array [1..p] of 0..1 // oTmeTKa y3ma
S : array [1..p] of 0..1 // mpu3HaK MPUHAMIEKHOCTH BEPITHHBI MHOKECTBY S

Asropurm 8.2. HaxoxaeHne MakCMMaJIbHOTO TTOTOKA

Bxox: cerb G(V, E) ¢ NICTOYHUKOM s U CTOKOM ¢, 3aJlaHHast MaTpuila MPOIYCKHBIX CITO-
cobrocreit C : array [1..p, 1..p| of real.
Bbixoa: Marpuila MaKCUMAJILHOTO MOTOKaA F : array [1..p, 1..p] of real.
for u,v € V do
Flu,v]:=0 // BHauaje MOTOK HyJI€BOil
end for
M : // mTepanusi yBeInMueHUs TTOTOKA
for v € V do
S[v]:=0; N[v]: =0; P[v] : =(+,nil,0) // nuuipanusarms
end for
S[s]:=1; P[s]: =(+,nil,c0) // Tak xax s € S
repeat
a:=0 // mpusHak pacuupenus S
for v € V do
if S[v] =1 & N[v] =0 then
for u e I'(v) do
if S[u] =0 & Flv,u] < Clv,u| then
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Slu] :=1; Plu] : =(4, v, min(P[v].9, Clv,u] — Flv,u]));a:=1
end if
end for
for u € T~1(v) do
if S[u] =0 & Flu,v] > 0 then
Slu]:=1; Plu] : =(—, v, min(P[v].0, Flu,v]));a:=1
end if
end for
Nv]:=1 // y3en v ormeuen
end if
end for
if S[t] then
r:=t // Tekymul y3es ayrMeHTaJIbHOU Ienn
d:=PJ[t].0 // BeInYNHA U3MEHEHHs IIOTOKA
while x # s do
if P[z].s = + then
F[Plz].n,z]:=F[Plz].n,z] + 0 // yBeIudeHnue moToka
else
F[z, Plx].n]: = Flx, P[z].n] — § // yBesnueHue noToka
end if
x:=Plz].n // npenpiayniuii y3ea ayrMeHTalibHON 1I€MU
end while
goto M
end if

until a = 0

OBOCHOBAHUE. B kauecTBe mepBOro HpUOIIKEHUsT OepETCsl HYJIEBOU TOTOK, KOTOPBIN
110 OTIPe/leJIEHUIO SBJIIETCS NOMyCTUMBIM. B OCHOBHOM IMKJE, TOMEYeHHOM MeTKOU M,
JleJlaeTcsl TIOTBITKA YBEJWYUTh MOTOK. [lJis1 aToro B Iukjie repeat paciimpsiercs, 1mokKa
3TO BO3MOKHO, MHOXKECTBO S Y3JI0B, IOCTMKUMBIX M3 UCTOUHWKA S 110 ayTMEHTAThHBIM
nersiM. [Ipu aTOM ecim B MHOKECTBO S TIOTAJIa€T CTOK ¢, TO MOTOK BOJh HalZeHHOM
AYTMEHTAJIBHON Tenu (s,t) HEMEIJIEHHO YBEIMYMBAETCS HA BEIWYUHY 0 U HAYNHAET-
cd HOBasi UTepalus C IeJablo yBeauduTh NoTok. Ilpollecc pacuiupenuss MHOXKecTBa S
B I[UKJIe repeat 3aKaHUMBAETCS, TIOTOMY UTO MHOKECTBO Y3JIOB KOHEYHO, a OTMEYeH-
Hble B MaccuBe N y3Jbl TIOBTOPHO He paccMmarpuBaioTcs. Ecim mporecc pacimmpenwust
MHO’KeCTBa S 3aKaHYMBAETCS, W TIPU 9TOM CTOK ¢ He IOIaJaeT B MHOKECTBO .S, TO IO
teopeme Dopaa—Dankepcona HaiiZieHHbIN TOTOK F' SIBJISETCS MaKCHMaJbHBIM M paboTa
aJTOPUTMA 3aBEPIIAETCS. O

SAMEYAHMUE

[IpuBenéHHBIIT aJrOpUTM He SIBJISIETCsT caMbiM 3ddeKkTuBHbIM. BoJiee mogpobHOe M3JI0KeHue u3-
BECTHBIX METOJIOB MOXKHO HaiiTH, Haripumep, B [14] uau B [13].

8.4.5. CeeaA3b Mexay Teopemonn MeHrepa n tTeopemMmom
doppa—-DdankepcoHa

Teopema Menrepa gBiusiercs: (PyHIaMEHTATIBHBIM PE3yJIBTATOM, KOTOPBIN TIPOSIBJISIETCS B
pasannunbix popmax. Teopema Doppa—DaskepcoHa Takke MOKET OBITH TOTyYeHa U3 TEO-
peMbl Menrepa. /lanee npuBenena cxema fokasarenbctsa TeopeMbl @opra—PDankepcona
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Ha ocHOBe TeopeMbl Menrepa. CHayasa HyKHO TOJYYUTh BapHaHT TeopeMbl Menre-
pa B OpHEHTUPOBAHHON pébepHOil (hopme: HanboJbIee YUCIO (s,t)-TyTeil, He mepece-
KalolUXCsI 110 JIyraM, PaBHO HAaWMEHbIIEMY YHCJIy AYT B (s,t)-paspese. ITO TeopeMa
®opua—DankepcoHa B ToM ciydae, korga Ve € E (c(e) = 1). JlelicTBUTENIBHO, IIYCTh
@) — MHOXECTBO JIyT M3 MaKCHMaJbHOTO Habopa HemepeceKaonmxcs (s,t)-myreir. Ha-
3HAYMM TOTOK CHemyonuM obpazom: f(e):=1, ecim e € Q, u f(e):=0, ecant e & Q.
ITO TOTOK, TaK KaK JAMBEPreHINs B JIOOOM y3je paBHa 0, U IIOTOK 4yepe3 JAyTy He Ipe-
BOCXOJUT IPOITYCKHON crocoOHOCTH. BesmunHa sToro 1moToka paBHa k < d*(s), rae k —
YUCJIO JIYT, BBIXOJSIIIUX U3 §, KOTOPbIE HAYMHAIOT MYTH U3 (). ITOT IOTOK MAKCUMAJbHBIH.
JleiicTBUTENBHO, €Cai TOOKUTD f(e):=a > 0 I HEKOTOPOoil Kyru e &€ @, TO:

1) ecsau nyra e BXOAUT B y3eJ, BXOASINAN B ITyTH U3 (), MJTU BBIXOAUT M3 TAKOTO Y371, TO
HapylIaeTcsl yCJoBre TIOTOKA (JIMBEPreHIINsI —a WA +a COOTBETCTBEHHO);

2) ecJyv BHOBb Ha3HaYeHHBIE AYTH C HEHYIEBBIMU MMOTOKAMU 00Pa3yIOT HOBBIH (s, t)-TIyTh,
TO 9TO MPOTHBOPEYUT BHIGOPY Q.

ITycTh Termephb MPOIYCKHbBIE CIOCOOHOCTH CYTh HATypasibHble dncia. Toraa MOKHO TIPO-
BECTU aHAJIOTUYHBIE PACCYKICHUS i MyJbTUTPAdOB, CUNTAs, YTO BMECTO OIHOM IyTh
C IPOIYCKHOH CIIOCOOHOCTBIO 1 MMEeTCs n AyT ¢ IPOIYCKHOU crocobHocThio 1. Eciu
HPOIYCKHBIE CIIOCOGHOCTH — PAIIMOHAJIBHBIE YUCJIA, TO UX MOKHO TPUBECTH K 0OIIEMY
3HAMEHATeJI0 ¥ CBECTH 3a/Jjauy K IIPebIAyIIeMy CIydalo.

JList BEIEeCTBEHHBIX MPOITYCKHBIX CIIOCOOHOCTEN 3aKJII0YEHIE TEOPEMBI MOKHO HOTYIUTD
IyTeM Iiepexojia K Ipe/iesly B YCJIOBUAX IMPEIbIAYIIEro ciaydasi.

OTCTYIMJIEHUE
HpI/IBEZIeHHOG BII. 8.4.3 JI0OKa3aTeJIbCTBO TECOPEMbI CDOpl[a*(DaJIKepCOHa KOHCMPYKMU6HO, N3 HETO HE
TOJIBKO CJIEAYET 3aKJII0YEHUE O BEJIMYNHE MAKCUMaJIbHOI'O ITI0OTOKA, HO U U3BJIEKAETCA €nocob HaxoX-
JI€eHHA MaKCHUMaJIbHOI'O IIOTOKaA. Ha6p0c01< JOKa3aTeJIbCTBa B 9TOM Haparpa(be HEKOHCMPYKMUGEH —
13 HEro HeJib3sd U3BJIEYD AJITOPUTM.

8.5. Cea3HocTb B oprpadax

CBSI3HOCTD SBJISETCS OJHUM W3 HEMHOTHMX TOHSATHN, KOTOPbIe HE PACHPOCTPAHSIOTCS
HENoCPeACTBEHHO ¢ rpadoB Ha ApPYyrue POACTBEHHbIE OOBEKTHI M TPEOYIOT OTHEJBHOIO
OTIpe/IeIeHNsT U PAacCMOTPEHNs B KaXX/IOM ciydae. B maHHOM pasjiesie paccMaTpUBaeT-
Cs CBSIBHOCTH B oprpadax, MOCKOJbKY MMEHHO 3TO TOHSATHE Yallle BCETO TMPUMEHSIeTCS
B [IPOTPAMMUPOBAHUU.

8.5.1. CunbHas, OQHOCTOPOHHAA N cnabas CBA3HOCTb

B HeopueHTHpPOBaHHOM rpade [Be BePLUIMHBI MO0 CBsA3aHbI (€CJIM CYNIECTBYET COEIMHSIIO-
mas Ux Ienb), aubo He CBA3aHbL B opueHTHpoBaHHOM rpade OTHOIICHHE CBS3aHHOCTU
Y3JI0B HECUMMETPHUYHO, a IOTOMY OIIpe/ie/ieHre CBA3HOCTU Pa3/indyaeTcs.

[Iycts G(V, E) — oprpad, v; u ve — ero y3ibl. [0BOpsT, 4TO nBa y3J1a, v U V2, CUILHO
cesi3anvl B oprpade G, ecu cymecTByeT myTh (OpUEHTUPOBAHHAS TI€Tb) KaK U3 U1 B Vs,
TaKk U M3 vy B v1. [OBOPAT, 4TO JBa y3Ja, v1 M v2, 0OHOCIMOPOHHE CEs3anbl B oprpade
G, ecm cymiecTByeT 1yTh Jub0 U3 vy B vg, MO0 U3 vy B v1. JOBOPST, UTO /Ba y3Ja, vy
U vy, cabo céssanvt B oprpade G, eciu oHUM cBs3aHbl B rpade G', mosyueHHOM u3 G
3abbiBaHKeM opueHTaluu Ayr. Eciau Bce Bepiunbbl B oprpade cuabHO (OZHOCTOPOHHE,
c1abo) cBg3aHbl, TO oprpad HasbiBaeTcs cuavho (o0nocmopoune, crabo) ceasmvim. Cuib-
Hasl CBSIBHOCTD BJIEYeT OJHOCTOPOHHIO CBSABHOCTB, KOTOPas BJeYeT CIaOyio CBSI3HOCTb.
OG6parHoe, pasymeeTcsl, HEBEPHO.
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Mpumep. Ha puc. 8.11 mokazaHbl IUArpaMMBbl CUIIBHO, OJTHOCTOPOHHE U €100 CBSI3HBIX
oprpacdos.

. .
» Y

Puc. 8.11. CunbHas (cresa), 0GHOCTOPOHHNAS (8 uenmpe) 1 cnabas (cnpasa) CBA3HOCTb

8.5.2. KOMNOHEHTbI CUJIbHOW CBSAASHOCTU
Komnonenma cunvnoi cessnocmu (ynorpebisiercst abopesuarypa KCC) oprpada G — ato
€ro MaKCUMAJIbHBIN CUJIBHO CBSI3HBIN moArpad.

Kaxnprit y3en oprpada npunajnesxkut tobko onnoit KCC. Ecsu y3es He cBs3aH CHJIb-
HO ¢ ipyrumu, 1o cuutaeM, uto o cam obpasyer KCC. Kondencauueti G* oprpada G
(wmm zpagom lepua, nnu gaxmop-zpagom) HazbiBaeTcs oprpad, KOTOPBIA MOTyYaeTCs
craruBanneM B oauH y3en kaxzaoin KCC oprpada G.

Mpumep. Ha puc. 8.12 nokazaubl guarpaMmmbl oprpada u ero KoHIeHCAIUH.

Puc. 8.12. Oprpad (cresa) n ero daxktop-rpad (cnpasa)

3AMEYAHME

®Dakrop-rpad He COTEPKUT KOHTYPOB.

8.5.3. BbigeneHve KOMMNOHEHT CUNIbHOW CBS3HOCTM

Culetyomii aJropiuT™, OCHOBAHHBIM HAa METO/E IOUCKa B IIyOMHY, HAXOAUT BCE KOMIIO-
HEHTBI CUJIBHOHN CBSI3HOCTH oprpada.

OcHoBHast paboTa BBITIONHSETCS PEKYPCUBHON mporeaypoit 6e3 mapamerpo KCC, xo-
TOpast MCHOJb3yeT cTek 1’ g XpaHeHus mpocMmaTpuBaembix y370B. [Ipomeaypa KCC
BbIJIE/ISIET BCE KOMIIOHEHTBI CUJIbHOI CBSBHOCTH, JOCTHKMMbIE U3 y3Jia, BBIOPAHHOTO B
OCHOBHOM aJITOPUTME.
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AJII‘OpI/ITM 8.3. Brizenenne KOMIIOHEHT CUJIBHOUM CBSI3HOCTH

Bxoxn: oprpad G(V, E), 3aganuslii ciinckamu cmexxuoctu I'(v).
Beixoa: cnimcok C' KOMIOHEHT CUJIBHOW CBSI3HOCTH, KaKABIA 3JIEMEHT KOTOPOTO €CTh
CIIMCOK Y3JIOB, BXOJAIINX B KOMIIOHEHTY CUJILHON CBSI3BHOCTH.
C:=0
for v € V do
Mv]:={v} // M][v] ciucok ysios, Bxogsmux B Ty ke KCC, uro u v
elv] :=0 // Bce y3Jbl HE PACCMOTPEHbBI
end for
while V # & do
select ve V' // B3satb v u3 V
v — T // MONTOXUTb v B CTEK
efv]:=1 // oTMeTHTb v
KCC // Bei3oB npornenypsr KCC
end while

Auaropurm 8.4. Pexypcunas niponeaypa KCC

if T = o then
return // Heryie BBIIEISATD
end if
v:=top T // v — BepxHUU 3JIEMEHT CTeKa
if T'[v] NV = & then
C:=CUM]Jv] //at0o KCC
V:=V —v // ynanuts ysen
v <« T // cHATH y3es v cO cTeKa
KCC // Bo3Bpar u3 Tynmka
else
for v € T'[v] do
if e[u] = 0 then
u — T // TOJNOXKUTH y3€es u B CTEK
elu]:=1 // ormerurs ysen u
else
repeat
w <+ T // w — ckienBaeMblil y3e
V.=V —w // ynanurs ysen
I'u] : =T[u] UT[w] // 3aOMHUTH CMEXHOCTb
Mu]:=M[u]UM[w] // crieuBaHue y3JI0B
until v = w
w — T // 4robbl He yopaTh TOT y3el,
V:=V +w //c koroporo Hayamamn
end if
KCC // nouck B riayOuHy
end for
end if

OBOCHOBAHUE. JI0CTaTOYHO 3aMETHUTh, YTO JII0OO0M KOHTYP HNPUHAIIEKUT POBHO OJHOMN
KCC, u, 6osee toro, ecin 8 KCC BXOAUT HECKOJIBKO Y3JI0B, TO OHM 00s3aTeIbHO IIPH-
HAJJIEKAT HEKOTOPBIM KOHTypaM. IloaToMy, eciu pu o6xoe B IIyOUHY MbI IIONALaeM
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B YK€ OTMEYEHHBIN y3€JI 4, TO 3TO 03HAYAET, YTO OOHAPY/KEH KOHTYD, IPUUYEM TIpe/Iiie-
CTBYIOII[ME Y3JIbl HAWIEHHOTO KOHTYPA HAXO/SATCS HA CTeKe, HAUMHAsS OT BEePIIUHBI CTeKa
U [0 PacCMaTPUBAEMOTO OTMEUEHHOTO Y3Ja u, KOTOPBIH TakKe IPUCYTCTBYET B CTEKe.
Bce y3ubl HaliZIeHHOTO KOHTYPa MOKHO «CKJIE€NTh». IIpn ckiemBaHUN y371a w €To CIINCOK
CMEXHOCTU W CIHUCOK y’Ke HalifieHHBIX y3s0B To KCC, KOTOpo#l MpuHAIIEKUT y3emT w,
OOBENNHSIIOTCS ¢ COOTBETCTBYIONIMMHU CITUCKAMU y37a u. [[ocie 3TOT0 MOXKHO ITPOIOJI-
JKUTH TIOMCK B TJIYOUHY OT y3Jia 4, KOTOPBIU /ISt 9TOW €U CJIEyET OCTABUTH B CTEKE.

O

8.6. KpaTuanwme nytun

3amaua HaXOXKIEHWS KpaTJallero mMyTH B Tpade MMeeT CTOJIBKO MPAKTHYECKUX TMPU-
MEHEHUN W MHTEPIPETAIU, YTO YUTATENb, Oe3 COMHEHUS, MOXKET CaM JIETKO MPUBECTH
MHOKECTBO MPUMEPOB. 37IeCh PACCMATPUBAETCS HECKOJBKO KIACCHYECKUX AJTOPUTMOB,
KOTOpbIe 00s13aH 3HATH KAKIBINH MTPOTPAMMHUCT.

8.6.1. B3BewleHHble rpadbl

Oprpad G(V, E) Ha3bIBaeTCs 636eUeHHbIM, €CTA 33IaHA YUCIO0BasT QYHKITH
w: V x V — R, HasbIBaeMast 6ecoOM WU OJLUHOU JyTH.

SAMEYAHME

Ecim nyra e = (u,v) € E Benér u3 y3na u B y3ea v, To 3anucu w(e) n w(u,v) obe CYUTAIOTCS
JIOIIYCTUMBIMHU ¥ PABHOIIPABHBIMIL.

N
Ecmu M = (s,t) — nmyTh u3 y3Ja s B y3eJ t, TO OAUHOU Nymuy HA3BIBAETCS BEJIUYNHA

W(M) = W((s_,)t>) = Wi(s,t) = Y w(e), a daunot xpamuaiwezo nymu HAZBIBACTCS
ee M
BesimunHa (s, t) = min  W(s,t).
(s4)CE*
3SAMEYAHUE

ITockonbky HeopueHTHpOBaHHBIE Tpadbl SBISIIOTCSI YACTHBIM CJIydaeM oprpadoB, IpHUBenEHHBIE
olpe/ieJIeHHs], YTBEPXKIEHUS 1 aJITOPUTMBI PacIIPOCTPAHAIOTCA Takke U Ha rpadwl. IloaTomy usio-
JKeHMe Be[ETCS MCKIIOYUTENbHO B TepMUHAX oprpados.

TEOPEMA. /[ns 636eweHHblx 0pzpag)os 6vinoansemcs HepaseHcmso mpeyzoivHUKa:
Q(s,v) < Qs,u) + w(u,v).

DOKA3ATENLCTBO. IlycThb cyliecTByeT KpaTuailimuii myTh U3 s B v. Torzaa ero JauHa He

o
MPEBBITIAET JIUHBI JT060TO APYToro MyTH (S,v) W, B YaCTHOCTHU, MYTH, COCTOSIIETO U3
KpaTyaiiiero mytu u3 s B u u ayru (u,v). O

BsBeleHHbIN Oprpad MPeACTaBUM B BUIE MAMPULbL OLUH OYe
W : array [1..p,1..p] of R, rze

0, IS © = 7,
Wi, jl = ¢ w(i,j), KOHeYHAs] BEJIMYMHA, €CJIU €CTh Jyra U3 y3Ja i B y3eJ j,
400, €CJIM HeT JyTW W3 y3Ja ¢ B y3ea j.
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[nsa xpanenus uH(poOpMAIMKM O TOCTEIOBATETHHOCTH Y3JI0B B KpaTYaHIIUX MyTIX Ha
oprpade ucnosb3yercst mampuua npeduecmeosanus 11 : array [1..p,1..p] of 1..p, tie

k, ecnmu k — yse, pocTuraeMblii )
I0[s, j] = Ha KpaTyaMllIeM IIyTH U3 ¢ HEIIOCPEACTBEHHO IMePe]] Yy3JI0M j;

0, ecn U3 y3y1a ¢ B y3eJ j HeT IyTU.

Ecnu tpebyeTcst XpaHuth WHMOOPMAIUIO TOJBKO O TYTAX M3 OJHOTO y3Ja WJIU, B YacT-
HOCTH, O €IMHCTBEHHOM IIYTH MEXKIY ABYMS Y3JaMHU, TO MaTPHUILy MOKHO COKPATHTh 10
Bektopa II : array [1..p] of 0..p.

OTCTYMJIEHUE
Matpuua II pasmepa O(p®) xpanut unpopmanuio 060 ecex (kparyaiimux) myrsax B rpade. 3a-
MeTnM, 9To Beero B rpade O(p?) myTeit, cocTosmux us O(p) ysios. Takum o6pasoM, Henocpes-
CTBeHHOE IpeCcTaBeHne Beex IyTeil morpebopaso 66 mamaTu obbema O(p®). DxoHoMuA HaMATH
[IPU UCTIOJIb30BAHIY MATPHI[BI TIPEIIECTBOBAHUS JOCTUTAETCS 32 CUET UHMEPNPemayuu npeocmag-
JleHUsl, TO eCThb TMHAMUYECKOTO BBIYMCJICHNUS HEKOTOPO YacTu MHGOPMAIUK BMECTO e¢ XpaHeHUs
B nmaMsaTU. B JaHHOM ciyyae Jit000ii KOHKPETHBINA MyTh (u,v) JIETKO U3BJEKAETCsI U3 MAaTPUIBI C
TIOMOII[BIO CJICIYIONIETO AJITOPUTMA.
w:=w; yield w // nocnexuuii ysen
while w # v do
w:=1[u, w];
yield w // npenpiayumii ysei
end while

[Tosry4eHHYIO TTOCJIEA0BATETBHOCTE MOKHO OOPATUTD, €CIIN 3TO TOTPeOYETCs, U TOMYIHUTH MPSMOiA
HOPSIZIOK Y3JIOB ITyTH.

Bo MHOrux ajropuTMax JAaHHOTO pasiesia UCTOIb3YIOTCS /IBE MPOIELyPhIL.

[Iporenypa nannuanusamu Init(s) cTpouT HaYaIbHOE COCTOSTHUE MATPUIIBI JJIUH Ty Ted
Y MaTPUILbI TIPE/IIIECTBOBAHMSI.
Bxon: ysen s // Init(s)
Bsixox: samosnentbie MaTpuilsl 1 : array [1..p,1..p] of R mnuu myreit u

I1: array [1..p,1..p] of 0..p camux myreii.

for v from 1 to p do

T[v]: =400, H[v]: =0

end for

T[s]:=0
Ipouenypa ocrabrenus, win peraxcauuu, — Relax(s,v,u) TpOBEpsieT, BO3MOKHO JIH
YJIYYIIUTh M3BECTHBIA IIyTh M3 y3Ja S B y3es v, IIPOBes HOBBIM IIyTh 4Yepe3 y3el u,
1 OOHOBIISIET IYTH, €CJIM 9TO BO3MOKHO.
Bxoa: yaner s, v, u // Relax(s,v,u) ,

matpurnia W : array [1..p, 1..p] of R maun ayr,

marpura T : array [1..p,1..p] of R mnun myreit,

marpmura I1 : array [1..p, 1..p] of 0..p camux myreit.
Boixoa: obHossenHble MaTpulisl T, I1

if T[s,v] > T'[s,u] + W[u,v] then

T[s,v]:=T[s,u] + Wu,v];II[s,v] : =u // HOBBII IyTb KOpOUE
end if

Hpoueaypa pesrakcalnumn O6JIaZ[aeT psAZIOM OYEBU/IHDBIX, HO BasKHbIX CBOICTB.
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1. Bepxusas rpanuna (6e3omnacHocts). /[is Beex nap ysmnos T'[s,v] > Q[s,v], npuuém
T[s, v] He u3MeHsIeTCsI TIOCJIe TOTO, KaK CTaHeT paBHBIM s, v)].

2. OrcyrcrBue mytu. Eciu u3 y3na s B t Her mytu, 10 T[s,t] = Q(s, t) = +o0.

— . o —

3. Cxomumocts. Eciu (s, u), (u,v) — kpardaiiumii myThb (s,v) U 10 ocaabieHst
Relax(s, v, u) Bermomasercst paBeHcTBO T'[s, u] = Q(s,u), To MOCTE OCaAbIEHNUST
T[s,v] = Q(s,v).

4. Ocnabnenue nytu. Eciu M = (s, vq,...,vx,t) — Kparyaiimmii nyThb (s?t) u ocnab-
Jienune TpousBoauTes B mopsizike Relax(s, s, v1), Relax(s, v, va), ..., Relax(s, vk, t), TO
T[s,t] = (s, t), ¥ 3TO CBOICTBO BBINOJIHSIETCS BHE 3aBUCHMOCTHU OT JIPYTHX OIEPAIHil
ocrabmenust.

SAMEYAHME

Ecim B rpade G ecTb KOHTYpP € OTPUIATEJIBHBIM BECOM, TO Ha 3TOM KOHTYPE MOKHO <«HAaKpY-
YUBATh» CKOJb YTOJHO KOPOTKUI MyTh (BIJIOTH 0 —oo). B aToil cuTyanuu peleHue 3ajadud o
HOKCKe KpaTdaiiliero myTH, BoodIe roBopsi, He ompezejaeHo. OfHAKO, B 3aBUCUMOCTH OT KOH-
KPETHOM IPHUKJIATHON 3a/[a4, JaHHASI CUTYAIIS] MOXKET ObITh MHTEPIPETHPOBAHA [10-PA3HOMY: KaK
HOJIHOE OTCYTCTBUE PEIIEHUSs], UM KaK PellleHNe, COePKalllee yTh OECKOHEYHOTO OTPUIIATENIbHO-
ro Beca, WK €elé Kak-To. B yio6oM cirydae, ciocOOHOCTH MPEICKA3yeMO PearnpoBaTh Ha KOHTYDBI
OTPUIIATEJILHOTO BECA SIBJISETCS BAXKHON XapaKTePUCTUKON aJIrOPUTMOB TIOMCKA KPaTYaiImX My TeH.

8.6.2. Kpatuaiiwme nytn B 0€CKOHTYpHOM oprpade

CymiectByer apheKTUBHBINA aJrOpUTM, KOTOPBIH 103BOJISIET HaiiTh B oprpade depego
Kpamuatiuux nymetl, pacTyllee U3 3aJaHHOTO Y3J1a, JaKe eCJIU JJIUHBL IyT MOTYT OBITh
OTPUIIATEJIbHBIMU, HO U3BECTHO, UTO Oprpad He COAEPKUT KOHTYPOB.

3AMEYAHUE

COBOKYITHOCTDb IyTel OT y3ja s K APYIMM y3JaM oOpasyeT KOpHEBOe AepeBo B cMbicie 1. 9.2.1.
[leficTBUTETHHO, HUKAKON OIPEeIEHHBIN KpaTJyalIni MyTh, OYeBUAHO, HE COEPKUT KOHTYPOB.
Besaknit y3en gocT:KUM W3 KOPHS IO TTOCTPOeHNI0. bosee Toro, aTOT MyTh €AMHCTBEHHBIH, TO-
CKOJIbKY, JIa’ke eCJIM B y3eJ BeJleT HECKOJIbKO KPAaTyalllMX IyTeil OJMHAKOBON JIJIMHBI, aJITOPUTM
BI)I6€‘peT U3 HUX TOJBKO O/INH.

JIEMMA. B npousgonvtrom beckonmyprom opzpage G(V, E) ysnvl Mo*cHO nepenymepo-
samv max, umo ¥ (v;,v;) € E (i < j).

DOKASATENLCTBO. Ilo Teopeme 2 1. 7.5.4 oTHOIIEHHME JOCTHKUMOCTH B OECKOHTYPHOM
rpade ecTb CTPOroe YaCTUIHOE YIOPSZ0UueHNEe Ha KOHEYHOM MHOKecTBe. IIprMensst anro-
PUTM TOIIOJOIMYECKON coptupoBku (1. 1.8.4), moaydaem TpeGyeMyio HyMepaluio y3JI0B.

SAMEYAHUE
Def

B airopurme UCHOJIb3YETCsl MHOKECTBO <IIpejiectBopanus» I~ (v) = {u | v € T'(u)}, koropoe
COBIAJIAET O crucKamu cMeskHoctu I'(v) st rpadoB u He nepecekaetcst ¢ I'(v) 17151 HATIPABIEHHBIX

oprpados.
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Ausroput™m 8.5. OnpejesieHre pacCTOSTHUEN OT HCTOYHUKA B GECKOHTYPHOM rpade

Bxona: B3Bemennsiii oprpad G(V, E), marpuiia BecoB W : array [1..p, 1..p] of R, ciucku
npeauecTyomux y3aos I'~1; ucrounuk s = 1.
Boixox: Bextop 7' : array [1..p] of R miuH Kpardaifiix myTeil OT UCTOYHHUKA, BEKTOP
II : array [1..p] of 0..p camux myTeii.
Init(s)
for v from 1 to p do
for u € T=1(v) do
Relax(1,v,u)
end for
end for

OBOCHOBAHME. [loKakeM WHIYKIIMENH MO v, YTO OCHOBHOW IWKJ WMeeT WHBApUAHT
Vu € l.v (Tu]=Q2(1,u)). baza: ecsm v = 1, to T[1] = 0 = Q(1,1). [Iyctp Temneps

N
Vu < v (Tu]=Q(1,v)). B kparuaiimem mytu (1,v) Bce IIPOMEXKYTOUHBIE Y3JIbI UMEIOT
HOMepa GoJibllie 1 ¥ MeHbIle v 10 MOCTPOEHUI0 oprpada, B YaCTHOCTH, y3€s u, Mpel-
MIECTBYIONIMIT v Ha KpaT4aliieM TMyTH, Oy/eT BHIOPAH BO BHYTPEHHEM IUKJIE, IS HETO
10 MHAYKIUOHHOMY mpeanosoxkennio T[u] =Q(1, w) u, 3nauut, T[v]=Q(1,v). O

Otrenka BpeMeHU pabOTHI ATOPUTMA CKIAIBIBAETCS M3 BPEMEHH TOTIOJOTHIECKO COPTH-
POBKH, KoTOpast BbinosiHsieTcs 3a BpeMst O(p + ¢), nnnimanusannn — O(p) u urepanuit
ABOWHOTO IHKJIA, KOTOPBIX POBHO ¢, CJle/0BaTeJbHO BpeMsi nMeeT oneHKy O(g). Tax
norygaeM O(p + q) + O(p) + O(q) = O(p + q).

8.6.3. Anroputm Bennmana-®oppa

Anzopumm Beanmana'—Dopda taxxe pemaer 3a1ady o HOCTPOCHHUH AePeBa KpaTyailimmx
nyTell, HO Ha B3BeIIeHHbIX oprpadax obiiero Buja.

Agropurm 8.6. Bernmana—®opaa

Bxon: B3Bemennbiii oprpad G(V, E), marpuiia Becos W : array [l..p,1..p] of real,
HCTOYHUK S.
Beixoa: Bextop T : array [1..p| of real ;iuH KpaTyaifiimux myTei OT UCTOYHHUKA, BEKTOD
II: array [1..p] of 0..p camux myTeii.
Init(s) // Ununuamusanus
for : from 1 to p — 1 do
for (u,v) € E do
Relax(s, v, u)
end for
end for
// TIpOBEpKa Ha OTPHUIIATETbHBIE KOHTYPBHI
for (u,v) € E do
if T'[v] > T'[u] + W{u,v] then
stop // HalileH KOHTYp OTPHUIIATEIHbHOTO Beca
end if
end for

1PI/[‘-IapL[ Opucr bemmvan (1920-1984).
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OBOCHOBAHUE. KOPpPEKTHOCTb aJITOPUTMA OCHOBBIBAETCS HA OYEBMIHOM YTBEDKIECHUU,
YTO KpaTdyafiiuii myTh comepKuT He Gosiee yeM p — 1 Jyry TIPU YCJIOBUM OTCYTCTBHS
KOHTYPOB OTPUIIATEJbHOIO Beca, I0CTYIHBIX U3 ucTouHrKa. COOTBETCTBEHHO, €CJIH IPO-
peslakcupoBaTh Bce IyTU B3BelIeHHOoro oprpada p — 1 pas, To 10 CBOMCTBAM peslakcaliuu
(B 0COGEHHOCTH TI0 CBOMCTBAM OCTabJIeHUsT TyTH 1 GE30MACHOCTH) PE3yJIBTaTOM CTaHET
KOpPPEKTHOe JIepeBO KpaTyalllux MmyTew.

Ecau nipoBecTu MONOHUTENBHYIO pesIaKcallvio BCEX JIYT, U IIPU 3TOM JIepeBO KpaTyaii-
MIUX TyTeH M3MEHUTCS, TO 9TOT (DAKT MO CBOHCTBY 6E30MacHOCTH BOWAET B TIPOTUBOpE-
ype ¢ OTCYTCTBMEM KOHTYPOB OTPHIATENHHOTO Beca, U MOXKHO 33 CUET 3TOTO BBI/IABATh
npeaynpeskaeHie 00 X HATUIUH. O

SAMEYAHMUE
MHorpa MokeT MMeTh CMBICT I[O621BI/ITI) B aJTOPUTM IIPOBEPKY, 4YTO U3MeHeHU Jl€epeBa Ha IIpo-
menen UTepaly BHEIIHETO IUKJIA HE ITPOU3O0NLIO, ITOCKOJIbKY YaCTO KOJUYECTBO AYT BO BCEX
KpaT'{aI\/’IIHI/IX IMyTAX OKa3bIBA€TCA CYNIECTBEHHO MEHbIIEC p — 1. BI)I60p B IIOJIb3Yy 3TOI'0 pEIICHUA
JleJaeTcAa uCxold nu3 KOIIerTIIOﬁ peaiidalili U CTPYKTYPbI 3a/a4u.

OrieHKa BpeMeH! paboThl aropuTMa TpuBraibHa. Bpems nnunnanusamu — O(p). Boi-
30BOB TIPOIEAYPBI OCTAbIEHUST B TOUHOCTH (p — 1) - @, a 3HAYWT, ACUMITTOTHIECKAST OI[EHKA
BpeMenu pabotsl cocrasisier O(p) + (p — 1)g - O(1) = O(p) + O((p — 1)q) = O(pq).
OueBugHO, 310 MeieHHee, yeM O(p + q) aJropuTMa moucka Ha HeCKOHTYPHOM oprpade.
OpnHako cie/lyet HalOMHUTh, YTO MHOKeCTBO rpacoB, HA KOTOPBIX KOPPEKTEH aJITOPUTM
bennvana—®opaa, MOKPHIBAET, B OTIMYHE OT TPEABIAYINETO AJTOPUTMA, MPAKTUUECKU
BeCh CIEKTP 33j1a4 TOMCKA JlepeBa KPaTYanImX MyTeu.

8.6.4. Anroputm [AenKkcTpbl

Anzopumm Jleiixempot', Gesyciosro, sBsieTcs Haubosee TOMy IIPHBIM AITOPUTMOM I10-
HCKa JiepeBa KpaTyaifimux IyTeil. OJHaKo OH MMeeT Kak IIPeMMYyIIecTBa, TaK U HEJIO0-
CTAaTKW OTHOCUTENBHO anroputMma bBemnmana—@opma, 9to pa3obpaHo HIKe B paMKax
060CHOBaHUSI Y OIIEHKM BPEMEHU PaboThl.

OTCTYMJIEHUE
JlefikcTpa mpe/IoKUI CBOH aJrOpUTM JJIsT pellleHusI 3a/1a4, CBSI3aHHBIX C Pa3BO/IKOM IeyaTHBIX ILjIaT.
B atom cirydae Bec yr — 3TO FeOMETPUYECKOE PACCTOSHHME, M OHO BCET/A TIOJIOKUTENIbHO. B 10-
JIOKUTEJILHO B3BellleHHOM oprpade anroputm [lefikcTpbl Beerzia MpUMEHVM U HAXOJUT PeEIcHHUE,
MOCKOJIBKY KOHTYPBI OTPHIATETBHOTO Beca HEBO3MOXKHBL 1103TOMY B JmTepaType 4acto 06JacTb
HPUMEHUMOCTH airoput™a J[eidKeTpbl He 00CYKAAeTCs, ¥ PACCMATPUBAETCST IPUMEHEHNE TOJIBKO
K TIOJIOXKUTENHHO B3BEIMEHHBIM Tpadam u oprpadam (cm., Hampumep, [15], [2]). Ha camom meie
ky1acc oprpados, B KOTOPBIX TPUMEHUM aJITOPUTM J[eHKCTPBI, CYIIECTBEHHO MIUPE U 3aCAYKHUBAeT
OT/EJILHOTO UCCJIE/JOBAHU.

— —
Hasosém pexopdom nymu M = (s, t) (obo3nadernue R((s,t)) MAKCUMAIBHBIN BeC HAYAITD-

- Def
HOTO OTpe3Ka aToro myTH, R((s,t)) = max W (s,v). OTmeapHO OTMETUM, YTO ¥ # S, TO
veM—s

€CTb PEKOP/I HE MOJKET JTOCTUTATHCA B Ha9YaJIbHOM y3JI€ 110 OIPEeJeJICHUIO.

— — —
W3 onpenenenns caemyer, 4to VY (s, t) (R((snf)) > W((s,t)) = Q(s,t)).

TEOPEMA. Pesynvmam pabomoi anzopumma JJetikcmpol Ha 636CUEHHOM HANPABLEHHOM

13/101"ep Bube [eiikerpa (1930-2002).


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

8.6. Kpatuanwue nytu 393

Agropurm 8.7. Anroputm JlefiKCTphI TOMCKA KpaTYalInX MyTen

Bxon: B3Bemennbiii oprpad G(V, E), marpuria Becos W : array [l..p,1..p] of real,
HCTOYHUK S.
Beixox: Bektop T : array [1..p| of real qimH kpaTyallux myTeit OT UCTOYHUKA,
Bekrop II : array [1..p| of 0..p camux myTeii.
Init(s) // nHunmamusanus
@ :=V // koHTeitHep (o4yependb ¢ IPUOPUTETAMM )
while Q # @ do
u:=ExtractMin(Q) // usBiedenue y3jia ¢ MUHUMAJIbHBIM 3HaueHueM T [u]
if T[u] = oo then stop end if // ocTanbHbIe y3/TbI HEMOCTIKIMBI U3 §
for v € I'(u) do
if v € Q then
Relax(s,v,u) // penakcanus ayru (u,v)
end if
end for
end while

opepage 6e3 KoHmypos OMPULAMENBIHOZ0 6ECa eCTb 0ePe6o KPAMUATUUX NYMELL ¢ KOPHEM 6
y3aae s mozoa u moavko mozoa, kozoa 0ns kaxc00zo ysia v € G — s, 00CMUNCUMOZ0 U3 Y31d. S,

. — . N
pexopo Kpamuatiuiezo nymu (s, v) Menvule, uem pexopo 1106020 He Kpamuaiiezo nymu (s,v).

DOKASATENLCTBO. HauHéM ¢ HEKOTOPBIX HAGJIOEHUE OTHOCUTENHHO PABOTHI aJITOPUTMA
Hetikctpsl. [locse maUIMann3anum MaccuB 7' COEPKUT OIEHKU CBEPXY [IJINH KpaTdaii-
[IUX MyTel, BEAYIUX B COOTBETCTBYIOMINE Y3JIbI U3 y3Jia 5. B mpotiecce paGoThl aIropuT™Ma
3TU OIEHKU YMEHBIIAIOTCS, NTOKAa He CTaHyT /JJIMHAMM Kpardyaummx myteid. Ha xaxmoin
WTEpAlU JITOPUTM BBITIOJIHAET onepainuio ExtractMin, nsBiekaer y3esn u ¢ HauMeHb-
MM HaKOIUJIEHHBIM BeCOM M3 KOHTeHHepa () M BBIIIOJIHIET peslakcalfio UCXOAAINX U3
9TOro y3Jia AyT. Bo-1epBbIX, OTMETHM, 4TO 110 KpaliHeil Mepe oiHa UTepalusl BbIIOJIHIETCS
B MOGOM Ciydae, MOCKOMBKY MpH WHUTMAIu3armn nonaraeM 1'[s]: =0 < co. Bo-BTopnix,
ecaiu T[u] = 0o, TO U BCe OCTABIIKECS Y3JIbI B () IMEIOT OIEHKY 00, @ 3TO O3HAYAET, YTO HU
pasy He MIPOBOAMJIACH PeJIAKCAIUS YT, HAIIPABJEHHBIX B Y3JIbl () U3 YK€ PACCMOTPEHHBIX
Y3JIOB, @ 9TO, B CBOIO OY€Pe/lb, O3HAYAET, YTO OCTABIINECH Y3JIbl B () HEZIOCTUKUMBI U3 y3-
Jia S, BO3MOXKHASI YaCTh JIepeBa KpaTuailiiuX myTeil y:Ke MOCTpoeHa, U paboTy ajJroput™a
MOKHO TIpepBaTh. B-TpeThux, airopuT™ B JIOOOM CJIydae CTPOUT MMEHHO JIEPEBO, MPej-
craBjieHHoe MaccuBoM 1I, ¢ KopHeM B s, IIOCKOJIbKY IIPU II€PBOI pejlaKkcaluu BXOJsleil
JIyTH, KOT/[a OI[EHKA 0O MEHSIETCS HA KOHEUHYIO BEINYUHY, K JIepeBY MOOABJISIETCS JIUCT, a
[P TIOCJIEAYIONINUX PeJlaKCcalisiX, KOTAa OlleHKa YMEHbBINAEeTCs, MTPOUCXOMUT TiepeHa3Ha-
YyeHue TIpezika [ y3ja u, IPUYéM BHOBb Ha3HAYaeMblil IIPeIOK He SBJISETCS IIOTOMKOM
y3J1a v 110 IIOCTPOEHUIO, TaK YTO KOHTYPOB IIOSIBUTHCS He MOKeT. B-4eTBEPTHIX, 110CJIe TOTO
KaK y3eJ u M3BJICYEH U3 KOHTeHHepa, ero oleHKa yKe He MOXKeT U3MEHUTbCS, IOCKOJIbKY
peslakCUpYIOTCS TOJIBKO IYyIH, BeAylllue B y3Jbl KOHTeiHepa (). B-naTbix, a1 usBieka-

I
emoro ysna T[u] < R((s,u)), MOCKOJBbKY BCe Y3Jibl HA MYTH U3 S YK€ OBLIN U3BJIEUEHBI
panee.

[ DoctatouHoctb ] Ilycrh i m060TO y3ja u, JOCTHKUMOIO M3 y3jia s (HeLOCTUKU-
Mbl€e Y3JIbI MOKHO HE PAaCCMaTpPUBATh), PEKOP/ KpaTyaiiiiero mytu My MeHbIlle peKOPI0B

aJIbTePHATUBHBIX My Tel U3 s B u: V <57u> R(My) < R((s?u))), MPUYEM PaBEHCTBO JIOCTH-

— o o o
raeTcsda, TOJbKO €CJIN ITyTh <S, u> — KpaTdyaulinu. ITokaxem o WHAYKIINK, YTO Ha KaK/101
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utepanuu aaroputma JefKkcTpsl Ipu U3BJIEUYEHUN y3ja u MyTh My = <s7u>, ompeeisie-
MbIi 3HaveHeM I1[u], UMeeT peKOpP/I MEHbIIIE, YeM PEKOP/IbI AIbTEPHATUBHBIX TTyTell. Tem
CaMbIM, TI0 YCJIOBHIO TEOPEMBI ATOT TTyTh KPATYAKHIINIA, & 3HAUUT, TIOCTIE KAKION UTepaIuu
MIOCTPOEHO YaCTHYHOE JIEPEBO KpaTJYalInX IMyTeil u3 y3na s. basa: Ha mepBoil uTeparmn
Bcerzia BbIOMpaeTcs y3ell s, KOTOPbIi 00pasyer KopeHb jgepesa. JjMHa KpaTdaiiiero 1my-
™ §2(s,s) = 0, HOCKOJIbKY KOHTYPBI OTPUIIATEJLHOTO Beca 3arpenienbl. VHaAyKInonHoe
MIPE/INIOJIOKEHNE: TTYCTh HA TPEIbIIYIINX UTEPALUIX JIEPEBO TIOCTPOEHO KOPPEKTHO, pac-
CMOTPUM HUTEPaInio, Ha KOTOPOil n3 KoHTeliHepa @ BbiOpaH y3en w. Coyvail Tu] = oo
MO’KHO HE PacCMaTpHUBATh.

=
Torma cymecrByer nyte My = (s,u),
IpUYEM y3eJl ¢ TOJIYYUJ CBOIO OIIEHKY 0
B pesyJbrare pejakcanuu ayru (v, u),

puc. 8.13. Ecim myts My enuHCTBeH- q.sp— — K/[_ -P@—
0

HBIH, TO €r0 PeKOp/ HauMEHbBIITN, WH-

JIYKIIMOHHBIH Iepexojl JoKasaH. Pac- \S - *@/ \
CMOTPHUM BO3MOJKHBIE aJbTePHATHUBHbIE \ M,

nytu. Bo3amosken iyt Mj, B KOTOpOM N o

BCE Y3JIbl, KpPOMeE IIOCJIEJHEr0, yXKe UcC- - _>(£’)

KJTFOU€HBI 13 () Ha TIPeABIAYINX UTepa-
nusax. BoamoxkeH myTh Ms, B KOTOPOM

Puc. 8.13. K pokasaTtenbcrtBy Teopemsl 8.6.4
€CTb y3JIbl, IpUHAAIeKAImNne Q.

B cayuae iytu M; obe nyru, (v,u) u (z,u), y’Ke yJacTBOBJIU B PEJIAKCAIUU, U B IO-
CTPOEHHOM [IepeBe COXpaHeHa Ta, KOTopas HaéT MEHBIIYIO OIIEHKY, MO3TOMY HyTb M;
He OKa3bIBaeT BJIMSHUS Ha ITOCTPOEHHOE ZIepeBO, U €r0 MOXKHO He y4uTbiBaTh. OcTaért-
¢S paccMOTpeTh IIyTh My, COCTOSIMI U3 y3JI0B, BXOASAIMX U He BXxoAsamux B (). Haree
ot mporusHoro. Ilycrs R(Ms) < R(My). PaccMoTpuM Te y37bl, Ha KOTOPBIX PEKOP/IBI
myTeil mocturaorcs. llyets uy € My — MecTo pocTiskeHUsT pexopza mytu M. Torma
Tlug] = R(My), mockosbKy B mytu My BCe OIEHKH — yiKe TOYHbIE BECA OTPE3KOB MyTel
(y3es ug MOKET OBITH Y3JIOM U, v HJIH JIIOOBIM TIPOMEKYTOUHBIM y3JI0M). PaccMoTpuMm Ty
UTepaIyio, Korga ObLT BRIOpaH y3el ug. IIyCTh us — NepBBIN eIlé He U3BICYEHHBIN y3el
Ha myTH My B 9TOT MOMEHT (Y3€J uy MOXKET OBITh Y3JIOM ¥, o WK JIOOBIM TIPOMEKYTOU-
HbIM y3a0M). Torna Tug] = R(My) > R(Mz) > Tusg], 4TO IPOTHBOPEYUT TOMY, UTO y3€Jl
uo M3BJICUEH PAHBINeE y37a Usg.

[ Heo6xopumocTte ] IlycTh anroputm JlefKCTpBI MOCTPOUII /IepeBO KpaTyalliux IyTel,
U IIyCThb CyIIECTBYeT y3es w TaKoOl, uTo B Hero BeAyT ABa IyTu: My — KpaTyailmunii,
TIOCTPOEHHBIN anropuTMOM, u Mo — He KpaTdaitmuii. Torza paccMoTpum y3ea ug € My,
B KOTOPOM PeKOpJI mocTuraercsi, To ects T'[ug] = R(M), u y3en ug € My — 1epBbIii y3ea
Ha iyt Ms Takoii, 4to us € Q. Ilo BeiGopy anropurma umeeM T'(ug] < T'[us], a 3HAYUT
R(My) = Tluo] < Tlue] < R(Ms). Ecim R(My) < R(M,), TOo Teopema JlOKa3aHa, a
ecant Tlug] = T'luz], TO UMEET MECTO HEETEPMUHUPOBAHHBII CJIydYail: aJrOPUTM MOXKET
BBIOpATh <«BEPHBIN» Y3€J ug WM «JIOKHBIN»> Y3l us. ECIU NPUHATDH JOMYIIEHHE, YTO
asroputMy JIefKCTPhI MOKET «HE MOBE3TH», U MOKET ObITh BBIOPAH <«JIOXKHBII» Y3€T, TO
UL TAPAHTUM TIPABUIIBHOCTU PabOThl HEOOXOAMMO CTPOTOE HEPABEHCTBO PeKOpaoB. [

MNpumep. Ha pucynkax npuBeaeHbl NpUMepPs paboThl AITOPUTMA Ha oprpadax ¢ mo-
JIOKUTENbHBIMUA U OTPUIATEIbHBIMU BECaMHU JIyT.
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-1 -1 -1

Puc. 8.14. lNpaBunbHas padoTta anropmutma JenkcTpbl

Ha pwuc.8.14 pexopa kpaTdaifiero myTH s, u,t paBeH —4, B TO BpeMsI KaK PeKOp. MyTH
s,v,t paBeH 0, 1 aITOPUTM PabOTAET MTPABUJIBHO.

Ha puc.8.15 pexkops Kpardaiiiiero myTtu s,u,t paBeH +1, B TO BpeMsi KaKk PEKOPI IIyTH
s,v,t paBeH 0, 1 aJITOPUTM PabOTAET HETPABUJIBHO.

w +1 +1 +1 +1

-4 w +1 -4, 0 +1

s -1 -1 | |

Puc. 8.15. HenpaBunbHas paboTa anroputma JenkcTpbl

CNEACTBUE. Auxnzopumm /lelikcmpul koppexmen Ha KiAcce HeOMPUUAMETbHO 836EULCH -
HblX opepaghos.

DOKA3ATENLCTBO. HeoTrputarenbHo B3BeleHHBIN oprpad OYEBUAHO HE COAEPKUT KOH-
TYPOB OTpUIlaTeIbHOTO Beca. Jlasee 3aMeTnM, 4YTO U3 HEOTPUIIATEIbHOCTH BECOB CJIeyeT,
4TO PEKOPJI JII0OOTO MyTH JOCTUTAETCS] B €r0 KOHEYHOM Y3Ji€, COOTBETCTBEHHO, PEKOPI
KpaTyaiilero 1yTH MeHbIIle PEKOP/IOB aJILTEPHATUBHBIX M/ paBeH UM B KOHEYHOM Y3JI€.

O

[Tockonbky anroput™ JleiikcTphl He uMeeT B cebe HUKAKOW pasyMHOIl peakIMy Ha KOH-
TYPBI OTPUIATETHLHOTO BeCa, a aHAJIM3 oprpadoB Ha BHITIOJHEHUE HEOGXOAUMOTO U JI0-
CTATOYHOTO YCJIOBUsST OOBIYHO CTOXKEH, AJITOPUTM TTOBCEMECTHO TTPUMEHSIETCST TOJIBKO JIJIST
HEOTPUIATEIPHO B3BEIIEHHBIX OPrpadoB, YTO MOKPHIBAET IMOAABJISIONIEE GOJNBITHHCTBO
MIPUKJIAIHBIX 33/1a4 MTOUCKA IIyTH.

3AMEYAHUE
Anropurtm JIefiKCTPBI JIETKO IPUMEHUM K PEIIEHHIO 3a/[a4i O MOMCKE KPaTYalllero ImyTH MeXIy
aByMst yaiaamu. J{jist aToro pocraToyno mocse oneparun ExtractMin(Q) saBepumth pabory, eciu
U3BJICYECHHBIN y3€J u SBJISIETCS IIeJIEBBIM, TTOCKOJIbKY T'[u] 7ist Hero 60JIbIe HE U3MEHUTCSI.

Bpemst pabotbl anroputMa JIefKCTPbI 3aBUCUT OT pear3alii KOHTelHepa @ ¢ y4EToM
Bektopa T ¥ omepaluii HaJl HUM: HavyajgbHOe 3anosHenue Q) : =V, ymenbinenue T[v] B
mporeaype peakcanuu u orneparnus ExtractMin(Q). TIpu pabote anropurma Kaxaast 1y-
ra Oyzer ociabsieHa He Gojiee YeM OUH Pa3 — IOCKOJIbKY HAYAJIbHbIE Y3JIbI YT u HE
[IOBTOPSIIOTCS, YTO B CyMMe IIpou3oizeT He Oosee yeM ¢ pas. Ilycth () — MaccuB, Torga
ollHa BcTaBKa BhINoHseTcs 3a O(1), a Bce BctaBku — 3a O(p), yMEHbIIEHUST 3HAYEHUT
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T zaiimyT B cymme ¢O(1) = O(q), a ussnedennss munumyma — pO(p) = O(p?). Uroro
nmeem O(p) + O(q) + O(p?) = O(p? + q) = O(p?). Ilycrp ExtractMin u ymenbmenue T
soimosHstorest 32 O(logp), a Q: =V — 3a O(p). Torma paccuér BpeMeH: pabOThI AJITOPHT-
ma Oynet caemyiomnm: O(p) +pO(log p) +qO(log p) = O((p+ q) log p), ato Gymet MeHbIIe
O(p?), ecim q < p?/log p. Takumu cBOMCTBAMU 0OJMAAIOT HEYOLIEATOUUE NUPAMUODL.

8.6.5. Anroputm ®noipa-Yopwanna

B oTsmume OT MpeABIyIX aaroputMos, aaroputm Doiial - Yopmania permaer 3axa-
Yy MOMCKA He JlepeBa KpaTyallnux IyTel U3 MCTOYHUKA, a BCeX KpaTyallnux ImyTed B
oprpacde, u nemaer ato 3a Bpems O(p?).

Ausropurm 8.8. Djiofiza—Yopiaiia MOUCKa BCeX KpaTUYalIinX myTei

Bxoxa: marpuiia W(l..p, 1..p] aiuun ayr.
Boixoa: matpuia T[1..p, 1..p| anun myteit u marpuna II[1..p, 1..p] camux myTeii.
// AHUIHAIN3AIUS
for i from 1 to p do
for j from 1 to p do
T, j): = Wi, j
if C[i,j] = co then
I0[i,5]:=0 // Her nyru u3 i B j
else
II[é,j]:=5 // ectb nyraus i B j
end if
end for
end for
for i from 1 to p do
for j from 1 to p do
for k& from 1 to p do
if i £ j&T[ji] # co&i # k& Tli,k] # oo & (T[j,k] = ooV T[j,k] >

T(j,i] + TJi, ]) then
T[j, k] :=TI[j, } T[i, k] // 3amOMHUTH JAJIUHY HOBOTO IyTH
[y, k] : =1[4,¢] // u cam yTb
end if
end for
end for

for j from 1 to p do
if T[j,7] <0 then
stop // ¥Y3en j BXOAUT B OTPUIIATEJNbHBIA KOHTYP
end if
end for
end for

OBocHOBAHUE. Asroputm Duoiizia— Yopiiasia sisisieTcss 06001eHreM aIroputMa Yop-
mrasura (1. 1.5.2). ITokaskeM 10 WHAYKIIMH, YTO MOCJIE BBIIIOTHEHUS 4-TO Iara OCHOBHOTO
UK 110 ¢ snementsl Marpuil T[4, k] u II[j, k] comep:kat, COOTBETCTBEHHO, JJIMHY Kpart-
yalIero MyTH U TEPBBIN y3e Ha KpaTJdalineM IyTH U3 y3da j B y3ea k, TPOXOISAIIeM
Yyepe3 MPOMEXKYTOUHBIE y3Jbl U3 Anana3oHa 1..4. baza: ¢ = 0, To ecTb 0 HavYaya IUKJIA

L pobepr Maoiin (1936-2001).
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anemenTsl Matpuil 7' u I comepskat mHMOPMAIMIO O KPAaTYAUITUX TYTAX (€CJaU TaAKOBBIE
€CTb), He IPOXOJAIMX HU Yepe3 KaKue MPOMesKyTouHble y3ibl. [lycTs Teneps nepen Ha-
YaJIOM BBITIOJIHEHUST TeJia UKJIA Ha ¢-M 1mare T'[f, k] cofep:KuT JJIMHy KpaTyailiero myTu
ot j K k, a I1[j, k] comepxut nepBbiil y3es1 (€cau TAKOBOH €CTh) HA KpaTdaiiliieM MyTH U3
y3na j B y3en k. B Takom ciydae, eciid B pesyJsibrare J00aBJIEHUS y3Ja i K [MANa30Hy
ITPOMEKYTOYHBIX Y3JIOB HAXOAUTCS GoJiee KOPOTKUU 1y Th (B YaCTHOCTHU, €CJIM 3TO BOOG-
Ie HepBBIi HaliIeHHbI IyTh), TO OH 3aIChIBAeTCA. TakuM 06pasoM, II0C/ie OKOHYAHM
IIUKJIA, KOT/Ia ¢ = p, MATPUIIBI COZIEPKAT KpaTyalliye IIyTH, IPOXO/AIIe yepe3 IpoMe-
JKYTOUHBIE Y3JIbI 1..p, TO €CTh UCKOMbIE KpaTJyaiIiue MyTHu. AJITOPUTM He BCET/Ia BBIIAET
pelnieHre, TTOCKOJAbKY OHO He Bcerzia omnpesiesieHo. /[oToJHUTENbHBIN UK 0 § CIY>KUAT
TS IpeKpalieHust paboThI B cIyuae 0OHAPYKEHUS B oprpade KOHTYpa ¢ OTPUIATETbHBIM
BECOM.

8.6.6. Anropntmsbl ¢ NnpepoopadboTkoi

Kax y:xe 66110 cKa3aHo, aaropuT™ JIeHKCTPbI OOBIYHO TIPHUMEHSIETCS TOJBKO K HEOTPHIA-
TeJIBHO B3BelIeHHbIM oprpadam. OHAKO B HEKOTOPBIX CIydYasix MOKHO TIPUBECTH UCXOJ-
HBII oprpad K HEOTPUIATETHHO B3BENIeHOMY (MIPOBECTH MpedodpabomKy) W TMONYIUTh
AJITOPUTM IIOKMCKA IIyTH, 00JIAJalOUil PSAZIOM CBOMCTB KaK aJropuTMa IpegoOpaboTKH,
Tak 1 anaroputMa [[efdKCTpHI.

OTCTYNJIEHUE

IIpedobpabomra — 310 BecbMa OOIIMIA IPUEM KOHCTPYHPOBaHMsI HOBBIX 9(D(EKTUBHBIX aJITOPUTMOB
Ha OCHOBE MMEIOMUXCs aaropuTMoB. Mnaue rosops, Ha npumepe anroputMa JlefikcTpor, 3agaéres
orobpaskeHne BXOJla HOBOTO JITOpUTMa BO BXOA airoput™a JledKcTpbl u 0TOOpakeHue BBIXO-
na anroput™a JlefikeTpsl B BbIxoz HoBoro ajroputma. Cam amroputMm [leiikeTpbl obecrieunBaer
otobpakeHne CBOETO BXO/a B CBOW BBIXOJ ¢ MPHUCYIIell eMy 9(hHEKTHBHOCTBHIO.

[IpenobpaboTka UMeeT CMBIC, €CJIU IPEJACTOUT PEINATh HE PA30BYI0, a MacCcOBYIO 3amady. CKakeM,
MCKaTh Kpardaiimme myTH Ha rpade, IPeACTABIISIONIEM KapTy aBTOMOOMJIBHBIX popor. Takas 3a-
Jlaya B HABUTAIIMOHHBIX IIPUJIOKEHUSAX JOJKHA PENIaTbCsl MHOTHE THICSYU Pa3 B JIeHb, 10ITOMY
3aTpar BpeMeHH Ha 1penoOpaboTKy rpacda He jKajb, ecau npegobpaboTKa IO3BOJSAET YCKOPUTDH
BBITIOJIHEHNE OCHOBHOM 3a/laul TOMCKA KPaTYaillero myTH.

PaccmoTpum anroputm Iomcka KpaTyalliux IyTeil Mexk/ly BceMH BeplinHaMu oprpada,
B KOTOPOM HCIIOJIb3yeTcs penobpaboTKa THIIA «IepeB3BeniBanues («reweightings) —
BBesienne hyukimu norennuaia. Kaxiaomy yainy v npucBansaercst nomenyuai h(v). Beca
JIyT TIEPEOIPENETIIIOTCS COOTBETCTBEHHO: JIJIsST KXKAON IyTH (u,v) ONPENEessIeTCsT HOBBII
Bec w (u,v):=w(u,v) + h(u) — h(v). TloTeHIUAIBI OMPEAETSIOTCS TAK, YTOObI HOBBIE
Beca ObLIIM HEOTPUIIATEIFHBIMI. MOJKHO MOKa3aTh, YTO TAKOE MPpeobpazoBaHue COXpaHsIeT
OTHOIIIEHYUE MOPS/IKA BECOB IIyTel MeX1y y3JaMu u U v:

W ((u, ) = w(u, p1) + k() — h(p1) + w(py, p2) + h(py) — h(p2) + ...
+w(pn,v) + h(pn) — h(v) = W((u,v)) + h(u) — h(v) = W({u,v)) + c.
HOCKOJH:Ky HpI/I6aB]I€HI/I€ KOHCTAQHTBI C COXpaHHeT OTHOIIIeHUuEe HOpH[[Ka BECOB HyTeIL/,I,

0 pe3yJibrataM npeaodpaboTKU ¢ MOMOIIBIO aaropuTMa J[efKeTpbl OYeBUIHBIM 00pa3oM
HaXo/ATCS KpaTyaifliie myTH Ha UCXOIHOM oprpade.

3zech HEOOXOMMO TIOCTABUTH BOIIPOC O MOUCKE YKAa3aHHBIX BBIIIE MOTEHIHAIOB h(v).
OnuH 13 IpoCTeHINX METOIOB IIPUBEIEH HUKE.

1. IlpucoermHUTh PUKTUBHBIN Y3€J § C LyraMy HYJEeBOTO Beca KO BCEM PEaJIbHBIM y3JIaM
oprpada.
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2. BocnoabzoBatbest anropurmoM besimana—®@opaa 1is oncka Kpardanimx myTei us
y3J1a § BO Bce peasibHble y3Jbl oprpada. HeTpynHo noHATh, YTO 17151 HEOTPULIATEIBHO
B3BEIIEHHOTO oprpaca Beca BeeX TaKuX MyTell GyayT HYJIEBBIMU, B TO BPEMs KaK JIJIst
IpyTux oprpadoB 310, BOOOIIE TOBOPSI, He TakK.

3. Bsarp Q(s,v) B kayectBe h(v), TO ecTh UCKOMBIX HOTEHIIMAJIOB, TIOCJIE YETO YAATIHTDh
(bukTUBHBII ysesn ¥ Bepyle U3 HETO JYTH.

S3AMEYAHUE
ITo nacreactBy ot aaropurma bemnvana—®Dopaa meton Oyaet paboToCIocoO€eH 11 BCEX B3BEIIEH-
HbIX oprpadoB 6e3 IUKIOB OTPUIATENBHOTO BeCa U BBIIACT MPELYNPEKICHUE B CIIydae HATUYMS
TAKUX [UKJIOB.

OBOCHOBAHUE. IIpe/iyioKeHHbIN CII0CO0 MOCTPOEHUST TOTEHITUAIBHOM (DYHKIIMN KOPPEK-
TeH. JIeliCTBUTENIBbHO, eCIM B HEPABEHCTBO TPEYTOJBHUKA ST B3BEHIEHHBIX Oprpacdos
Q(s,v) < Qs,u) + w((u,v)) noacraButsh h(v) = Q(s,v), h(u) = Q(s,u), TO MTONTYyIaeM
h(v) < h(u) + w(u,v), u Torna w'(u,v) = w(u,v) + h(u) — h(v) > 0.

O1eHuM TPYAOEKOCTb 3TOTO penieHus. IlycTh NpeiosKeHHbI alTOPUTM UCTIOTb3YeTCs
IUIS TIOMCKa OZHOrO AepeBa Kpardaiimux myreii. IIpenBapurenbias oOpaboTka ajiroput-
MoM Berummana—®opaa — O(pq), npumenenue anroput™a [leiikerpsr — O(plogsy(p) +¢q),
o6parnoe npeobpaszosatue nepesa — O(p). B cymme nmeem

O(pq) + O(plogy(p) + q) + O(p) = O(pq), 4TO, OYEBUIHO, HE JAET HUKAKOTO BBIUIPHIIIA
B cpaBHeHuU ¢ asroputmom bemmana—®opza.

OzHaKo eciM NIPUMEHUTH AJTOPUTM JJIST TIOUCKA P JE€PEBbEB KPAaTYANIINX MyTeH, Mpej-
BapUTENBHYIO 06PAabOTKY TTOTPEOYETCsT MPOBECTH TOJIBKO OJWH Pa3d. ITO U €CTh ATOPUTM
¢ npeno6paboTKOM:

1) ofHOKpaTHO TPOBECTH TPENOOPAbOTKY;
2) HallTH p NepeBbEB KpaTUalluX MmyTeil aaroputMom JleikeTpsr;
3) crmenath p 06paTHBIX MPeoOPA3OBAHNI, BBIIATH OTBET.

Bpems paGotsl anroputMa ¢ mpegobpabotoii (Ipyu ONTUMAIBHON PeaJn3alli alrOpuTMAa

Heiixerpot) coctasut O(pg) + O(p - (plogy(p) + q)) + pO(p) = O(p*log,(p) + pq), ut0

syurie, yeM aaroput™ Dmoiina—Yopmamna (O(p?)), ecm ¢ acMMITOTUYECKH MEHbIIE,
2

yem p-.

3AMEYAHUE
W3nosxeHne 1eHTPATIbHOTO Pe3yJbTaTa 9TO IJIaBbl — TeopeMbl MeHrepa M COIyTCTBYIOIIETO Ma-
Teprajia — B OCHOBHOM cJiefiyeT [9]. AIToprnT™M HaXOXK/IEeHUS MaKCHMATBHOTO TIOTOKA B CETH 3aMM-
cTBoBaH U3 [13] ¢ HebosbIMMU MopnduKaimami. [JloKka3aTeabCTBO HEOOXOAMMOTO U JOCTATOUHOTO
YCIOBUSI KOPPEKTHOCTU ajiropuT™a JlelKCTphbl SBISETCS OPUTUHATBHBIM.



https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

Maesa 9 HOepeBbs

JlepeBbs 3aCTyKMBAIOT OT/AETBHOTO M TIOAPOOHOTO PACCMOTPEHNUS IO ABYM TTPUYMHAM:

» JlepeBbs ABJAIOTCA B HEKOTOPOM CMbICJe IIpocTeiimnM kiaccoM rpados. [1nsa Hux
BBINIOJTHAIOTCS] MHOTHE MHTEPeCHbIe YTBEPXKIEHUsI, KOTOPble He BCeria BBIOJIHSIOTCS
1ist tpacoB B 00IieM ciydae. [IpUMEHUTENBHO K JE€PEBBSIM MHOTHE J[OKA3aTENbCTBA
U pacCy>kJeHUsI OKa3bIBalOTCS HAMHOIO Iipouie. BbiaBurasg Kakue-TO I'MIIOTE3bl 1IPU
peleHny 3aj1a4 Teoprn rpadoB, 1eIeco0Opa3Ho CHAYAIA UX MPOBEPATH HA JEPEBbIX.

» JlepeBbs ABASIOTCS CAMBIM PACTIPOCTPAHEHHBIM KJIACCOM TpadOB, TPUMEHSEMBIX B TIPO-
rPaMMUPOBAHUH, TPUYEM B CAMBIX PA3HBIX CUTyalusx. bojee mMoIOBUHBI 00bEMa TOM
IJIaBbl TOCBSIIEHO PACCMOTPEHUIO KOHKPETHBIX IPUMEHEeHUN /lepeBbeB B IIPOrpaMMu-
poBaHUMN.

9.1. CeoOoAaHble AepeBbs

VzyueHue mepeBbeB Heaecoo0pasHo HAvaTh ¢ CAMBIX OOIIUX ONPENeIeHH M YCTaHOBIIE-
HUS OCHOBHBIX CBOIICTB.

9.1.1. CBo6OaHbIE AEepeBbs N UX 3JIEMEHTbI

I'pad Ge3 LUKIOB HA3BIBACTCS QUUKAUYECKUM, I decom. CBA3HDIA allMKINYecKuii rpad
HasbiBaercsd (c60600nbiM) depesom. Takum 0OpasoM, KOMIIOHEHTAMU CBS3HOCTH Jieca sAB-
JISTIOTCST JIEPEBDSI.

3AMEYAHME
[Ipunararesboe «cBOGOIHOE> YIOTPEDISIETCSI B TOM CJIydae, KOr/a HYKHO HOAYEPKHYTh OTJIIUIE
JIEPEBBEB OT APYIUX 0OBEKTOB, POJACTBEHHBIX IEPEBbSIM: OPUEHTUPOBAHHBIX JIE€PEBbEB, YIIOPSIIOUEH-
HBIX JIePeBbEB U T. 1.

B cBsasnom rpade G Boinosmsercs: HepaBencTBo ¢(G) > p(G) — 1 (1. 8.1.4). Ipad G (ue
obsizaTesibHO CBsi3HbI!), B KoTopoM ¢(G) = p(G) — 1, Ha3bIBAETCS OPEEOUUCIEHHBIM.

B anuknnueckom rpade G umeem z(G) = 0. Ilycts u, v— HecMekHbIE BepIIUHBI Tpada
G, z = (u,v) € E. Eciu rpad G + x umeeT poBHO ofuH IpocToit 1uki, z(G + z) = 1, to
rpad G (He 06sI3aTEIBHO AUKINICCKHUIT]) HA3BIBACTCH CYOUUKIUUCCKUM.

3AMEYAHUE
Ipadbt K5 U K1 u K3 U Ko SBISIOTCS JIPEBOYUCIEHHBIMI U CYOIUKIMIECKUME M B TO K€ BPEMsI
He SIBJISTIOTCS HU CBSI3HBIMU, HU AITMKJINIECKIMIL.

Pebpo, coemuHsiioniee HeCMeKHbIE BEPIIMHBI CBOOOIHOIO J€peBa, HA3bIBAETCS XOPJOiL.
Xop/a gepeBa He PUHAIIEKUT JepeBy!

Mpumepbl

Ha puc. 9.1, 9.2, 9.3 nocJjiezioBaTe/IbHO [TOKa3aHbl AMarpaMMbl BCeX pasindHbiX (cBOGO-
HBIX) JIEPEBBEB C 4, 5 1 6 BepuIMHAMHU.
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DN

Puc. 9.1. CeoboaHble aepesbsi ¢ 4 BepLUMHaAMK

Puc. 9.2. CeoboaHble fepeBbsi ¢ 5 BepLUMHAMMU

*—o *—o
[ ] ° L ] ° L]
L]
[ ] *—o
*—o [ ]

Puc. 9.3. CBob6oaHble fepeBbs C 6 BEPLUMHAMY

9.1.2. OcHOBHbIe CBOWCTBa AepeBbeB

Crenyiorias TeopeMa yCTaHABJIUBAET, YTO JIBA U3 YEThIPEX CBOMCTB — CBSI3HOCTD, allUK-
JIMYHOCTD, PEBOYUCIEHHOCTh U CyOIMKINYHOCTh — XapaKTepUsytoT rpad Kak Jepeso.

TEOPEMA. [lycmo G(V, E) — epag ¢ p éepuunamu, q pébpamiu, k KoMnonenmamus Cesi3Ho-
cmu u z npocmuimu yuriamu. Iycmo danee x — pebpo, coedunsiouee 1100yio napy Hecmexrc-
nolx sepuun 6 G. Tozda credyiougue ymeepicoens sKGUBALCHIMHbL:

1) G— depeso, mo ecmw cessnwiii epag 6e3 yuxnos, k(G) =1 & z(G) = 0;

2) mobvie dse sepuuint coedunenvt 6 G eOUHCMEEHHOT NPOCMOTL Uenbio,
Vu,v (|Plu,v)| =1);

3) G— ceasnwiil epag, u moboe pebpo ecmv mocm,
E(G)=1&Vee E (k(G—e¢)>1);

4) G— cesasnvuii u dpegouucaennvitl, k(G) =1 & q(G) = p(G) — 1;

3) G— ayuxnuueckuii u opesouucaennvit, z(G) = 0 & ¢(G) = p(G) — 1;

6) G— Opesouuciennwiii u cybuukaIULecKUll (3a 08YMA UCKIIOUCHUAMUL),
q(G)zp(G)—l &G#K1UK3 &G#KQUKg, &Z(G+Z‘):1,

7) G— auuxnuueckui u cybyuxauueckut, z(G) = 0 & 2(G +x) = 1;

8) G— cessnulil, CyOUUKIULECKUT U HENOAHBLI,
EG)=1&G#K,&p>3& 2(G+z)=1.

JOKA3ATENbLCTBO.

[1=2] Or mporusnoro. Ilycts cymectByor aBe 1enu (u,v). Hexoropsie Beprim-
HBI 9TUX 1eneil pasjuynbl. OO03HAUNM Yepe3 wi MEPBYIO BEPUIMHY IPHU TE€PEUNCIEHUN
BEPIUH OT ¥ K v, TaKyl0, YTO CJEAYIOIINE BEPUIMHBI B IEMSAX Pa3JIUYHBI, a Yepe3 ws
0003HAYMM TIEPBYIO BEPIIUHY I[PU TIEPEYUCTECHUN BEPIIMH OT v K u, TAKyl, 4TO CJe-
JyIolle BEPIIMHBI B Iersix pasindnbl (puc. 9.4 caesa). PaccMoTpum oTpe3ok (wry, wa)
[EPBOIT 1IeNU TIPU MIePEYNCTIeHUN BEPIIUH OT U K ¥ U OTPE3OK (ws, w1) BTOPOU IENH TIPU
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[ePeYnCIeHNH BePIIuH OT v K w. Torga (wy, ws) + (we, w1 )— IHKI, YTO TPOTUBOPEYUT
anukangHoctu rpada G.

Wi A i%)

Puc. 9.4. K gokasartenbCcTBy TEOpEMbI O CBONCTBAX AepeBbes [1 = 2], [6 = 7]

[2=3] JliobGbie [Be BepUIMHbI COEJMHEHBI I1IelbI0 (eAMHCTBEHHON), CJIeI0BaTEIbHO,
k(G) = 1. Manee ot mporusHoro. IIycts pebpo z— He Moct. Torna B G — x KOHIIBI
aTOro pebpa cBsi3aHbl 1embilo. CaMo pedbpo x— BTOpPas Lellb.

[ 3=4] Uuaykuus 1o p. baza: p =1 = ¢ = 0. llycts ¢(G) = p(G) — 1 ny1s1 Bcex cBsiz-
HBIX TpaoB G ¢ YUCIOM BEPIITUH MEHbINE p, Y KOTOPBIX J060€ PeGpo SIBISETCS MOCTOM.
Torma ynanum u3 rpada G HekoTopoe pebpo x (KoTtopoe siBisiercst MocToM ). TTosyunm iBe
KomIoHenTsl, G’ u G”, yIOBJIETBOPSIONINE MHAYKIIMOHHOMY TIPEAoaoxKenuio. Mimeem

¢=p-1,¢=p"-1,¢=q¢+¢"+1=p -1+p"—1+1=p-1

[4=5] Ot nporusnoro. Ilyctb ecTh MUK ¢ n BepumHaMu u n pébpamu. Ocrasb-
HBIE p — 7 BEPIIMH MMEIOT UHIMIEHTHbIE UM PEOPA, KOTOPbIE CBSI3BIBAIOT MX C ITUKJIOM.
CrenoBatesibHO, ¢ > p, YTO TPOTUBOPEUNUT YCJIOBUIO ¢ = p — 1.

[5=6] Ipad G— anukiunueckuii, cienoBaresbio, G # Ko U K3, G # K; U K3. [lanee
ot nporusnoro. Ilycrs z(G + x) # 1. Ecom 2(G+x) > 2,0 ¢ € Zy, x € Zy, the Z1 U
Z>— BHOBb 06pasoBaHHble UK B Tpade G+ . Ho torna Z; U Z; \ {z}— 1uka B rpade
GG, 4TO TIPOTUBOPEUUT AIUKJINYHOCTH rpada G.

Ecau sxe z(G + x) = 0, to ynamum u3 rpada G + x pebpo x. [loayunm 1Be KOMIOHEHTH,
G1 u Gs. Ipadbl G u Go— anukianueckue. Yoeaumcs, 9to G U G SBJASIOTCS CBI3HBIMU.
Ecau we cBsizubl oun 063, 10 ¢(G1) < p(G1) — 1 1 q(G2) < p(G2) — 1, 10 ectb ¢(G) =
q¢(G1)+q(G2) < p(G1) —1+p(G2) —1 = p(G) —2, 4TO NPOTUBOPEUUT JPEBOYHCIEHHOCTH
G. Eciv HeCBSI3HBIM SIBJISIETCS] TOJIBKO OIUH U3 HUX, ycTb Gy, To G cBsizubiil (¢(Ga) >
p(G2)—1) n anukangecknii (¢(G2) < p(G2)), uto naér apeBouncaentocts. Toraa p(Gy) =
p(G)—p(G2) = q(G)+1—(q(G2)+1) = q(G1), 4TO IPOTHBOPEUUT YCJIOBUIO AITUKIUIHOCTH
G1 (1. 7.3.5). To ectb G1 1 Go— CBSI3HBIE U ANMKJINYECKNE, a 3HAYUT, APEBOUNCTEHHDIE.
Uwmeem ¢(G) = ¢(G1) + ¢(G2) = p(G1) — 1 +p(G2) — 1 = p(G) — 2 n nomyyaem ¢(G) =
= p(G) — 2, 4TO IPOTUBOPEYUT YCJIOBUIO APEBOUNCTIEHHOCTH G.

[6=7] Ot nporusHoro. Ilycts B G ectb mukn Z = C,. Ecom n > 3, To paccmoTpum
Hapbl BEPIIMH 1[MKJIA, KOTOPbIE He coeuHeHbl péopamu nukia. Eciu cpean HUX yiKe eCTh
CME’KHBIE BEpPITUHBI, IMeeM TPU IUKJa. Ecau cpenn HUX HET CMEKHBIX BEPIMUH, TO, CO-
e/IMTHUB HEeCMEeXXHbIe BEPIINHBI B 7, osyunM Tpu 1ukia. CireoBaTesibHO, B IUKJE HET
BEPILIUH, He COeAMHEHHBIX PEOpaMu LUK, 3HaYnT Z = C3. ITOT LUK Z ABIAETCI KOM-
MTOHEHTO! cBA3HOCTU (. JlelicTBUTENBHO, TyCTh 3TO He TaK. Torza cyiiecTByeT BeplInHa
w, cMexkHasg ¢ Z. Ecim w cMeskHa GoJiee ueM ¢ OJHOM BEPIIUHON Z, TO uMeeM OoJiblie
ofiHOTO IMKJA. Ecin w cMeskHa TOJIBKO C OIHOU BEPUIMHON Z, TO, COEIUHUB €€ ¢ IPyTOi
BEPIIMHOM, TOJIy4uM Ba 1ukiaa (cM. puc. 9.4 cnpasa). Pacemorpum G’ : =G — Z. Umeem
p=p"+3,qg=¢q¢ +3. Ho ¢ = p—1, cienoBaresnnpho, ¢ = p’ — 1. Orciona z(G') = 0,
TaK KaK OIMH IUKJ yKe ecTb. CiemoBaTesibHO, KoMoHeHTl G'— mepeBbst. IlycTh ux k.
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UNmeem ¢’ = Zi;l q = Zle(pi -1)= Zle pi —k =p' —k,Ho ¢ = p —1, cnegoBaTennp-
HO, k = 1, TO ecTb zepeBo ofHO. Ec/iu B 9TOM iepeBe COeMHUTD HECMEKHbIE BEPIIMHBIL,
TO TOJIyYMM BTOPOHN HMKJ. J[Ba MCKJIIOYEHUS: IePEBbs, KOTOPbIE HE MMEIOT HECMEKHBIX
BepiuH,— 310 K7 1 Ko.

[7=—81] Ilpu p > 3 rpad K, cOlepKUT LUK, clefoBarenbHo, G # K. [lanee ot mpo-
tuBHOrO. ITycTh G HECBsI3€H, TOTA IIPU COeMHEHUN PeGPOM [IBYX KOMIIOHEHT CBSIBHOCTH
IUKJI HEe BO3HUKHET, YTO IIPOTUBOPEYUT CYOIUKINUYHOCTH.

[8=1] Or nporusHoro. Ilycts B rpade G ecTb equHCTBEHHbIH 1KUKI (6oJbliee KO-
JIMYECTBO IUKJIOB TPOTUBOpeYnT cyOrukanunoctu rpadha G). Ecau 8 G Her BucSUmMX
BepiH U p = 3, T0 G = K3, 9TO TPOTUBOPEUNT yCJIOBUIO HeMOMHOTH (. Ecau B cBA3-
HOM G HeT BUCAYUX BEpIIUH, p > 3 U €CTb eJMHCTBeHHbI! Uk, To G = C),. Coennum
Jiobble Be HECMEsKHbIe BePUIMHBL u 1 v pebpoM x (puc. 9.5, cieBa). iMeeM Tpu LUK B
G + z, 9TO IPOTUBOPEUUT YCIOBUIO CyOIuKanyHOoCcTH. ECii B G ecTh BUCSYasi BEPIIMHA
U, COEUHUM €€ ¢ T000H HeCMEXHOH ¢ Hell BepumHoi v pebpoM x. Bepimna v MOXKeT
npuHaIIexkaTh (puc. 9.5, B 1eHTpe) Wau He TpHUHAJIEXATh UKy (puc. 9.5, cripasa).
Teneps U3 © B v €CTh JIBE WK TPU TPOCTHIE Tiemu (OHA WK JBE TN OBLIN PaHbIIE, TAK
Kak G— CBSI3HBII C OJJHUM ITPOCTHIM I[UKJIOM, U MOSIBIJIACH 1Ielb U3 pebpa x). FiMeeM JBa,

Tpu uiau Gosiee MUKIOB B rpade G + x, 4TO NPOTUBOPEYUT YCIOBUIO CYOITMKIUIHOCTH.
]

Puc. 9.5. K nokasarenbcTBy TEOPEMbI O CBOMNCTBax AEPEBLEB [8 = 1]

CNEACTBUE 1. B io6om Hempusuaivnom 0epese umMeromes no kpatineti mepe 0ge eucsuue
eepuunbL.

AOKA3ATENBCTBO. PaccmorpmM nepeo G(V, E). [lepeBo— cBsi3HBIH Tpad, crefoBaresb-
Ho, Yv; € V' (d(v;) > 1). Nanee or nporusnoro. Ilycrs Vi € 1.p — 1 (d(v;) > 1). Torzna
2¢ =" dv;) >2(p—1)4+1=2p—1. Ho g = p—1, 10 ectb 2¢ = 2p — 2. llmeem

npotusopeune: 2p — 2 > 2p — 1. ]

3AMEYAHUE

Jlerko BUAETDH, B YACTHOCTH, YTO BUCAYUME BEPIIMHAMU B J€PEBE SIBJSIOTCS KOHIBI JIOOOTO [I1a-
MeTpa.

CNEACTBUE 2. Kaxcoas He 6uUCAUAS 6ePUUHA C60D00H020 Depesa A8ISemcst MOYKoU Co-
wieHeHus..
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AoxkazatensctBo. Ilycts G(V, E)— nepeso, v € V u d(v) > 1. Torna 1o omnpeseneHuio
Ju,w €V (u#w & (u,v) € E & (v,w) € E). Ipad G cBsizeH, MOITOMY CYIIECTBYET
tensd (u,w). Ecim v &€ (u, w), T0 nMeeM MUK v, (u, w), v, 4TO TPOTUBOPEYUT TOMY, YTO
G— nepeso. CaenoBaresnbHo, Ju,w € V' (¥ (u,w) (v € (u,w))), u 1o teopeme 1 n. 8.1.2
BEPITHA v— TOYKA COUTEHEHNSI. O

CNEACTBUE 3. Ecnu 6 c843HOM 2paghe nem uUCAUUX 8ePUUN, MO 8 HEM eCMb UK.

AokA3ATENLCTBO.  OT mpotuBHOTrO. Eciu ¢B43HbIM rpad He MMeeT IIUKJIOB, TO OH ABJIS-
€TCsT IEPEBOM U TI0 CJie[ICTBUIO0 1 00s13aH MMETh BUCSYME BEPIIUHBL. O

9.1.3. LleHTp nepeeBa

CBobojHble JiepeBbsl BBIAEIAIOTCS U3 APYrUX rpadoB TeM, YTO WX IIEHTP BCEria OIpaBs-
IbIBa€T CBOE Ha3BaHUE.

TEOPEMA. [[enmp c606001020 Oepesa cocmoum U3 00HOU ePULUHDL UL U3 08YX CMEICHDIX
gepuun: (2(G) =0 & k(G) =1) = (C(G) = K; V C(G) = K3).

DOKASATENbCTBO. [[1st nepeBbeB K7 u Ko yTBepkieHue TeopeMbl oueBHIHO. IlycTb
tenepb G(V, E) — HekoTtopoe cBobojaHOE epeBo, otanutoe ot Ky u Ks. PaccMorpum
rpad G'(V',E'), monydyennsiit u3 G yIajeHNeM BCEX BUCSYUX BEPIIUH. 3aMETUM, YTO
G’'— n1epeBo, TOCKOJIbKY AlMKJINYHOCTD M CBSI3BHOCTH IPHU yAAJIEHUN BHUCSYUX BEPIIUH
coxpaunsercs. [lasee, ecau akcientpucurer eg(v) = d(v,u), TO u— BHUCIYAsT BePIIUHA
B zmepeBe G (MHAYe MOXKHO ObLIO OB MPOMOKUTH IEMb «3a» BEPUIHMHY u). 110aTOMY
Vv € V' (eq(v) =eq/(v)+1), u IpH yHaJleHUN BHUCSYUX BEPLINH IKCIEHTPUCHTETHI
OCTABIIMXCST yMeHbInaoTcs Ha 1. CiieioBaTeIbHO, IPU yAAJIeHIH BUCSYNX BEPIIMH IIEHTD
He mensiercst, C'(G) = C(G"). [lockosbky nepeBo G KOHEUHO, TO, Y/AJIsIsl HA KasK/IOM 11are
BCE BUCSIYME BEPIIMHBI, B KOHIIE KOHIIOB 32 HECKOJIBKO T1aroB npuaéMm Kk Ky win K. O

9.2. OpueHTUpOBaHHbIEe, YNOPAAO04YEHHble U OMHapPHbIe
AepesBbs

OpuentupoBaHHble (YIOPSZIOYEHHbBIE) JEPEBbs SBJSIOTCS aOCTPAKIINEH HepapXuuecKux

OTHOI_HeHI/II;'I, KOTOpbIE€ OY€Hb YaCTO BCTPEYAIOTCA KaK B HpaKTI/I‘IQCKOfI JKU3HHU, TaK U

B MareMaTWKe W TporpaMMupoBanuu. /lepeBo (OPUEHTUPOBAHHOE) U UEPAPXUSI— ITO
PaBHOOOBEMHBIE TIOHSITHSL.

9.2.1. OpueHTUpOBaHHbIE AEPEBbSA

Opuenmuposanvin depesom (WK opdepesom, WK KOPHEGbIM JIEPEBOM) Ha3bIBA€TCS OpP-
rpad co cJeAyIoNMMU CBOMCTBAMU:

1) cymecTByeT enUHCTBEHHBIN y3ed 7, TOJYCTelleHb 3axoga KoToporo paBhHa 0,
d*(r) = 0; oH Ha3BIBAETCS KOPHEM OPIEPEBA;

2) mosycTeleHb 3aX0/[a BCEX OCTAIbHBIX y30B paBHa 1, Vo € V —r (d¥(v) = 1);

3) Kaxk/bIil y3es JOCTHKUM U3 KOpHst, Vv € V —r (3(7",_}1)}).
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Mpumep. Ha puc. 9.6 npuBeseHbl qUArpaMMbl BCeX Pa3iIWYHBIX OPUEHTUPOBAHHBIX
JiepeBbeB ¢ 3 y3JaMu, a Ha puc. 9.7 TOKa3aHbl [UarpaMMbl BCeX PA3JIUIHBIX OPUEHTH-
DOBAHHBIX JIEPEBBEB C 4 y3JIaMU.

A AN A

Puc. 9.6. OpuneHTUpOBaHHbIE
nepesbsi ¢ 3 yanamu Puc. 9.7. OpueHTupoBaHHble
nepesbs ¢ 4 y3namun

TEOPEMA. Opdepeso obradaem credyouumu cBOUCMEAMU:

1) opdepeso dpesouucneno, q =p — 1;

2) ecau 6 opdepese 3a6vimv OPUEHMAUUIO OY2, RO NOIYUUMCSL c80000H0e depeso;

3) 6 opdepese nem xowmypos;

4) 0ns Kancdoz0 yana cyuecmayem eOuHCMEEHHbLIL NYMb, 6eOYULUTL 8 IMOM Y3 U3 KOPHSL;

5) nodezpag, onpedensemolii MHONCECTREOM Y3108, OOCTRUICUMDBIX U3 Y3ILA V, ACLLEMCS Opoe-
peeom ¢ KopeM v (Mo opdepeso HA3bIBaemcs NO00EePesOM Y3ia v);

6) ecau 6 c60600H0M Depese N106Y10 BePUUNY HASHAYUNMD KOPHEM, O NOLYUUMCSL 0pOepeso.

JOKASATENbLCTBO.

[1] Kaxmas myra BXxoauT B Kakoii-To y3en. V3 m. 2 ompexenenusi aToro maparpacda
umeeMm Vo € V —r (d*(v) = 1), tme r— kopenb. CiaenoBaresbHo, ¢ = p — 1.

[2] Ilycte G— opaepeso, rpad G’ nomyden us G 3abbiBanneM opueHtaiuu pebep, r—
kopenb. Torna Voi,ve € V (v, r) € G' & I(r,ve) € G'), cnemoBaresnbho,

Vuy,ve (I{v1,v2)) u rpad G’ cBsizen. Takum 06pa3oM, yUUTHIBAS M. 4. TeopeMsbr 1. 9.1.2,
G’'— nepeso.

[3] Cnenyer u3 m. 2.

[4] Or nporusnoro. Ecau 661 B G cylecTBoBagv Ba MyTH U3 7 B v, TO B G’ nmeics
OBl TIUKJI.

[5] Ilycte G, — mpaBusbHbIN ToArpad, ONpeesisieMblil MHOKECTBOM Y3JI0B, JTOCTHKU-
MBbIX U3 v. Tormga dgv (v) = 0, uHave y3es v ObLI ObI JOCTHKUM M3 KaKoro-To y3nia v’ € G,
u, TakuM 06pa3oM, B G, a 3HAUUT, ¥ B G MMeJicst GbI KOHTYP, YTO TIPOTUBOPEYUT MYHKTY 3.
Manee umeem: Vo' € G, —v (dT(v') = 1), Tak xak G, C G. Bee ysapr G, HOCTUKUMBI
u3 v 1o nocrpoenuio. Ilo onpenenenuio monydaem, uto G,— OpAEPEBO.

[6] Ilycts BepmnHa r Ha3HaUeHA KOPHEM U JIyTH 110CJIe/[0BaTeIbHO OPUEHTUPOBAHBI «OT
» 00 6 T dr(r)=0 ;v V—r (d =1
KOpHs» 00xozoM B Tiryomny. Torzma r 110 TTOCTPOEeHMIo; Vv € T v ,
TaK KaK BXOJAMNIAsI Ayra MOSBISETCS NIPU MEPBOM ITOCEIEHNUHN Y3J1a; BCE Y3JIbI TOCTHKMUMBI
U3 KOPHsl, TaK Kak 06X0j B TIyOUHY TOCENaeT BCe BEPIIUHBI CBA3HOTO rpada. Taknum
06paszoMm, 10 OTIPEIEIEHIIO MOJMYIAEM OPAEPERO. ]

CNEACTBUE. Anzopumm noucka 6 2iyoumny cmpoum opoepeso ¢ KOPHeM 8 HAUAIbHOM Y3Jie.
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3AMEYAHUE
Kaskyto Bepity B cBOOOIHOM JiePEBE C p BEPIIMHAMU MOKHO HA3HAYUTh KOPHEM U MOJYYUTh OP-
nepeBo. HekoTopple 13 OJTy4eHHBIX OpAEPEBhEB MOTYT OKa3aThest n3oMopdubiMu. CiieoBaTesbHo,
cBoboJIHOE JIEpeBO ompe/enseT He Gojiee p PasIMYHBIX OPUEHTUPOBAHHBIX JAepeBbeB. TakuM obpa-
30M, 001IIee YNCII0 PA3JIMYHBIX OPAEPEBBEB € p y3IaMH He 60oJIee 4eM B p pa3 IMPEBOCXOAUT obiiee
YUCJI0 PA3IMIHBIX CBOGOAHBIX IE€PEBBEB C P BEPITMHAME.

Konnesas BeplinHa opzepeBa Ha3bIBaeTCs JAucmom. MHOXeCTBO JIMCTbEB Ha3bIBAETCS
kponotl. IlyTh 13 KOPHS B JINCT Ha3bIBaeTCs 6emabio. JlimHa Hauboibleil BeTBU opepeBa
Ha3bIBACTCS €T0 8bICOMOU. Yposenv y3ia opAepeBa— 3TO PACCTOsSHMUE OT KOPH:A 10 y3Ja.
CaMm KopeHb MMeeT ypoBeHb 0. Y3/Ibl OJJHOTO YPOBHS 00pa3yioT Apyc OpepeBa.

SAMEYAHUE
Hapsny ¢ «pacTutesnbHoils NPUMEHSIETCS ellle U «TeHeaJoTnIecKasi> TEPMUHOJIOTHUS. Y3JIbl, IOCTU-
JKUMbIE U3 Y3JIa U, HA3BIBAIOTCS NOMOMKAMU Y312 u (TOTOMKHU OIHOTO y3Ja 00pasytoT MOIAEPEBO).
Ecym y3es v siBAsieTcsl IOTOMKOM y3J1a u, TO Y3€JT 4 Ha3bIBaeTCst npedkom y3ia v. Eciu B nepese cy-
mecTByeT ayra (u,v), TO y3eJ u Ha3biBaeTcst omuom (WK pooumeiiem) y3Jia v, a y3eJ v Ha3bIBAETCS
coiom y3ia u. ChIHOBbSI OJHOTO OTIIA HA3BIBAOTCS OPAMbAMU.

9.2.2. DKkBUBaNeHTHOEe onpepneneHve opaepesa

OpuepeBo T— 3TO HENYCTOE KOHEYHOE MHOKECTBO y3JI0B, HA KOTOPOM OIPEJE/IeHO pas-
GueHue, obazaolnee CaepyoNUMI CBONCTBAMM:

1) uMeeTcst OMMH BBIIEJEHHbIH OHODIEMEHTHBIH 610K {7}, HA3BIBAEMBIH KOPHEM JIAHHO-
TO OpJlepeBa;

2) octaibHble y3Jbl (MCKIIOYas KOpeHb) comepxkarcst B k (k > 0) 6mokax Ti,..., Tk,
KaKIBIH U3 KOTOPBIX, B CBOIO OUEPE/Ib, SIBJISIETCS OPAEPEBOM U HA3BIBAETCST 11000EPEBOM:

Def
T={{r},T,..., T}

HerpynHo BumeTh, 4To laHHOE OTIpe/ie/ieHre dKBUBAJIEHTHO ompenenenuio m. 9.2.1. Jlo-
CTATOYHO TTOCTPOUTH oprpad, MPOBOJS AYrU OT 33JaHHOTO KOPHS Op/iepeBa 7 K KOPHSIM
nozaepesbeB 11, ..., T U jajiee TMOBTOPSiSi PEKYPCUBHO 3TOT IPOIECC JJIST KAXKIOTO W3
MOJI/IEPEBBEB.

9.2.3. Ynopsao4yeHHbie AepeBbs

Ecau oTHOCUTENBbHBIN TTOPSANOK TOAAEpeBLEB 17, . .., T B 9KBUBAJCHTHOM OTIPEIeICHUN
opaepeBa PUKCUPOBAH, TO OPIAEPEBO HA3BIBAETCS YNOPAOOUCHHBIM.

Mpumepsl
OpueHnTUpOBaHHbIE U YIIOPS/I0YEHHBIE OPUEHTUPOBAHHBIE JIEPEBbSI MHTEHCUBHO UCIIOJb-
3yloTcs B rporpammupoBanuu. HeckobKo MpUMepoB IpejcTaBienb Ha puc. 9.8.

1. Jlns tipezcTaBiieHus BHIPAKEHUH SI3BIKOB ITPOrPAMMHUPOBAHMSI, KaK MTPABHUJIO, UCIIOJb-
3yIOTCS OpUEHTUPOBAHHbBIE YIIOPSIIOUeHHBbIE lepeBbs. [IpuMep mpejcTaBjieHuss BbIpa-
JKeHust a + b x ¢ okasan Ha puc. 9.8, a.

2. Jlns npencraByierust GJIOYHON CTPYKTYPbI IIPOrPAMMBI M CBSI3aHHOU € HeW CTPYKTYPBI
obmacTeit onpeneneHnst HAEHTU(HUKATOPOB YACTO MCTIOMB3YETCS] OPHEHTHPOBAHHOE Jle-
peBo (MOKeT GbITh, HEYIIOPANOUEHHOE, TaK KaK MOPSIOK OTPeIeeHUsT IEPEMEHHBIX B
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6 2

Puc. 9.8. lNpumepbl n3obpaxeHns oepeBbeB B NMPOrpaMMUpPOBaHUN

6J10Ke B GOJIBIIMHCTBE SI3BIKOB TIPOTPAMMUPOBAHMSI CYUTAETCSI HECYTecTBeHHbIM). Ha
puc. 9.8, 6 mokasana cTpykTypa obsacTeil onpeeneHus uaeHTuduKaTopos a,b, ¢, d, e,
TOPUYEM /TSI OTOOPAKEHNST MEPAPXUN MCTIOTBb30BAHBI BIOKEHHbBIE 0OIACTH.

3. [lns mpezicTaBieHUS NEPAPXUYECKON CTPYKTYPBI BIOKEHHOCTH 3JI€MEHTOB JAHHBIX U
(nm) omepaTopoB YIIPaBJeHNs YacTO MCHOJB3YeTCs TEXHNKA OTCTYIOB, MMOKa3aHHAS
Ha puc. 9.8, a.

4. CTpyKTypa BIOKEHHOCTH KaTaJIOTOB U (pailyIoB B COBPEMEHHBIX OIIEPAIIOHHBIX CHCTe-

MaX SIBJISIETCS YIIOPSIZIOYEHHBIM OPHEHTUPOBAHHBIM epeBoM. J{Jist m300pakeHusT TaKIX
JIePEBbEB YACTO IIPUMEHSETCs ¢rioco0, mokasaHHbIi Ha puc. 9.8, 2.

5. PasinuHble «mpaBujibHbIe CKOGOUYHDBIE CTPYKTYPbI» (Hampumep, (a(b)(c(d)(e)))) sBus-
I0TCSI OPUEHTUPOBAHHBIMU YIIOPSIZIOYEHHBIMU JIEPEBBSIMU.

OTCTYINJIEHUE

Tor dakt, 9TO GOJBIIMHCTBO CHCTEM YIpaBJIeHMs (HaillaMi UCIIOTb3yeT OPUEHTHPOBAHHBIE IEpPe-
Bbs, OTPAKAETCA JIa’Ke B TEPMUHOJIOTUH, HAIIPUMED: «KOPHEBOI KATaJIOT JIUCKAy.

SAMEYAHUE

OOIEenpUHATON MPAKTUKON TIPU M300PaKeHUM JIEPEBLEB SBJISETCS COTJIAIEHHEe O TOM, Y4TO KO-
peHb HaXOAWUTCsS HABEPXY W BCe AYTM OPUEHTUPOBAHBI CBEPXY BHU3, MOITOMY CTPETKH MOXKHO
He u3o0paxkarb. TakuM 00pa3oM, AuarpaMmbl CBOOOIHBIX, OPUEHTHPOBAHHBIX M YHOPSJOUYCHHBIX
JIEPEBHEB OKA3BIBAIOTCS TPAUIECKN HEPA3TMINMBIMU, U TPeOYeTCs OTOHUTETHHOE YTOUHEHHE,
JIEPEBO KAKOTO0 KJIacca n300paskeHo Ha auarpaMme. B G0IbIIMHCTBE CIy9aes 9TO SICHO U3 KOHTEKCTA.

MNpumep. Ha puc. 9.9 npuBeeHsl Tpy AUArpaMMBbI I€PEBLEB, KOTOPHIE BHEIIHE BBITJIS-
IAT pasanuHbIMU. Kax yrmopsagodenmble 1epeBbs OHU JefCTBUTENbHO BCE PA3IUYHbL a0,
6+#86, 6#a. Kax opreHTUpOBaHHbIE lepeBbs a=0, HO 6#6. Kak cBoOOiHbIE epeBbs OHU
BCe n30MOpMHBL: a=6=6.

Ykazannoe B 1. 9.2.2 mocTpoeHue MO3BOJISIET ONPENeTUTh HA YIOPSIOYCHHOM opiepe-
Be €AMHBbIM JIMHEWHBI MOPSAOK Y3JI0B, COIJIACOBAaHHBIM C y)Ke 3a/laHHBIMU B JlepeBe
YIOPSAJ0YCHUSAMMU.

TEOPEMA. B ynopsdouennom opoepese ¢ p yaiami Cyuecmeyem maxas Hymepauust y3-
JI08 wucAamMuy u3 ouanasona 1..p, umo Homepa nomomKos 6oJvlie HoMepos npedkos u Homepa
cmapuux 6pamves 6ovlLe HOMEPOs8 MAAOWUX bpambes.
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A A

Puc. 9.9. [lnarpammbl nepeBbLeB

DOKABATENLCTBO. [IpuMeHUM K YNOPSAO0YEHHOMY OpAEPEBY aJropuT™M 00X0ia B TIIy-
OMHY, HauMHasI C KOPHs, IIPUYEM Y3JIbl, CMEKHbIE C JaHHBIM, IIOCEMIAIOTCS B HMOPSIKE,
OTIPE/IesIIEMOM TIOPSIIKOM TiofiiepeBbeB. [IpucBonM y3nam HOMepa B MOPSiIKE MEPBOTO
nocenieHus. Torga Bce y3Jbl MOJTyvyaT YHUKaJbHble HOMepa M3 jauanasoHa l..p, U Ko-
penb noayuut Homep 1. ajee, crapiive Gparbs IIOJIydaT HOMepa, 6OJbIINeE, 4eM HoMepa
MJIaIUX OpaTheB 110 yCa0BHI0 00X0/a, a HOTOMKU MOJIy4aT HoMepa OOJbliue, 4eM HO-
Mepa MPEeIKOB, MOCKOJIbKY aJIropuT™ 00Xofia B IIyOUHY MOCENIaeT IPEAKOB PaHblIe, YeM
IIOTOMKOB. O

SAMEYAHME

YkazaHHbI TTOPA/IOK 06x011a YaCTO Ha3bIBAIOT NPAMbBIM.

Mpumep. VYaubl ynopspodeHHoOro opaepesa Ha puc. 9.10 mpu npsMom o6xoe moJrydar
caenytomue HoMmepa: a— 1, b— 2, c—5,d— 3, e—4, f—6,g— 7, h+— 8 1+ 9.

Puc. 9.10. lNMpumep Op1eHTMPOBaAHHOIO YNOPSA04YEHHOro Aepesa

SAMEYAHMUE
ITocTpoeHHast B JJOKa3aTeJbCTBE TEOPEMBI HyMEpAlusl He SIBJSIETCS] eMHCTBEHHOI HyMepaiueii,
obuiajiaionieil yKa3aHHbBIMU CBOWCTBAMHU.

Mpumep. MoxHo 060iTH YIIOPSALOYEHHOE OPAEPEBO 1O ApycaM. IIpu 9ToM y3Jibl yiio-
psimoueHHOTO opaepeBa Ha puc. 9.10 nmosyuar caexyiomue Homepa: a — 1, b — 2, ¢ — 3,
d—4,e—5 f—6,g—T7 h—8 i—9.


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

408 Mmaea 9. OepeBbs

9.2.4. BuHapHble gepeBba

Bunapnoe (nnu dgouunoe) 1epeBo— 3TO HEIYCTOE KOHEUHOE MHOKECTBO y3JI0B, Ha KOTO-
POM orpejieieHa CTPYKTypa, 00Jaaromniast caeyoIUMU CBONCTBAMU:

1) wMeeTcs OIMH BBIIEJIEHHBIH y3€eJI 7, HA3bIBaeMbIIl KOPHEM JJAHHOTO OMHAPHOTO JIePeBa;

2) ocrasbHble y3Jibl (MCKJIOYAsi KOPEHb) COJEPIKATCS B JIBYX HENEPECEKAIONUXCS MHO-
JKecTBax (MOAZEPEBDBAX) — JIEBOM WM TIPABOM, KaKJ0€ M3 KOTOPBIX, B CBOIO OYepe/ib,
6o mycTo, b0 ABjsieTcss GUHAPHBIM JEPEBOM.

Ha mepBbIit B3I MOXKET TTOKa3aThCs, YTO OMHAPHOE JEPEBO — 3TO YACTHBIN CIIydail
YIOPSAOYEHHOTO OPUEHTHPOBAHHOTO JIEPEBA, B KOTOPOM Y KaKIOTO y3Ja He GoJiee JIBYX
cMmexHbIX. Ho 3T0 He Tak, OHHAPHOE JEPEBO He SASEeMCs. YIOPSIOIEHHBIM OPAEPEBOM.
Jlesio B TOM, UTO Mayke eCJIU Y HEKOTOPOTO y3Ja OMHAPHOTO JIEPeBA NMEETCS TOJTBKO OHO
HEIYCTOoe TOAJIEePeBO, TO BCE PABHO M3BECTHO, KAKOE MMEHHO 3TO IO/IEPEBO: JIEBOE WJIU
mpasoe.

Mpumep. Ha puc. 9.11 npuBeneHsl Be AMArpaMMBbl JI€PEBBEB, KOTOPble M30MOPGHBI
KaK yTopsijioueHHble, OPUEHTUPOBAHHbBIE U CBOOOIHbBIE JEPEBbsI, HO He U30MOP(HBI KAK

OUHapHbIE JepeBbsl.

Puc. 9.11. [Ba pa3nnyHbix OMHapPHbIX AepeBa

SAMEYAHUE
IToHsATHE IBOMYHOTO JepeBa AOMyCKaeT 0O00IIEHIE. M -UuHbIM 0epesom Ha3bIBAETCSI HEMyCTOe KO-
HEYHOe MHOKECTBO Y3JI0B, KOTOPO€ COCTOUT U3 KOPHS U 1M HENePeceKalonnXcsl MOIMHOKECTB,
UMEIUX HoMepa 1,...,m, Kakaoe U3 KOTOPBIX, B CBOIO odYepelb, JubO IycTo, Jubo SABIIETCS
M-UYHBIM JIEPEBOM. DBoJIbilast 4acTh yTBEPKAEHWI U aJTOPUTMOB JIJISI IBOUYHBIX JIEPEBBEB MOJKET
ObITh CPABHUTEJIBHO JIETKO PACIPOCTPAHEHA U HA M-UUYHBIE JEPEBbs (C COOTBETCTBYIONIUMU MOJM-
ukanmamn). [loaTomy, XOTST Ha IPAKTUKE m-UYHbIE I€PEBBST M UCMOJIB3YIOTCST TOCTATOYHO YacTo,
371eCh MBI OTPAHUYUBAEMCST TOJBKO TBOMUHBIMU JEPEBbSIMIU.

9.3. MNpepcraBneHne pepeBbeB B NporpamMmmax

OG6CysKIEHUIO TIPEACTABICHUN JePEBbEB MOKHO TPEANOCTAaTh B TOYHOCTH TE XK€ pac-
CY’KIEHUs, 4TO ObLIKM MPEANOCAaHbl 00CYKIECHHIO TIpeacTaBaeHnil rpados. Kpome Toro,
caenyeT MOMYEPKHYTh, UYTO 3a/adya MPe/CTaBIeHNs JIePeBheB B ITPOTPAMME BCTPEUAETCS
ropasjio vaiile, YeM 3ajada TpejcTaBieHuss rpadoB 00Iero BUAa, a MOTOMY METOJbI eé
peIeHrsT OKa3bIBAIOT €Ié GOJIbIIee BIMSHIE HA PAKTHKY [TPOTPAMMHUPOBAHUSL.

9.3.1. MNpeactaBneHne cBOGOAHLIX AEepeEBLEB

[ mpencTaBieHus iepeBbeB MOKHO MCIIOJIb30BATh Te K€ MIPUEMBI, UTO U JIJISI TIPEICTaB-
seHust rpadoB 06IIETO BUAA — MATPUIIBI CMEKHOCTY U WHITUAEHITHI, CTIUCKH CMEKHOCTH
u 1p. Ho, ucrosb3yst ocoOGeHHBIE CBOMCTBA A€PEBHEB, MOKHO MPEJIOKUTH CYIIECTBEHHO
6osee apPeKTUBHBIE TIPEACTABICHU.
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PaccMoTpuM clefyiomiee IIpeAcTaBaeHne cBOOOIHOIO IepeBa, U3BECTHOE Kak k00 IIpio-
@epa. JonyctuM, uto Bepiiunbl gepesa T'(V, E) npoHyMepOBaHbI YUCIAMU M3 MHTEPBA-
ga 1..p. Tloctpoum nocnenoBarenpuocts A : array [1..p — 1] of 1..p B coorBercTBUU C
asroputmMom 9.1.

Ausropurm 9.1. TTocrpoenue koxa Ilprodepa cBo6oaHOTO AepeBa

Bxoa: [lepeso T(V,E) B n060M NpejCTaBJCHUM, BEPUIMHBI JepeBa MPOHYMEPOBAHBI
qucIaMu 1..p TIPOU3BOJIBHBIM 00PA30M.
Beixox: Maccus A : array [1..p — 1] of 1..p — kox Ilprocdepa mepesa T
fori from 1 to p—1do
v:=min{k € V | d(k) =1} // BoiGupaeM BUCSUYIO BEPIIUHY v
Ali]:=T(v) // 3aHOCHM B KOJi HOMED €JUHCTBEHHOW BEPIIMHBI, CMEKHOH € v
V:=V —v // ynangem BepliuHy v 13 JlepeBa
end for

Mpumep. /[l nepesa, npexacrasiaennoro Ha puc. 9.12, kon Ilpiodepa 7,9,1,7,2,2,7,
1,2,5,12. Ha aTOM pHcyHKe 4McC/Ia B BepIIMHAX— 9TO MX HOMEpPa, a 4ucja Ha pédpax
YKa3bIBAIOT TIOPSIZIOK, B KOTOPOM OYAyT BLIOMPATHCSI BUCSUYHE BEPIIUHBI U YAAISATHCS
pé6pa npu mocrpoernu kKoma Iprodepa.

{ 3 10
4 8 9 5 2
=\ N D
@ ) W 2) ) @
7 6

Puc. 9.12. lMocTtpoeHne kona Mpodepa

[To mocTpoeHHOMY KOy MOXKHO BOCCTAHOBHUTD MCXOIHOE JEPEBO aaroputMoM 9.2.

OsocHoBAHUE. Koa TIpiodepa meficTBUTENBHO SIBASETCS MPENCTABIEHIEM CBOOGOIHOTO
nepesa. UtoGbl yOeIUTHCS B 9TOM, TIOKaXkKeM, 9To ecid T’ — jiepeBo, TIOCTPOEHHOE aJIro-
PUTMOM PACITAKOBKH 110 KOy A, KOTOPbIi MOCTPOEH AJITOPUTMOM YIAKOBKH 10 fiepeBy T,
to T" usomopduo T, T’ ~ T. [l aT0T0 ycTaHOBUM oToOpaskerue f: 1..p — 1..p MexIy
HOMepaMU BepINUH B epeBbstx T u T’ 1o MOpsiIKY BHIGOPA BEPIIUH B aJTOPUTMAX: €CJIU
BepIIUHA v BBIOPAHA HA -M IIare aJrOPUTMa YIIAKOBKHU, TO BepuinHa f(v) BeIOpaHa HA i-M
11are aJIrOPUTMA PACIIAKOBKY. 3amMeTuM, uTo Dom f = 1..p, IOCKOJbKY BUCSYME BEPITUHBI
ecTh B JII0OOM JiepeBe, U yilaJieHue BUCSUYel BEPIIUHBI OCTABJISIET AepeBo aepeBoM. [asee,
Im f = 1..p, HOCKOJIbKY HA i-M IIare aJropuTMa PACIaKOBKU HCIOJIb30BAHO ¢ — 1 YHCII0
u3 p uncen u octaérest p — i+ 1 uncern, a B xBocte kKozia [Ipiodepa 3ansito He 6omee p — i
gucest. boasee Toro, Vv (f(v) = v). JelictBuTesbHo, HOMepa BEPIINH, KOTOPbIE SIBJSIOTCS
BUCSIYUMHU B MICXOJTHOM JIePEBE, He TOSBJISIOTCS B Koze IIpodepa (Kpome, MOKET OBITH,
OJIHOI BUCSIYEl BEPIIMHBI ¢ HaOOJIBIIUM HOMEPOM ), @ HOMepa BEPIIUH, KOTOPbIE He sIB-
JITIOTCST BUCAYMMHE, 00513aTEJIbHO MOABAAIOTCS. [T0CKOIBbKY TIpH BBIGOPE MEPBOii BEPIIUHEL
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Auaropurm 9.2. Pacnakoska koga IIpiodepa cBo6ogHOrO Aepesa

Bxoa: Maccus A : array [1..p — 1] of 1..p— xox Ipiodepa nepesa 7.
Boeixox: [lepeso T(V,FE), 3amanHoe MHOXKeCTBOM péGep F, BepIIMHBI JlepeBa
MTPOHYMEPOBAHBI YUCIAMHU 1..p.
E:=@ // BHayajle MHOXeCTBO PEGEp MyCTo
B:=1..p // MHOeCTBO HEUCIIOJIb30BAHHBIX HOMEPOB BEPIIMH
for ; from 1 to p—1do
// BBIOUpPAeM BEPUIMHY v— HEHCIIOIb30BAHHYIO BEPIIMHY ¢ HAUMEHBIIIM
// HOMEPOM, KOTOPBII He BCTpedyaeTcs B ocTaTke kKoma IIpiodepa
v:=min{k € B|Vj>i (k#A[j])}
E:=FE + (v, A[i]) // nobasnsem pebpo (v, Ali])
B:=B —v // yaansem BepuUINHY v U3 CIUCKA HEUCIIOJIb30BAHHDIX
end for

v B QJITOPUTME YIIAKOBKH BCE BEPIIUHbI ¢ MEHBITMMI HOMEPAMU HE SIBJISTIOTCS] BUCSTIUMU,
UX HOMepa OyAyT NPUCYTCTBOBATH B KOJE W, 3HAYNT, HE MOTYT ObITh MCIIOJb30BAHbI Ha
MEPBOM IIfare aJropuTMa paciakoBKu. TakuM o6pa3oM, Ha TIEPBOM IIare ajJrOPUTM pac-
MAKOBKM BBIOEpET Ty ke BeputuHy v. Ho mocire yaaieHust BEPITHHBI v Ha BTOPOM Iare
CHOBA MMeEETCS JIEPEBO, K KOTOPOMY HPHMEHHUMbI Te Ke paccyxienust. tak, f— TOx-
JIECTBEHHOE U, 3HAYNT, B3AUMHO-O/[HO3HAYHOE OTOOpaxkeHne. 3aMeTUM Telepb, YTO LISt
OIIpe/ieJIeH ST -TO DJIEMEHTA KOJIa Ha -M IIIare aJIfOPUTMa YIIAKOBKH UCIIOJIB3YETCsI, a 3a-
TeM ynassietcst pebpo (v, A[i]) u B TouHOCTH TO Ke pebpo mobasisiercs B epeBo 1" Ha i-M
Iare aIropuT™Ma pacrmakoBku. CireoBatesabHo, f— B3aUMHO-OHO3HAYHOE OTOOPAKEHHE,
coxpaHsoliee cMeXHOCTh 1 T ~ T, |

SAMEYAHUE
Kox Iprodepa — Haubosiee 3KOHOMHOE 110 TIAMSITU TIPeJCTaBjieHue jJepeBa. Ero MOKHO HEMHOTO
YJIy4IIUTh, €CJIU 3aMEeTUTD, YTO CYII[eCTBYeT BCero 0/[HO JiepeBo ¢ ABYMsd BeplinHamu — K, a oTo-
My HHOOPMAIIUIO O «II0cTeqHeM pebpe» MOKHO He XPAaHWUTh, OHa BOCCTAHABJIMBAETCS O[HO3HAYHO.

MNpumep. /[laa nepea Ha puc. 9.12 kox Ilprodepa 7, 9, 1, 7, 2, 2, 7, 1, 2, 5, 12.
PaccMoTpuM MPOTOKOJT BRITOJTHEHUST pacakoBKu Koia [Ipiodepa:

i B A v Ali
1 {1,2,3,4,5,6,7,8,9,10,11,12} [7,9,1,7,2,2,7,1,2,5,12] 3 7
2 {1,2,4,5,6,7,8,9,10,11,12}  [7,]9,1,7,2,2,7,1,2,5,12] 4 9
3 {1,2,5,6,7,8,9,10,11,12} 7,9,01,7,2,2,7,1,2,5,12] 6 1
4 {1,2,5,7,8,9,10,11,12} 7,9,1,]7,2,2,7,1,2,5,12] 8 7
5 {1,2,5,7,9,10,11,12} 7,9,1,7,12,2,7,1,2,5,12] 9 2
6 {1,2,5,7,10,11,12} 7,9,1,7,2,12,7,1,2,5,12] 10 2
7 {1,2,5,7,11,12} 7,9,1,7,2,2,|7,1,2,5,12] 11 7
8 {1,2,5,7,12} 7.9.1.7.2.2.7,)1,2.5.129] 7 1
9 {1,2,5,12} 7.9.1,7.2.2.7.1,12.5.12] 1 2
10 {2,512} 7,9,1,7,2,2,7,1,2,]5,12] 2 5
11 {5,12} 7,9,1,7,2,2,7,1,2,5,]12] 5 12
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9.3.2. MNMpeacTaBneHne ynopsaao4eHHbIX KOPHEBbIX AepeBbeB

B ynopsapoueHHBIX Op/lepeBbsX BbIJEIEH KOPEHDb U TOAepeBbs yrnopsaaodeHsl. Vcmnomb-
30BaHUe 9TON WH(POPMAIIUN TTO3BOJISIET TIOCTPONUTH KOMITAKTHOE TTPE/ICTABJIEHIE OPUEHTH-
POBAHHBIX YIIOPSIZIOYEHHBIX /lepeBbeB. [IycTh ynopsioueHHOe opiepeBo 3a/1aH0 CIMCKAaMU
cMexHocTH (11, 7.4.4), TPUUYéM y3JIbl TTepeHYyMEPOBAHbI B COOTBETCTBUH C TTOPSIAKOM IIPSsI-
Moro 06xo/1a, onpegenéubiM B 11. 9.2.3. Torma ciepyronumii airopuTM yIakoBKU IOCTPOUT
npe/ICTaBJIeHNe YIOPSAJIOUEHHOTO OpJepeBa ¢ ¢ AyraMu B BHje OGUTOBON mIKaibl (KOa)
U3 2q pa3psLO0B.

Auaroputm 9.3. Tloctpoenne Koja yIopsiIo4eHHOTO Op/iepeBa

Bxoa: crimcku emeskroctu I : array [1..p] of TN ymopsinodentoro opaepesa T,
Bsixoa: maccus C : array [1..2¢] of 0..1, sBastiommuticst komoMm oprepesa T
i:=0 // KOTM4ecTBO 3aMOJTHEHHBIX Pa3ps/ioB KOaa
TraverseTree(I'[1]) // ykasaTeJsib HA CHUCOK CMEKHOCTH KOPHSI

OcHoBHast paboTa BBITIONHSAETCS PeKypcuBHO# mporienypoii TraverseTree, st KOTOPOi
nepeMeHHast ¢ U MaccuBbl I’ 1 C' TJI06a/IbHbI, a 3JIEMEHT CITUCKA AYT ONPEIEJEH CIIeayto-
mum obpasom: N = struct { v: 1.p;n: TN }
Bxon: d: 1 N— ykasaTejib Ha CIIMCOK WCXOJSIIUX IYT.
Boixoa: 3amosiHeHue ABYX paspsaoB koga C.
while d # nil do
i:=i+1; Cli]:=1 // oTMeudaeM BXO[l B y3eJ
TraverseTree(T'[d.v]) // mocTpoeHue Kona mojjepesa
i:=i+4+1; C[i]:=0 // oTMeuaeM BBIXOZ U3 y3Ja
d:=d.n // BbIOOD CJELYIOIIEro y3Ja B CIIUCKE
end while

3AMEYAHUE
IIpencTaBiieHHBIN AITOPUTM, B CYI[HOCTH, CTPOUT IIPOTOKOJI BBIIIOJIHEHUS alIrOpUTMa 00X0/1a B TJIy-
OUHY YIOPSIJIOYEHHOTO opiepeBa. 3amuch 1 oTMedyaer BXOJ B Y3€ql 10 €[UHCTBEHHOI BXOSIIEN
nyre, 3anuch () oTMeyaeT BO3BpAT M3 y3Jia 0 ITOM Ke JIyTe.

[To mocTpoeHHOMY KOy HETPYZHO BOCCTAHOBUTH UCXO/HOE TIPEJICTaBJIEHUE YIIOPS/I0UEH-
HOTO OpJlepeBa.

B anroputme MCnosb3yloTcsl BCIIOMOTATeMbHBIN CcTeK S /ST XpaHeHUsI HOMEPOB Y3JI0B
Y JIB€ TIPOIIEYPhI:

1) NewNode(v : 1..p,n: TN) : TN — GyHKIH, CO3/AI0IIasl HOBBII 3JIEMEHT CITFCKA CMEXK-
HOCTHU C TIOJISIMH v ¥ . ¥ BO3BpaIlamonasi yKaszaTeJab Ha HETo;

2) Append(L,e : 1N)— muporenypa, IPUCOEUHIIONIAS dJEMEHT, YKA3aTelb HA KOTOPDIit
3aJIaH TTApaMeTPOM e, K CIIHCKY, YKa3aTesb HA MEPBbIil 9IeMEHT KOTOPOTO 3a/IaH Tapa-
meTpoMm L.

OsocHOBAHME. Maccus C sgBisgercs TpeJcTaBIeHueM YIIOpsiiodueHHoTo opziepesa T', To
€CTb eciau K T IPUMEHUTDH aJrOPUTM KOJWPOBAaHMS, a 3aTeM K pe3yJbraTy IPUMEHUTH
AJITOPUTM JIEKOAMPOBAHMS, TO TIOJYIUTCS TO Ke camoe yropsimoderHoe opaepeso 1. [leii-
CTBUTEJILHO, aJTOPUTM JIEKOJAUPOBAHUST MHTEPIIPETUPYET MPOTOKOI PabOThI aIrOpUTMa
kojupoBanus. Kaskapiil pas, Korja ajroputM YIaKOBKH BXOJIUT IO JIyre B HEKOTOPBIH
y3eJl TIEPBBIA pa3, OH 3aMKChIBAeT B TPOTOKON 1, U B TOYHOCTU B TOM XK€ TOPSIJIKE
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Anropurm 9.4. Boccranosisienue yrnopsioueHHOTO Op/iepeBa 110 KoLy

Bxoa: Maccus C : array [1..2q] of 0..1— xox ynopsimoueHroro opaepesa 7.
Boeixox: Maccus T : array [1..p] of TN, rne N = struct { v: 1..p; n: TN }— cuucku
CMEXHOCTHU YIOpPsI0YeHHOT0 opzepeBa 1.
p:=1 // c4éTuuK y3J0B
I'[1]:= nil // xopenb
n:=1 // Texkymmuii y3en
for i from 1 to 2¢ do
if C[i] =1 then
p:=p+1 // HOMEp HOBOTO y3Ja
T[p]: =nil // HOBbI y3es TOKa JUCTOBOI
d:=NewNode(p,nil) // myra ot TeKyIiero ysjia K HOBOMY y3JIy
Append(T'[n],d) // mobaBuTh y3es B CIIUCOK CMEKHOCTH
n — S // MOJOXUTh HOMEP TEKYIIEro y3ja Ha CTeK
n:=p // MepeliTu B HOBBII y3eJ
else
n < S // CHATb CO CTeKa U NepeiTH B HOBBIN y3el
end if
end for

AJITOPUTM PACHAKOBKH CO3/aT y3Jibl. Kaskablil pa3, Korja aJropuTM YIaKOBKH BO3Bpa-
HIaeTcsl Ha IPeAbIAYIINN YPOBEHDb U 3alUCBHIBAET B IPOTOKOJ 0, aIrOpuTM PaclaKOBKHU
BO3BPAIAeTCS K POAUTENBCKOMY Y3y, CHIMAasi ero HOMEpP CO CTeKa. O

Mpumep. I[IpumMenenue axropuT™Ma K ynopsjoueHHOMY opjiepeBy Ha puc. 9.10 mact ko
1101001101011000.

SAMEYAHME

Hasoxxennoe 3jiech TpeboBaHue IPsIMOTO TIOPSIIKA HYMEPAIIUH Y3JI0B He SIBJISIETCST OTPAaHUYEHHEM U
HCIIOJIB3YETCS TOJBKO JIUIS YIIPOIIEHMsI U3JI0KeHNsT. MOJKHO MOKa3aTh, 4TO TPHU 000U HyMepaIum
y3JIOB OpJiepeBa aJIrOPUTM KOAMPOBAHUS IIOCTPOUT KOJ, a AJTOPUTM JIEKOJMPOBAHNS BOCCTAHOBUT
110 3TOMY KOy M30MOp(dHOE Op/iepeBo, OTINYalolieecs pasBe YTo HyMepalyeil y3Jos.

9.3.3. Yucno ynopapo4eHHbIX OPUEHTUPOBAHHbIX AEPEBbeB

[IpencTaBieHne yrnopsiIoueHHBIX OPZEPEBbEB, IOCTPOEHHOE B IIPe/bIAYIeM maparpade,
o6JaiaeT 3aMeYaTeNbHBIM XapaKTEPUCTUIECKUM CBOWCTBOM, TO3BOJISIONIMM TIOJYIUTH
SIBHYIO (DOPMYJIY [IJIST YHMCTa YIOPSIOYEHHBIX Op/iepeBheB. Beeném obosnavenus. [Iycth
b : array [1..n] of 0..1— srobast 6uroBas mrkama. O603HaunM uepe3 Ng(b, k)— kosmde-
CTBO HyJiell B orpe3ke mmkaiel b[l..k],k < n, u yepe3 Ni(b,k)— KOJIUYECTBO €IUHMUII B
orpeske mmkazel b[1..k], k < n. Ilyctp Teneps c : array [1..2¢] of 0..1— O6uroBas mxara,
HOCTPOEHHAsI 10 yropsoueHHoMy opzepeBy 1" anropurMom 9.3. Torxa mo nocrpoenuto
AJITOPUTMA UMEEM

No(c,2q) = Ni(c,2q) & ¥k < 2q (No(e, k) < Ni(e,k)). (*)

W3 anropurtma 9.4 ciemyer, 4TO JaHHOE CBOMICTBO SBJISETCS XapaKTEPUCTUIECKUM, TO €CTh
mobas mKana, 06JaaroNas CBONCTBOM (*), ABJIAETCS KOJOM HEKOTOPOTO JIepeBa, MPUuéM
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1o teopeme 1. 9.2.3 cOOTBETCTBUE MEXKIY JIEPEBbSIMHU M KOJAMU B3aUMHO-OJIHO3HAYHO.
ITycTtb S, — MHOKECTBO GUTOBBIX IIKAJ JJIMHBI 27

Shn Def {c=(a1,...,a2,) | Vi€ 1.2n (a; € {0,1})}.

O603HAYNM YUCIO TeX OUTOBBIX IIKAT ¢ € S, KOTOPble 06JaIaI0T CBOMCTBOM (x), 4epe3

C(n):

C(n) Def [{c € S, | No(c,2n) = Ni(c,2n) & Vk < 2n (No(e, k) < Ni(e, k)} .

[To onpenesnenuio C(0) Defy.

Apumep. {cho, uto C(1) = |{(1,0)}| = 1, C(2) = 2— cm. puc. 9.6, C(3) = 4— cm.
puc. 9.7.

n—1
NEMMA. C(n) =Y C(k)C(n—k—1).
k=0

JOKASATESIbCTBO. PaccMOTPUM IOAMHOKECTBO KOJOB ¢ € S, YAOBIETBOPAIOIUX Oojiee
CUJIBHOMY YCJIOBUIO

No(e,2q) = N1(e,2q) & Vk < 2q (No(e, k) < Ni(c, k)), (x")

1 0003HAYNM YHUCIO TakuxX KoxoB yepe3 C’(n). SIcHo, 4To B M0fom KOME, YAOBIETBO-
pstiotiieM ycoBuio (), mepsbiii 6ut pasen 1, a mociemuuit — 0. Eciau ux ot6pocuTs,
TO OCTaBMIASICS YacTh Koma OyeT yAOBIETBOPSATH yCioBUIO (x), u moatomy C'(n) =
= C(n — 1), npuuém o onpezesnennio C’(1) = C(0) = 1. Ilycrp Terepb s — HaMMEHb-
IIee YUCI0, TAKOe, 9To KOJ ¢[1..s] ymoBaerBopsier yciopuio (). Crpymmupyem Bce KOJIb,
YIIOBJIETBOPSIOIINE YCJIOBUIO (*), 10 3HAYEHUSIM 4Yucaa $. B rpyiine, B KOTOpoit s = n,
umeercst C'(n) Koa0B, a B rpymnmax, B KOTopsix 1 < s < n — 1, umeercsa C'(s)C(n — s)
KozoB. MIMeem

n—1 n—1

C(n)=C'(n) + Z C'(s)C(n—s)=C(n—1)-1+ Z C(s—1)C(n—s)=
s=1

s=1

=C(n—-1)C(0) + Ti Ck)C(n—k—-1)= "z—: Ck)C(n—k—1),
k=0 k=0
rne k:=s— 1. O

Takum obpasom, st uncaa C(n) GUTOBBIX IIKAJI, YAOBJIETBOPSIONINX YCIOBHIO (%), BbI-
MTOJTHSIETCST XapaKTEPUCTUYECKOE PEKYPPeHTHOe cooTHOTIeHre unces Karanana (1. 5.7.4),
OTKY/]a HEMEJICHHO CJIEyeT TeopeMa.

TEOPEMA. Yucio 0pueHmuposanivix ynopaoouennblx 0epesnes ¢ q 0yzamu pasHo

C(2q,q)
g+1


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

414 Mmaea 9. OepeBbs

Ausroput™ 9.3. TIpoBepka MPaBUIBHOCTH CKOGOYHOM CTPYKTYPBI

Bxoxa: crpoka s: array [1..n] of char, BoamoskHO, comepskaiiast CKOOKU «(» 1 «)».
Boixoa: uucsio 0, ecain ckoGOUHAS CTPYKTYpa TPABUIbHA, WM YKCIO B UATA30HE
1..(n + 1), yxa3biBaioliiee Ha TTO3UIMIO B CTPOKE, T/Ie CKOOOUHAS CTPYKTYpa HapyIeHa.
p:=0 // 4uCTO TIPOUYNTAHHBIX OTKPBIBAOIINX MUHYC YHCJIO 3aKPBIBAIONINX CKOOOK
for i from 1 to n do
if s[i] =7 (” then
p:=p+1 // OIpPOYwIn OTKPHIBAIOILYIO CKOOKY
end if
if s[i] =”)” then
p:=p—1 // Ipouin 3aKpbIBAIOLIYIO CKOOKY

end if
if p < 0 then
return i // JUIIHAS 3aKpbIBAOIIas CKOOKA

end if
end for
if p =0 then

return 0 // ckoGOYHasT CTPYKTypa MpaBUIbHA
else

return n + 1 // He XBaTaeT 3aKPbIBAIOIINX CKOOOK
end if

9.3.4. NMpoeepKka NpPaBUIIbHOCTU CKOOOYHOW CTPYKTYpPbI

W3 xapaKTeprCTUYECKOTO CBOMCTBA (*) PACCMATPUBAEMOTO TIPEICTABIEHUS YITOPSIIOYEH-
HBbIX OpPJEepPEeBbEB B KadyecTBe MOOOYHOrO, HO IIOJIE3HOTO HAOJIONEHMS MOJKHO HM3BJIEYb
abdekTUBHBIH airopuT™M 9.5 TIPOBEPKHU MTPABUILHOCTH CKOOOYHON CTPYKTYPHI.

OBOCHOBAHUE. Bcsikast mpaBusibHast CKOOOYHAS CTPYKTYPa B3aUMHO-OHO3HAYHO COOT-
BETCTBYET YIOPSI0UeHHOMY op/iepeBy. Ecii TpakToBaTh OTKPBIBAIOILYIO CKOOKY Kak 1, a
3aKpbIBaioNTyio— Kak 0, TO MOCIeN0BATEMBHOCTH CKOOOK, COMEPKAINXCS B CTPOKE, 06pa-
3yeT KOJ jiepeBa. AJITOPUTM OYEeBUAHBIM 00PA30M TIPOBEPSIET BBIMOJHEHUE YCJIOBUS (),
TO €CTh IIPOBEPSIET JOIMYCTUMOCTD 9TOTO KOJIA. O

MNpumep. Crpoxka a(b(d)(e))(c(f)(g)(h(i))) sBasieTcs ecTeCTBEHHO 3aIKCHIO C MOMO-
IBIO TIPABWJIBHOM CKOGOYHOU CTPYKTYPHI JepeBa Ha puc. 9.10.

9.3.5. MNpeacraBneHne GMHaAPHLIX OEepPEBbLEB

Beskoe ¢BoOOAHOE EPEBO MOKHO OPHEHTHPOBATh, HA3HAYMB OJWH W3 Y3JIOB KOPHEM.
Bcesikoe opiepeBo MOKHO HPOU3BOJIBHO YIIOPSA0YMTD. [IJIs IOTOMKOB 0HOro y3ja (Opa-
TBEB) YIMOPSIIOYEHHOTO OpPIEPeBa OIpeeSeH0 OTHOIIEHWe cTapiie—miaiine (JTeBee—
mpaBee). Bestkoe yrnopsiioueHHOe IepeBO MOKHO IPEACTaBUTh OMHAPHBIM JI€PEBOM, Ha-
[pUMep, IPOBEIS IIPaBYIO CBS3b K cTapiieMy Opary, a JIeBylo — K MJaJiieMy cbiHy. Takum
00pasoM, JOCTaTOYHO PACCMOTPETh MpPEACTaBJIeHHe B IporpaMme GUHAPHBIX JE€PEBbEB.
Iro HabmoneHre 0ObICHSET, II0YeMY IIPEACTABAEHUIO OUHAPHBIX AE€PEBHEB B IIPOrPAMMAX
TPAAUILIMOHHO yAEASeTCs 0c0b0e BHIUMAHKE IIPU 00yYeHHN IIPOrPaMMUPOBAHUIO.

MNpumep. Ha puc. 9.13 npusenens! fuarpaMMbl YIIOPSI04€HHOTO U COOTBETCTBYIOIIETO
eMy OUHAPHOTO [IEPEBBEB.


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

9.3. MpeacTaBneHne OepeBbEB B NporpaMmmax 415

Puc. 9.13. YnopspoyeHHoe n GuHapHoOe AepeBbs

3AMEYAHMUE

V3 maHHOTO Mpe/CTaBJIeHHs! CJIEAYET, YTO MHOKECTBO OMHAPHBIX JIE€PEBHEB B3AUMHO-O[HO3HAYHO
COOTBETCTBYET MHOKECTBY YIOPSIIOUEHHBIX JIECOB YIIOPSIIOYEHHBIX OPIepeBbeB. [leiicTBUTEIBHO,
B YKa3aHHOM IIPEACTaBJEHUM OJAUHOYHOMY YIOPSIOUEHHOMY OpZepeBYy BCErla COOTBETCTBYET Ou-
HApHOE JIEPEBO, Y KOTOPOrO IpaBasi CBsi3b KOPHsI IyCTa, a YIOPSIIOUYEHHOMY Jiecy — OMHApHOEe
JIepeBo, Y KOTOPOTO MpaBast CBsI3b KOPHS HeE IIyCTa.

Ob6ozHaunM depe3 n(p) 0ObeM TMaMsITH, 3AaHUMAEMON Tpe/ICTaBIeHeM OGUHAPHOTO Jiepe-
Ba, T7e p— 4KCI0 y37a0B. Hanbosee 9acTo MCHONB3YIOTCS CIEMYIONNe TPEACTABIECHNUST
OUHAPHBIX JEPEBbEB.

1. CnucoyHble CTPYKTYPBL KaK/Iblil y3es IPeACTaBJsgeTcs 3aluchlo TUIa N, coxepsKa-
medt nBa ot (I v r) ¢ ykazaTesJssMU Ha JIEBbIH M MPaBbIM Y3JIbI U €Ile OFHO ToJe §
IUIs XpaHEHWs yKasaTesish Ha uHbopMaImo o6 yaie. JlepeBo MpeicTaBisieTcsl yKasa-
TeJieM Ha KOpeHb, Tumt N 00bIYHO ompeiesisieTcst caeayommmM obpazom: N = struct {
i:info; l,r: TN }, tine tun info cuuraercs 3ajanubiM. [[yig 3TOrO NpeacTaBieHust

n(p) = 3p.

3AMEYAHUE
[TockobKy B GUHAPHOM JiepeBe, Kak U B JIIOGOM JIPYToM, ¢ = p— 1, To U3 2p yKasaTeJiei, OTBOJIUMBIX
ISt XpaHeHUst IyT, p + 1 Bcerja XpaHut 3HayeHue nil, To ecTh M0JIOBUHA CBsI3€ll He UCIIOJIb3YETCS.

2. YmakoBaHHbI€ MACCHBBL BCE Y3JIbl PACIIOJArailoTCsl B MacCHUBE, TaK 4TO BCE Y3JIb
MoJi/iepeBa JaHHOTO y3Jia PacIojiaraloTcsl BCJE 3a 3THM y3J0M. BMmecre ¢ KaIbiM
Y3JIOM XPaHUTCS WHIEKC y3Jia, KOTOPBIN SIBJISETCS TIEPBBIM Y3JIOM MIPABOTO TOAepe-
Ba JaHHOTO yaja. JlepeBo T 0OBIYHO ONpeAeseTcsT CleAyonM obpasom: T @ array
[1..p] of struct { i: info, k: 1..p }, e Tum info cunraercs 3amaHubM. 15t 9TOTO
npezictaBienus n(p) = 2p.

3. Iloabckast 3amuch: aHAJIOTMYHO, HO BMECTO CBA3el (DUKCUpPyeTcs «pa3MedcHHas cre-
meHby» Kaxaoro y3na (Hampumep, 0 o3Havaet, yTo 9TO JUCT, 1 — ecTb JeBas CB43b,
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HO HET IpaBoil, 2 — ecTb IpaBasi CBA3b, HO HeT JieBOH, 3 — ecTb 06e cBsa3u). [e-
peBo T ompenensiercst caenyomum obpasom: T : array [1..p] of struct { i : info,
d : 0..3 }, tne tun info cunraercs 3amanubiM. s atoro npencrasienus n(p) = 2p.
Ecau crenens y3ma n3BecTHa U3 WHGOPMAIINH, XPAHSIIEHCS B CAMOM y3JI€, TO MOKHO
HE XPaHUTh U CTeNeHb. Takoil crmocol MpecTaBIeHus IEPEBbEB HA3BIBAETCS NOAbCKOL
3anuceio M 0OBIYHO HCIIOJNB3YETCsl IS MPEACTaBIeHUsT BhIpakeHUd. B aToM ciyudae
TpeJICTaBJIeHNE IePeBa OKA3bIBAETCST HanhoJiee KOMITAKTHBIM: 00BEM TTAMATH n(p) = p.

Mpumep. IlokaskeM, KaK BBIJISAAT B IIaMATH OUHAPHBIE AE€PEBbS B PA3HbIX IPEACTaB-
JleHusX. B npuBoguMoil Huske TabJuile epBast TPYIa CTOJOLOB COOTBETCTBYET IIOJISAM
CIIUCOYHBIX CTPYKTYP, BTOpasi— YHAaKOBAHHBIM MACCHBAM U TPETbsi— IOJbCKOW 3alUCH
C SIBHBIMU Pa3MEYEHHBIMU CTENEHSIMU. YCJOBHBIE aJpeca— 3TO IeJible YKMCJIa, a MyCTOi
ykasaresib— 0. PaccmarpuBaercs GuHapHoe aepeBo Ha puc. 9.13 cripasa.

Anpec || i |l |r ||| k]|l i|d
1 a|2(0fa|0fall
2 b|13|5|b|5|b|3
3 d|0|4]d|4]d]|2
4 el0[0fle|0fe]0
5 c|6]0|c|O0]c]|1
6 FI1O17UW 1712
7 glO0|8|lg|8]g]2
8 h|{9|0||h|O]|h|1
9 1|00z |0] 2|0

9.3.6. 06xoabl OMHApPHbIX AepeBbEB

BobIIMHCTBO aITOPUTMOB PabOTHI ¢ JAEPEBBSIMI OCHOBAHbBI Ha 06X01aX. BO3MOXKHEI cJie-
JyIollie OCHOBHbBIE 00X0/IbI GUHAPHBIX JEPEBHEB.
IIpamoit (npepurchotil, reewiii) 06X0m: MOTIACTh B KOPEHB,
oboiiTn JIeBoe MoJIEPEBO,
060iTH TIPaBOE TOJIEPEBO.
Buympennuit (unguxcnolil, cummempuunoiii) o6xon:  000UTH JieBOe TOALEPEBO,
MOTIACTh B KOPEHD,
060liTH TIpaBoe MOIEPEBO.
Konuesoti (nocm@puxcnwiil, npaswiit) 00Xo: 060liTH JIeBOE TIOAIEPEBO,
000liTH IIpaBoe MOJAEPEBO,
MOTIACTh B KOPEHb.

Kp0Me TpéX OCHOBHBIX, BOSMOJKHBI €11€¢ TP COOTBETCTBYIOIINX O6XOI[3., OTJINYAIOIMNXCA
IMOPAAKOM paCCMOTPEHUMA JIEBBIX U ITPAaBbIX ITO/AEPEBLEB. ITUM HNCUYEPIIbIBAIOTCA 06XOZII)I,
€CJINn B IIPpE/ICTaBJIEHUN (l)I/IKCI/IpOBaHbI TOJIBKO AYyTH, BEAyIINE OT OTIHOB K CbIHOBbSIM.

SAMEYAHUE
Eciiu kpome cBsizeil «OTel—ChiH» B IIPEACTABIEHUY €CTh APYTUe CBS3U, TO BO3SMOKHbI 1 gpyrue (60-
Jsiee acderTuBHbIe) 00X0bI. JlepeBbsi, B KOTOPBIX IyCTbI€e T10Js1 [ U 7 B CTPYKType N HCIIOJIb3YIOTCS
JUIST XpaHEHUs! JIONOJHUTENbHBIX CBSI3€il, HA3BIBAIOTCS NPOWUMbIMU OPEBSIMU.
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Mpumep. KomnieBoit 06x01 epeBa BBIPAKEHUS a + b * ¢ JaeT 06pamuy TOJbCKYIO
3aIl1Ch 3TOTO BBIPAXKEHUS: abe * +.

OTCTYNJIEHUE

IMosnbekast 3anmch BoIpaskeHUil (MpsiMasi Wi 06paTHas) PUMEHSIETCST B HEKOTOPBIX SI3BIKAX T1PO-
IPaMMHPOBAHUS HEMIOCPEJCTBEHHO U HMCIOJIb3YeTCs B Ka4eCTBe BHYTPEHHETO NPEICTABJIEHUS T1PO-
rpaMM BO MHOTHX TPAHCJIATOPAX W MHTeplperatopax. IIpuunHa 3akjIiovaeTcs: B TOM, 4TO TaKast
dopma 3anucu nomyckaer odeHb 3GPEKTUBHYIO MHTEPIIPeTauio (BbIUNCIeHe 3HAUYEHNsI) BbIpa-
xeunit. Harpumep, 3Hauenne BbIpaKeHMsi B 0OPATHON MOJIBCKOI 3aIMCH MOXKET OBITh BBIYHUCJIEHO
IIPU OJIHOKPATHOM IIPOCMOTDE BBIPAKEHMS CJieBa HAIPABO C MCIIOJb30BAaHUEM OJIHOTO CTeka. B
Takux si3bikax, kak Forth u PostScript, o6paTHast HoJibCKast 3aMUCh UCIIOJIB3YETCS KAK OCHOBHASI.

SAMEYAHMUE

Bceaxoe opaepeBo 3a1aéT 4acTUYHBLI TIOPS/IOK HA MHOXKECTBE Y3JI0B, IPUYEM MUHUMAJIBHBIN 3J1e-
MEHT €eIMHCTBEHHbI1 (KOpeHb). Besikmii 06X0l epeBa 3aiaéT CTPOrUil JIMHEHHBIN TMOPSIIOK Ha
MHOJKeCTBe y3710B. I1psiMoii 06X0/I [lepeBa 3ajiaeT TAKOW JIMHENHbIN MOPSIIOK HA MHOKECTBE Y3JI0B,
KOTOPBIN He IIPOTHBOPEYNT MCXOAHOMY MOPsAKY. Hekoropsie apyrue o0X0sl TaKkKe COXPAHSIOT
UCXO/HBIN MOPSZOK (HANPUMED, MOUCK B MMPUHY— 00X0[ 710 yposusm). B To ke BpeMsi, yacTb
00X0/I0B HApyLIAET UCXOJHBIN MOPSIZOK (HAIIPHMED, KOHIIEBON U CUMMETPUYHbII 00XO/bI).

9.3.7. AnroputMbl CUMMETpPUYHOIro o6xoaa GuHapHOro aepesa

[TporpaMMHbIE PeaTH3aIMN PA3TUIHBIX 00X0/I0B OMHAPHBIX IEPEBHEB OMHOTUIHLL. B Ka-
YyecTBe IIpuMepa PacCMOTPUM CUMMETPUYHbIH (MH(bUKCHBINA) 06x0a. Peanusanus ob6xomna
OGUHAPHOTO JlepeBa € MOMOIIBI0 PEKYPCUBHOI Tporenypbl TraverseTree He BbI3bIBaeT
3aTpyAHEHUI.

Asroput™ 9.6. PekypcUBHBIN aJlTOPUTM CUMMETPUYHOTO 00X0j1a OMHAPHOTO JepeBa

Bxoa: GunapHoe epeBo, NMpeACTaBJEHHOE CIMCOYHON CTPYKTYpOii, p — yKasaTeJab Ha
KOPEHb.

Bbixoa: mociiefoBaTebHOCTh Y3JI0B OMHAPHOIO JepeBa B IOPSAKE CUMMETPUYHOTO
obxona.
if p.l # nil then TraverseTree(p.l) end if // oboiiTi eBoe mozIEPEBO
yield p // ouepenHoit ysesn mpu cUMMETPUYHOM 00XO0/I€E
if p.r # nil then TraverseTree(p.r) end if // oboiiTu paBoe mojIEPEBO

B HEKOTOPBIX ciydasx u3 coobpaxkeHuii apheKTUBHOCTH IIPUMEHEHNE ABHON PEKyPCUH
OKasbIBaeTCsl Heskesare bHbIM. ClIeyIONiii OUeBUIHbBII alTOPUTM peaiusyer HauboJsiee
MOMYJISIPHBIN CUMMETPUYHBIN 06X071 6€3 SIBHOI PEKYPCUH, HO C UCIIOJIb30BAHUEM CTEKA.

SAMEYAHMUE

JlobaBiieHrie B CIIMCOYHYIO CTPYKTYPY YKa3arTeJisl HA POAUTEISI MO3BOJISIET HAIMCATH 0OXO/IbI Jiepe-
BbeB (€3 MCIOJIb30BaHsI PEKYPCUU WK KOHTeHepa (CTeKa, 04epeiin).
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Ausroput™ 9.7. AJIrOpuT™M CUMMETPHUYHOTO 00X071a OMHAPHOTO JEpeBa CO CTEKOM

Bxoa: GuHapHOe JepeBo, MPEACTABIEHHOE CIMCOYHON CTPYKTYpPOH, 7 — yKasaresb Ha
KOPEHb.
BbIxoa: mociieoBaTeIbHOCTh Y3JI0B OMHAPHOTO JepeBa B IOPSAKE CUMMETPHYHOTO
obxoza.
T:=g;p:=r // BHavaje CTeK MyCT U p YKa3bIBacT Ha KOPEHD /lepeBa
M : // amanusupyem y3es, Ha KOTOPBIM YKa3bIBaeT p
if p = nil then
if T = & then
stop // 006xo/; 3aKOHYEH
end if
p+ T // nesoe nojaepeso 060ieHo
yield p // ouepennoii ysen mpu cuMMeTpUYHOM 00X0z€
p:=p.r // HaumHaeM 00XOJ IPABOTO IMOJIepeBa
else
p— T // 3amoMuHaeM TeKyIIUH y3es. ..
p:=p.l // ... HauMHaeM 00XOZ JIEBOTO MOJAepeBa
end if
goto M

9.4. [lepeBbS COPTUPOBKM

B sToM paszerne 006CyKAAETCSI OJHO KOHKPETHOE TIPUMEHEHHUE JIEPEBBEB B IIPOTPAMMU-
POBAHUU, 2 UMEHHO 0epegbst COpmuposku (TaKKe HA3BIBAEMBIE 0ePebAMU YROPAouUsa-
nus). Ilpu aTOM paccMaTpuBaIOTCS Kak TeOpeTHYecKue BOIIPOCHI, CBSA3aHHBIE, HATIpUMED,
C OLIEHKOH BBICOTBI [IEPEBbEB, TaK M IIpAaKTUYeCKas peajusallds ajJropuTMOB, a TaKKe
IEJTBIN S TParMaTHYECKUX ACTIEKTOB TIPUMEHEHWS IEPEBHEB COPTUPOBKU M HEKOTOPBHIE
CMEXHBIE BOTIPOCHL.

9.4.1. AccounaTuBHas namMsTb

B mpaktuueckoM mporpaMMUpOBAHUU JIJISI OPTAaHU3AIMUM XPAHEHUS JIAHHBIX U JIOCTY-
[a K HAM 4acTO KCIOJIb3YETCS MEXaHW3M, KOTOPbIA 0OBIYHO HA3bIBAIOT ACCOUUAMUBHOLU
namsamoro. Ilpn mcosb30BaHNYT aCCOIMATUBHON TAMSTH JaHHbBIE [IEJISATCS HAa iopiinu (Ha-
3BIBAEMbIE 3ANUCAMU), VI C KAKAOU 3alMUCBIO acCOIMUpyeTcs katoy. Kiou— ato 3HaueHue
13 HEKOTOPOTO JIMHENHO YIIOPSIOYEHHOTO MHOKECTBA, a 3aIIUCH MOTYT UMETh TIPOU3BOJIb-
HYIO TIPUPOY U Pa3judHble pazMepbl. JlocTyn K JaHHBIM OCYIIECTBIISIETCS TTO 3HAYEHUIO
KJII0Ya, KOTOPOe OOBIYHO BHIOMPAETCS IIPOCTHIM, KOMIAKTHBIM U YAOOHBIM JJIsi paOOTHL.

Mpumepbl

ACCOHI/IaTI/IBHaH ITaMATHb UCIOJIb3YETCA BO MHOTI'MX O6]IaCT51X JKN3HN.

1. ToskoBbIIT CJIOBApPb WJIN SHIMUKJJIOIEAWA: 3alIChIO ABJIACTCA CJIOBapHaA CTATbs, a KJIIO-
YOM — 3aroJioBOK CJIOBapHOfI CTaTbWU.

2. AxpecHas KHUTA: KJIIOYOM SIBJSIETCS UM aDOHEHTa, a 3aliChI0 — afipecHas uHdOpMa-
uust (TenedoH(bl), TOYTOBBIN aapec U T. 1.).

3. BankoBckue cuera: KJIIOYOM SIBJISIETCS HOMEDP CUETa, a 3aluchio — (PUHAHCOBAs WH-
dopmarust (KOTOpast MOKET OBITh OYEHD CIIOKHOIN).

Takum o6pa3oM, accolmaTHBHAS [aMSATh JOJIKHA IOAIEP/KUBATDH 110 MEHbIIEH Mepe Tpu
OCHOBHBIE OIlepalnu:
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1) mo6GaBuTh (K04, 3aIIUCh);

2) HaiiTu (KJI0Y) : 3aIHCh;

3) ynammTh (KJI0Y9).

IbGeKTUBHOCTD KaXK/ION OlEepaIiuy 3aBUCUT OT CTPYKTYPbI JJAHHBIX, UCIIOJIb3YEMOM JIJIsT
MIPEJICTABIEHNUST ACCOIMATUBHON MaMATH. JDPEKTUBHOCTD aCCOIMATUBHON TAMSITH B IIe-

JIOM 3aBHICUT OT COOTHONIEHWST YaCTOTBI BBITIOJTHEHWS] PA3JIMYHBIX ONEpaIuii B JaHHOU
KOHKDPETHOH TIPOTPaMMe.

3AMEYAHMUE

Takum 06p330M, HEBO3MOJXHO YKa3aTb crocob Opranu3anumnu aCCOHHaTHBHOfI ITaMATH, KOTOpI)IP)I
OKa3zajcs Ob HaWJIYy4dIINM BO BCE€X BO3MOJKHBIX CJIydasax.

9.4.2. CnocoObl peanusauuu accouuaTUBHOW NamMsaTn

[[JIH IIpeacTaBJICHUA aCcCOIMAaTUBHON TaMATH HCIIOJIb3YIOTCA pa3H006pa3HbIe CTPYKTYDPbI
JAHHBIX!

1) HeynopﬂaoquHmﬁ MaCCHB, B 9JIEMEHTaX KOTOPOI'O XpaHATCA 3HAYECHU A KJIIouei aKTy-
AJIbHBIX SaHI/ICEI‘/JI;

2) ynmopsiioueHHBI MAacCUB, B 3JieMEHTaX KOTOPOTO XPAHSTCS 3HAUYEHUs KJO4Yel aKTy-
aJIbHBIX 3aIuceil B nopsike BozpacTanus (uau yObIBaHUs);

3) mabruya paccmanoexu (M xsu-mabiuya);

4) HeynopsJIOYeHHBIN CIMCOK, B 3JIEMEHTaX KOTOPOTO XPAHITCS 3HAYEHUS KITIOUel aKTy-
AJIbHBIX 3aIlMCelt;

5) YIOPSIIOYEHHBIH CIMCOK, B 3JEMEHTaX KOTOPOTO XPAHSTCS 3HAYEHHUST KJIOYel akTy-
aJIbHBIX 3aMuceil B MOpsijike Bo3pacTaHus (MK yObIBaHUSN );

6) depeso copmuposku — OWHAPHOE AEPEBO, KAKABIU y3eJ KOTOPOTO COAEPKUT KU
(4 yKasaTesib Ha 3amMuch) U OOJIAAET CIEAYIONIUM CBOHCTBOM: 3HAYEHUS KJOYA BO

BCEX y3JIaX JIEBOTO TIO//IePEBA MEHDIITE, & BO BCEX Y3JIaX MIPABOTO MOjiepeBa — GOJIbIILe,
yeM 3Ha4YeHHe KJouya B y3Jle.

IIpn wmcnonb3oBaHUM HEYHOPSIOUEHHOTO MacCchBa QJITOPUTMBI peasu3alivii orneparui
acCOIMATUBHON NMaMsATH OYeBU/HBIL.

1. Omnepanus «106aBuTh (KJIIOY, 3allUCh)» peaausyercss Jo0aBjeHreM 3aliCu B KOHEI]
MmaccuBa (Tpynoémkoctb O(1)).

2. Omepanusi «HaUTH (KJII0OY) : 3aIIUCh> PEATUIYETCsI TPOBEPKO B IMKJIEe BCEX 3aIUCei
B MaccuBe (Tpynoémkroctb O(n)).

3. Omepanust «ynanuth (KJII09)» peanusyeTcsl MOWCKOM YAaIsieMOH 3aluch, a 3aTeM
mepeMenieHneM TIocaeIHel 3amic Ha MeCTo ynansemoit (Tpymoémrocts O(n)).

YHOI)HZ[O‘-IGHHHG MaCCHUBbI O6cy>Kl[aIOTCH B CJIeAyIOIIEM Haparpad)e.

[Tpn mcoTb30BaHNM HEYOPSIOYEHHOTO CIHCKA aJTOPUTMBI PeaN3alliy ONepanuii ac-
COIMATHBHOM TaMSITH TAKJKE OUEBH/IHBI U HE JAF0T 0COOOTO MPEUMYIIECTBA TT0 CPABHEHHIO
C MaCCUBOM.

1. Omeparust «100aBUTh (KJIH0Y, 3alMCh)» pealnusyercss No0OABICHIEM 3aUCH B HAYAJIO
crcka (tpymoémiocts O(1)).

2. Omneparust «HaiTH (KJIOY): 3aMUChy PEATM3YETCS MPOBEPKON B ITUKJIE BCEX 3aITUCEN B
cricke (Tpymoémkocts O(n)).


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

420 Mmaea 9. OepeBbs

3. Omnepaiust «ynamuThb (KJI04)» PeaTU3yeTcs: TOUCKOM y/IaJsieMOl 3aIlliCH, a 3aTeM KC-
KJIIOUEHVeM 3aluCh U3 CHUCKA (XOTs MepeMelaTh 9JIEMEHTBI DU 3TOM HET HYKIIbI,
TPYIOEMKOCTh BCE€ paBHO cocTaisieT O(n)).

OTCTYINMJIEHUE

Tabuuibl PACCTAHOBKU SIBJISIOTCSI YPE3BBIYANHO BaKHBIM IIPAKTUYECKUM [TPUEMOM IIPOTPAMMUPO-
BaHUsI, MOAPOOHOE OMUCAHUE KOTOPOTO HE BKJIIOYEHO B YUeOHMK M3 HKOHOMUHU MecTa. Brparme
OCHOBHasi ujesl 3aKjoJaercss B cienyomeM. [logbupaercs: crenuanbHast QYHKIMS, KOTOpas Ha-
3bIBACTCS XAuUl-(pynKyuerl, TIePeBOSAIIAs 3HAYCHUE KJIIOYa B a/[pec XpaHeHus 3amucu (aapecoM
MOJKET ObITh MHEKC B MACCHBE, HOMED KJACTePa Ha [MCKe ¥ T. [1.). TakuM 06pa3oM, 10 3HAUYEHUIO
KJIIOYa € MOMOIIBIO0 X31I-(hYyHKINU Cpa3y OIpeessseTcsl MECTO XPAHEHMs 3allUCU U OTKPbIBAETCS
poctyn K Hedl. Xour-hyHKIHs MoAGHPaeTess TAKUM 00Pa3oM, 4TOObI PA3HBIM KJIOYaM COOTBET-
CTBOBAJIM, 110 BO3MOKHOCTH, pasHble ajpeca M3 [Mala3oHa BO3MOKHBIX ajgpecoB 3amuceil. Kax
[PaBUJIO, MOIIHOCTh MHOXKECTBA KJIIOUel CYIIeCTBEHHO GoJibllle pa3Mepa IIPOCTPAHCTBA aIpPECOB,
KOTOpPOE, B CBOIO OYepe/lb, OOJIbIe KOJMIECTBA OHOBPEMEHHO XpaHUMBbIX 3aruceil. [loatomy npu
MCIOJIb30BAHUY X3IIMPOBAHUS BO3MOKHDI KOAIUSUU— CUTYAIMH, KOT/IA X3II-(DYHKIUS COIIOCTABJIA-
€T O/IMH U TOT K€ aJIPEC JIBYM aKTyaJbHBIM 3AIMCAM C PA3IMYHBIMM KJIl04aMu. Pazimunbie MeTo/ bl
XIIIMPOBAHUS OTJIMYAIOTCS APYr OT Apyra CIocobaMu paspelleHus KOJIM3UU U NMpUéMaMi Bbl-
yucyienus xau-GyHKimid. TinarenbHas NpOrpaMMHast peajusanusi U coOJIoleHue OTPAaHUYEHMI Ha
MOII[HOCTh MHOKECTBA KJIIOYEH, aJipecoB U 3allUCell TO3BOJISIIOT IPAKTHYECKH M30eraTb KOJLIU3UIL.
Ecau xosnusnii HeT, TO TPYAOEMKOCTb BceX TPEX orepanuii cocraniser O(1).

9.4.3. AnropntMm OMHapHOro (4BOUYHOro) nomcka

[Ipn mcosnb30BaHNYN YHIOPSOYEHHOTO MAaCCUBA IJIST TIPE/ICTABIEHUS CaMOM BasKHOHM OKa-
3bIBAETCS OIIEPALUs MOUCKA, IIOCKOJIbKY YTOObI yaIUTh 3alIUCh, €€ HeOOX0JUMO CHaYaIa
HAiiTH, U IPY BCTaBKe 3allMCH HEOOXOIMMO HATH MECTO /st 9TOM 3alliCH.

B yropsiioueHHOM MaccuBe OIepaIiust MOMCKa 3aMUCH MO K04y MOKeT GbITh BBIIIOTHEHA
3a Bpemst O(log, n) (T71e n — KOJMYIECTBO 3alyceil) ¢ HOMOIIBIO CJIeYIOLIEro aJIropUTMa,
M3BECTHOTO KAK aJTOPUTM OuHaprozo (MK 080UYHO20) TIOWCKA.

Asropurm 9.8. buHapHbBIT TONCK

Bxoa: ximou a : key, ynopsilo4eHHBII MacCUB
A array [l..n] of struct { k: key;i: info }.
Boixoa: WHEKC 3aITCH ¢ UCKOMBIM KJIIOYOM a B MaccuBe A uiu (), eciu 3aricu ¢ TaKuM
KJIIOUOM HeT.
b:=1 // HauanbHBIN MHEKC YaCTU MACCUBA [IJII TIOUCKA
e:=n // KOHEYHBII WHJIEKC YaCTU MACCUBA /I TIOUCKA
while b < e do
c:=(b+e€)/2 // uHIeKc IPOBePsieMOTo djieMeHTa (OKPYTIEHHBII /10 1IEJI0TO)
if Alc].k > a then
e:=c—1 // mpomonxaeM TIOUCK B MEPBOH IMOJIOBIHE
else if A[c].k < a then
b:=c+1 // npojoyzKaeM TIOUCK BO BTOPOH TIOJIOBUHE
else
return ¢ // HAILIU UCKOMBIN KJIIOY
end if
end while
return 0 // WCKOMOTO KJIf04a HET B MAacCUBE
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OBOCHOBAHME. [[OCTAaTOYHO 3aMETUTD, YTO HA KAKIOM IIIare OCHOBHOTO ITUKJIA HMCKO-
MBIl 9JIeMEHT MaccuBa (€CJIM OH eCTh) HAaXOAUTCS MeXKy (BKJIIOUUTENBHO) dJIeMEeHTaMU
c uaexkcamu b u e. [Tockonbky nuana3on mowcka Ha Kask/IOM IIare YMEHBIIAeTCs BJIBOE,
061mast TPYA0EMKOCTD He TIPEBOCXOAUT log, 7. (I

OTCTYIMJIEHUE
YnopsiroueHHble CIIMCKU IIPOUTPLIBAIOT YIIOPSIIOYEHHBIM MacCUBaM IIPU pean3aliuy olepanuil ac-
COLMATUBHON IaMATH, TIOCKOJIbKY [IJIS1 CIIMCKOB HET aHAaJIoTa aJIFOPUTMA JIBOMYHOTO MOUCKA. IJTO
YacTHOe HaBJTIO/IeH e SIBJISIETCSI TPOSIBJIEHIEM BeChMa 00111eTo (haKTa, COCTOSIIIETO B TOM, YTO BPEMsI
JIOCTYIIa K 9JIEMEHTY MacCHBa He 3aBUCHUT OT HOMepa 3JIeMeHTa 1 OT pa3Mepa MaccuBa. JoBopsT, 4To
MAaCCHUB SIBJSIETCSI CTPYKTYPOU JAHHBIX NPsiM020 00CMYyNd, 3TO XapaKTEPUCTHYECKOe CBONCTBO Mac-
cuBa. Bo Bcex ke «AMHaMHUYeCKUX» CTPYKTypaxX JaHHBIX, B YaCTHOCTHU, B CIUCKAX, BPeMs JOCTyIa
3aBUCHUT OT IOJIOKEHUS 3JIeMeHTa U OT pasMepa CTPYKTYPhI IaHHBIX.

9.4.4. AnroputM nNoucka B aepeBe COpPpTUPOBKU

OG6patuMcst TeTephb K J€PEBbSIM COPTUPOBKU (TIOMCKA).

SAMEYAHMUE

CuMMeTpUYHBIH 00X0/ /epeBa MOWCKA MEPEYC/IIET MHOKECTBO Y3JI0B B MOPSAKE BO3PACTaHUS
3HaYeHUsI KJI0Ya, TO €CTh OIpPEJIEJISIeT CTPOTUI JUHEHHDBIN MTOPS/IOK Ha MHOKECTBe y3JI0B. Takum
06pasom, J11000e KOHEUHOE JIMHEHHO YIOPSAI0YEHHOe MHOKECTBO MOKHO IPEICTaBUTh B BUJE Je-
peBa moucka. [1ob3a OT TAKOTO TMPEACTABJIEHUs B TOM, YTO 9TO TO3BOJISIET TPOU3BOJIUTH MHOTHE
orleparyy ¢ MHOXKeCTBOM (B YaCTHOCTH, OUCK ajieMenTa) 3a BpeMs O(h), rie h — BbIcoTa Jiepesa.
B npezespHoM carydae, korfa h = log, n, TIOUCK ¢ MOMOIIBIO IepeBa COPTUPOBKU paboTaeT Takske
OBICTPO, KaK JTBOUYHBIN MOMCK.

Cutepytomuii aITOPUTM HAXO/IUT B JIEPEBE COPTUPOBKU Y3€JI C YKA3aHHBIM KJIIOUOM, €CJIH
OH TaM €CTb.

Agropurm 9.9. Tlouck y37na B siepeBe COPTUPOBKH

Bxoa: nepeso coptupoBku 1, 3a/laHHOE yKasaTejieM Ha KOPeHb; KoY a : key.
Bbixoz: ykasaTesb p Ha HaliZieHHBIH y3es wid nil, eciim B fiepeBe HET TaKOro KJIoya.
p:=T // ykazaTeJb Ha IIPOBePsIeMbIN y3eJ
while p # nil do
if a < p.i then
p:=p.l // nponomxaeM MOWCK CJeBa
else if a > p.i then
p:=p.r // TpOAOIKAaeM MOUCK CIIpaBa
else
return p // Hamn y3sen
end if
end while
return nil // uckomoro kioya HeT B JepeBe

OBOCHOBAHME. OJTOT AITOPUTM PabOTaeT B TOUHOM COOTBETCTBUHU C ONPEAETICHUEM Jie-
peBa COPTUPOBKU: €CJIM TeKYLUIl y3el He UCKOMbLI, TO B 3aBUCUMOCTH OT TOI'O, MeHbIlle
uyiu GOJIbIIle MICKOMBIN KJTIOY 110 CPABHEHWIO € TEKYIIIUM, HYKHO ITPOJIOJIKATD MMOUCK CJIEBA
WUJIN CIIPaBa COOTBETCTBEHHO. (]
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9.4.5. Anroputm BCTaBKMU B AEePEBO COPTUPOBKU

OxuH U3 BO3MOKHBIX CIIOCOGOB BCTAaBKU B JIEPEBO COPTHPOBKU Y3JIa ¢ YKasaHHbBIM KJIO-
yom omucan B aaropurme 9.10.

3AMEYAHUE

HeobxoauMo 0OTMETUTD JIBa BasKHBIX 00CTOSITENbCTBA. BO-1IEPBBIX, B IepEBE yiKe MOKET ObITh y3eJ
C YKa3aHHBIM KJII04OM. TpebyeTcsi OmpeeinThb, YTO HAJIEKUT [eIaTh B 9TOM CJydae: BbIIABATH
coobrienue 06 onbKe, MEHATH CTAPYIO 3alMCh HAa HOBYIO C TEM JKe KJIIOYOM M T. . B manHoi pea-
JIM3AIMY HUYETo He JielaeTcsl. Bo-BTOPBIX, Mpe/iiaraeMblii alTOPUTM XOPOTIIO pabOTaET, eCJiv IePeBO
COPTUPOBKH «IMHAMUYHOE>, TO €CTb B HETO OCTOSIHHO J00ABIISIIOTCS U YAAISIOTCS KIIOYH, [IPUYEM
3HAYEHUd KJ0Yel ciydailHbl U paclpesiesieHbl paBHOMePHO. Eciin ke 3HaYeHUs KJo4eil MeHSIoT-
sl PEryJISIPHBIM 06Pa30M, HAIPHMED, €CJIM KJIIOYU BCE BPEMSI BO3PACTAIOT, TO TAHHBIA aJTOPUTM
[IPUMEHSATD HE CJIe/yer.

Anropurm 9.10. BeraBka ysia B iepeBO COPTUPOBKHU

Bxoxa: nepeso coptupoBku T, 3alaHHOE yKa3aTeseM Ha KOPeHb; KIoY a : key.
Beixoa: mMoanbuiupoBaHHOE AEPEBO COPTUPOBKU 1.
if T = nil then
T :=NewNode(a) // nepBbiil y3en B fepeBe
return T'
end if
p:=T // ykazaTeapb Ha TEeKYIIUN y3eJ
while true do
if a = p.i then
return 7' // B fepeBe yKe eCTb TaKOW KJIIOY
end if
if a < p.i then
if p.l = nil then
p.l:=NewNode(a) // co3maém HOBBIIT y3es
return 7' // W MOMIETIISIEM €TO K P CJIeBa
else
p:=p.l // NPOAOJIKAEM MMOUCK MECTA JIJisi BCTABKHU CJieBa
end if
else
if @ > p.i then
if p.r = nil then
p.r:=NewNode(a) // co3maém HOBBIN y3es
return T // u TOfIeT/IIEM €TO K p CIIpaBa
else
p:=p.r // NPooJKaeM TIOUCK MecTa /I BCTaBKH CITpaBa
end if
end if
end if

end while

OBOCHOBAHME. AJITOPUTM BCTaBKH, B CYIITHOCTH, aHAJIOTUYEH JITOPUTMY TIOMCKA: B Jie-
peBe WIMETCST TAKOW y3es, UMEIOINil CBOOOMHYIO CBSI3b /IS TIOATENIEHNsT HOBOTO Y3714,
9TOOBI HE HAPYIIAJIOCH YCIOBHE JIepeBa COPTUPOBKU. A UMEHHO, €CJIU HOBBIN KJTI0U MEHB-
e TeKyIero, To JUO0 ero MOKHO MOAIENUTh cJeBa (ecjau JieBas CBsA3b CBOOOIHA),
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JnbOo HY;KHO HAlTH cJieBa MOAXOJIee MECTO. AHAJOIMYHO, €CJIM HOBbIH KoY GoJIbIie
TeKyIIero. O

OTCTYMJIEHUE
B nocaiesitee BpeMst B cpejie TpodheccnoHa bHBIX MTPOrPAMMUCTOB HAOIIOAAETCS TPOTHBOECTECTBEH-
HOE ¥ JIOCTOWHOE COKAJIEHUSs! sIBleHUEe — 00(hycKayust TIPOTPAMM, TO €CTb UCKYCCTBEHHOE COCTaB-
JIEHHE TEKCTOB MPOrPAMM TAKUM 00Pa30M, 4TOOBI C/IEJIaTh UX KaK MOKHO (oJiee HeMOHSITHBIMHE JJIst
unraresst. O6braHO 00dycKalyst 06OCHOBBIBAETCSI HEOOXOAMMOCTBIO 3ALIUTHI MHTEJUIEKTYAIbHON
COOCTBEHHOCTH, XOTSI HA CAMOM JIeJie, [0 MHEHHIO aBTOpa, 0O(MYCKAIUS YacTO SBJSETCST TIPOsIBIIe-
HUEeM KOMILJIEKCA HEIIOJHOIIEHHOCTH, pa3BuBaolerocs Ha (oHe HeIoCTaTOUHOTo YpoBHS Hpodec-
CHOHAJIBHON MOATOTOBKH. [lJIsT MIUTIOCTPAIMM TOCJIEJHETO Te3KCa NPUBEAEM IIPUMEP TOTO, KaK He
#ado mucaTh IPOTrPaMMBI, IPoBest 06¢ycKkaimio aaropurma 9.10.

Bxox: mepeBo cOPTUPOBKH, 3aaHHOE yKazaTeJaeM Ha KopeHb T : TN,
rae N = struct { i : key; [ : array [0..1] of TV }; xmou a : key.
Boixoa: MoauduUIMpoOBaHHOE AEPEBO COPTUPOBKH 1.
if T' = nil then
T :=NewNode(a)
return T’
end if
p:=T
while true do
if a = p.i then
return T’
end if
b:=a>pi
if p.l[b] = nil then
p.l[b] : = NewNode(a)
return 7'
else
p:=p.l[b]
end if
end while

ITa nporpaMma MPUMEPHO BABOE KOPOUYE, UyTh MeJeHHee (AOCTYIl K 3JIEMEHTY MacCUBa OOBIYHO
MejlJIeHHee [JOCTYIIA K MOJII0 CTPYKTYPbI), UCTIOJIb3yeT HesiBHOE TipuBejetue false — 0, true +— 1,
1 e€ TPYIHO MOHSTH €3 AOMOJIHUTENbHBIX TTOSICHEHHH.

9.4.6. Anroputm yaasieHus U3 gepesa COpTUPOBKU

Curery1onuii airopuT™ yIaJsieT U3 JiepeBa COPTUPOBKU y3eJl ¢ YKa3aHHbIM KioyoM. Ecim
y3Jia ¢ yKa3aHHBIM KJIIOYOM HET B ZiepeBe, TO HIUero He fesaetcs. Ha puc. 9.14 npuBenena
WJLTIOCTPAIIHS K 3TOMY QJITOPUTMY.

OBOCHOBAHUE. Y/laJieHWe y3Jia MPOU3BOJUTCS IE€PECTPOUKON JlepeBa COPTHPOBKU.
[Ipu aTOM BO3MOXKHBI TpH cIydas (He CUUTAS TPUBHAIBHOTO CJIydas, KOT/IA yAAJISIeMOTO
y3Jia HET B ZiepeBe, M HUYETO JIeJIaTh He HYKHO).

[ 1] IIpaBas cBsa3b ypasnsgemoro yana p nycra (puc. 9.14, cresa). B aTom ciyuae jeBoe
Io7i/IepeBo 1 y371a p MOATEIISIeTcsl K POIUTETBCKOMY Y3IIY ¢ C TOH JKe CTOPOHBI, C KOTOPOI
GBI TIOMIIETIIIEH Y3€eT p. YCIOBHUE JIepeBa COPTUPOBKHU, OYEBUIHO, BHITIONHSIIETCS.

[ 2] IlpaBas cBsI3b yaIsIeMOTO y371a p He ITycTa ¥ BEAET B y3eJI u, JeBasl CBSI3b KOTOPOTO
nycta (puc. 9.14, ¢ yenmpe). B atom ciydae JeBoe mozzepeBo 1 y3ia p TMOAIETISIETCS
K Y3JIy © CJI€Ba, a caM y3eJ u HOALEIUIIeTCs K POAUTENIbCKOMY Y3y ¢ C TOH Ke CTO-
POHBI, ¢ KOTOPOU OBLT TOAIEIIEH y3ega p. HeTpyaHO MPOBEPUTH, YTO YCIOBHE JiepeBa
COPTUPOBKY BBITIOJIHSIETCS U B 3TOM CJIydae.
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Agroputm 9.11. Ynanenue y3na u3 nepeBa COpPTUPOBKHU

Bxoa: mepeso coprupoBku T, 3alaHHOE yKa3aTeJeM Ha KOPeHb; KoY a : key.
Boixon: monuduiinpoBaHHOE JiepeBO cOPTUPOBKU 1.
Find(T,a,p,q,s) // NOUCK yHajisieMOro y3ja
if p = nil then
return 7' // HET TaKOro y3ja— HUYETO JEJIaTh He HYKHO
end if
if p.r = nil then
Delete(p, q,p.l,s) // cnyuaii 1, puc. 9.14, cresa
else
u:=Dp.r
if u.l = nil then
u.l:=p.l
Delete(p, q,u,s) // caydait 2, puc. 9.14, ¢ uenmpe
else
wi=uv:=1u.l
while v.l # nil do

w:=v;v:=0.l

end while
paii=u0.i
Delete(v, w,v.r,—1) // cayuait 3, puc. 9.14, cnpasa
end if
end if
return T'

0, ()
— =)

/\ <
1 1 2

Puc. 9.14. Nnnoctpaums kK anroputMy yoaneHus ysna u3 aepesa COPTUPOBKHU

[ 31 IlpaBas cBsI3b ymajsieMoro y3Jja p He IycTa U BeIET B y3€eJ u, JieBask CBSI3b KOTOPOTO
He mycTa. [ToCKOTbKY ZIepeBO COPTUPOBKHM KOHEYHO, MOKHO CITYCTHTBCS OT y3Ja u JI0
y3Jia v, JeBasi CBsA3b KoToporo mycta (puc. 9.14, cnpasa). B atom ciyuae BBITIOJHSIOTCS
nBa npeobpaszoBanust nepesa. CHavama nHdopMaIyst B y3Je p 3aMeHsieTcst nHdopmarmeii
y37aa v. IlockoJsibKy y3es v HaXOAUTCS B TIPABOM MOJJEPEBe Y3Ja p U B JIEBOM MOJIEPEBE
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y3/1a u, uMeeM p.i < v.i < wu.i. TakuM 006pa3oM, TocJie 3TOTO TPEOOPA3OBAHUS YCIOBUE
JlepeBa COPTUPOBKH BbIIONHsAETC. [anee mpaBoe mopzepeBo 4 ysia v IOALEIISETCS
cjeBa K y3sy w, a caM y3es v ypansercsd. Ilockosbky mojnepeBo 4 BXOAWJIO B JieBoe
II0JI/IEPEBO y3J1a w, YCJIOBUE JiepeBa COPTUPOBKU TaKKe COXPaHIETCs. O

3AMEYAHUE
B 3ameuarenpnoit kuure [10], u3 KOoTOpOiT 3aMMCTBOBAH JAHHBIN AJTOPUTM, MMOKA3AHO, YTO, XOTS
AJITOPUTM <«BBITJISIAUT HECUMMETPUYHBIM> (TIPaBble U JIEBbIE CBA3U 00pabaThiBAIOTCS MO-Pa3HOMY ),
Ha CaMOM JieJie B CPeHEM XapaKTEePUCTUKU JIePeBAa COPTUPOBKH He MCKasKAIOTCSI.

9.4.7. BcnomMmorartesibHble aNroputMbl ANs gepeBa COPTUPOBKMU

ANTOpPUTMBI TpeX NPEABIAYIIUX MaparpadoB MCIOJb3YIOT BCIOMOraTeabHble (yHKIINU,
OIMCaHHBIE 3/1ECh.

1. IMouck ysna — dynkumsa Find.

Bxoa: nepeso coptupoBku T, 3ajlaHHOe yKa3aTejeM Ha KOPEHb; KoY a : key.

Beixoa: p — yKkasaTesib Ha HalJIeHHBIN y3eJ1 Wid nil, ecii B JiepeBe HET TaKOro KJIIUa;
¢ — yKasaTeJib Ha OTIIA y3Ja p; § — CIIOCcO0 MOAIEIVICHUST y3jia q¢ K y3ay p (s = —1,
ecJiu p cieBa OT ¢; s = +1, ecau p cmpasa oT ¢; s = 0, ecu p — KOPEHb).
p:=T;q:=nil;s:=0 // uHunuanusanms
while p # nil do

if p.i = a then
return p,q, s
end if
q:=p // coxpaHeHUe 3HAYEHUS P
if @ < p.i then

p:=p.l;s:=—1 // oUCK creBa
else
p:=pr;s:=+1 // nouck crpasa
end if
end while

return p, q, s

OTCTYIJIEHUE
B aroii mpoctoii dyHKIMU cTOUT 06paTHTh BHUMAHUE HA WCIIOJIb30BAHUME YKA3aTeJsl ¢, KOTOPBII
OTCJIE’KMBAET 3HAUCHHE yKa3aTessl p «C 3alas3jibIBAHUEM», TO €CTh YKa3aTesb ¢ <[TOMHUT> TIPe/Ibl-
[ylilee 3HaUeHUe ykazaTesist p. Takoil IPHEM MoJIe3eH MpU 00X0/le OJHOHANPABIEHHBIX CTPYKTYP
JIAHHBIX, B KOTOPBIX HEBO3MOKHO BEPHYTDLCS HA3a/l.

2. Ynanenue ysna — mponeaypa Delete.

Bxoa: pl — ykasatenp Ha yAajisieMblil y3es, p2 — yKasaTesb Ha TOIENJISIONUI Y3eT,
p3 — yKasaTeJib Ha MOALEILISEMbIil y3el; s — Cocob MOALENIeHU.

Bbixoz: npeobpasoBaHHOE JEPEBO.

if s = —1 then

p2.l:=p3 // MoaneisieM cieBa
end if
if s = +1 then

p2.r:=p3 // MOMAIENIsieM CIpaBa
end if
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dispose(pl) // ynasusiem y3en

3. Coznanme HOBOTO y371a — KOHCTPYKTOp NewNode.

Bxox: kiU a.

Boixoa: ykasaresb p Ha CO3/IaHHBIN y3el.
new(p); p.i:=a;p.l:=nil;p.r: =nil
return p

9.4.8. CpaBHeHUue npeacTaB/ieHNii acCoUuMaTUBHOW NaMATH

[IycTp n — KOMMYECTBO 3JIEMEHTOB B aCCONMATUBHON MaMsTh. PaccMaTpuM cieyrorme
TIpe/ICTaBJICHUSI:

A) HeymopsoueHHBIN MaCCUB;

b) ymopsimouennsrit maccus;

B) tabauia paccTaHOBKY;

I') Heymopsi0ueHHBIN CITUCOK;

/1) ymopsimoueHHBIH CIHCOK;

E) nepeBo copTUpPOBKH.

O1eHKU TPYIOEMKOCTH Olepaluil A1 PasjInyHbIX IIPEACTaBAeHUI yKasaHbl B TaOJIMIIE.

A b B r i\ E
Hobasuts | O(1) O(n) O(1) 0O(1) O(n) O(h)
Haiitu O(n) O(logyn) O(1) O(n) O(n) O(h)
Ynamate | O(n) O(n) O(1) O(n) O(n) O(h)
3AMEYAHME

Heobxoaumo czieaTh [Ba CyIIECTBEHHBIX YTOYHEHUS. BO-1IepBbIX, 1JIs TaOJIUIl PACCTAHOBKU YKa-
3aHbl YCJIOBHBIE OIICHKN B CPEHEM, KOTOPbI€ BBIMOJHAIOTCA TOJIBKO TIPpU OHpeI[eJIéHHbIX OrpaHu-
yeHUSX. B Xyamiem ciaydyae OLEHKU [ TabIuUIL paccranoBku 6e3HAEKHO TIIOXHe. Bo-BTopbIx,
TPYAOEMKOCTH OTIepaIuii C [€PeBOM COPTHPOBKM OTpPaHHYEHA CBEPXY BBLICOTOU jepeBa, KOTopas
MOXKET MEHATbCA B mpefiesax oT log, n 10 n. JlepeBo cOpTUPOBKU MOKET pacTu HepaBHomepHo. Ha-
IIPUMED, €CJIU NPH 3arpy3Ke JiepeBa UCXOJIHbIE TAaHHbIE YXKe YIIOPSIOUEHbI, TO MOJYYEHHOE JIePEeBO
OyeT TpaBo- WK JIEBOJTMHEHHBIM 1 OKasKeTcs Jaske MeHee 9(pMeKTUBHBIM, YeM HEYOPSIA0YCHHbII
MacCCHB.

9.5. CneuunanbHble AepeBbs

BricoTa iepeBa COPTUPOBKU SIBJISIETCS KPUTHIECKUM TTapaMeTpoM addextuBHoCcTH. B aTOM
pasziesie 06CYKAAIOTCA METOBI YMEHBINEHUST BBICOTBI JIepeBa COPTUPOBKHU, a TAKKe WC-
IIOJIb30BaHUE JIPDYTUX CTPYKTYP JAaHHBIX, POACTBEHHBIX 6I/IHaprIM J€pEBbAM, IJIA peain-
3a1un (PYHKIUN acCOIMAaTUBHOM MaMsITH.

9.5.1. BbIpOBHEHHbIE U MOJIHbIe AepPEeBbs

Bunapnoe nepeBo Ha3bIBaeTCH GbIPOGHEHHBIM, €CJIU BCE JIMUCTbS HAXOAATCS Ha OLHOM
(mocennemM) ypoBHe. B BBIDOBHEHHOM JiepeBe Bce BETBU UMEIOT O/IHY /IJINHY, PABHYTO BbI-
coTe [IepeBa, OIHAKO BBIPOBHEHHOE JIePEBO He Bcerna sBJsgercs 3(heKTUBHBIM 1€PEBOM
COPTUPOBKH.
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Mpumep. /[lepeso, cocrosiiiee U3 KOPHS U JBYX IO//IepPeBbEB, JEBOJUHEHHOTO 1 Ipa-
BOJIMHEWHOTO, BEIIUX K JIBYM JIMCTBAM, SBJISIETCS BBIDOBHEHHBIM, OJTHAKO TAKOE IEPEBO
umeet Boicoty (p — 1) /2.

Bunaphoe nepeBo Ha3blBaeTCs 3aANOJIHEHHbIM, €CIM BCE Y3JbI, CTEIIEHb KOTOPBIX MeHb-
e 2, pacrojiaraloTcss Ha OJHOM WJIM ABYX NOCJHeAHUX yPOBHAX. [[pyrmmum cioBamwy,
B 3anoJHeHHOM JiepeBe T' Bee sipychl D(r, 1), KpoMe, MOKET GbITh, OCJIEHETO, 3aTI0THEHBDL

Vi€ 0.(h(T)— 1) (|D(r,i)| = 21).

MNpumep. Ha puc. 9.15 npuBesiens! quarpaMMbl 3aM0JHEHHOTO (Cleda) 1 He3amoJHeH-
HOTO (Cnpasa) nepeBbesB.

Puc. 9.15. 3anonHeHHoe 1 He3anosHeHHOe AepeBbs

3aroIHeHHOE [IePEBO UMeEeT HAMMEHBITYI0 BO3MOXKHYIO ISl JAHHOTO p BBICOTY h.

TEOPEMA. /15 3anoanentozo 6unapnozo depesa logs(p+1) — 1 < h < logy(p + 1).

DOKASATENLCTBO. Ha i-M ypoBHE MOKeT GbITh caMoe GoJibliee 2° BePIIMH, CJIe0BaTe b
h—1 o h o
HO, Y .y 20 < p < D00, 2% 3naunt, 2" < p+ 1 < 2" u, norapudmupys, umeem

h<logy(p+1) 1 h+1>log,(p+1). CrenoBatensuo, logy(p+1)—1<h<logy(p+1). O
BrIpoBHEHHOE 3aITOTHEHHOE OMHAPHOE IEPEBO HA3BIBAETCS HOIHLIM. B TIOIHOM OMHAPHOM
JlepeBe BCe JIMCThsI HAXO/SITCS HA TIOCJIEIHEM YPOBHE, U BCE Y3JIbl, KPOME JINCTHEB, UMEIOT

IOYCTEIIEHDb NCXO0/la 2. I[pyI‘I/IMI/I CJIOBaMU, B IIOJTHOM /[IEPEBE 6C€ SAAPYChI 3allOJTHEHDI.

CNEACTBME. [lonnoe 6unapmoe depeco evicomoti h umeem 21 — 1 yanoe.

SAMEYAHMUE
VHor/ia TOJIHBIM HA3bIBAIOT OMHAPHOE JEPEBO, B KOTOPOM BCE HEJIMCTOBBIE Y3JIbI UMEKOT IIOJIYCTe-
HeHb UCXO/Ia 2, HO JIMCThSI MOTYT BCTPEYAThCs Ha JII0O0M ypOBHe. BbicoTa JiepeBa, OIHOTO B TAKOM
CMBICJIe, MOXKeT U3MEHATHCS B IIMPOKUX Ipejesax.

3anoJHeHHbIe JIepeBbs AAI0T HAUOOABIIUN BO3MOXKHBINA 3 dexT npu noucke. OpHaKo
M3BECTHO, YTO BCTaBKa/yAaJcHUE B 3allOJIHEHHOE IePeBO MOKET MOTpeOOoBaTh MOJHOMN
[epecTPOMKU BCETo JepeBa U, TAKKM 06pasoM, TPYA0EMKOCTh OIepalluy B XyALIEM CIydae
cocraBut O(p).

JKenarerpHO BBIIETUTH TaKOM TOAKIIACC JIEPEBbEB COPTUPOBKH, B KOTOPOM BBICOTA OTpa-
HUYEHA, X B TO K€ BPEMS OTEpAIy 110 BCTABKE W YAJICHUIO 2JIEMEHTOB BBITTOJTHSIOTCS
apdexTrBHO. BbLIO HaiileHO HECKOJIBKO TaKMX IIOAKJIACCOB, HarboJee IOIYJISAPHbII 13
HUX OIMUCHIBAETCS B CJIe/yolieM raparpade.
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9.5.2. COanaHcupoBaHHble AepeBbs

(Bunaproe) gepeBo Has3bIBaeTCs nOOposHenHbiM depesom, nmn ABJI-0epesom (Anenbcon-
Besbekuii u Jlanguc, 1962), unu coarancuposanivim no 6vicome 0epesom, eCiu is Jo0o-
O y3J1a BBICOTHI JIEBOTO U TIPABOTO MOIEPEBLEB PA3INUAIOTCS He (oJice UeM Ha eIUHHUILY.

MNpumep. Ha puc. 9.16 npuBeneHa quarpaMMa MaKCHMalbHO HECHMMETPUYHOTO chHa-
JIAHCMPOBAHHOT'O 110 BBICOTE JlepeBa, B KOTOPOM [IJIs1 BCeX y3JI0B BbICOTA JIEBOTO II0fepeBa
poBHO Ha 1 GOJIbIIE BBICOTHI TIPABOTO IOJIIEPEBA.

Puc. 9.16. CbanaHcmpoBaHHOe OepeBo

SAMEYAHMUE

Kpowme cbasiaHCHPOBaHHBIX 110 BBICOTE, PACCMATPUBAIOT U JIPYTHE KJIACCHI I€PEBLEB, HATPUMED cOa-
JAAHCUPOBAHHBIE NO 8eCY NIEPEBHSI, B KOTOPDIX /IS KaXK/I0T0 y3J1a KOJIMYeCTBA Y3JI0B B JIEBOM U TIPAaBOM
[IO/I/IEPEBBSX HAXOAATCS B OIPEIEJEHHOM COOTHOLIEHUH. 3/1eCh TaKKe KJIacChl He PAaCCMATPUBAIOT-
cs1, TI0ITOMY Jlajiee TEPMUH «COaTaHCUPOBAHHOE JIEPEBO» O3HAYaeT cOANAHCHMPOBAHHOE IO BBICOTE
OGUHAPHOE JIEPEBO COPTUPOBKIL.

TEOPEMA. /15 cbarancuposaniozo no evicome 6unapnozo depesa h < 2logs p.

DOKASATENLCTBO. PaccMoTpuM HauboJiee HecUMMETpPUUHbIE cOaJaHCUPOBAHHbIE Jepe-
BbsI, CKaXkeM, TaKue, y KOTOPBIX BCSIKOE JieBOe TIOZiepeBO Ha 1 BbINIe TpaBoro. Takue
cOaTaHCUPOBAHHBIE IEPEBbs UMEIOT MaKCUMAJIbHYIO BO3BMOMKHYIO BHICOTY CPeIM Beex chHa-
JIAHCUPOBAHHBIX JIEPEBBEB C 33/laHHBIM uyncjaoM BeprivH. [lycts Pp,— unciio BepiivH B
HanbosIee HeCUMMETPUYHOM cOATaHCHUPOBAHHOM JiepeBe BhICOTHI h. 110 OCTPOEHUIo nMme-
eMp = P, = P,_1 + P,_2 + 1. HenocpencrBenno mposepsiercs, uto Py = 1, P = 2,
Py = 4. Tlokaxem no unHayknunm, uto P, > (v2)". Basa: Py = 1, (vV2)° = 1,1 > 1
P =2, (V2)! =v/2,2 > /2. lycts P, > (v/2)". Torna

Popr=Pyu+ P +1>(V2)"+(V2)" +1=
:(ﬁ)h (1+1+ 1 ) h(l >>(\/§)h\/§:(\/§)h+1.
h <

V2) (Vo

Nmeem (v2)" = 22 < Py, = p, cieosaTennho, logzp n h < 2log, p. O
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MOJKHO 3aMETUTh, YTO PEKYPPEHTHOE COOTHOIIEHHE [ Pj M0X0Ke Ha OIpejesieHue
unces Oubonayun F(n) (. 5.7.3), OTKy/ia JIETKO BBIBOJIMMO CJIEJICTBHE.

CNEACTBME. P, = F(h+2) —1.

DoxazatenbctBo. [lo muayknun. basa: Py = 1, F(0) =1, F(1) =1, F(2) = 2,1 =
=2 — 1. llyers P, = F(h + 2) — 1. Paccmorpum Py, 1. Umeem Py = Py, + Py =
—Fh+2 —1+F(h—-1+2)—-1+1=Fh+2+Fh+1)—1=Fh+3)—1=
= F((h+1)+2)—1. O

3AMEYAHME

N3BecTHa G0sIee TOYHAST OTIEHKA BHICOTHI COATAHCHPOBAHHOTO JiepeBa: h < log( VEH1)/2 2 log, p.

ChamaHCHpOBaHHbBIE JIEPEBbS YCTYIAIOT 3aMOJHEHHBIM AEPEBbsAM O CKOPOCTH IMOUCKA
(MeHee yeM B /iBa pa3a), OZHAKO MX IIPEUMYIIECTBO COCTOUT B TOM, YTO M3BECTHBI aJl-
TOPUTMBI BCTaBKU Y3JI0B B cOATAHCHPOBAHHOE JIEPEBO ¥ YAIEHUS UX U3 HETO, KOTOPHIE
COXPAHSIOT COHATAHCHPOBAHHOCTD U B TO K€ BPEMsI TIPH TTEPECTPOTKE JePeBa 3aTPATHBAIOT
TOJIbKO KOHEYHOE YucyIo y370B (cM. ciaemytomuii maparpad). [loatomy Bo MHOTHX ciry-
yastx cOATaHCUPOBAHHOE JIEPEBO OKA3bIBAETCS HAUJIYUYIIUM BAaPUAHTOM MPEACTABJIEHUS
JlepeBa COPTHPOBKH.

9.5.3. BanaHcupoBKa gepeBbeB

[Ipu nobasieHuu (WU TIPU YAATEHUN) y3Jia B COATAHCUPOBAHHOM JIepeBe COPTUPOBKU
MOKET BO3HUKHYTH CHTYaIlMs, B KOTOPOii GajlaHc Hapyluaercs. B aToM cirydae HeobXozu-
MO TIEPECTPOUTH JIEPEBO, YTOOBI BOCCTAHOBUTD OasaHC. AJTOPUTM OalaHCHMPOBKU JiepeBa
MpEJICTaBIeH Ha PUCYHKAX, TIPH 9TOM UCTIOJIb30BAHBI CJACAYIONHE 0003HAUCHUS: T — JI0-
GaBJIIEMBIN y3€JI, v — MEPBBIi y3el, B KOTOPOM HapyIleH GalaHc Ha TyTH OT KOPHS 7
K HOBOMY y3iy x. Torma Bo3MOXHBI iBa BapuaHTta. [IyTh OoT v K x coctouT aubO U3 IyT
OJTHOI opueHTanuu (CKakeM, TOJIbKO U3 JIEBBIX [yT), JIUOO U3 JIEBBIX U MIPaBbIX Iyr. Ba-
PHAHTBI, B KOTOPBIX IIyTh COCTOUT TOJIBKO U3 TIPABBIX AYT JUOO U3 MPABBIX U JIEBBIX YT,
3epKajJbHO CUMMETPUYHBIL. B 11lepBOM BapuaHTe /iepeBo lepecTpanBaeTcsl B COOTBETCTBUU
C NPABUSIOM NPOCMO20 8PAUEHUSL, TIPEJICTABIEHHBIM Ha puc. 9.17.

[TpocToe BpallieHHe BOCCTaHABIUBAET GATAHC M COXPAHSIET YCIIOBHE J€PEBA COPTHPOBKU.
JleiictBuTEIbHO, 10 Npeobpa3oBaHus UMeeM u < v,p < v,q < v,p < U,q > U, W > .
CireoBaresibHo, p < u,u < v,u < ¢, u < w,q < v,w > v ¥ IpeobpasoBaHue He HapylIaeT
YCJIOBUS JiepeBa COPTUPOBKH.

Bo BTOpOM BapuaHTe JIEPEBO MEPECTPANBAECTCS B COOTBETCTBUY C NPABULOM 080TH0Z0 6PA-
wenust (puc. 9.18). /IBoiiHoe BpalleHre BOCCTaHABIMBAET GaJaHC M COXPAHSIET yCJIOBUE
niepeBa COPTUPOBKU. JleficTBUTENBHO, 10 MPeobpazoBaHust UMeeM u < v, w > v, p > v,
q>v, p<w, g>w, S>v, t>v, s<w, t<w, s<p, t>p. CaegoBaTegabHO, v<p, u<p, P,
u<v, $>v,w>p, t>p, ¢>p, t <w, ¢>w U MpeobpazoBaHNe He HAPYIIAET YCIOBUS
JiepeBa COPTUPOBKH.

3AMEYAHUE

[letanbHoe o6CyKIeHNE aITOPUTMOB paGoThl ¢ ABJI-/epeBbsiMuU, BKIIOUYAst OLEHKH TPYJAOEMKOCTH
B CPeZTHEM U B XY/IIEM CJIy4ae, MO’KHO Haiitu B [3] u [12].
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h+1

Puc. 9.17. lNpocToe BpaweHne

9.5.4. [1BONYHbIE Ky4Mm

JTOBOJIBHO Y4aCTO B TIPUJIOKEHUSAX OKA3bIBAETCS BOCTPEOOBAHHON MOIU(UKAIIMS aCCOI[HA-
TUBHOI MaMsITH, B KOTOPOH 3amicu A00aBJIAIOTCSA B IPOU3BOJIBHOM MOPSIKE, a UILETCA U
U3BJIEKAETCS BCET/IAa TOJBKO 3aITUCh C MAKCUMAJTBHBIM KJIIOUOM M3 XPAHSININXCS B JaHHBII
MOMEHT B IaMSITH.

Mpumep. Boibop st 06CIyKUBaHNS TIPOIECCA ¢ HAMBBICIIAM PUOPUTETOM.

SAMEYAHUE

Ciy4all MUHUMaJILHOTO KJIIOYa COBEPILIEHHO aHATOTHYEH.

Takas aCColmraTruBHaA MaMATh MMPEAIIoJIaracT HaJindne CJIeAYyoInx 6a30BbIX onepauI/Iﬁ:

1) mobaBuTh (K04, 3aIUCh);
2) W3BJeYb 0 MAKCUMAJIBHOMY KJTIOuy (): 3aIUCH;
3) u3MeHUTDH (KJIOY CTapbIi, KJIIOU HOBBIH, 3AITUCH).

3AMEYAHUE
B HEKOTOPBIX CIIyYasx pacCMATPUBAIOT HECKOJBKO WHOW HaGop omepanuil. Bropyio onepanuio ze-
JIAT Ha JIBE: TOJBKO HANUTH M IPOCMOTPETH 3alUCh C MAKCUMAJIbHBIM KJIIOYOM M YIQJIUTh 3aMHUCh
C MaKCHMAaJIbHBIM KJIIOUOM. Takke MHOT/IA HE MCIOJb3YIOT TPETHIO ONEPAINIO MU HE Pa3penaoT
3a/1aBaThb HOBOE 3HAYEHUE 3AIMCH MPU M3MEHEHUM KJoya. Takue M3MeHEHHBbIE oIeparuy JIerKo
BBIPAKAIOTCSL Yepe3 Ha3oBbIe.
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Jleouunas kyua — 910 Harpys;KeHHOe OGUHAPHOE JEPEBO CO CIIEAYIONIUMU CBONCTBAMMU:

1) 3HaueHue B JIOOOM y3Jie HE MEHbBIIE, YeM 3HAYEHUS B Y3JaX MOJIEPEBDEB;
2) riybuHa JcTheB (PACCTOSHME [0 KOPHS) OTJnYaercd He Gojiee yeM Ha 1;
3) mocnenHuil ypoBeHb 3aIOJHSIETCS CJIEBA HAIIPABO.

YnobHast CTpyKTypa HaHHBIX /TSI IBOMYHON Kydu —

HpezicTaBiaeHre OMHAPHOTO JiepeBa MacCUBOM A, y

KOTOPOTO TI€PBBIii aJieMeHT A[l] — 3HaueHne B KOpHe, @

a TOTOMKaMM aJjieMeHTa A[i] SABJIAIOTCS 2JIEMEHTBI

Al2i] u A[2i + 1]. Ilpu Takom cmocobe xpame-

HUS CBOWMCTBa JIBOMYHOM Ky4d 2 M 3 BBINOJHEHBI ° °
aBTOMATHYECKH.

Mpumep. Ha puc. 9.19 npencraBnena nBonyHast 0 ° °
Ky4Ya, KOTOpasi XpaHUTCS B BUJIE MacCHBa

[10]8]5[7]3]1]

Puc. 9.19. [BounyHas Kkyya
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/IBonyHast Kyya MHTEpeCHa TeM, UTO IPU €€ HMCII0JIb30BaHUU B KayecTBe IPeICTaBIeHUs
ACCOIMATUBHOW NaMITH pealu3allsl ollepaluii oka3piBaeTcs BecbMa 3(PeKTUBHOI.

9.5.5. BoccTtaHOBNEeHUEe CBOVCTBA ABOUYHOM Ky4um

Ecim B Kyde usMeHsieTcs OfIMH U3 3JIEMEHTOB, TO OHA MOKET TIEPECTaTh Y/OBJIETBOPSThH
cBoiictBy 1 nBOoMuYHON Kyuu. [lJisT BOCCTAHOBJIEHUSI 3TOTO CBONCTBA CJIY;KUT IPOIIELypa
Heapify. Jrta npotenypa npuHuMaer Ha BXOJ MacCuB 3jieMeHTOB A u unjekc i. Ona Boc-
CTaHABJIMBAET CBOWCTBO Ky4d BO BCEM MOJIEPEBE, KOPHEM KOTOPOTO SIBJISIETCS 3JIEMEHT
Ali] B cityuae, Korjia mojijiepeBbst 00J1aIal0T CBOWCTBOM KYYH.

Agroputm 9.12. Tpouenypa Heapify BoccTaHOB/IeHUST CBOMCTBA Kydu

Bxoxa: maccus A, nHIEKC i.
BbIxoa: BoCCTAaHABIMBAETCSI CBOMCTBO KydH B IIOJJiepeBe ¢ KOpHeM A[i], IpuuéM JieBoe
U TIPaBO€ TIO/IEPEBDST YOBIETBOPSIIOT CBOWCTBAM KYUHL.
l:=2%47r:=2%i+1; m:=¢ // vHUIMATU3AINAS
if | <|A| & A[l] > A[i] then m :=1 end if // Hapymuienue cieBa
if » <|A| & Alr] > A[i] then m :=r end if // mapymenue crpasa
if : # m then
Ali] +» Alm| // TpaHcmo3uius 2JieMEHTOB MACCHUBA
Heapify (4, m)
end if

OBOCHOBAHUE. B ciryuae, ecii KOpeHb TOJJIePEeBa MEHbIe XOTs1 Obl OJHOTO M3 ChIHO-
Beif, Hy’KHO MOMEHSITh MECTAMU 3HAUEHUST KOPHSI ¢ MAKCMAJIbHBIM 3HAYEHUEM ChIHOBEH.
Torma ocTaTOMHO CIycKa MO JAEPEBY ¢ PEKYPCUBHLIM BBI30BoM GyHKmu Heapify mms
rapaHTHUPOBaHWA BOCCTAHOBJIEHUA CBOICTB [[BOI/I‘-IHOI‘/JI Ky4n. BpeMH pa6OTbI poneaypbl
MPSIMO TIPOTIOPIIUOHATIBHO BhIcOTE jiepeBa, To ecthb O (logn).

Mpumep. Ha puc. 9.20 cieBa BbijiesieH 37IeMEHT, B KOTOPOM HApYIIEHO YCJIOBUE Ky4H,
a TIpaBee MOKa3aH XO/| BbITOIHeHus npoleaypbl Heapify.

® O 0
® @ ONNO) O,
ONONONNONONONN  NONO

Puc. 9.20. BoccTaHoBneHME CBOMCTBA Kyin

NEMMA. Eciu evinonnums Heapify ons ecex anemenmoe maccusa A, nauunas ¢ nocieonezo
U KOHUA S NePBbIM, MO OH CMAHem Kyueu.

AOKA3ATENLCTBO.  3ameTnM, uto Heapify(A, ) ne nemaer uuvero, ecau i > ||A|/2], Tak
KaK y3JIbl C TAKMMU UHJ/[EKCAMU SIBJISIOTCSI JINCThSIMU 1 M3HAYAIbHO UMEIOT CBOHCTBA 1BO-
naHo# Kyuu. [lanee o unaykimm, K MomeHTy BbitosHenusi Heapify (A, ¢) Bce mojiepesbs,
YU KOPHHU UMEIOT WHAEKC OOJIbINE 7, yiKe Ky4H, W, CIeOBATENBHO, TOCIE BBHITIOTHEHS
Heapify (A4, ) Kyueii OyzeT Bcst 4acTh MaccuBa A, HAUMHAS C 1. O
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Aaropurm 9.13. [Iponienypa MakeHeap moctpoenust kyuun

Bxoa: maccus A
Bbixoa: ycTaHaBIMBAETCS CBOIICTBO KYYM B J€PEBe, 3aaHHBIM MACCHBOM A
for i from ||A|/2| downto 1 do Heapify(A4,:) end for

Bpewmst pabotsr paBuo O (nlogn), Tak kak dbyHkims Heapify(A, 7) BossiBaercs: O (n) pas.

Mpumep. B Tabiuile MoKa3aHO U3MEHEHNME MACCHBA A MIPU MOCTPOEHUN KYYH.
i t]3][5[7]8]10]
1131101781 5

11811017135
1085|7131

N QO] =

9.5.6. Peanusauua onepauunii 4BONYHOW Ky4u

Ecau npu usMeHeHus 3HaAYEHUS 3JIeMEHTA C WHIEKCOM ¢ HOBBIN KJIOY k MEHBINE, TO
JOCTAaTOYHO BBI3BaTh mpolieaypy Heapify, paso6pannyio B 1. 9.5.5. [Ipu usMeHeHUr 3Ha-
yeHust smeMenTa A[i] Ha Gosblllee TakyKe MOTYT HApYyIIUTHhCS CBOWCTBA Kydn. B atom
citydae HeOOXOAMMO BBITIOJNHUTE cienyomuii anroput™ IncElt(A, i, k).

Anropurm 9.14. Ilponienypa IncElt yBenndenns aneMeHTa B Kyde

Bxox: maccuB A, MH/IEKC U3MEHSIEMOTO 3JIEMEHTA i, HOBOE 3HaueHue k.
Boixoa: 3HaueHue 3JeMeHTa ¢ MHAEKCOM i U3MeHsieTcs Ha k 6e3 HapylleHusi CBOMCTB
JIBOMYHON Ky4H.
if & < A[i] then
return fail // HOBOe 3HaueHUEe JOJLKHO OBITH HE MEHBIIE TIPEIBIIYIIETO
end if
Alil:=k
while > 1 & A[|i/2]] < Ali] do
Ali] <> A[|9/2]] // TpaHciio3ulus 3J€MEHTOB
i:=|i/2]

end while

Bpewms paboter anroputma IncElt coctasisier O (logn), Tak Kak KOJHUYECTBO TPAHCIO3U-
1UH TIPSIMO TTPOMOPIIMOHAJIBHO BBICOTE JlepeBa.

J06aBUTh BJIEMEHT B JBOMYHYIO Ky4y MOXKHO TaK: B KOHEI[ MaccuBa J00aBIsieTcsl HOBBII
3JIEMEHT C 3aBEJOMO MUHUMAJIbHBIM 3HAYEHHUEM, 3aTEM €ro 3HAUEHUE YBEJIUIUBAETCS C
MOMOIIBIO TOJIBKO YTO OMUCAHHOM MporeLypbl. Bpemst paboThl MmoJiydaercst Takoe ke —
O (logn).

MaxkcuMaThbHBIN 9JIEMEHT JBOUYHOM Ky4YW HAXOAUTCS B KOPHE, TO €CTh B MEPBOM 3Jie-
MEHTe MAaCcCHBa, IO3TOMY €T0 TIOKCK He siBjisteTcst mpobiemMoil. HysKHO TOJBKO MpaBUIBHO
[epecTpouTh Kyuy. Jljisi 3TOTO 0CTaTOYHO TOMEHSATh MECTAMU 3HAYEHUST B KOPHE U B T10-
cJIeTHER BEPIINHE [E€PeBa, MOC/E YeTO YAAMUTD MOCTeAHIOn BepinuHy. /151 mMpaBUIbHOTO
MEPECTPOEHMST Ky HYKHO <ITPOTAIUTh> HOBOE 3HAYeHUE B KOPHE BHU3, UTO W JIEJIaeT
npotterypa Heapify.

Bpemst paboThl mpsiMo TiporiopinoHanbHo BeicoTe gepea — O (logn).
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AJIrOpPITM 9.15. I3Bieuenre MaKCUMAJIbHOIO dJIeMEHTa 13 Ky4yn

Bxoxa: maccus A
Bbixoa: u3BiiedyeHHE MAKCUMAJIBHOTO 3J€EMEHTA U3 KyYd C COXPAHEHHEM CBOWCTB
JIBOUYHON KY4H.
if |A] = 0 then return fail end if // xyua mycra
m:=A[l] // coxpaHenue 3HaYeHUsT KOPHEBOTO dJIEMEHTA
A[l]: = A[|4]] // kommpoBaHUe MOCIEIHETO dJEMEHTA B KOPEHb JlepeBa

|Al:=|A| —1 // ymeHbllleHne JJTMHBI MACCHUBA
Heapify(4, 1)
return m

9.5.7. NocTpoeHune rpacda no cteneHHoOMy psay

B kauvecTBe TprMepa MCITOMB30BAHUS ABOWYHON Ky4W PACCMOTPHUM 3a/a4y MTOCTPOEHUS
rpada 1O 33J]aHHbIM CTelleHsIM BEPIINH, ecau Takol rpad cyiectByer. B m. 7.2.7 mo-
KazaHo, YTO HeBo3pacTaiomas HocjaenosaTenbHocts D = (di, ..., d,) gBisercs crele-
HOH TOCJIe0BaTeIbHOCTBIO Tpada TOrAa M TOJBKO TOr/a, KOrja IOCJel0BaTeTbHOCTD
D' = (d4,...,d p—1), HoIydeHHAs OTKJIAAbIBAHMEM IIOCJICIHETO 3JIEMEHTA d,, SIBJIIET-
Csl CTENEeHHOU. DTa Teopema ONpelessieT KOHCTPYKTUBHBIN Clocob oTBeTa Ha BOIIPOC,
SIBJISIETCST JI JaHHAs I10JIeZ0BATEIbHOCTD CTEIIEHHOI.

,Z[JIH peneHnA ATOMI 3a/lavui IOAXOAUT CTPYKTYpPa JaHHbBIX ouepeab C npuopumemom, pea-
JIN3y€EMasl Ha OCHOBE JBOMYHOMI Ky4du.

OTCTYMJIEHUE
[IpropureT — 3TO KJIIOY, KOTOPBIH acCOMUPYeETCs ¢ 3anuchio. [loHsATHE «1TpropUTeTay MPUKUIOCH,
TaK KaK M3HAYQJIBHO 3T CTPYKTYPa AAHHBIX ObLIA MPUIYMaHA ISl PACIIPEIEIEHHs] BBIYUCTUTEb-
HBIX PECYPCOB B MHOT033/[aUHBIX OMEPAITMOHHBIX CUCTEMAX.

Oqepe,/:[b C MIPUOPUTETOM ITO3BOJIAECT XPAaHUTH Iapbl (K]IIO‘{, 3Ha‘—IeHI/Ie) " TMOAJIEPKUBACT
JIBE OTEPATTHIL:

1) mobGasuTh (K104, 3HAUEHUE);
2) W3BJIeYb 3aMUCh C MAKCUMAJIbHBIM KJIIOUOM : (KJIIOY, 3HAUEHUE).

Wnesa peanmusanum ouyepeau C TPUOPUTETOM COCTOUT B TOCTPOEHUW JABOWYHON KYydH,
KJTFOYaMU B KOTOPOW SBJISIOTCS MPUOPUTETH. Kak XpaHUTh 3HAYeHUsT — He UMeeT IPUH-
ANUAIBHOTO 3HAYEHUS, MOKHO CYMTATh, UTO 3JIeMEHTaMH KY4H SIBJISIOTCSI TIapbl (KJI0Y,
3HAYeHUE).

JloGaByieHue Kiitoua k co 3HaYEHHEM v B odepesib @ samuchkiBaercst (k,v) — @, a u3BJe-
4YeHue, COOTBeTCTBeHHO, (k,v) Q.

B Taxkom ciaydae rpag Io CTETIeHHOI TTOC/IeI0BATEIbHOCTH CTPOUTCS € ITOMOIITBIO OYePEH
C TPUOPUTETOM CJIEAYIONIMM AJTOPUTMOM. B 3TO# ouepenu KJIOYOM sIBJISIETCSI CTENEHb
BEpUIMHDI, a 3HaUeHUEeM — e€ HOMep.

SAMEYAHME

,]_IJIH 3aJIlaHHOM T10CJIe/I0OBATEIbHOCTH YUCET I‘pEl(b CYHUIECTBYET HE BCeEr/a. Ecin BEpIINHY HanbOoJIb-
el crere’Hu He yaaéTcs{ onuoHcUmMs, TO rpa(b IIOCTPOUTH HEBO3MOJKHO.
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Aaropurtm 9.16. [TocTpoenue rpacda 1o cTerieHHOMY PsiLy

Bxoa: A — MaccuB cTemneHel BepITUH.
Beixoa: rpad ¢ 3a/aHHBIMU CTENEHSIMH, €CJM TaKOW CYIIECTBYET, TpeACTaBICHHbBIN
MaccuBoM pébep FE.
Q:=9 // MHUNUATU3AIMS OYEPEIU C IPUOPUTETOM
for i from 1 to |A| do (A[i],7) — Q end for
// HOMepa BepIIMH— WH/EKCH B HAUaJIbHOM MacCHUBe
E := @ // maccus pébep
while |Q| > 0 do
(d,n) + @ // u3Bjedenne U3 OYEPEN OTKJIAIBIBAEMON BEPITHHBI
if d > |Q| then return fail end if // HEBO3MOKHO OTJIOKUTH BEPIIUHY
S =@ //vuHunuann3anus BpeMEeHHOTO KOHTeliHepa
for k from 1 to d do
(d',n') + @ // u3Bievenue BePIIUHBI, CMEKHON C OTKJIAbIBAEMON
(n,n') = E // nobasuenue pebpa B rpadh
if d > 1 then (d' —1,n’) — S end if // ybparb B KOHTelTHED
end for
for (d',n') € S do S(d',n') — Q end for // moctaTp U3 KOHTEHHEPa
end while
return I

9.5.8. [lepeBO OTPE3KOB

HYCTI) 3a/laHO KOHEYHOE JIMHENHO yHnopsaao4€eHHO€ MHOKECTBO (TO €CThb MaCCI/IB) HEKO-
TOPbIX 9JIEMEHTOB, 1N Tpe6yeTC§I MIPOU3BOAUTDL PA3/JIMYHbIC Z2pYnnoesvle OIepallun Hall Om-
pe3kamuy 31oro MHOKRECTBaA (TO €CTb OIlepalinu C ompe3Kamu Maccuea). HaHpI/IMepZ HalTH
MUHHUMYM, MaKCUMYM WJIN CYMMY 3JIEMEHTOB OTPE3Ka MAaCCUBaA; IIPUCBOUTDH 3a/IaHHYIO BE-
JIMYMHY BCEM JJIEMEHTAM OTPE3Ka MJIM YBEJIWYUTH BCE 3JIEMEHTBI OTPE3Ka Ha 3a/laHHYIO
BE€JIMUMHY U T. /.

3AMEYAHME
B aswike Alg01'68 YaCTb MacCCHBa Ha3bIBA€TCA supemcoﬁ us maccusa, Ho CJIOBOCOYETAaHUE <«I€PEBO
BbIPDE3OK» He6]IaI‘03By‘IHO, IIO9TOMY 31€Chb UCIIOJb3YETCA TEPMUH OMPE30K MaAcCCUsa, OSHa‘{aIOU.II/IfI
9aCTb MaCCUBa, ONIpeACIAEMYIO ABYMA NHACKCAMU — Ha4da/I0 OTPE3Ka M KOHEI] OTPE3Ka.

Ecnu TpebyeTcst TOMBKO OANH pa3 BLIMOJIHUTDH OTIEPAIINAIO HA OTHUM OTPE3KOM, TO I0-
MOJIHUTETbHBIC YXUIPEHUS HUYETO He JJIyT, U pa3yMHee BCEro MPOCTO BBITIOJTHUTH TPe-
Gyemyto oreparuio B 1ukse. OMHAKO eC/in OMepaIiio TpeOyeTcst BBIIOJHSITh MHOTO pa3
HaJl PasJIMYHBIMU OTPE3KAMK, TO MOXHO TIPOBECTU npedobpabomiKy 3alaHHOTO MacCUBa,
MOCTPOUB JOTIOJHUTENBHYIO CTPYKTYPY JAaHHBIX, KOTOpast obectieunt Gostee addekTruBHOE
BBIIIOJIHEHME Ollepallnii.

1 peannsanuu MHOTOKPATHO ITOBTOPSIEMBIX TPYIIOBBIX OlepaIuii Ha JMHEHHO yTIOo-
PSIIOYEHHOM MHOKECTBE HMCIIOJIb3YeTCsl CTPYKTYPA JIAHHBIX, KOTOPAsi HA3BIBAETCS 0epeso
0mpesKos.

ITyctp 3aman mMaccus A : array [1..n] of M, npuuém M sBisiercst monougom (1. 2.2.3)
¢ acconmaTuBHON omnepanueit w: M x M — M u HelTpaJbHBIM 3JIEMEHTOM e. Takke Ha
MHOXxecTBe M 3ajaHa 1pousBoJbHasg (PpyHKuus npeobpasosBanus f: M — M. JlepeBo
OTPE3KOB MO3BOJISIET BBHITIOTHSATD, 10 KpaifHell Mepe, TPU OCHOBHBIE OIIE€PAIIUH:

1) nocrpouts nepeBo oTpe3koB (Maccus A);
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2) WU3MeHUTh B MAcCUBe 3jieMeHThbl (MHeKC [, uHjekc r, pyHkus f);
3) npumennTb onepainuio (MHIEKC [, nHAEKC 1) : 3HaYeHue @(A[l..r]).

JlepeBo OTPE3KOB MO3BOJISET PEATU30BATD JH00YH0 ACCOIMATUBHYIO OIIEPAIIUI0 HAJl OTPE3-
KOM, TO €CTh IPYIIOBYIO ONEPAINIO, Pe3yJIbTaT KOTOPOW He 3aBUCUT OT MOPSIKA IIprUMe-
HEHUS Ollepalliid K MHAWBU/YAJbHBIM 2JIEMEHTaM OTPE3Ka, M IT03BOJISIET MCIIOJb30BaTh
mo6yio GYHKIMIO HE3aBUCUMOTO TIpeoOpa3oBaHusl 3JEMEHTOB oTpe3ka. He orpannyu-
Bas OBIHOCTH, 3/IeCh B MPHMEPaxX B KAuyeCTBE OTEPAIMU PACCMATPUBAETCS CYMMUPO-

T
BaHme 27eMeHTOB, TO ecTh w(A[l..r]): =" Ali], a B kauecTBe DYHKINK MPe0OPA30OBAHNS
i=l

paccMmaTpuBaeTcs PUCBANBAHUE KOHKPETHOTO 3HAYEHUSI &, TO ecTh Vi € 1..n (Ali]: =z).

JlepeBo OTPE3KOB SIBJISIETCST HATPYKEHHBIM OWHAPHBIM JE€PEBOM, B KOTOPOM BO BCEX JIH-
CTOBBIX y3JIaX XPAHATCS 3JIEMEHTBI MaccuBa A (MM HeTpaJbHbIE 2JIEMEHTBI, €CTN HYX-
HO), a BCe HeJMCTOBbIE Y3JIbl XPaHST pe3yJbTaT NIPUMEHEHNs ollepalii ¢ K CBOUM Cbl-
HOBBSM.

IpexcraBienue gepeBa oTpe3koB — maccus 1 : array [1..(2n — 1)] of M, B xoTopoM 10~
ToMKamu  aneMenta T[i] sBastiorcst  asementsl T2 u  T[2i + 1], upuuéem
T[] = ¢(T[24],T[2i + 1]). Ecom T[i] = ¢(A[l..r]) — 3HaueHue onepamnuu Ha OTPE3KE
All..r], To T[2i] = @(A[l..(I + r)div2]) — 3HaveHue omepaIyyl Ha JEBON <IIOJIOBUHE»
orpeska, a T'[2i+ 1] = p(A[(l +7) div 2+ 1..r]) — 3HaYeHMe OIIepALIUK HA IIPABOI <II0JIO-
BUHE» OTpe3ka. 3HAYEHWEM OTEPAIUU Ha OT/EJBHOM dyeMenTe (Korfa [ = r) SBiseTcs
caMm aTOT asement All].

[TocTpoenue jiepeBa OTPE3KOB IPOU3BOAUTCS cJemyiomum obpasom: T[1] — 3HadeHue
oneparuu Ha orpeske A[l..n|. [l Beruncaenus sHadeHus T'[1] BBIYUCIIAIOTCS 3HAUYCHUS
B IIOTOMKax KopHs, To ecTb T'[2] u T3], tme T[2] — 3HauyeHue olepalnyu Ha OTPe3Ke
A[l.ndiv 2], a T[3] — na orpeske A[ndiv 2+ 1..n]. [lanee oTpesku AesTCsl PEKYPCHBHO.
Oxkonvanune pekypcun: T'[i{] — 3HadeHnue omnepanun Ha orpeske A[j..j] = A[j]. B pe-
3ysbrate n00aBIEHHbIE JIEMEHTDHI HAXOMATCS B MaccuBe 1’ CJIeBa, & UCXO/HbIE DJIEMEHTHI
MaccuBa A — crpasa.

Mpumep. Ilycrs ucxoanniii Mmaccus A = [3,12,6,8,4, 3,5]. Torna nocrpoentoe zepe-
BO (I71s1 omeparuu ciaoxkenusi) umeer sun 1T = [41,29,12,15,14,7,5,3,12,6,8,4,3,5, 0],
puc. 9.21, ucxoziHbie 3JIeMEHTHI 3aKpallleHbl, J0OaBJEHHbIE 3JIEMEHThI HE 3aKpallleHbl.

© @ O O
AEAOOOE O

Puc. 9.21. [epeBo 0Tpe3KoB

SAMEYAHUE

HemucroBbie a/1eMeHTHI C CyMMaMU HaXOJATCA B MaCCUBE T neBee 3JIeMEHTOB UCXOJHOTO MacCH-
Ba A. [[OHOJIHI/ITBJIBHI)IG JJIEMEHTDBI C HYJAMU (HeﬁTpaJIbeIMPI dJieMeHTaMHu MOHOI/IZla) HaXo[ATCA



https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

9.5. CneumasnbHble aepeBbst 437

B MaccuBe T’ IpaBee 3JI€MEHTOB MCXOIHOrO MaccuBa A. Boobiue roBopsi, OHU M3JIMIIHU sl BbI-
YMCJIEHUH U BCTABJIEHBI TOJIBKO [Tt COOMOAEHUA (POPMATLHOTO MPABUIIA, YTO KA/KABIH HEJIMCTOBON
y3eJl IMeeT POBHO /IBYX CBIHOBEH.

[TocTpoeHue JiepeBa OTPE3KOB MOKHO BBITNIOJIHUTH C TIOMOIIBIO PEKYPCHBHOI MIPOIIELYPBI
Build. IIpu atom maccuB A[l..n] cuuraercsi rio0a bHbIM, W TOT/A MOCTPOEHIE MACCHBA
T BbinosiHsieTcst BbizoBoM Build(1, 1,n).

Ausroputm 9.17. TTocTpoenue mepeBa OTPE3KOB

Bxoxa: Homep y3na v, TpaHuIbI | 1 7 OTPe3Ka, COOTBETCTBYIOIIETO Y3JIy.
Bsixoa: moctpoennoe nepeBo 1.

if [ =r then
T[v]:=A[l] // OTPe3oK SIBJISIETCS JIUCTOM

else
m:=({+r)div2 // cepenuna orpeska
Build(A, 2v,1,m) // neBoe monuepeso
Build(A4,2v +1,m+ 1,r) // npaBoe noajepeso

v
T[v]:=¢(T[2v],T[2v + 1]) // BbllIOJIHSIEM OIIEPALMIO B JIAHHOM Y3JI€

OboCHOBAHME. [locTpoerHbIiT MaccuB T’ I€HICTBUTENBHO SIBJISIETCST TIPEICTaBICHUEM Jie-
peBa OTPE3KOB, II0CKOJIbKY IIOPSI0K 2JIEMEHTOB B 9TOM MacCUBE B TOYHOCTU COBLAAACT C
00X0/10M GUHAPHOTO JIEPEBa IO YPOBHSIM, & Y3JIbl HATPYKEHBI HYKHBIMU 3HAYCHUSIMU TI0
TTOCTPOEHUIO. (]

Ecnu nepeBo orpe3koB T jJist JaHHOTO MaccuBa A U JiJisl 3a/IaHHON OIEPAIUH  TIOCTPOEHO
(u cuuTaercs rIOGANBHBIM B CJIEAYIONUX TIPOIEAypax), TO Beraucautb ¢(A[l..r]), rae
1 <1 < r < n, MoxHO airoput™moM 9.18.

Anropurm 9.18. Beruncienue 3nadennsi GyHKIIMN HA OTPE3Ke

Bxox: rpamuis [ u 7 3ampoca.
Beixoa: 3nauenue oreparuu Ha orpeske p(A[l..r]).
return ®(1,1,n,l,7)

PexypcuBnag mporenypa ¢ BeIYMCAEHUS CYMMBI Ha OTpe3ke — anroputM 9.19.

Aaroputm 9.19. Pexypcusnas mporienypa ¢ Boruucsienus 3Hauenus (pyHKIIUN Ha OTPe3Ke

Bxoa: wHzekc y3ia v, TPaHUIBl p U ¢ OTPE3Ka, COOTBETCTBYIOIIETO y3JIy v, TPAHUIIBI | U
7 3aIlpoca Ha BbIYMCJIeHUe 3HaueHus p(A[l..r]).
Boixoa: cymma Ha orpeske [l..r]
if [ > r then return e end if // mycroii 3anpoc
if |=p& r=q return T[v] end if // 3Haem orBer
m:=(p+¢)div2 // cepenuna oTpeska
g:=®(2v,p,m,l,min(r,m)) // B JeBOM HojJepeBe
h:=®(2v+1,m+1,q,max(l,m+1),r) // B IpaBoM momjepese
return ¢(g,h) // orBer
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OsOoCHOBAHUE. [Ipu mnepBom BbizoBe yHkmmum ¢ umeem p < | < r < ¢, TOCKOJBKY
p=1<1<r<n=q Haree b0 TpaHUIBI 3aIIPOCa COBIAIM C TPaHUIEl OTBET-
CTBEHHOCTH y3Jia, U TOTJIa MOKHO Cpas3y BEPHYTb OTBET, JUOO HET, U TOTAA BO3MOKHBI
TPU CJIydasd.

[p<l<7r<m] Boarom ciyuae oTBeT HaJ0 MCKaTh B JIEBOM IOJJIEPEBE, U IJIST HETO
BBITIOTHEHO TpebGyeMoe TPEIyCIoBre, MOCKOIbKY p < | < min(r,m) < m, a B mpaBoM
MOJI/IEPEBE 3ATIPOC 3aBEIOMO BEPHET HEUTPAJIBHBIN dJIEMEHT, TIOCKOIbKY max(l, m—+1)>r.

[m+1<1<r<q] BaToM crydae OTBET HajIo WCKATh B TIPABOM TIOJ/IEPEBE, ¥ JIJIST HETO
BBITIOTHEHO TPebGyeMoe TTPEeNyCI0BHE, MOCKOMBKY m+1 < max(l,m+1) < r < ¢, a B 1eBOM
MOJI/IEPEBE 3aIIPOC 3aBEIOMO BEPHET HENUTPAJIbHBIN dJI€MEHT, HOCKOJIBKY [ > min(r, m).
[p <1 <m<r < gl Boarom ciydae oTBeT Hajo MCKaTh B 0OOMX MOIJIEPEBBSX, U
JUIST HUX BBITIOJHEHBI TpeGyeMble TPeNyCTOBUsI, TOCKOMBKY p < | < min(r,m) < m u
m+1<max(I,m+1)<r<q

3smeHenne 3HaueHns sjleMeHTa B MacCUBE U IepecTpanBaHie JiepeBa OTPE3IKOB.

Asroputm 9.20. V3meHenue 3HaueHus B JIePEBE OTPE3KOB

Bxoa: ¢ — wHIEKC W3MEHSEMOro 3JeMeHTa B MCXoMHOM MaccuBe A, f — dyHKIuUA
W3MEHEHUS 3HAUYCHUS.

Beixoxa: usmenennoe aepeBo 1’
Modify(1,1,n,4, f)

Agroputm 9.21. Pexypcusnas nporenypa Modify n3amenennst 3HaueHus ajneMeHTa

Bxoa: uHmeKC y37a v, TPAHUIBI P W ¢ OTPE3KA, COOTBETCTBYIOIIETO Y3y v, MHAEKC 4
aneMenTa B MaccuBe A, f — QyHKIUSI U3MeHeHHs 3HAYEHMSI.

Beixox: usMmenenHoe nepeso T
if p= ¢ then T[v]:= f(); return end if // orpesok siBasieTcst IUCTOM
m:=(p+q)div2 // cepenuna orpeska
if p<m then Modify(2v, p, m, 1, f) else Modify(2v+1, m+1, ¢,14, f) end if
T[] = ¢(T[2v],T[2v+1]) // nepecunTsiBaEM y3esa v

OBOCHOBAHUE. HeoOX0AUMO PEKYPCUBHO CIIYCTUTBCSI 10 JIEPEBY OTPE3KOB JIO JIKCTA,
M3MEHUTD €T0, W, BO3BPAIAsCh U3 PEKYPCHUU, TIEPECUIUTATH BCEX TPEIKOB. O

9.5.9. OueHkn 3pPEeKTUBHOCTU AepeBa OTPE3KOB

SAMEYAHUE
Omnepanus ¢ He MOXKET SIBJISITbCS IIAPAMETPOM 3aIpoca, MIOCKOJIBbKY Y3JIbI lepeBa XPaHAT KOHKPET-
Hble 3HAYEHUs], ¥ [IPU U3MEHEHUU OIEePAlluU Bce 3HAueHUs: HeoOXoAuMo tepecuntarb. DyHKuUsA
npeobpaszoBanusi f, HAIPOTHB, MOKET OBITh MTAPaMeTPOM 3arpoca. Bosiee Toro, ata HYHKITHISI MOKET
He 3aBHCETh OT [IAPaMeTPOB 1 ObITh KOHCTAHTOM, MOKET 3aBUCETD OT IIPEKHErO 3HAYEHHsI DIeMEHTA
WJIH MOJKET 3aBHCETh OT KAKMX-TO BHENIHUX [apaMeTpoB. TakuM 06pa3oM, 1epeBo OTPE3KOB MOXKHO
abdEKTUBHO MCII0JIB30BATH U B TOM CJIyyae, KOT/[Aa MACCUB A TUHAMIYECKU MEHSIET CBOM 3JI€MEHTBI
(HO He JTUHY).

TEOPEMA 1. Koauuecmeo y3106 6 depese ompe3skos ne npesocxooum 2n — 1.
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Doka3ATENBCTBO. Ecau n = 2%, T0 epeBo 0Tpe3KOB ABJSAETCS MOJHBIM M KOJUYECTBO
y3JI0B B TOYHOCTH PaBHO 2n — 1, TIOCKOJIbKY KPOHA IIOJIHOTO JlepeBa cojiepskutT Ha 1
y3es GoJibliie, YeM BCE OCTATBbHOE JIePeBO. B HEMmoJHOM jiepeBe OTPE3KOB Y3JI0B Pa3Be
YTO MEHBIIIE.

TEOPEMA 2. Bpems pabomovi npouedypot nocmpoenus depesa ompeskos O(n).

DOKA3ATENbCTBO. IIpouenypa mocrpoenus aepeBa OTPE3KOB IOcelllaeT KasKAbLd y3esl
OJIVIH pas, a KOJIMYeCTBO y3JI0B He GoJee 2n — 1. O

TEOPEMA 3. [Ipouedypa sanpoca na xajcoom yposie depesa ompesxkos nocewaem e 60-
Jlee uemulpeéx Y3noe.

DOKASATENLCTBO. /[Ijist ymobGeTBa BBenéM 0GO3HAYEHME 3alpoca CJEAYIOIUM 06pa3oM:
(I,r,',r"), tne I, r — TpaHuUIBl 3ampoca, a I, 7’ — TPaHUIBI OTPE3Ka MACCHBA JIJIsI IAHHOTO
yana. JImst KpaTKOCTH 3alicy 3HaK / 37IeCh O3HAYaeT JeeHne ¢ octaTkoM. IIpoBeném

paszbop ciydaes.
[l=0 & r=r"] 3anmpoc TaKOro THUMA 1O AJITOPUTMY OTPabOTAET MTHOBEHHO.

[v < (+7)/2 Vv I > (I+7)/2] B sTOM ciiyyae TPOU3ONAET BCETO OJUH PEKYPCUBHBIN
BBI30B: JIMOO OT JIEBOTO TIOAIEPeBa, MO0 OT IPaBOro.

[ > (+7r)/2 &' < (I4+r)/2] B arom ciyuae 3anpoc paszmenutcs Ha nsa 3anpoca: (I, (1+
r)/2,U,(1+7)/2) m ((I+7r)/2+1,r,(I+7)/2+1,7"). Teneps, ecin I’ > (3147r)/4, 1ubo
" < (3l+r)/4, To umeem cayuait 2. B mporusHoMm ciyuae, ecau I < (3l+7r)/4, TO
JIEBBIN 3ampoc paszpenurcs Ha asa 3ampoca: (I, (3l+4r)/4,1, (31+4)/4) u ((3l+7r)/4+
1,(I+r)/2,(3l4+7r)/44+1,(I+7)/2). Buano, yto BTOPOIl U3 HUX COOTBETCTBYET MyHKTY 1
1 oTpaboTaeT MTHOBEHHO. AHAJIOTMYHO JIJIs TPABOTO 3anpoca. Takum o6pasom, B Jo6oii
MOMEHT BpPEMEHM 3aTpoC TOcenaeT He Gojiee YETHIPEX BEPIINH Ha KAKIAOM YPOBHE U
umeercst He 6oJiee IBYX PeasibHO pabOTAIOINX BETBEN PEKYPCHH. O

TEOPEMA 4. Bpewms pabomut npouedyput sanpoca O(logn).

LOKA3ATENLCTBO. [Iporieaypa 3ampoca moceraer He GoJiee YeTHIPEX BEPIINH HA KAJKIOM
YPOBHE, a KOJIN4ecTBO ypoBHeil B nepeBe orpe3kos O(logn). O

TEOPEMA 5. Bpems pabomul npouedypol usmenenus snemenma ¢ depese ompeskos O(logn).
DokazateEnbcTBo. Jiement Afi] yuactByer B O(logn) ysaax jepeBa OTPE3KOB — IO

OJHOMY Ha KaK/IOM YPOBHE. [l

Mpumep. Pabora mporenypsl 3ampoca cyMmbl Ha oTpeske A[l..6]. IIpotemypa noceria-
€T TOJIBKO BbIIeJIEHHBIE Y3JIBL.
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9.6. Kpartyaiwuin octoB

3ajlaya OTBICKAHUS KpaTyaliinero octoBa rpada sIBJISETCsS KJIACCUYeCKOU 3ajadeil Teo-
pun rpacdoB. MeTo/bl pelieHust 3TOW 3a/1a4M TTOCTYKUIN OCHOBOH JIJIT MHOTUX JIPYTHX
Ba’KHBIX Pe3yJLTaToB. B uactHoCTH, nccaegoBanus anroputMa Kpackama!, ommcannoro

B 1. 9.6.3, mpuBeM B KOHEYHOM CYETE K TEOPUU KAJHBIX AJITOPUTMOB, M3JIOKECHHON B
m. 2.7.4.

9.6.1. Crarneaowume AepeBbs U OCTOBbI

ITycts G(V, E) — rpad. Ocmognuiii nodzpag rpada G(V, E) — ato moarpad, coaepsrarumii
Bce BeprmuHbL. OCTOBHBIN moArpad, ABISIONUNCS JTePEeBOM, HA3BIBAETCS 0CMOBOM, WU
xapxacom. Ecan moarpad, SBISOmMuUiics 1epeBoM, B TO K€ BPEMS ABJSIETCS OCTOBHBIM, TO
TAKOE JIEPEBO HABBIBACTCS CMAzUBAIoufuM Oepeom. TakuM 0Opa3oM, CTSITHBAIOIIEE AEPEBO
U OCTOB — 9TO OJHO U TO XKe.

SAMEYAHUE
OcToB ompeessieTcst MHOKECTBOM PEGED, MOCKOJIBKY BEPIIMHBI OCTOBA CYTh BepuiuHbl rpada. Ta-
KM 00pa3oM, BCSIKMH OCTOB ompejiesisieT pasbuenue MHOkecTBa pébep rpada Ha ABa MHOKECTBA:
MHOJKeCTBO PEGEpP OCTOBA U MHOKECTBO XOPJI OCTOBA.

Hecpsazubiit rpad He nMeet octoBa. CBsi3HBIN Tpad MOKET MMeTh MHOTO OcTOBOB. Ho
HECBS3HBINA Tpadh MMeeT 0CMO6HbLll IeC — MHOXKECTBO OCTOBOB KOMIIOHEHT CBS3HOCTH.

Ecnu 3amath pmmmbl pébep, TO MOXKHO MOCTABUTH 3afady HAXOKAEHUS KPAmMuaiuiezo
0CTOBA.

SAMEYAHUE

Cy1iecTByeT MHOKECTBO Pas3JIMYHbIX CIIOCOO0B HAWTH Kakoi-To ocToB rpada. Hampumep, anropurm
HOKCKa B IJIyOMHY CTPOUT 0CTOB (110 péOpaM BO3BpaTa).

3AMEYAHUE

MHOKeCTBO KpaTyailliinX My Teil 13 3a/laHHOI BEPITUHBI KO BCEM OCTATbHBIM TaK:Ke 06pa3yeT OCTOB.
OnHAKO 9TOT OCTOB MOJKET He OBITh KPaTYalIImM.

Mpumep. Ha puc. 9.22 nokasansl quarpammbl (cresa Hanpaso) rpada, nepeBa Kpart-
YalIX 1MyTeil U3 BepHIMHbl 1 ¢ CyMMapHbIM BECOM 5 ¥ [[Ba KPATYAUIINX OCTOBA ITOTO

rpaga.

1 [l:xxo3ed Bepnapn Kpackar (1928-2010).
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e e ]
U 1 U3 [ U3 [ 1 U3 Uy 1 (2}

Puc. 9.22. pad, nepeBo kpaTyanumx nyTen 1 aga KpaT4yanimx octosa

OTCTYMJIEHUE
3ajlaya HaXOXK/EHUSA KpPaT4yaillero 0CToBa MMEET MHOXKECTBO IIPAaKTUUCCKUX uHTeprperanuil. Ha-
TpuMep, MYCTh 3aJ[aHO0 MHOKECTBO adPO[POMOB U HY’KHO OTIpe/IeJINTh MUHUMAJTBHBIN (110 cymMMe
paccrostHuil) Habop aBMAPENHCOB, KOTOPBIN MO3BOJIMI ObI TIEPEIETETh ¢ JI06Or0 aapoapoMa Ha JIo-
60i1 npyroii. PemrenneM aToil 3agaun 6yaeT KpaTdyaiiimii 0CTOB TTOJHOTO Tpada PacCTOSTHUI MeK Ly
a3POJIPOMaMHM.

9.6.2. Cxema anroputma nocTpoeHns KpaT4yanwiero ocrtosa

PaccmotpumM coreymonyio cxeMy aaropuTMa mocTpoeHus KpaTydaitmiero octosa. Ilycrs T —
MHO’KECTBO HeTlepeceKaloNnXcs epeBbeB, ABIA0Muxcs nojarpadamu rpada G. Bravane
T cocrout U3 oTlesIbHBIX BepiinH rpada G, B kKoH1le 1’ co/IepKUT eZIMHCTBEHHBIH 37IeMeHT
— KpaTtyanmuii octoB rpada G.

Aaropurm 9.22. [locTpoeHune KpaTyailliiero 0CToBa

Bxox: rpad G(V, E), sagannbiii Mmatputieil guun pébep C.
Beixoa: kpatuaitmmii octoB 1.
T:.=V
while B T' 6ombitie ogHoro aneMenta do
B3ATb JiI0O0e 1ojepeso u3 T’
HaliTh K HeMy OJnKaiiinee
COEIMHUTD 9TU JepeBbst B T
end while

OBOCHOBAHUE. Bo3bMéM mpousBosibHOE fepeBo T; u BbibepeM OGiikaiiiiiee K HeMYy Jie-

peo T; BT, T;NT; = @. [lonoxum A, ;: = min  d(t;,t;). Tak kak ¢ camoro Hadasa
’ t€Ti,t; €Ty

BCe BepIlnHbl G MOKPBITHI epeBbsimu u3 1), a T BbiOupaercs Gimwkaitmmm K T, T0 A,
BCer/ia pealns3yeTcsi Ha HeKOTopoM pebpe ¢ IMHOI ¢; j. Janee wMHAyKIMeil o maram
ajroput™a 9.22. mokaskeM, 4To Bce péOpa, BKIOUEHHBIE B JiepeBbs u3 T, MPUHALIEKAT
KpaTtuaiimemy octoBy — SST'. Buauae BRIGPAaHHBIX PEGEP HET, TOITOMY UX MHOKECTBO
BKJIIOUAETCS B Kpardaiinmmii octos. [lycth Teneps Bce pédpa, pobaBieHHbie B T, TIPUHA-
gexkar SST. PacemorpuM ouepenHoii miar ajroput™a. IlycTh Ha 9TOM miare 006aBJeHO
pebpo (i, j), coequnsioniee noaaepeso T; ¢ noauepesom Tj. Ecmu (i, 5) ¢ SST, To, no-
CKOJIBKY SST sIBISI€TCS IEPEBOM U, CTAIO ObITh, CBsizeH, 3(i*, j*) € SST, coenuHsoNiee
T; ¢ ocrambHO# yacthto SST. Torma ymamum us SST pebpo (i*,5*) u mobaBum pebpo
(i,7): SST':=8S5T — (i*,5*) + (i, 7). Homyuennsrit moarpad SST’ sBisieTcs] OCTOBOM,
npuuém Gosiee KOpoTKUM, yeM SST, uTo TpoTUBOpeynT BuiGopy SST. (]

L $ST — Shortest Spanning Tree — crangapTHoe 0b03HAUYEHNE JJIsI KpaTyaiiliero ocToBa.
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3AMEYAHME

Pazsmunble criocobbl BIGOpa MOIEPEBa /Uil HApAllMBaHUS HA 1IEPBOM LIare Tejla UK/ JAKT
pa3IMYHble KOHKPETHBIE BAPUAHTHI aJTOPUTMa TTOCTpoeHust SST .

9.6.3. Anroputm Kpackana

Cremyionuii aropuTM, U3BECTHBIN KakK aizopumm Kpackana, HaxouT KpaTyaniimii OCTOB
B CBI3HOM Tpade.

Ausroputm 9.23. Anroputm Kpackaia

Bxox: crnucok E pébep rpada G ¢ JIMHAMH, YIIOPSIOYEHHBIH B HMOPSIKE BO3PACTAH
JUTVH.
Boixoa: MHOKecTBO T' pé6ep KpaTyailliiero ocToBa.
T:=2
k:=1 // HoMep paccMaTpuBaeMoro pebpa
for i from 1 to p — 1 do
while z(T + E[k]) > 0 do
k:=k-+1 // nponycturs 310 pebpo
end while
T:=T+ E[k] // nobasButb 310 pebpo B SST
k:=k+1 // 1 UCKIIOUUTH €T0 U3 PACCMOTPEHUSI
end for

OsocHOBAHUE. [t o6ocHOBaHUs anroputMa Kpackaia JOCTaTOUHO MTOKa3aTh, YTO BbI-
JIepKUBAETCS CXeMa aJropuTMa npeabiayiero naparpada. [leiictBUTENbHO, TIOCKOIBKY B
MHOKecTBe PEGep T HET IUKJIOB TI0 MOCTPOEHUIO, 3TO MHOXKECTBO CYTh COBOKYITHOCTH
pébep HEKOTOPOro MHOKecTBa JAepeBbeB. Eciu MuoxkectBo T comepskut GoJsiee OXHOTO
JIepeBa, TO CYIIECTBYeT pebpo, mpu M0GaBIEHUH KOTOPOTO HE BOZHHUKAET IUKJIA — OHO
coequHsteT nBa gepeBa B T. JlobaBisiemoe peGpo — KpaTdaiiliiee BO3MOKHOE, 3HAUMT,
Ha HEM peayn3yeTcsl PAcCTOSHME MeXIy HeKOTOpbiMU ziepeBbsiMu B 1. Ilo moctpoenuio
B KOHIle PabOThl aJrOpUTMa MHOXKECTBO pébep T comepKuT p — 1 9JIEMEHT, a 3HAYuT,
SIBJISIETCST UCKOMBIM OCTOBOM. O

TEOPEMA. Cemeiicmso 6cex maxux noOMHONCECE MHONCeCmea pébep epagda, Komopuie He
codeparcam UuUKI08, SI8AAeMCS MAmMpPOUOOM.

DOKA3ATENLCTBO. [lycroe MHOXKeCTBO PEGEP HE CONEPKUT IUKJIOB, M akcloMa M BbI-
noJuena. Jlanee, eciim MHOKeCTBO PEOEP He COAEPKUT LIUKIIOB, TO JI000E €ro moAMHOXKe-
CTBO TaKKe He COAEP/KUT IUKJIOB, U akcuoma My BoimositneHa. Ilycts Tereps B C B —
[IPOU3BOJIbHOE MHOXKeCTBO PéGep, a G’ — mpasuibHbli moarpad rpada G, obpasosBaH-
HBIl atumu péGpamu. OueBUaHO, YTO JIIOOOE MAKCHUMAJbHOE HE COJEPIKAIlee IUKJIOB
HOAMHOKECTBO MHOXKecTBa E’ siBjisieTcs: 00beIMHEHNEM OCTOBOB KOMIIOHEHT CBSI3HOCTH
rpada G’ u no Teopeme 1. 9.1.2 comepxut p(G’') — k(G’) anementos. Takum obpasoM,
BCE MAaKCUMaJIbHBIE He CoJiepKaliie MUKIOB MOAMHOKECTBA TTPOU3BOJIBHOTO MHOKECTBA
péGep cojepkKaT OMHAKOBOE KOJIMYECTBO 3JIEMEHTOB, U 110 TeopeMe 1I. 2.7.3 ceMelcTBO
AIMKJINYECKUX TIOAMHOKECTB PEéGep 00pasyeT MaTpOuI. O

Taxum ob6pazom, anroputm Kpackaia, Kak sKaHbIH aJrOPUTM TPUMEHEHHBIN K MaTPOULY,
HAXO/IUT AIMKINYECKOEe TOJAMHOKECTBO pébep HamMeHbInero Beca. Ilo mocTpoeHuio ai-
roput™Ma (OCHOBHOW ITUKJI /10 p — 1) 3TO TIOAMHOKECTBO PEGED MPEBOUKCIEHHO, & 3HAUNT,
SBJISIETCS KPATYANIIUM OCTOBOM.
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9.6.4. Anroputm lNMpuma

B anropurme Ilpuma' kparuaiimmii ocToB moposkaeTcs B mpoliecce paspacTaHus OIHOTO
ZiepeBa, K KOTOPOMY IIPHCOEIMHSIOTCS OJMHOYHble BepuIMHBL [Ipm atoM A xaxnoil
BEPIINHBl v, KPOME HAYAJIbHOI, HCIIOJAb3YIOTCS JBE IMOMETKH: «[v] — 3TO OurpKaitirast
K v BepIIMHA, YK€ BKIOYEHHAs B OcTOB, a ([v] — 210 aiumHa pebpa, COEIUHSIONIEr0
v ¢ octoBOM. Eciu Bepiumy v elé Heb3si COEMUHUTDH C OCTOBOM OMHUM PeGPOM, TO
alv] 1 =0, B[v] : = oo.

Asroputm 9.24. Asnroputm IIpuma

Bxox: rpad G(V, E), sagannbiii Mmatputieil giaun pébep C.
Boixoa: MHOKecTBO T' pé6ep KpaTyailliiero ocToBa.
select u € V' // BoIOUpaeM MPOU3BOJIBHYIO BEPIIUHY
S:={u} // S — MHOXeCTBO BepIINH, BKIIOYEHHBIX B KPATYANUIINN OCTOB
T:=@ //T — MHOXecTBO PEGEpP, BKIOUEHHBIX B KpaTUalliiimii 0cTOB
forveV —wudo
if v € T'(u) then
afv]:=w // u — b6mmkaiiias BepiMHa 0CTOBA
Blv]:=Clu,v] // Clu,v] — AnuHA COOTBETCTBYIONETO pebpa
else
av] :=0 // 6auxaiiias BepHIMHA OCTOBA HEM3BECTHA
Blv]: =00 // u paccrosiHue TakKe HEU3BECTHO
end if
end for
for : from 1 to p — 1 do
T:=00 // HayaJbHOE 3HAUEHUE s TTOUCKA OIMsKaiiiieil BepIuHbl
forveV\ S do
if 8[v] < z then
w:=v // Hauuu 6osee OINUZKYIO BEPILUHY
x:=B[v] // m paccrosinue 10 Heé
end if
end for
S:=S+w // nobasisieM HaliJIeHHYIO BEPIIMHY B OCTOB
T:=T+ (aw],w) // nobasusiem Haiigentoe pebpo B 0CTOB

if v ¢ S then
if 5[v] > Cv,w] then
alv] :=w // u3MeHsieM GJIVZKAMIIYIO BEPIIMHY OCTOBA
Bv]:=Clv,w] // u nuny Bemyiiero K ueii pebpa
end if
end if
end for
end for

OsocHoBAHUE. Asroputwm [Tpuma OyKBasibHO cienyet cxeMe aaroputma 9.22. B kauectBe
[EPBOTO U3 COEIUHIEMbIX /IEPEBbEB UCIIOIB3YETCS OIHO U TO JKe Pa3PacTaIolleecst IepeBo
T, a B KauecTBe BTOPOro — OJinzKaiilast OJMHOYHAs BEPIINHA. ]

1 Po6epr Kieit ITpum (poa. 1921).
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OTCTYNJIEHUE

3aziaya 0 HAXOXK/IEHUH KpaTJyaillero ocToBa MPUHAMJIEKUT K YUCJIYy HEMHOTHX 33/1a4 TEOPUU T'pa-
(oB, KOTOpBIE MOKHO CUMTATh TOJHOCTBIO PEIIEHHBIMU. MeXK1y TeM, ecii U3MEHUTh YCJOBUS
3ajlauy, HA IEPBBII B3MJISI/ [aKe HE3HAUMTEJNBHO, TO OHA OKA3bIBAETCS ropasio 6ojiee TPYIHOM.
Paccmorpum crienyronryo 3amauy. IlycTh 3aaHO MHOXKECTBO TOPOJIOB Ha IJIOCKOCTH U HY’KHO
OIIPEETIUTh MUHUMABHBINA ([0 CyMMe PACcCTOSIHUI) HaOOP JKeJIe3HOMOPOKHBIX JIMHUIA, KOTOPbIN
MO3BOJIMI OBI TiepeexaTh u3 J060To Topoaa B o060l aApyroit. KpaTdaidmmii 0ocTOB TOMHOTO Tpa-
(a paccTostHUil MeKIy ropofamu He Oy[eT SIBJISThCs pelleHueM aToi (IIPAKTUYECKH, OYEBUIHO,
OYEHb BaJKHOW) 3aj1aul, M3BECTHOI Kak 3adaua IlImeiinepa. B 3apaue [ltelinepa nomyckaercs: BBe-
JleHNe JTOTIOTHUTEIbHBIX BEPIINH, Ha3blBaeMbIX moukamu [lImeiinepa. Ha puc. 9.23 nmpusenensr,
COOTBETCTBEHHO, J[MATPaMMbl KpaTdaiilliero 0cToBa, HAUBHOTO <«peleHus» 3amaun [llTeiinepa u
IIPABUJIBHOTO PENIeHMs ISl CIydasi, KOTa FOpPOjia PACIOJIOKEHBl B BEpIIMHAX KBaJpaTa. 3agada
[ eitHepa Ha MJIOCKOCTU XOPOIIO MU3yY€eHa, B YACTHOCTH, U3BECTHO MHOTO BasKHBIX CBOMCTB TOYHO-
ro pemenust. Harpumep, usBecTHo, 4to Kaxkaas touka lllTeitnepa nMeet crenenb 3 1 OTPE3KU B Heil
BCTpevaloTcst nozl yriom 120°. Tem He MeHee 0 CHX TIOP HEM3BECTHO AOCTATOUHO I(PGHEKTHUBHBIX
AJITOPUTMOB PeIlleHus TAHHON 33/1a4u, ¥ OHA OCTAETCs TPEMETOM MHTEHCHBHbBIX UCCIIEI0BAHUIL.

oy vy oy 0y

Yy vy N 0y

Puc. 9.23. Kpatyaiiwuii octoB, NpUBANXEHHOE N TOYHOE pelleHns 3adaun LLtenHepa

3SAMEYAHUE
Marepuas 91Ol TJIaBbl 3aTPArMBaeT BOIIPOCHI, KOTOPbIE OY€Hb YACTO BO3HUKAIOT B MPAKTHYECKOM
mporpaMmupoBanuy. [109ToMy pasindiibie CBeEHUs O IePEBbIX MOXKHO HAWTH HE TOJIBKO B CIIEIH-
ABHBIX y4eOHNKAX MO TeOpHUH rpaoB, HO U B KHUTAX O TPOrPAMMHUPOBAHUIO M KOHCTPYHUPOBAHUIO
abdEKTUBHBIX aITOPUTMOB. B KayecTBe PEKOMEHIyeMBIX /ISl TIPOTPAMMUCTOB MCTOYHUKOB HA30-
BéM [1], [10], [3]. Anroputmsbr 9.1. u 9.2. 3auMcTBOBaHbI U3 peKoil KHUTH [8], B KOTOPOIi TpUBENEHO
GOJIBINTOE YKCIO AJITOPUTMOB Ha rpadax, B TOM 4ucje He 04eHb MUPOKO M3BecTHBIX. [Toapobroe
U3JI0KEHHME U aHAJIM3 AJITOPUTMOB PabOThI € PA3JIMYHBIMK KJIACCAMHE JIEPEBHEB NMEETCS B TIPEKPAC-
HOM yuebOHuKe [2]. AJropuT™bl Ioucka Kparyaiiero ocrosa (aaropurmbl 9.1-9.2) npunaiiexar K
YHUCJIy U3BECTHBIX KJIACCHYECKUX AJITOPUTMOB, VX OIUCAHNE MOKHO HaliTH BO MHOTHX MCTOYHMKAX,
HarpuMmep B [13].
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Maea 10 LUUwuknbl, HE3aBUCUMOCTDb
U packpacka

[Tocse paccMOTpeHUSI alUKINIECKUX CBSI3HBIX IpacoB, TO €CTh AEPEBLEB, €CTECTBEHHO
MepelT K paccMOTpeHuio TpadoB ¢ nukjgamu. HekoTopble 3aa4d, CBsI3aHHbBIC C IIHK-
JIaMH{, B 4YaCTHOCTH C TaMUJIBTOHOBBIMU ITUKJIaMH, OKa3bIBAIOTCSI TPYHOPEIIAeMbIMH, TaK
Ha3bIBAEMBIMU T1€PeOOPHBIMU 3ajlauaMu. B 9Toil riiaBe Ha mpuMepe 3aJa4i OTHICKAHS
HarOOJIBIIETO HE3ABUCUMOTO MHOKECTBA BEPIIUH PACCMATPUBAIOTCS MOAXOABI K IIPO-
TPaMMHOMY PETeHNIo TakuX 3a/a4. K unciy mepeGOpHBIX 33/1ad OTHOCUTCS U 3a/a9a pac-
KpammBaHus TpadoB, KOTOPast UMeeT MHOTO TTPUJIOKeHnH B mporpammupoBanuu. C pac-
Kpackoil cBs3aHa 3a7aya 00 ykaaabiBaHuu Tpada Ha 3aJaHHO TOBEPXHOCTH, UMEIOIIAsT
IIPUJIOKEHUS B 3JIEKTPOHUKE.

Takum 06pa3oM, B 9TOi 3aKJIIOYMTEIBHON TJIaBe pacCMaTPUBAIOTCS HEKOTOPbIe M3BECT-
Hble 33/la4M Ha rpadax M yKas3bIBAIOTCS CBSI3U MEXIY HUMU. B yacTHOCTH, MPUBOASTCS
pellleHrst TeX MCTOPUYECKHMX 3ajlad, ¢ KOTOPBIX Mbl HauaJu M3JI0KeHHe Teopuu rpados
B rjase 7.

10.1. dyHpamMmeHTanbHble UUKIbI U pa3pesbl

IlepBoIil pazzmen T71aBbl TOCBAIIEH YCTAHOBIECHUIO CTPYKTYPBhl MHOYKECTB ITUKJIOB U Pa3-
pe3oB B rpade ¢ TOUKU 3peHrs BEKTOPHBIX IIPOCTPAHCTB.

10.1.1. Uuknbl n paspesbl

[IuksT MOKeT BXOAUTH TOJBKO B OJIHY KOMIOHEHTY cBsisHoctu rpada G(V, E), a B He-
CBSI3BHOM Tpade MOHSATHE paspesa SIBJSETCS BBIPOKIECHHBIM, TTO3TOMY (€3 OrpaHUYEHIs
obutHOCTH B 9TOoM paszaeie rpad G(V, E) cuutaercss cB3HBIM. [[MKJI HE MOJKET COfep-
JKaTh 0JHO pebpo GoJiee OLHOrO pasa, MOITOMY B HTOM pasjelie LUK PaccMaTpPUBAETCs
KaK MHOKeCTBO pébep. B ¢BSI3M ¢ 9TUM MOKHO [aTh 9KBUBaJIEHTHOE OIIpeieIeHIe TIPOCTO-
ro IMKJIA: #POCMbIM HA3BIBAETCS MK/, HUKAKOEe COOCTBEHHOE MOJMHOKECTBO KOTOPOIO
IIUKJIOM He siBJisieTcs. HarmoMHuM, 4To paspeszom cBsI3HOTo rpada Ha3bIBaeTCsSI MHOMKECTBO
pébep, yaajeHue KOTOPBIX JejiaeT rpad HeCBI3HBIM. 3aMeTUM, uTo JIo6oe pasbueHne MHO-
JKeCTBa BEPITMH V Ha /IBa HEMYCTHIX TOAMHOXKeCTBa, Vi # @ u Vo # @, Vi NV, = g,
ViUV, =V, onpeziensier paspe3 S: = {(v1,v2) € E | v1 € Vi & vy € Va}, OCKOJIBKY 11pa-
BuiIbHBIE TToATpadbl G 1 G, oTpenesieMble TOAMHOKecTBaMU V; 1 Vo COOTBETCTBEHHO,
SIBJISTIOTCST, OYEBUIHO, KOMIIOHEHTAMHU CBSI3HOCTH Tpada G — S. 3aMeTnM Jajee, 4TO0 MHO-
xectBa Vi u Vo onpenensior apyr apyra: Vi = V \ Vo, Vo = V' \ V4, noatomy noctatoqso

Def
3a/1aTh TOJIBKO OJHO U3 HUX. EcTecTBeHHO BBecTu 0O6o3Havenue YU C V (U =V \U ) .

Bseném obosnaverue E(Vy, Va) mist MHOKecTBa pEGEP, COEMMHSIONINX [BA AN3BIOHKTHBIX
HEIyCThIX moaMHoKecTBa Bepuinn rpada G(V, E):

E(Vl,VQ) %f{(vl,vg) cF | v €WV & Vo € ‘/2},
rne Vi CV, VoV, V143, Vo#£2, ViNVa=. 3amerum, uto E(V1, Vo)=E(Va, V7).
Paspes cBsiznoro rpada G(V, E), onpe/essieMblil HETYCTHIM TOIMHOKeCTBOM U MHOXKe-
CTBa BePUIMH V, HA3BIBACTCA NPAsULLHbIM Paspe3oM u oboznavaercs S(U):

S(U) 2 (01, 00) € B |0y €U & v, € T} = E(U,T).
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ITpaBuJIbHBIN pa3pe3 He CONEPKUT <JIUIIHUX»> PEGEpP, TO eCTh TaKuxX peébep, BKIIOYEHHUE
WJIA UCKJTIOUEHNE KOTOPBIX HEe MEHSIET KOMIIOHEHT CBSI3HOCTH, TIOJIy4aeMbIX TIPH y1aJIEHUU
péGep paspesa. SIcHO, 4TO BCAKMI paspe3 COAEPKUT HEKOTOPbIA IPaBUJILHBIA paspes.
B aroMm paszesie paspes cUMTaeTcsl IPaBUJIbHBIM, €CJIM HE OFOBOPEHO 0OpaTHOe.

JIEMMA. CumMempuueckas pasiocmov 08YxX PASIUUHBIX NPACUILHBIX PASPE306, ONpeoeis-
emolx muoxcecmeamu Vi u Vs, A6IACMCA NPAGUILHBIM PASPEIOM, ONPLOCHACMBIM CUMMEPU-
yecKotl pasnocmuio mroxcecms Vy u V!

Vi # Ve = S(Vi) & 5(Va) = S(V; & Va).
DokasaTENbCTBO. «Ilepeceuennes mpaBubHBIX paspe3os S(Vi) u S(Vz) obpasyer pas-
OueHre MHOKECTBA BEpIIUH V Ha YeThIpe MOAMHOKECTBA:
Vir:=VinVy, Vig:=VinVWy, Vo:=VinVy, Vy:=Vinh.
(puc. 10.1). B atux 0603HaYeHUAX
S(V1) = E(Vi1, Vor) U E(Vig, Vor) U E(Vi1, Voo) U E(Vio, Voo),
S(Va) = E(Vi1, Vip) U E(Vo1, Vio) U E(Vi1, Voo) U E(Vor, Voo),
oTKyza, yuuteisas, uto E(Vig, Vo1) = E(Vo1, Vio), umeem
S(V1) a S(Vo) = E(Vi1, Vo1) U E(Vig, Voo) U E(Vi1, Vi) U E(Vor, Voo)-
3aMeTuM, 4To
Vi AVo=(VinVa) U (VinNVa) = VigU Vo,
Vi aVa=(VinVa) U (ViNVa) = Vi1 U Vyo.
[ToaTomy
S(Vi & Vo) = E(Vig, Vi1) U E(Vig, Vo) U E(Vor, Vi1) U E(Vor, Vo),

u, yuurbiBas, uro E(Vig, Vi1) = E(Vi1, Vio) u E(Vor, Vi1) = E(Vi1, Vo1), OKOHYATETBHO
umeem S(Vi) A S(Va) = S(V1 A Va). O

Vi

Puc. 10.1. K pokasatenbcTsy ieMMbl

IIpocmbim pa3pe3oM Ha3bIBAETCS MUHUMATBHBIN Pa3pe3, TO eCThb TaKOW pa3pes, HUKaKoe
COOCTBEHHOE TTOAMHOMKECTBO KOTOPOTO PAa3pPe30M He SIBJISETCSI.

3AMEYAHMUE

Bceaxuil npocToit paspes ABJseTCs IPaBUIbHLIM, HO He BCAKWUN IIPABMJIBHBIN paspe3 sBJISETCS
ITPOCTBIM.
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Npumep. Paccmorpum rpad G, npencrasiennsiii Ha puc. 10.2, a. Paspes S = {(vy,v2),
(v1,v3), (v1,v4), (Va, v5), (v2,v3)} TPacha G He siBAsIETCST TPABUIIBHBIM paszpe3om (puc. 10.2,
6). Vickmouns pebpo (ve,vs), nomyanm S1 = {(v1,vs), (v1,v3), (v1,v4), (v5,v4)} — Tpa-
BUJIBHBIN pa3pe3 Tpada G (puc. 10.2, ), mpuuém S1 He SABISIETCS TPOCTBIM Pa3pPe30M.
[TpaBumnbHbIil paspes S1 comepsut B cebe MBa MPOCTHIX paspesa: S1; = {(v1,v2), (v1,v3),
(’Ul,U4)} n 512 = {(U5,1}4)}, (pI/IC 102, 2n 8)

V3

Puc. 10.2. MNpaBunbHble N NPOCTblE pa3pesbl

3AMEYAHUE

Yewm Gosbiie B rpade [UKIOB, TeM TPy/Hee ero pas3pésarb. B 1epeBe, HANpoTuBs, Kaxioe pedpo
camo 1o cebe sIBIISIETCS] TIPOCTHIM Pa3pe3oM.

10.1.2. dyHpgameHTaNnbHas cUCTeMa LIMKJIOB U LUKIIMHECKUA paHr

ITIycts T(V, Er) — Hekoropsiit octos rpada G(V, E). Kodepesom T*(V, E%) ocroBa T
HasblBaeTcsl OCTOBHBIN noxrpad, Takoii, uto Ef = E \ Ep. (KozepeBo He sBisercs
nepesom!) PéGpa komepesa siBasiiorcst xopdamu ocroBa. Ilo teopeme 1. 9.1.2 06 oc-
HOBHBIX CBONCTBAX [€PeBbEB KaKAAs Xxopaa e € T octoBa T MOPOKIAET POBHO OIIH
POCTOH UK, 0003HAYMM €ro Z.. TakuM 0OpasoM, UMEEM CHUCTEMY MPOCTHIX IUKJIOB

g f {Zc} cp~, openensgeMpix BRIGpaHHBIM 0CTOBOM ', KOTOpas Ha3bIBAETCS (hyHOaMeH-
manvholl cucmemoil uukaog. Iukibl hyHIaMeHTaIbHOI CUCTEMBI Ha3bIBAIOTCS (hynoamer -
MAIbHLIMU, & KOJIMYECTBO IUKJIOB B (JaHHOW) (yHIAMEHTAJIbHON CHCTEME HA3bIBAETCS
yurIUdeckum paneom (WM yukaomamuueckum yuciom) rpada G u obosnagaercss m(QG).

TEOPEMA. Jloboi yuxn ¢ cessnom epagpe G(V, E) MoicHo npedcmasums Kax cummen-
PUUECKYIO PASHOCITD HECKONLKUX (PYHOAMEHMATOHBIX YUKILO8 U3 CUCTeMbL Z,, ONPeOeaeMOU
nPoU3BoaLHLIM 0cmosom T

DOKA3ATENbCTBO. Ecsm B rpacde G HeT IUKJIOB, TO 3TO AepeBo, G =T, T* = 2, Z = &,
U YTBEPSKIEHUE TEOPEMBI TPUBUAIBHO. PaccMoTpuM nukna Z B rpade G. ITOT MUK COfep-
JKUT XOPABL €1, . . ., e, € T (puc. 10.3). Takue Xop/bl B Z 0043aTeNbHO €CTh, B IPOTUBHOM
cayyae Z C T, 4TO HEBO3MOKHO, ITOCKOJIBbKY 1 — ziepeBo. JlokakeM MHAYKIIMEH 110 1, YTO
Z=Ze N...NZe, . Baza:myctbn =1, Torn2 €1 €1, Z—e1 CT u Z = Z,,, TaK KaK eciu
Obl Z # Z,,, TO KOHIBI €1 Oblau Obl coeiMHEeHBl B T IBYMsI LEMSMHE, YTO HEBO3MOXKHO
o TeopeMe 11. 9.1.2. IlycTb (MHAYKIMOHHOE IIPEIOJOXKeHNe) Z = Zoy A ... A Ze, 1N

BCEX UKJIOB Z C YMCJIOM XOPA m < n. PaccMOTpuM UK Z ¢ n XOpAaMu eq, ..., e, € T*
niyka Z., . Umeem 2/ :=7Z N Z., = (Z —e,)U(Z,, — €,,) — TOXKe HUKT (BOBMOXKHO, HE
mpocroit). Ho Z’ comepxut toapko n — 1 xopix ey, ..., e,—1. [lo unaykimonnomy mpes-

NoNoKeHu1o Z' = Ze, A ... A Z,, ,. UMeem Z =2Z' AN Z,, =
=(Zeyboo 8 Zey ) D Zey =Ty D Doy, D Ze,. a

€n—1
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7

Puc. 10.3. K pokasartenbcTtBy Teopemsbl n. 10.1.2

CNEACTBUE. Koiuuecmso yukios 6 pynoamenmanviot CUCTReMe PAGHO YUCLY XOPO 0CMO-
sa:m(G)=q—p+ 1.

BokasatEnbCTBO. M(G)=¢(T*)=¢(G)—q(T) = ¢—(p—1) = g—p+1. O

Mpumep. Ha puc. 10.4 npezacraBiena cucrema yHIAMEHTATBHBIX ITUKJIOB, OIpe/e-
JIIEMBIX HEKOTOPBIM OCTOBOM. PE6pa 0CTOBa BbIE/NEHbI KUPHBIMU JUHUSAMU, 2 COOTBET-
cTByIoIue (GyHIaMeHTaIbHble MUKJIbL, UX deTbipe — Z1 = {(v1,v2), (ve,v3), (vs,v1)},
ZQ = {(/027 vS)a ('[}5, U3)7 (’03, UQ)}7 Zd = {('[}2, ’U5), (057 'UG), (U67 U3)7 (U37 ’UZ)}y

Zy = {(v2,v4), (v4,v5), (V5,v2)}, — IMYHKTUPHBIMU KOHTYPAMIL.

Puc. 10.4. dyHaameHTasbHble LMKIbI

SAMEYAHUE
COBOKYITHOCTh BCEBO3MOKHBIX CHUMMETPUYIECKUX pa3HOCTel (GyHIaMEHTAIbHBIX ITUKIOB COJEPKUT
MHOKeCTB (OJIbllle, YeM HY)KHO: B HeE BXOIAT HE TOJIbKO Bce HuKJbl rpada G, HO U HEKOTOPbIe
o0beiMHeHNsI TAKUX [[MKJIOB. B 4acTHOCTH, CUMMETPUYECKast Pa3HOCTD IBYX ((DyHIaMEHTAIbHBIX )
[MKJIOB, KOTOPblE HEe MMEIOT OOIIMX BEpUIMH, CHOBA [aéT JBa 9THX Ke IUKjia. MHOrma MHOXKe-
CTBO OOBEKTOB, OIIPEENSIEMOE BCEBO3MOKHBIMU IMKJIMYECKIMH PA3HOCTSIMU (DYHIAMEHTaIbHBIX
IIUKJIOB, HA3bIBAIOT MHOKECTBOM UUKAUUECKUX BEKMOPOS.

MNpumep. Ha puc. 10.4 Her QyHIAMEHTANBHBIX IIUKJIOB, HE UMEIONIAX OOIIIX BEPIIHH.
CumMMeTpruecKkast pa3HOCTb TPEX (DyHIAMEHTANBHBIX IUKJIOB, Z1 A Z3 A Z4, TAET UK
(v1,2), (3, 04), (v, vs), (s, V), (U, Us), (v, v1) — <BHEMIO0 rpanmity> rpacda. Cinw-
MeTpuYecKasi pa3HoOCTb BceX (DyHIAMEHTAJNbHBIX IUKIOB Z1 A Zo A Zs A Zy naér
aiyiepoB UK faHHoro rpacda (cm. pazzxen 10.2).

10.1.3. dyHpgameHTanbHas cuctema paspe3oB
N KOUMKIINYECKUIA paHr

Iycto omsite T(V, Er) — Hekotopsiii octoB rpada G(V, E). Paccmotpum pebpo octoBa
e € Er v onpeziesim paspes S, caenyromum o6pasoM. Tak kak pebpo e — paspes jepesa
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T, oHo pasbuBaerT MHOXKeCTBO V BepmmH 7' Ha JBa HEIYCTHIX IIOAMHOXKeCTBa, Vi U Va,
takuto V1 CV, V1 £ @, Vo CV, Vo £, VUV, =V, Vi NV, = &. BriounM B paspes
Se pebpo e u Bce Xopabl octoBa T', COeUHSIONINE BEPIIMHBI MHOKECTBA V] ¢ BepIIMHAMK
MHOKecTBa Vo:

Se L£f€+{(v17v2) erT* |1)1 eV & vy € ‘/2} :E(Vvl,‘/g)

o Def
Torpma S. — aro npocroii paspes. Cucrema paspe3os 8§ = {S.}, . HasbiBaeTCs Gynoamen-
manvHoll cucmemoil paspesos. Paspesbl GyHIaMEeHTaJIbHON CUCTEMbI Ha3bIBAIOTC (yHoa-
MEHMANLHIMU, 3 KOJTMYECTBO Pa3pe30oB B (JIaHHOI ) (yHIAMEHTAIbHON CHCTEMEe Ha3bIBa-

€TCsT KOUYUKAUUeCKUM parzom (NIn Koyukaomamudeckum uuciom) rpada G n oboznavaercst
*
m*(G).

SAMEYAHME
Me>1<11y IIUKJIaMU 1 ITPpaBUJIbHBIMU pa3pe€3aMu CyUIECTBYET OHpeHe]IéHHaH HBOﬁCTBeHHOCTb, 1109TO-
MYy IIpaBWJIbHbI€ Pa3pe3bl UHOT/a Ha3bIBAIOT KOUUKIAMU. OTCIOZIB. Ha3BaHUe «(byHZlaMeHTa]IbHaf[
cucTeMa KOLUMKJIOBY U «KOUMKINYECKUI PpaHT». ﬂeTaJIbHoe paccMOTpeHNE 9TOU JABONCTBEHHOCTU
BbIXO/IUT 3a paMKN JIAHHOW KHUTH.

TEOPEMA. Jlb6oi npasuivhviil paspes ¢ cessnom zpage G(V, E) moxcHo npedcmasumo
KAK CUMMEMPUYECKYH) PA3HOCTD HEKOMOPHIX PYHOAMEHMATLHBIX PA3PE308 U3 cucmemul S,
onpeoensiemMoi nPoU36oNIbHbIM 0cmoeom T .

DOKASATENLCTBO. /leiicTBuTe bHO, I060# paspes S coaepsKuT XoTst Gbl OAHO Pebpo 13
ocroBa T, Tak Kak T — CBA3HBIM U cojep:kuT Bce Bepunubl G. Ilyctp S — npaBuiib-
HBII paspes, KOTOPBIN COMEPKUT pédpa e, ..., e, € T. JlokaxeM MHAYKIUEH O 7, YTO
S=28, A...A8,,. basa: myctb n =1, Torna T'— ey =11 U Ty, rae 71 u T — KOMIIO-
HEHTBI, MoJTyYaeMbie 13 octoBa T’ yranennem pebpa e;. meem S., C S, mHadye S He ObLT
6n1 paspesom, u S C S,,, nHade S He ObLT OBl MPABIJIBHBIM pa3pe3oM. Takum o6pasom,
S =8,,. Ilyctb Tenepp S = Se, A ... A Se,, LA BCeX NIPaBUJIbHBIX Pa3pe30B .S ¢ YUCIOM
péGep ocToBa m < n. PaccMOTpUM MpaBUJIbHBIN paspe3 S ¢ n pébpamu eq, ..., e, € T.
IMomoxum S’ : =S A S, , TO ecTh UCKIIOYNM U3 paspesa S Bce pé6pa dyHIAMEHTATD-
HOTO paspe3a S.,. Paspes S’ — mpasuibubiii o gemmve m. 10.1.1 u comepsut péGpa
€1,...,€6n_1, @ 3HAUWT, 110 MHAYKIIMOHHOMY IpeAnonokeHuio S" = Se, A ... A Se, .
Nmeem S =5" A S., uokonuarenbio S =S, A ... A Sp,_1 4 Se,. O

CNEACTBUE. Koauuecmso paspesos 6 pynoamenmanvioil cucmeme pasHo 4uciy pébep
ocmosa: m*(G) =p — 1.

[oKA3ATENLCTBO. [lo ompeneneHuro. O

MNpumep. Ha puc. 10.5 npexacrasieHbl Bce MATh PyHAAMEHTATBHBIX Pa3pe30B, COOT-
BETCTBYIOIMX Irpady U €ro OCTOBY, IIpeJcTaBJeHHbIM Ha puc. 10.4.

3AMEYAHME
COBOKYITHOCTb BCEBO3MOKHBIX CUMMETPHUYECKMX pasHOCTell (yHIaMEHTaJIbHBIX Pa3pe3oB cojep-
JKUT MHOKECTB MEHbBIIE, YeM MOKET MOHAIOOUTHCSA: B HeE BXOIAT TOJHKO MPABUIbHBIE pa3pe-
3bI, paspesbl, He ABJAIONMECS IPAaBUIbHBIMU, B Hell He cojep:karcs. B uyactnoctH, paspes Mo-
JKeT coJlepKaTh IIMKJIbI, B IIPABUJIBHOM pa3pese WM CUMMETPUYECKON Pa3HOCTH ITPABUJIbHBIX Pa3-
PE30B IUKJIOB ObITh HE MOJKET, II0O3TOMY Pa3pe30B € IMKJIAMU HaM HE TOJYYUTb C HOMOIIbIO
(byHzamMeHTaIbHOIT cHCTEMBI Pa3pe3oB.
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Puc. 10.5. ®yHaameHTanbHble paspesbl

Ss
O

o

MNpumep. Obpatumcs k npuBenéunomy Ha puc. 10.4 tpady Paccmorpum paspes
S = (v1,v2), (v2,v3), (v3,05), (vs,v6), (v, V3), (V3,v1). DTOT paspe3 rpaca He ABJIAETCA
MIPABUJIBHBIM U €T0 HEeJIb3sI MPEACTABUTD B BUE CUMMETPUYECKOH PasHOCTH (DYHIAMEH-
TATbHBIX Pa3pPe30B.

10.1.4. MoanpocTpaHCTBa LUKIOB U KOLMUKJIIOB

PaccmotpuM BekTOpHOE TpocTpancTBo (1. 2.4.1) Hajx aBonyHoi apudmerukoi (1. 2.3.3),
HATSIHYTOE Ha MHOKeCTBO pébep F rpada G(V, E). DjeMeHT 3TOro BEKTOPHOTO TIPOCTPAH-
cTBa (JIMHEHHYI0 KOMOUHAIIMIO, 11. 2.4.2) MOKHO OTOXKIECTBJISATD C IOIMHOKECTBOM PEGEp:
ecan Ko GUIMEHT B JIMHEHHOI KoMOuHAIMU paBeH 1, To peGpPO BXOAUT B MOAMHOXKE-
CTBO, ecau Koadunuent paser 0, To He BXxoauT. [Ipw Takoit MHTEPIPETAIINN CIOKEHHUIO
BEKTOPOB COOTBETCTBYET CUMMETPHUECKAST PA3HOCTh MHOKECTB PEGep. MHOKECTBO IHK-
JINYECKUX BEKTOPOB M MHOKECTBO IIPABUJIBHBIX Pa3pe30B 3aMKHYTHI OTHOCUTEIbHO CUM-
METPUYECKON PasHOCTH, a TIOTOMY SIBJISTIOTCS TIOIIPOCTPAHCTBAMHU OBIIEr0 MPOCTPAHCTBA
OJMHOKECTB pébep rpada.

SAMEYAHUE

CTporo roBopst, MHOKECTBO IIUKJIOB, PABHO KaK U MHOKECTBO Pa3pe30B, He 00pasyeT MOAIPOCTPaH-
CTBA, MOCKOJIbKY HE 3aMKHYTO OTHOCHTEJIBHO CUMMETPUYECKOW Pa3HOCTH. MHOXKeCTBO IUKINYe-
CKUX BEKTOPOB IINPE MHOXKECTBA I[UKJIOB, & MHOXKECTBO IIPAaBWJIBHBIX Pa3pe30B yske MHOMKECTBA
paspe3oB. OHAKO MHTYUTUBHO SICHO, YTO <II0 TIOTPEOUTENBCKUM CBOICTBAM» IUKJINYECKUE BEK-
TOPBI W IMKJbI, PABHO KaK pa3pe3bl W MPaBUJIbHbIE Pa3pesbl, BecbMa OJM3KHU, MOITOMY Jajee
paccMaTpUBaIOTCS TOJIBKO IIMKJIMYECKe BEKTOPBI U TIPaBUJIbHBIE PAa3pe3bl, KOTOPBIE IS KPATKOCTH
HA3bIBAIOTCS [IMKJIAMU U pa3pe3aMu (KOIMKIAMN).

MHosecTBO IUKIOB {Z;}1_; Ha3bIBAETCS HE3ABUCUMBIM, €CTT HI OJIH U3 IIUKJIOB Z; He
ABJISETCS JIMHEHON KoMOMHAIMel oCTaIbHbIX.

MHoskecTBO pa3pe3os {.S5;} | Ha3bIBAETCS HE3ABUCUMbBIM, €CJIA HU OJIUH U3 Pa3pe3oB S;
He ABJIgeTCs JUHeHHOW KoMOMHAIMel OCTalbHbBIX.

MakcuManbHoe He3aBUCMMOE MHOXKECTBO IIMKJIOB (MJIM MUHUMAJIbHOE MHOXKECTBO I1IHK-
JIOB, OT KOTOPBIX 3aBUCAT BCE OCTJIbHbIE, MJIM HE3aBUCUMOE [IOPOsK/Aloliee MHOKECTBO
[UKJIOB) SIBJISIETCS 6A3UCOM TIPOCTPAHCTBA IMMKJIOB. MaKCUMaJIbHOE HE3aBUCUMOE MHO-
JKECTBO Pa3pe3oB (MM MUHUMAJIbHOE MHOKECTBO Pa3pe30B, OT KOTOPbBIX 3aBUCIT BCe
OCTAJIbHBIE, UJIM HE3aBUCHUMOE MOPOJKIAIONIEe MHOKECTBO PA3pPe30B) SIBJSETCS OA3UCOM
IIPOCTPAHCTBA Pa3pe30B.

BBesiennast hyHIaMeHTaIbHASI CHCTEMA IIUKJIOB SIBJISIETCS 6a31COM HO/NPOCTPAHCTBA IIHK-
70B. JleficTBUTEIBHO, IUKJIB J1I0001 (yHIaMeHTaIbHOI cucTeMsl Z = {Z, }.c. He3aBu-
CHMBI, ITOCKOJIBKY KaKIbIH M3 HUX COJAEPKUT MHAMUBUAYATbHYIO Xopay e € 1%, u 1o
teopeme 1. 10.1.2 dbyHmameHTaIbHASA CHCTEMA MOPOXKIAET MHOXKECTBO IUKJIOB. Takum
06pa3oM, IUKINYECKUIl PAHT — 3TO Pa3MEPHOCTb MPOCTPAHCTBA IIHKJIOB.
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3AMEYAHUE

DyHpaMeHTaIbHbIE CHCTEMbI [IUKJIOB, TIOPOKIAEMble OCTOBAMHU, — 9TO He eMHCTBEHHbIe GA3MCHI
[IPOCTPAHCTBA IIMKJIOB. Harpumep, 4eThipe «eCTeCTBEHHBIX> TPEYTOIbHIKA Ha pucyHKe B 11. 10.1.2 —
{(U17U2)7(U2av3)’(v3’v1)}’ {(’02,’04),(’04,’05)7(’U57’U2)}, {(1}2,1}5),(1}5,1}3),(1}3,1}2)},
{(v3,vs), (vs,v6), (V6,v3)} — SABISIOTCS HGa3UCOM MOIIMPOCTPAHCTBA IIUKJIOB, HO He SIBJSAIOTCS (yH-
JIaMEHTAJIbHOM CHCTEMOI HU /ISl KAKOTO OCTOBA.

BBenénnast pyHmaMeHTanbHas CHCTEMa Pa3pe3oB SIBJseTCsl 6a3MCOM MOAIPOCTPAaHCTBA
paspesos. /leficTBuTebHO, pa3pesbl M060i GyHIaMeHTanbHOM cucteMbl 8 = {S¢}eer
HE3aBUCUMBI, TIOCKOJIbKY KajK/Iblil M3 HUX COAEP/KUT WHIAMBHAyasbHOe pebpo e € T,
u 1o TeopeMe 10.1.3 dbyHIaMEHTATbHAS CUCTEMA TIOPOKIAET MHOKECTBO Pa3pe3oB. Takum
00pa3oM, KOIMKIMYECKIIT PAHI — HTO PasMEpPHOCTb IIPOCTPAHCTBA Pa3pPe30B.

3AMEYAHMUE

Bce yrBepskeHns aToro pasjesia paclpoCcTpaHsaoTCs Ha cirydail MyJbTurpagos.

10.2. OunepoBbl LUKJIbI

31ech PUBEIEHO MCYEPIIBIBAOIIEE PEIEHNE 3a1aui 0 KEHUTrcheprekux mocrax (m. 7.1.1),
TIPUBE/IIe K MCTOPUIECKN TIePBOM YCIENTHOW TIONBITKE Pa3BUTHUSI Teopuu rpadoB Kak
CaMOCTOSATEIBbHOTO TIPEMETA.

10.2.1. OuinepoBbl rpadsbl

Ecan cBasubiii rpad umeer 1mukia (He o6s3aTeNbHO MPOCTOIT), cogepskaiiuii Bce pédpa
rpada, TO TAaKOW IWKJI HA3bIBAETCS ILIEPOBbLM TIUKIIOM, a rpach HA3BIBAETCS ILLIEPOBLIM
rpadom. Ecour cBst3HbIi Tpad nMeeT 1iemb (He 0053aTeIbHO TIPOCTYI), COMEPIKAIIYI0 BCe
péGpa, To Takas Iiellb HA3bIBAETCS SUAePOsoll Elblo, a rpad) HA3bIBAETCH NOAYIULEPOBHIM
rpapom. U aiiiepoB UK U 3ilyiepoBa Ielb COIepsKaT He TOJIBKO Bce pé6pa, HO U BCe
BepiIuHbI rpada (BO3MOXKHO, 10 HECKOJIBKY Pa3).

TEOPEMA. Eciu zpagh G cessen u nempuguaiei, mo ciedyiouue ymeepiucoenus SK6Usa-
JIeHMHbL.

1) G — atinepos zpagh;
2) xasxcoas eepuuna G umeem uémmnyio cmenen,;
3) mnoxcecmeo pébep G MoHCHO PAIOGUMD 1HA NPOCTBLE UUKIIBL.

JOKA3ATENbLCTBO.

[ 1= 2] Ilyctb Z — aiinepos nmukia B G. [IBurasich 1o Z, MojfiIcuuTaeM CTEIIEHN BEPIITUH,
noJiarast UX JI0 HayaJa MoAcuYéTa HyJIeBbIMU. [IpOX0oyKaeHre KaskI0H BEPITHHBI BHOCHUT 2
B CTelleHb 3Toil BepiuHbl. [TocKoIbKY Z comeput Bee péGpa, To, Korga o6xon Z Gyer
3aKOHYEH, Oy/yT y4TeHbl Bce PEGpa, a CTETeHN BCEeX BEPIIUH — YETHHIE,

[2= 3] G — cBsA3HBII U HETPUBUAIBHBINA Tpad, ciexoBarebho, Vv; (d(v;) > 0). Cre-
[eHU BEPIIUH YETHBIE, cleqoBaTesnbHo, Vvu; (d(v;) > 2). Umeem

2¢=>"_,dv;)>2p= q=p=>q>p— 1. Caenoareinsto, rpadp G — He jepeBo, a
3HauuT, Tpad G comepKuT (X0Tst ObI OUH) TPOCTOH MUKT 2. (Z1 — MHOXKECTBO pédep.)
Torma G — Z; — ocroBHBIH moArpad, B KOTOPOM OTSITh BCE CTETIEHU BEPIITUH YETHBIE.
VICcKIIIOYMM 13 PACCMOTPEHUST M30JIMPOBAHHBIE BEPITUHBL TakuM 06pasoMm, G — Z; TOKe
VIOBJIETBOPSIET YCJIOBUIO 2, CJIENOBATENbHO, CYIIECTBYET MPOCTOi 1uKI Zo C (G — Z7).
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[lasiee BoIEssIEM TTUKIBL Z;, ToKa Tpad He Oyxer myct (puc. 10.6). Umeem F = |JZ; u
ﬂ Z; = .

[ 3=1] BosbMeM Kakoii-mub0 UK Z1 W3 AaHHOTO pasbuenus. Ecau Z; = E, 10 Teo-
peMa gokasaHa. Eciu HET, TO CYIIECTBYEeT UMK Zo, He UMeoIuii obmux pébep ¢ Zp
(puc. 10.6), takoit, uro Jvy ((v1 € Z1 & vy € Zy)), Tak kak G cBsizen. Mapipyt Z; U Zy
SIBJISIETCSI ITUKJIOM U COIEPKUT BCe cBOU PEGpa 1o oxHoMy pasy. Ecau Z; UZs = E, 10 Teo-
pema gokasaHa. Eciiu HeT, TO cyiecTByeT UK Z3, Takol, 410 Fvy (ve € Z1UZs & vo € Z3).
Tasiee OymeM HapalUBaTh SIIEPOB IIUKJI, TOKA OH HE UCYEPIIAeT PasOueHusl. O

Z
01

Puc. 10.6. K gokasatenbcTBy TeopemMbl 06 3inepoBbIX LuKiax

10.2.2. Anroputm NOCTPOEHUSA 3MNIEPOBa LUMKIa B 3inepoBom rpade

Agropurm 10.1. [TocTpoenue sitiepoBa nuksa

Bxona: siepos rpad G(V, E), 3apauubiii cniuckamu cmeskunoctu (I'[v] — criucok Bepi,
CMEKHBIX C BEPIIUHON V).
Boixoa: mocienoBaTesbHOCTh BEPIINH 9ijIepoBa IIUKJIA.
S:=@ // crex mid XpaHeHWsT BEPIINH
select v € V' // npousBosibHast BepIIMHA
v — S // TONOXUTH v B CTEK S
while S # @ do
v:=top S // v — BepXHUH 2JIeMEHT CTeKa
if I'[v] = @ then
v« S;yield v // ouepemHas BepiinHa 3UIEpPOBA UK
else
select u € T'[v] // B3sIThH MEPBYIO BEPITUHY U3 CIICKA CMEKHOCTU
u — S // TMOJIOXUTb u B CTEK
[[v]:=Tw] —u;T[u] :=T[u] —v // ynamuts pebpo (v, u)
end if
end while

OBOCHOBAHUE. [IpUHITUIT JEHCTBUS 9TOTO aJITOPUTMA 3aKTI0YaeTcs B cienyiomeM. Ha-
YaB ¢ TPOU3BOJILHOM BEPHIMHBI v, CTPOUM IIyTh, yAaJsAst PEOpa ¥ 3aMOMUHAST BEPIIMHBI
B CTEKE, /IO TeX MOP MOKA MHOKECTBO CMEKHOCTH OYEPEIHON BEPINMHBI HE OKAKETCS
[YCTHIM, YTO O3HAYAET, YTO MYTh YIJUHHUThH HEJb3sl. 3aMETUM, UTO IIPU HTOM MBI ¢ HEOb-
XOAUMOCTBIO TIPUIAEM B Ty BEPIIUHY, ¢ KOTOPO# Havyaau. B POTHBHOM cjlydyae BepIIHA
v UMeET HeYETHYIO CTETeHb, YTO HEBO3MOXKHO 1O ycaoBuio. Takum obpasom, u3 rpada
ObLIH yaasieHbl PEOPaA MUKJIA, & BEPUIMHBI IUKJIA ObLIM COXPAHEHBI B CTeKe S. 3aMeTuM,
YTO TIPU ITOM CTENEHU BCEX BEPIIUH OCTAIUCH YETHBIMU. /[ajiee BepUIMHA v BBIBOJMUTCS
B KauyecTBe MEePBOIl BepPHIMHBI 9UIEPOBa IMKJA, a TPOIECC MPOAOJIKAETCS C BEPIIUHBI,
CTOsAIIEH Ha BEPITUHE CTEKA. O
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3AMEYAHUE

B mpexbiayiiem pasmesie 60Ul ycraHoBieH 3¢hGbeKTUBHBIN cH0c00 MPOBEPKH HAIMYHsSI DiiJIepoBa
uKIa B rpade. A UMEHHO ISt 9TOTO A0CTATOYHO yOEAUTHCS, UTO CTEIIEHH BCEX BEPIIUH YETHBIE, UTO
HETPYAHO cleJaaTh Ipu Jo6oM npeacTasiennn rpada. IIpuBeaéHublii arzopumm HaxoquT sMIepoB
1UKJ B rpade, e U3BECTHO, YTO Tpad 2iIepoB, TO eCTh MUKJ 3aBefloMO cyuiectByeT. Ecan ke
rpad He 2iJIEPOB M IUKJIA HE CYIIECTBYET, TO AJITOPUTM HE PUMEHVM.

10.2.3. OueHka uncna annepoBbix rpacdos

[Iyctp §(p) — MHOKeECTBO Beex rpadoB ¢ p BepirHamH, a &(p) — MHOKECTBO Ai1JIEPOBBIX
rpadoB ¢ p BEPIIUHAMI.

3AMEYAHUE
B arom naparpade peub UAET 0 Yucie Hymeposavix rpados, TO ecTh 0 yrcie rpadoBs, B KOTOPHIX
BEpIIKHBI [IepeHyMepoBaHbl. CUNTAETCs, UTO e/ TIePeHyMepPOoBaTh BEPUIMHbBI B APYTOM HOPSIKE,
TO 910 Oymer apyroi rpad. OueBuaHO, 4TO HyMepoBaHHBIX IpadoB (mo6oro tuma) GoJble, Yem
rpa)oB, ONpEENIeMbIX KaK KJIACChl 9KBUBAJEHTHOCTU 110 OTHOIIEHUIO M30MOP(DU3MA, T0ITOMY
IPUBOAYMBIE 31€CH OLEHKH SABJISAIOTCS JOCTATOUHO TPYObIMIUL.

=0.

TEOPEMA. Jiineposuix epaghos noumu Hem, mo ecmov lim EEP )
p—00 p)l

AoxazatenbctBo. I[lycts &'(p) — MHO)eCTBO TPadoOB € p BEPHIMHAMU M YETHBIMU CTe-
nensimu. Torza o npeapiayeit Teopeme E(p) C &' (p) n [E(p)| < |€'(p)|. B mobom rpade
YUCJIO0 BEPUINH HEYETHON CTETeHN Y€THO, CIEeN0BATENbHO, JI060H Tpad u3 &'(p) MOKHO
MOYyIUTh U3 HeKOTOpoTo rpacda G(p—1), ecan 106aBUTH HOBYIO BEPIIUHY U COEIMHUTH €€
€O BCeMU CTapbIMU BepiinHamu Heu€THOM crenenn. Crenosarensho, |E(p)| < |S(p — 1)].
Ho |G(p)| = 2°®2), niockonbky (HymepoBaHHbBIiT) rpad ¢ p BepHIMHAMU OIpe/Ie/seTcs
MOZAMHOKECTBOM BKJIFOUEHHBIX B HETo PEGEp, BHIOPAHHBIX M3 MHOXKECTBAa BCEX BO3MOJK-
HBIX pébep, a ux C(p, 2). 3amernm, uto C(k,2)—C(k—1,2) = k(kgl) — (k_l)ék_z) =k—1.
Hanee nmeem

€() < [E'(p)] < [S(p —1)] = 290712 = 20@2==D) = |G () 2~ >~V

10.3. MAMUNBTOHOBBLI LUKIbI

HazBanue «raMuybTOHOB ITMKJ» NPOU3OILTIO OT 3a7auu «KpyrocBeTHoe myrelectBues
(puc. 10.7), npuaymannoii Famusronom® B XIX Bexe: HY»KHO 060OHTH Bce BEPIINHbI Ipa-
a, mmarpamMma KOTOpOTO TOKa3aHa HA PUCYHKe (B UCXOMHON (hOPMYJIMPOBKE BEPIIHHBI
GBI TTOMEYEHbI HA3BAHUSIME CTOJIUI] PA3JIUYHBIX CTPAH), IO OJHOMY Pasy ¥ BEPHYThCS
B MCXOTHYIO TOYKY. ITOT Tpad MpecTaBasieT coboi YRIAIKY T0IEKAIPa.

! Vunbsm Tamussron (1805—-1856).
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Puc. 10.7. 3apaya «KpyrocsBeTHoe nyrtelwiecTeme»

10.3.1. MMUNBLTOHOBLI rpadbl

Ecau rpad nMeer mpocToil MKJI, coepsKanuii Bce BepmuHb! rpada (1o omHOMy pasy),
TO TaKOU ITUKJI HA3BIBACTCS 2aMUILIMOHOBLIM TTUKIIOM, a Tpad HA3BIBAETCS 2AMUILIMOHO-
6bim rpacom. Ecsiu Tpad mMMeeT POCTYIO 1iellb, COJEPIKAIYI0 Bce BepiinHbl rpada (1o
OTHOMY pa3sy), TO TaKas IIeNb Ha3bIBAETCSI 2aMUILMOHOB0U T1eTbIo, a rpad Ha3bIBAETCs
NOAY2AMUTLMOHOBIM TPADOM.

TaMUIBTOHOB IIUKJI He 00513aTeJIBHO COJEPKUT Bee péGpa rpada. ScHO, 4To raMUIBTOHO-
BBIM MOKET ObITb TOJIBKO CBSI3HBIN rpad.

3AMEYAHUE
Jlio6oii rpadd G MOKHO IIPEBPATUTH B TaMUJIBTOHOB, H00aBUB JOCTATOYHOE KOJMYECTBO HOBBIX
BEPIINH W HHITUJIECHTHBIX UM péGep 1 He 100aBisist pébep, MHIUAEHTHBIX TOJTBKO CTAPHIM BEPIITHAM.
[list aTOTO, HAIIPUMED, IOCTATOYHO K BEPUINHAM 1, . . . , Up 'pada G 106aBUTH BEPUIUHDL U1, . . . , Up
u MHOKecTBO PEGep {(vi, us)} U {(ui, vig1)}, cunrtaeM vp41 = v1.

ITpocrbie HEOOXOAMMbIE M JIOCTATOYHBIE YCJIOBUS TaMUJIBTOHOBOCTU rpada HEeU3BeCT-
Hbl. VI3BECTHBI TOJIPKO HEKOTOPBIE TOCTATOUYHBIE YCIOBUS, OJHO M3 KOTOPBIX TIPUBEIECHO
B cJlefytoleil Teopeme.

TEOPEMA (Ovpak). Ecaup(G) = 3ud(G) = p/2, moepagh G si6nsemcsi 2amuivmono6biM.

DoxkazatenbctBo. Ot mporuBHoro. Ilycrs G — He ramMunbroHOB. JloGaBum Kk G MuHu-
MajivHoe KOJNYECTBO HOBBIX BEPIIUH Ui, ..., U,, COEIUHIS UX CO gcemu BepmuHamu G
Tak, 4yro0sl rpad G': =G + uy + - - + u,, GBI TaMWJIBTOHOBBIM. I1yCTh v, Uy, W, ..., v —
TaMUJIBTOHOB TIUKJ B rpade G/, mpuuém v € G, u; € G/, w1 € G. Takas mapa BepInuH, v 1 u,
B TAMUJIBTOHOBOM TIMKJIe 06s13aTeIbHO HalineTcs, nHave Tpad G GbIT ObI TAMUIBTOHOBBIM
(puc. 10.8). Torna w € G, w & {uy, ..., uy}, nHaue BepinHa u; Oblia 6bI He HyKHA. Bo-
Jiee TOTO, BepUIMHA v HE CMEXKHA ¢ BEPIIMHON w, NHA4Ye BeplivHa u1 Oblia Obl HE Hy)KHA.
Masee, ecu B nukJie v, uq,w,...,v" ,w’, ... v ecTb BeplMHa w’, CMeKHAsI ¢ BEPIINHON w,
TO BEpIIUHA v’ He CMEKHA C BEPIIMHON v, TaK KaK WHAYe MOKHO ObLIO ObI MOCTPOUTH T'a-
MUJIBTOHOB ITUKJI v, V', . .., w,w’ ... v 6e3 BEPUINHBI U1, B3SIB IOCJAEI0BATEIbHOCTD BEPIINH
w,...,v B 06PaTHOM IOPSIIKE.

Orcrofia ciezyer, 4T0 4rcio Bepinud rpada G, He CMeXHbBIX C v, He MeHee YHCJIa BEPIIUH,
cMexxubix ¢ w. Ho st sioboit Bepiuubl w rpada G B rpade G’ umeem d(w) > p/2 +n
1o HocTpoeHuto, B ToM umcie d(v) > p/2 + n. Obinee uncio BepuivH (CMEXHBIX W HE
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Puc. 10.8. K gokasatenbctsy Teopemsbl 0. 10.3.1

CMEKHBIX C v, 32 UCKJIIOUEHUEM CaMOI BEPILUHBI v) cocTaBsieT n+p— 1. Takum o6pasom,

nMeeM
n—i—p—lza(v)—i—d(v)>d(w)+d(v)>g+n+g+n:2n+p.

CurenoBatenibHo, 0 > n + 1, 4TO MPOTUBOPEYUT TOMY, 4TO 1 > 0. O

CNEACTBUE. Ilpup > 3 noanwii epagp K, 2amuivmonos.

10.3.2. 3apaya KOMMUBOSXEpPaA

PaccMOTpUM CIeyIoNyio 3a1auy, U3BECTHYIO Kak 3adaua kommusosxieépa. Vimeetcs p ro-
POJIOB, PACCTOSTHUS MEX/Y KOTOPBIMH M3BeCTHBL. KOMMUBOSIKEDP /IOJKEH MOCETUTD BCE p
FOPOJIOB TI0 OJTHOMY Pa3sy, BEPHYBIIKCH B TOT, C KOTOPOTO Havyai. TpeGyeTcst HAliTU Takoi
MapUIpyT JABVKEHUS, TPU KOTOPOM CyMMapHOe MPOHJeHHOe paccTosiHue Oyjger MUHU-
MaJbHbIM. OUeBUIHO, YTO 3a/la4d KOMMHUBOSIKEPA — 3TO 33/lada OTBICKAHMS KpaTyaliiero
raMUJIBTOHOBA [IUKJIA B HArPy»KeHHOM II0JIHOM rpade. MOoXXHO NpejIoKuTh CIeyIoNIyIo
MIPOCTYI0 CXEMY pellleHNs 3a7ladll KOMMHUBOSIKEPA: CTeHepHPOBaTh BCe p! BO3MOXKHBIX
MepecTaHOBOK BEPIIMH TOTHOTO rpada, MOACUNTATD IS KaK/I0H MepecTaHOBKU JITHHY
MapIpyTa u BeIOpaTh U3 HUX Kpardailiuii. O4eBUIHO, TAKOE BBIUUCIEHUE MOTPeGYeT He
menee O(p!) maros. Kak usBectro, p! — ObicTpo pacrymast ¢hyHkinus. Takum o6pasom,
pelieHre 3ala4i KOMMHUBOSIKEDPA OTKMCAHHBIM METOIOM 1O0JIH0Z0 Nepeb0pa OKA3bIBAETCSI
MPaKTUYECKN HEOCYIECTBUMBIM JayKe [Tl CPAaBHUTETbHO HeGobiux p. Bosee Toro, m3-
BECTHO, UTO 33/laua KOMMMBOSDKEPA MPUHA/JIEKUT K UNCJTY TaK Ha3blBaeMbIX NP-noinbvix
3aj1a4, TOAPOOHOE OOCYIKIEHIE KOTOPBIX BBIXOAUT 32 PAMKH 9TOTO yueOHUKA.

Bxpariie cyth npobseMbl NP-TIOTHOTBI CBOIUTCS K CefyiolieMy. B pasziandubix 06macTsix
JMCKPETHOH MaTeMaTUKH, KOMOWHATOPUKHY, JIOTMKKM U T. Il. U3BECTHO MHOKECTBO 3ajad,
NPUHAJIEKANNUX K YicTy Hanbosee QyHAAMEHTATbHBIX, /U1 KOTOPHIX, HECMOTPS Ha BCe
yCWJIMS, He YIal0Ch HAUTH aJrOPpUTMOB PEIICHUS, UMEIOIIUX HOJUHOMUAIBHYIO CJIOXK-
HocTb. Bostee Toro, eciin 6b1 yaaaoch OTbICKaTh 3((MEKTUBHBINA aJTOPUTM PEIeHUsT XOTs
OLI OMIHON M3 9THX 3ajIad, TO M3 9TOTO HEMEIJIEHHO CITeNOBaIO OBl CyIIeCTBOBaHUE -
(beKTUBHBIX alITOPUTMOB /I BCEX OCTATBHBIX 33/1a4 JaHHOTO Kiacca. Ha aTom ocHoBaHO
O0IIETPUHATOE MHEHME, YTO TAKUX aJTOPUTMOB He CYIIECTBYET.

OTCTYINJIEHUE

[TosieaHo comocTaBUTh 3324l OTHICKAHKS SNJIEPOBBIX U TAMUJIBTOHOBBIX IIUKJIOB, PACCMOTPEHHbBIE
B 9TOM U IPEbILYIEeM pasjiesiax. BHenHe GOpPMYJIMPOBKH 3TUX 3a/[a4 OYEHDb [TOXO0KH, OJJHAKO OHU
OKa3bIBAIOTCS MPUHIUITUAIBHO PA3JIUYHBIMUA C TOUYKM 3PEHUs TPAKTUYECKOTO TMPUMEHEHUs. YiKe
JIaBHO JUJIEPOM IOJIyYEHO TIPOCTO TIPOBEPsieMoe HeoOX0AUMOe U JOCTATOYHOE YCJIOBHE CYLIECTBO-
BaHUA B Tpade siiyiepoBa nmukaa. YTo KacaeTcs TaMUJIBTOHOBBIX TpadoB, TO AJSI HUX HEM3BECTHBI
IPOCThIe HEOGXOAMMBIE 1 IOCTATOUHbIE ycaoBusA. Ha ocHOBe HEOOXOAMMOTO M TOCTaTOYHOTO YCJIO-
BUsI CYIIECTBOBAHUsI 3MJIEpOBA IMKJIA MOXKHO TOCTPOUTH 3(PHEKTUBHBIE AJITOPUTMbBI OTHICKAHUS
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TAKOro IMKJa. B TO e BpeMs 3ajjaua MPOBEPKU CYIIECTBOBAHMS TAMUJIBTOHOBA IMKJIA OKA3bl-
Baercsi NP-tionHoii (Tak ’kKe, Kak M 3ajadya KOMMUBOsiKEpa). /lajsiee, u3BecTHO, YTO I1OYTU HET
2iIepOBBIX rpadoB, u 3HEKTUBHBIN ATTOPUTM OTHICKAHUST ANUJIEPOBBIX IIUKJIOB PEIKO OKAa3bIBAETCS
MPUMEHNMBIM HA TTPAKTUKE.

C I[pyI‘OfI CTOPOHBI, MOKHO IIOKa3aTb, YTO IIOYTU BCE I‘p'(l(l)bl — I'aMMJIbTOHOBBI, TO €CTb
1)

p=oo |G(p)|
rie H(p) — MHOKECTBO TaMUJIBTOHOBBIX TPaoB ¢ p BepimuHamu, a §(p) — MHOXKECTBO Bcex TpadoB
¢ p BepummHamu. Takum 06pa3oM, 3ajiada OTHICKAHUSI TAMUJIBTOHOBA IIUKJIA WK 33/[a4a KOMMUBOSI-
KEépa SABJSIIOTCS TIPAKTUYECKU BOCTPEOOBAHHBIMU, HO 9(D(MEKTUBHBII alIrOPUTM PElieHus] st HUX
HeusBecTeH (U, CKOpee BCETO, He CYIIECTBYET).

10.3.3. Teopema MNowa
B CTeHeHHOfI IIOCJIEA0BATEJIbBHOCTU TaMHNJIBTOHOBA rpaq)a HE MOKeT 6bITb MHOT'O BEpHINH

" Def
¢ ManpMu cTereHaMu. Beeném obosmauenne N—(G,n) = |{v € V | d(v) = n}| uncma
BepiuH rpada G crenenu n, 0 < n < p. B atux 0603HaYEHUSIX

Ne(G.n) Z [{v e V [ d(v) < n}| = Y N_(G.i),
1=0
p—1

No(Gon) E v e V| dw) >n}|= Y N_(G,i), N<(G,n)+Ns(G,n)=p.
i=n+1

JNEMMA. VG(V,E) Ve¢ E (VO<k <p (Ng(G+e,n) < Ng(G,n)))) .

Jpyrumu ciosamu, qobasiieHre pébep pasBe UTO YMEHbIIAET YUCIIO BEPLUIMH OPAHUYEH-
HOHU CTEIeHN.

Crenyomas teopeMa Ja€T ZOCTATOYHOE YCJIOBHE TOTO, YTO rpad SABJILEeTCS FaMUJIBTOHO-
BbIM. OHa 000061IaeT pe3ybTart, MoJyIeHHbIH J[upakom.

TEOPEMA (Mowa). Ecau G(V, E) — ceaznviii epad, p > 3,Yn<(p—1)/2 (N<(G,n)<n),
npuuém N (G, (p — 1)/2) < (p — 1)/2 0ns newémmwix p, mo zpagp G 2amunvmonos.

AokA3ATENLCTBO. Ot mportuBHOTO. IlycTh G — He TaMUIBTOHOB Tpad ¢ p BEPITUHAMH,
Y/IOBJIETBOPSIIONINI yCJIOBUSIM TeopeMbl. /[oKa3aTebCcTBO CONEP:KUT TPH IIara.

[ 1] IIo nemme pobasienne pébep He HapylIaeT HEPABEHCTB B yCJIOBUU TeopeMbl. Joba-
BuM B GG Bce BO3MOXKHBbIE PEOpa Tak, 4TOOBI OH OCTaBaJICd HE TaMUJIBTOHOBBIM, TO €CTh
PACCMOTPUM MAKCUMALLHBIL He TaMIJIBTOHOB Haarpad G. Torma, mocKoJIbKy HobaBieHmre
K TIEPECTPOCHHOMY MaKCUMaibHOMY rpady G MpOU3BOJBHOTO pebpa MPUBOIUT K TAMUJIb-
TOHOBY Ipady, J00bIe 1B HECMEKHBIE BEPUIMHBI COEIMHUMBI IIPOCTON IaMHJIBTOHOBOI
(OCTOBHOIA, TO €CTh cOjiepxKalileil Bce BePIINHBI rpada) Ierbio.

[2] Ilokaxkem, 4To BCsIKas BEpIIMHA, CTEEHb KOTOPOil He menvuwe (p — 1)/2, cmeskna
C KasK/I0if BEPIIUHON CO cTemeHbio, 6onvueld uem (p — 1)/2. Jomyctum (He Tepsist o6Ii-
HoctH), 4to d(v1) = (p —1)/2 u d(vp) = p/2 > (p — 1)/2, HO BepHmIUHBL v; U v, He
cmexcubl. Torza cyuiecTByeT raMUJIBTOHOBA LENb (U1, Vs, .. ., Up), COCAUHSIONAS U1 U V)
(puc. 10.9). Bce BepmmHbl, CMeXHBIE C v1, HAXOAATCS B 3TOU XKe II€TIH, TIOCKOJbKY IETh
ramusisToHoBa. Ilycrs v1 cMexxHa ¢ v;. Torna BepmuHa v, He CMEXKHA C BEPIIMHOU v;_1,
IOCKOJIbKY MHade B G ObLI Obl TAMIJIBTOHOB I[HKJ U1, V2, ..., Uj—1,Up, Up—1, .. -, Vj, V1.
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Puc. 10.9. K gokasaTtenbcTBy Teopemsl Mowa

[Monoxum n:=d(vy) < (p—1)/2. Torna cpexu Bcex p BEPIIMH 110 MEHBIIEH Mepe n Bep-
IIIUH, TIPEIITECTBYIONNX Ha TAMIJIBTOHOBOM TTYTH BEPITHHAM, CMEKHBIM C U1, HE CMEKHBI
¢ vp. Umeem p/2 < d(vp) <Kp—1-n<p—-1—(p—1)/2=(p—1)/2. [IpoTuBopeune.
[3] Ilo reopeme m. 10.3.1, eciu Vv € V' (d(v) > p/2), To rpad ramussronos. Takum
06pa3oM, B G €CTh BEpIIMHBI CO CTENEHAMU MeHbIIe, ueM p/2. O6o3HaunM
U:={veV|dw)<p/2} # @ u W:=V \U. 3amerum, uto Vw € W (d(w) > p/2).
Boibepem Bepummny vy € U Tak, uto m:=d(v;) = maxyey d(u). Ilo ycaoBuio TeopeMbt
|U| = N<(G,m) < m < p/2, u 3sHauut |W| > p/2 u cpeau Bepmun W ecTb BeplINHA v,
He cMesKHast ¢ v1. Toraa CymecTByeT raMIuIBTOHOBA Lellb (V1, Vg, . . ., Up), COEANHSIONIAs
v1 1 v, (puc. 10.9). Kak nokasano B myHkre 2, BepmuHa v;—1 ¢ I'(v,), B IPOTUBHOM
caydae Haméncs 6pl ramMmuiabToHoB UK. Ho torma m < (p — 1)/2, motomy dTo eciu
m>=((p-1)/2,top/2<dv,) <p—1-m<p—-1-(p—1)/2=(p—1)/2. IIporuso-
peunte. ITo ycnouio Teopemsl N¢ (G, m) < m n 3Ha4UT XOTs OBl OZHA U3 BEPIIMH Uj_1,
IPEIECTBYIOINX BEPIINHAM, CMEKHBIM C ¥1, UMEET CTeleHb Goublie p/2, d(v;—1) = p/2.
[Tosyunitn 1apy HeCMEKHBIX BEPIINH, vj_1 H Up, TAKHX, 4TO d(vj_1) = p/2 1 d(v,) = p/2.
ITO MPOTUBOPEYNT TIYHKTY 2. O

CNEACTBUE. Ecaup > 3ud(u) + d(v) > p 015 110001 nApvl u U v HECMENCHLIX BEPUIUH
epaga G, mo G — 2amunvmonos zpag.

10.4. He3zaBucumbie M NokKpbiBalOLWMe MHOXECTBA

B aTOM pasieinie BBOAATCS ONPEAENEHHs U PACCMATPUBAIOTCS OCHOBHBIE CBOMCTBA He3a-
BUCUMBIX U IMOKPBIBAIOIINX MHOKECTB BEPUIMH U pEdep. DTH OlpejeseHUss U CBOWCTBA
UCIIOJBb3YIOTCSA B MOCAEAYIOUINX Pas/esax.

3HaYUTEeIbHOE KOJIMYECTBO IKCTPEMAJIbHBIX 3a/lau B PasJMUYHBIX IIPEIMETHBIX 00JACTsIX
CBOAUTCS K OTBICKAHMIO HAMOOJIBIINX HE3aBUCHMBIX MM HAUMEHBLIMX IMOKPHIBAIOIINX
MHOKECTB BepLUIMH 1 PEGep B rpadax, BXOALIUX B MOAEIN ITUX [IPEMETHBIX 00/1acTell.
IMoaToMy saHHbII pasaes Teopun rpadoB UMEET MHOKECTBO IIPAKTUYECKUX TPUIOKEHNH.
O6cyxaenne 1epeGOPHBIX AITOPUTMOB peLIeHHs 9KCTPEMAJbHBIX 3a4ay IIPeICTaBJSIET
0CO6BIiT MHTEPEC.

10.4.1. He3aBucumbie N NOKpbIBaIOLWME MHOXECTBa
BEpPLUMH N pedep

ToBOpsAT, YTO BEpIIMHA NOKpbi6aem WHIUAECHTHBIE el péGpa, a pebpo noxpvieaem WH-
IIUJICHTHBIE €My BEPITUHBL. MHOXKECTBO BEPIINH, KOTOPbIE B COBOKYITHOCTU MOKPBIBAIOT
Bce pEOpa, HA3BIBAETCS BEPULUHHBIM NOKpbimueM. HauMeHbllee YKCI0 BEPIIUH BO BCEX
BEPIIUHHBIX TOKPHITUAX HA3BIBACTCS YUCIOM BEPULUNIOZ0 NOKPLIMUSL U 0003HAYAETCS vg.

Mpumepnl

1. ao(K,) =p—1, ecn K, — nomnubiii rpad.
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2. ag(Kmn) = min(m,n), ecin K, ,, — OJHBII JABY/NOJBHBIN rpad.

3. ag(K,) =0, ecin K, — BronHe HecBA3HbIH rpad.

4. ap(G1UG2) = ap(G1) + ap(Ge), eciu G u G — KOMIIOHEHTHI HECBSI3HOTO rpada.
MuosxecTBO péGEp, KOTOPble B COBOKYIIHOCTH IIOKPBIBAIOT BCE BEPIIMHBI, Ha3bIBAETCS

pébeproim nokpuimuem. HaumeHbiiiee uncyio pédep Bo BceX PEOEPHBIX TOKPHITUSAX HA3bI-
BAETCS YUCLOM PEOEPHO20 NOKPbIMUSL T 0OO3HAYAETCS vy .

3AMEYAHME

s rpada ¢ M30JIMPOBAaHHBIMU BEPIIMHAMK (vp HE OIPE/IETIEHO.

Mpumepsl
a1(Cay) = n, eciu Co,, — YETHBIN UKL
a1(Copy1) =n+1, eciu Coyqq — HEYETHBIN UKL
a1(Kay,) =n, ecn Ko, — nosiHbIi rpad ¢ YETHBIM YUCJIOM BEPIIUH.
a1 (Kant1) =n+ 1, eciim Koy, 1 — nosmbiii rpad ¢ HeY4ETHBIM YUCJIOM BEPIIUH.
o1 (Kp,n) = max(m,n), ecin Ky, ,, — NOJHBINA IBYA0JIbHBIH Tpad.

P‘:‘*P—’!\’t‘

MHuo:xecTBO BEPHINH HA3BIBACTCA HE3ABUCUMbBIM (I/IJII/I BHYMpeEHHe ycmoﬁuuebw), €CJINn HU-
KaKHne /IB€ M3 HUX HE CMECKHDI. Hawnbonbmree yncito BEPHINMH B HE3aBUCHUMOM MHOKECTBE
BEPIINH Ha3bIBACTCA 8EPUUHHBIM YUUCIOM HE3ABUCUMOCTIU N obo3HavYaeTCsa Bo.

Mpumepsl
1. Bo(Kp) =1, ecim K, — nonnslii rpad.
2. Bo(Kpm,n) = max(m,n), ecnu K,, , — MOJHBII ABYTOJBHBLN rpad.

(
3. Bo(K. ) = p, ecsim K, — BIOJIHE HECBS3HBII rpad.
4. Bo(G1UG2) = Bo(G1) + Bo(G2), ecin G1 n Gy — KOMITOHEHTHI HECBSI3HOTO rpada.

SIcHO, UTO MHOKECTBO BEPIIVH S SIBJSIETCS HE3aBUCHMBIM TOT/a U TOJBKO TOT/A, KOTIA
VoeS (T(v)NnS =g).

MHuoxecTBO pébep Has3LIBaeTCs Hezasucumviv (WM NApOCOuemanuem), eCii HUKAKHe
JIBa M3 HUX He cMexHbl. HanbGosbiiiee uncio pébep B HE3aBUCUMOM MHOKECTBE PEGEp
HA3bIBAETCS PEGEPHLIM YUCIOM He3asucumocmu u 0bo3Hadaercs 3.

Mpumepsl

1. 61(C’gn) =n, ecan Cy,, — YETHBIN IUKIL

2. f1(Capy1) = n, ect Cappp1 — HEUETHBIH UKL

3. f1(Ka,) =n, ecu Ko, — mOJHBIN Ipad ¢ YETHBIM YUCJIOM BEPIIUH.

4. 1 (Kant1) =n, ecaiut Kop 1 — TONHBIN rpad ¢ HEYETHBIM YHCIOM BEPIIHH.
3. f1(Km,n) = min(m,n), ecimun K, ,, — NOJHBINA ABYA0JbHBIH Tpad.
3AMEYAHUE

Wupexcsl 0 u 1 B 06003HaUeHUAX v, 1, B0, 1 BIOPaHBI U3 CJAEAYIONMX MHEMOHUYECKUX COOOpa-
skeruil. ngexe 0 COOTBETCTBYET BePIIMHAM, TAK KaK BEPIIMHA HyJbMepHa, a 1 — pébpam, Tak Kak
pebpo oIHOMEPHO.
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10.4.2. CBa3b 4Yncesn He3aBUCMMOCTU U NOKPbITUNA

IIpuBenénnbie mpuUMepbl HABOJSAT HAa MBICJb, YTO YKCJIA HE3aBUCUMOCTU U TOKPBITUS
CBsI3aHbI IPYT C APYTOM U € KOJIMYECTBOM BEPIIUH D.

TEOPEMA. /[ns 1106020 HEMPUBUATLHOZ0 C85I3H020 2pada g + Py = p = a1 + [i-

DOKAZATENLCTBO. JlOKaxkeM YeThIpe HEPABEHCTBA, U3 KOTOPBIX CIEAYIOT /[Ba TPeOYEMBIX
paBeHCTBaA.

[ao+Bo >p] Ilycrts My — HauMeHbllee BEPIHIMHHOE TIOKPbITHE, TO €cTh | M| = . Pac-
emorpum V\ My. Torna V'\ My — He3aBUCHMO€E MHOKECTBO, TAK KaK eCJii ObI B MHOKECTBE
V'\ My 6bLn cMexHBIE BepITHHBL, TO My He 651710 661 mOKpbITHEM. MMeem |V \ My| < Bo,
creoBatesbo, p = |My| + |V \ My| < ao + So.

[ ao+Bo < p] Ilyctb Ny — HauGoJibliiee HE3aBUCKMOE MHOKECTBO BEPIIKH, TO €CTh |No| =
Bo- Pacemorpum V' \ Ny. Torna V'\ Ny — BepITHHHOE TIOKPBITHE, TaK Kak HET pébep, WHIN-
JIEHTHBIX TOJIBKO BepIIUHaM U3 Ny, cTajo GbITh, JI000e PeOPO MHITUAECHTHO BepiinHe (UIu

Bepummaam) u3 V. \ Ny Umeem |V \ Ny > Qg, CJIEI0BATEIHHO,
p=|No| + [V \ No| = Bo + .
[ar + 81 > p] Tlyctb M; — HauMeHbliee pébepHOE MOKPHITHE, TO €cTh |Mi| = aj.

MuoxecTBo M He CORepKUT lenell nuHoi Goabiue 2. JleiictBurenbto, eciau Obl B My
ObLIa Ienb AJUHON 3, To cpeaHee pebpo 9TOM Lenu MOXKHO ObLIO Obl ymaauth us My
U 9TO MHOKECTBO BCE PaBHO ocTajoch Obl mokpbiTieM. CiemnoBaresbHo, M; COCTOUT 13
3B€311. (36¢300ii HasbiBaeTcs Tpad, AUAMETP KOTOPOrO He MPEBOCXOAUT ABYX, U MMEETCs
OTHA TIEHTPaJIbHAsI BEPIIMHA, CMEKHAS C OCTAJIBHBIMU, & OCTAJbHBIE HE CMEKHBI MEXITY
coboil. [pyrumMu cioBaMu, 3Be3/[a — 9TO IIOJHBL AByA0/1bHLL rpad K ,.) [Iycts aTux
3Bé31 m. Vmeem |M;| = Z:’;l ng, TAE N; — 4YUCI0 PEdep B i-i 3Be3je. 3aMETUM, 4TO
3Beszia U3 n; pébep mokpeiBaer n; + 1 Bepumny. Vimeem p = Y 1% (n;+1)=

=m+Y ;" n; = m+|M;|. BossMéM 110 oHOMY pebpy M3 KaskIOH 3BE3/BI U COCTABUM
u3 Hux MHOxkectBO X. Torza | X| = m, muoxkectBO X — HesaBucumoe, T0 ectb | X| < f1.
CanenoBaresbto, p = | M| +m = | M| + | X| < aq + b1.

[a1 + 61 < p] Ilyers N; — nHauGoJjbliee He3aBUCHMMOE MHOKECTBO pPEGEp, TO eCTb
|N1| = B1. Tloctpoum péGepHoe mOKpbITHE Y ciexyiomum obpazoM. MHOKeCTBO N;
nokpoiBaet 2|Np| BepmuH. /lobaBuM 1m0 OAHOMY pPeODY, WHIHAECHTHOMY HETOKPHITHIM
p— 2| N1 | BepuiHaM, Takux pébep p — 2| Ny |. Torma MHOKeCTBO Y — péGEpHOE TIOKPBITHE,
[Y[=[Ni|+p—2[N1|=p—|Ni| u [Y] > a1. Vimeem p:p*|N1\+|N1\:\Y|+|N1|20414435

3AMEYAHUE
Ycyi0BUS CBSI3HOCTU M HETPUBUAJIBHOCTU TaPAHTHPYIOT, YTO BCE YeThIPe MHBAPHAHTA OIPE/eTeHbI.
XoTs 9T0 yCJIOBHE SIBJSIETCS IOCTATOYHBIM, OHO He siBJisieTcsl HeoOxoaumbiM. Harpumep, st rpada
K, U K, 3aK/04eHie TeOPEMbl OCTACTCs CIIPABE//IMBLIM, XOTS YCJIOBUE HE BBIIIOJHEHO.

OTCTYMJIEHUE
3amava OTBICKAHUS 9KCTPEMATBbHBIX HE3aBUCHMBIX W TIOKPHIBAIOINX MHOKECTB BO3HUKAET BO MHO-
I'UX [IPAKTUYECKUX caydasx. Hanpumep, mycTh ano MHOKECTBO IIPOIECCOB, UCIOb3YIONINX Hepas-
nessiemblie pecypebl. CoeuHUM pEOGPaAMU BEPIIMHBI, COOTBETCTBYIONIUE TIPOIIECCAM, KOTOPBIM Tpe-
GyeTcst omuH 1 TOT ke pecypc. Tormga Sy OyaeT onpeaessiTh KOJIUYECTBO BO3MOKHBIX MAPAJIIENbHBIX
TIPOIIECCOB.
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10.4.3. OueHkKa yncna BepLIMHHON HE3aBUCUMOCTH

TEOPEMA. /[ns 06020 epagpa G(V, E) cnpasediuso nepasencmso:

Bo(G) =) %d()

veV

DOKASATENLCTBO.  3ameTuM, uto eciau G = K, 10 fo(Kp) =11

1 1
Zl—!—d(v)_vze‘:/l—kp—l_l’

veV

TO €CTb JOCTUTaeTcs paBeHCTBO. /lanee nHIyKINS 110 p. basa ans p = 1 mposepena. Bau-
Jly TOTO, 4TO JiJISI HOJHBIX rpad)OB JOCTUrAETCS PABEHCTBO, HE OTPAHUYMBast OOIHOCTH,
MOKHO CUUTaTh, uTo G # K. IlycTb Tenepb p > 2 1 1714 BceX IpadoB ¢ YUCIOM BepHINH
MEHBIIIEe p HEPABEHCTBO BhIOHeHO. PaccmoTpuM B rpade G BepIIUHY © MUHUMAILHON
crenenu: d(u) = §(G). Tak kax G # K,,, umeeMm I'*(u) # V. YpamuMm BepumHy v u eé
OKpecTHOCTh 3 MHOecTBa Bepiiud V/: =V \ I'*(u), u paccmorpum rpad G, KOTOpbIit
SIBJISIETCST TIPABWJIBHBIM moarpadom rpada G, ompenenseMbiM MHOKecTBoM V', CTeneHb
Bepiiunbl B rpade G’ obosnaunm d'. 3amernm, uro Vo € V' (d'(v) < d(v)), n nmoatomy
Vo e V! (1+d'(v)™' > (1+d(v)™t). danee, ecin M — He3aBHCHMOE MHOXKECTBO
BepumH B Tpade G', To M + v — He3aBUCHUMOe MHOKeCTBO BepinuH B rpade G, a mo-
Tomy Bo(G) = Bo(G’) + 1. 3ameTuM Terepb, YTO B CUJIY BBIGOpPA BEPUIMHBI U MMeeM

> ver ()1 + d(v))™! < 2veru)(1+ d(u))~! = 1. lTonyuaem

Bo(G) = Bo(G) +12 D (1+d (W) +12 > (1+dw) " +1>

veV’ veV’

>3 @ +de) ™+ Y @Hde) T = YA+ dw)

veV’ vel* (u) veV

1
Paccmotpum cpednioro cmenens rpada: d(G Def E d(v
vEV

CNEACTBUE. /s mio6ozo epapa G(V, E) cnpasedauso nepagencmeso:

p

Bo(G) = T

DOKA3ATENLCTBO. 3BecTHO Hepasencmso Kowu—bynsakosckozo
n 2 n
(Z azbl) < (Z 12) (E b2)- Monoxum a; : =+/(1+ d(v;))~1, bi:=+/1 4+ d(v;).
2 —
oraa = (£ /) < i (504} ws? < oo+ ),

=1
10 ecTh p < Bo(1l + d). |
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10.5. NMNocTpoeHne He3aBUCUMbIX MHOXXECTB BEepPLUUH

ITOT paszzesn GaKTHYECKH SBISETCS BBOAHBIM 0630POM METOIOB PElieHUsT TepebOPHBIX
3azad. MeTozbl paccMaTpuBaIOTCS Ha IPUMepe 3314l OThICKaHUS MAaKCHMaJIbHOIO He3a-
BUCHMOTO MHOKeCTBa BepiivH rpacda. Hamr 0630p He mpeTeHyeT Ha MOJHOTY, HO ONUca-
HUe OCHOBOIIOJIAraloNUX WJiell ¥ TEPMUHOB B HEM IIPUCYTCTBYET.

10.5.1. NMNocTaHoOBKa 3apauv OTbiICKaHUS HauOosbLUEro
HEe3aBMCUMOro MHOXEeCTBa BepLUuH

3ajiaua OTHICKAHUST HAMOOJIBIIIETO HE3ABUCUMOTO MHOKECTBA BEPIIUH (U TEM CAMBIM OITpe-
JleJIeHUs BEPIIMHHOTO YMCJa HE3aBUCUMOCTHU [3y) NMPUHANJIEKUT K YUCHY TPYAOEMKHUX.
ATy 3a/a4y MOKHO TIOCTaBUTD cJaeayommM obpasom. Ilycrs 3anan rpad G(V, F). Haiitu
Takoe MHOKecTBO BepiiuH X, X C V, 4To

X =max|v], XYV [VuveY ((uo)gE)}.

Ecuit 661 ceMelcTBO & HE3aBUCHMBIX MHOKECTB OKa3aJI0Ch MATPOUIOM, TO MOCTABJIEHHYIO
3aJ[a4y MOKHO OBLIO OBl PEIIUTH sKaAHbIM aJropuTMoM. OHAKO CeMeHCTBO & MaTPOUIOM
He gBisgercs. [lelicTBuTenbHO, X0Ts akcoMbl My u Mo (11. 2.6.1) BBITTOTHEHBI, TaK KaK
ITyCTOe MHOKECTBO BEPINUH HE3ABUCUMO U BCIKOE TIOJIMHOKECTBO HE3AaBUCUMOTO MHO3Ke-
CTBa HE3aBUCHUMO, HO akcuoMa Mz MosKeT ObITh He BBITIOJIHEHA, KaK BUAHO U3 CJIEAYIOIIETO
npuMepa.

Mpumep. Paccmorpum nomublii AByA0IbHLIL rpad K, ,,41. [Jonu atoro rpada obpa-
3YIOT He3aBHCHMBble MHOKECTBA, M WX MOIIHOCTH pazandaioTcs Ha 1. OmgHako HUKakas
BepIIUHA U3 OOJIbIIEH M0 He MOKET ObITh j00aBjieHa K BEPHIMHAM MEHBINEH 10U ¢
COXpaHEHNEeM He3aBUCHMOCTH.

HuxHss omeHka uncia BepIIMHHON He3aBUCUMOCTH o, TosydenHas B 1. 10.4.3 oxaswbi-
BaeTCsl TOUHBIM 3HAUECHUEM /I KPAHUX CIy4aeB — JIJISl TOJIHBIX U [IJIST TyCThIX IpacoB.
Ha nepBbliii B3I KaXKETCS Pa3yMHBIM MPEANIOJIOXKUTD, YTO 3TA OIEHKA «IOCTAaTOYHO
TOuHa» U i pyrux rpacdoB. B Takom cirydae, Ha OCHOBE KOHCTPYKTHUBHOTO /IOKA3aTeNb-
CTBa HUJKHEH OIIEeHKM, BO3HUKAeT coOJasH IPeaioKuTh dM(MEKTUBHbBII s6pucmuueckul
AJITOPUTM MOUCKA HE3aBUCHMOTO MHOJKECTBA, «OJIM3KOTO» K MaKCUMAIbHOMY.
Bxoa: rpadp G(V, E).
Bbixon: HamOoJblee HE3aBUCUMOE MHOKECTBO X .
X :=@ // BHayaje He3aBUCHMOE MHOXXECTBO IIyCTO.
while G # & do
select uw € V & d(u) = 6(G) // u — BepiIHa MUHUMAJIBHOI CTEIEHN
X:=X+wu // nomemaem eé¢ B HE3aBUCMOE MHOKECTBO
G:=G\T*(u) // ynajisiem BepIINHY u BMECTE C €€ OKPECTHOCTHIO
end while

Mpumep. Ha puc. 10.10 creBa mpuBenena auarpamma rpada, A1 KOTOPOTO 3BpUCTUYE-
CKUI aJITOPUTM HaXOJUT TOYHOE pelieHune Sy = 2, a clpaBa MpuBe/eHa quarpamMmma rpada,
JUIST KOTOPOTO aJITOPUTM JA€T OTBET 2, B TO BPEMS, KAaK MAaKCUMaJIbHBIM HE3aBUCHUMbBIM
MHOKECTBOM SIBJISIETCSI JI0Ji B 1leHTpe u By = 3.

Bosee Toro, npuseaénnblii mpumep Jerko 0606muth. Pacemorpum rpad K, + K, u 10-
6aBUM K HEMY OJIHY BEPIINHY, COEIMHUB €€ ¢ BepimuHamu j1oau K ,,. Torna mpun > m > 2
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Puc. 10.10. Ouarpammbl HEKOTOPbIX rpadoBs

HauGOJBIINM HEe3aBUCHMBIM MHOJKECTBOM SIBISETCS CPenHsass moist K, u By = m,
B TO BpeMsl KaK SBPUCTUYECKMI aJrOPUTM IIO-IPEKHEMY BbIIAET orBer 2. Takum 006-
Pa3oM, 3BPUCTUYECKUN aJITOPUTM MOXKET aTh OTBET, CKOJIb YTOJHO JAJIEKUIl OT TOYHOTIO
peleHus.

10.5.2. NMouck c Bo3BpaTamm

[laxke ecout U151 pelieHnst 3a71a4, TOMOOHBIX TOCTABIEHHO B TIPEABIAYIEM Taparpade, He
yaaérest HaliTi 9P (GEKTUBHOIO aJrOPUTMa, OCTAETCs BO3MOKHOCTH IIOIPOOOBATh HAUTH
PEleHIE <MTOJTHBIM TIEPeOOPOM» BCEX BO3MOKHBIX BAPUAHTOB, IPOCTO B CHJY KOHEUHOCTH
yucsa Bo3MoykHocTel. Hampumep, HanGoJbiiee HE3aBUCMMOE MHOKECTBO MOJKHO HAiTH
o cJIeAytomell cxeme.
Bxoa: rpadp G(V, E).
Beixoa: Hanbosbliee HE3aBUCUMOE MHOKECTBO X .
m:=0 // Hanmydlllee N3BeCTHOE 3HaUeHne [y
for Y € 2V do
if Y € €&|Y|>m then
m:=1|Y];X:=Y // naunydiiee usBecTHOe 3HaueHme X
end if

end for

SAMEYAHME

JL71st BBITIOJTHEHNST 9TOrO asroput™ma norpedyercst O(2P) maros.

OTCTYMJIEHUE
ANTOpuUTM, TPYZOEMKOCTH KOTOPOTO (UHMCJO IIAr0B) OrpaHHYeHA IIOJMHOMOM OT XapaKTEePHOTO
pa3Mepa 3aj1aud, IPUHITO HA3bIBATh dPPexmusnvim, B IPOTUBONOJIOKHOCTD Heapdexmusnvim aj-
rOPUTMAM, TPYIOEMKOCTh KOTOPBIX OrpaHu4eHa (MyHKIMEL, pacTyieil ObicTpee, HAIIPUMEp, SKCIIO-
HeHTOU. Takum 00pasoM, KaAHbIi anroput™ ah@GEKTUBEH, a MOJIHbII 11epebop — HeT.

ITpu pemnieHny 1epeGOPHBIX 3a/1au OOJBINOE 3HAUEHUE UMEET CIOCO6 OpraHu3aIluu Tie-
pebopa (B HameM ciydyae — CIOCOO IOCTPOEHHS U IOCJIEA0BATEIbHOCTD II€PEUnCie-
Hust MHOKecTB Y'). HanGoJiee MOMyJISIPHBIM SIBJISIETCS CIEAYIOMIUI cocob OpraHu3aun
nepebopa, OCHOBAHHBIN Ha Mjee TOUCKA B TIIyOUHY U HA3bIBAEMBIH HOUCKOM C 036PAMAMU.

3AMEYAHUE
Wuorga ynorpebsiercst TepMUH «69Kkmperuizy> (TPAHCIUTEPAIUS AHTJIMACKOTO Ha3BaHUs HTOTO
Mertona — backtracking). BykBasibHblii nepeBoji aHTIIMICKOrO Ha3BaHUs — 0OGPATHOE TIPOCIIEKUBA-
HUEe — SIBHO Hey/laueH, MIOCKOJIbKY B METOJI€ HET HUYErO «0OPATHOrO» U HEMOHSITHO, YTO <«IIPOCJIe-
JKUBAETCSI».
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Wnes nmoucka ¢ Bo3BpaTaMu COCTOUT B cjemayionieM. Haxozisich B HEKOTOPOW CUTyaIluu,
npobyeM U3MEHUTh eé AOIyCTHMBIM 00pa3oM B Hajexae HailTu pemteHue. Eciau usMere-
HUe He TIPUBEJIO K yCIeXy, TO BO3BpalllaeMcsl B MCXO/HYIO cuTyalnuio (0TCIola Ha3BaHUe
«IIOMCK C BO3BpaTaMu») U MPoOyeM U3MEHUTh e€é APYruM o6pasoM, M Tak A0 TeX IIop,
moka He GyayT mepeGpaHbl BCe BO3MOMKHOCTH.

Jluist paccMaTpUBAEMOii 3aa4i OTBICKAHUS HAauOOJBIIEr0 HE3aBUCUMOIO MHOKECTBA BEP-

IIMNH METOJ IIOMCKa C BO3BpaTaMH MOJKET OBITh peasm3oBaH C MMOMOIIbIO CJIEAYIOIIETO
PEKYPCHUBHOI'O aJIropuT™Ma.

Auroputm 10.2. ITonck ¢ Bo3Bparamu

Bxoa: rpad G(V, E).

Boixoa: HauboJbliee HE3aBUCHMOE MHOKECTBO X,
m:=0 // Hausyulliee U3BECTHOE 3HAYEHUE [y
X :=@ // nauboJbliiee U3BECTHOE HE3ABUCUMOE MHOKECTBO X
BT(2,V) // BBI30B pekypcuBHOIi Tpotienypsl BT

Asroputm 10.3. Pexypcusnas npornenypa BT

Bxoa: S — Tekylllee He3aBUCHMOE MHOKECTBO BePUINH, 7' — OCTaBIIUECS BEPIIHHBI
rpada.
Bbixoz: msMmeHenue riobasbHON nepeMeHHON X, eciid TeKyllee MHOKECTBO He MOMKET
OBITH PACIIUPEHO (ABJSETCS MAKCUMAJIbHBIM ).
e:= false // npusHak pacuImpsieMOCTH MHOKECTBA
if |S| > m then
X :=S;m =S| // nauboJbliiee U3BECTHOE HE3ABUCUMOE MHOKECTBO
end if
for v € T do
if S+ v e & then
BT(S +v, T\ T'*(v)) // npoGyem m106aBUTH v
end if

end for

OBOCHOBAHME. 10 MOCTPOEHUIO BEPUIMHA ¥ ZOOABIAETCS B MHOKECTBO S TOJIBKO IIPH CO-
XpaHEeHUHU He3aBMCUMOCTH PACIIMPEHHOT0 MHOXKeCTBa. B ajropurMe aTo 06CTOATENBLCTBO
yKazaHo B (popme ycioBus S 4+ v € €. [IpoBeputh coxpaHeHHe YCIOBUS HE3aBUCUMOCTH
HETPY/IHO, HATIPUMeEP, C TIOMOTIbIO cJeyforniell hyHKITHN.
Bxona: He3aBucuMoe MHOXKECTBO S U TIpOBepsieMasi BepIIUHA .
Bbixox: true, eci MHOKeCTBO S + v HesaBucHuMoOe, false — B mpoTuBHOM ciry4ae.
for u € S do
if (u,v) € F then
return false // mHOXecTBO S + v 3aBUCKMOE
end if
end for
return true // MHOXeCTBO S + v HE3aBUCHUMOE

ITOT MMKJ He BKJIOYEH B SIBHOM BHUJI€ B PEKypCUBHYIO Tporeaypy BT, urobsl He 3a-
TPOMOXKIATh OCHOBHOHI TEKCT M He 3aTyMaHUBAThb UJIEI0 TOKMCKA C BO3BpaTaMu. [aKuMm
0o0pa3oM, MHOKECTBO S, a ClIefoBaTeJIbHO, U MHOXKeCTBO X — HesaBHCUMble. B ToT
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MOMEHT, KOT/la MHOXECTBO S HeJjib3sl PACIIUPUTh, OHO MAKCUMAJIBHO 110 OIpPe/eeHuIO.
ITepementass m riobajibHa, MOITOMY CPEAU BCEX MAKCUMAJIbHBIX HE3aBUCHMBIX MHO-
JKECTB B KOHI[E PabOThI aJITOPUTMA TIOCTPOEHHOE MHOMKECTBO X SIBJISIETCSI HAUOOJIBIIAM
HE3aBUCUMbBIM MHOXKECTBOM BepPIITUH. O

10.5.3. YnyuweHHbIi nepedop

[Ipnmenenne MeTo/1a TIONCKA C BO3BpAaTaMU He TapaHTUPYeT 3((PEeKTUBHOCTH — TPYAOEM-
KOCTb TIOVMCKA C BO3BPATAMHU MIMEET TOT K€ MOPSIOK, YTO U APyTHe crocoObl mepebopa (B
Xy/IIeM ciIydae).

Ucnionb3ys koHKpeTHYI0O MHGMOPMAIIMIO O 3a/aue, B HEKOTOPBIX CIy4asX MOXKHO cylle-
CTBEHHO COKPATHTH TPYIOEMKOCTD BBITIOJIHEHUSI KAXK/IOTO I1ara repedopa Uil YMEHbIITHTh
KOJITYECTBO TIepebrpaeMbIX BOSMOKHOCTEH B cpefiHeM (TIPM COXPAHEHUH OIEHKH KO-
yecTBa IIaroB B XyAlleM cJjyuae). Takue IPUEMbBI Ha3bIBAIOTCS METOAAMU YAYHUEHUS
nepebopa. Harmpumep, MOKET OKa3aThCs, YTO HEKOTOPBIE BAPUAHTHI 3aBEIOMO He MOTYT
TIPUBECTH K PEIeHNI0, a TIOTOMY UX MOKHO He pacCMaTpuBaTh.

SAMEYAHMUE

Pexypcusnas opma MeTO/Ia IIOUCKA ¢ BO3BpaTaMu yHOoOHA [Jisi IIOHUMAHUsL, HO HE SIBJISIETCS Ca-
Moii adextnBHOI. [1o cyTH, pekypcus 371ech UCIOIB3YETCs IS COXPAaHEHUSI KOHMEKCMAa — TO eCTh
nHOOPMAINH, XapaKTepU3yIollell TeKyINil paccMaTpUBaeMblil BapuaHT. Ecin ucronb3oBaTh aApy-
rue METO[IbI COXPAHEHUsS] KOHTEKCTA, TO MOKMCK ¢ BO3BPATAMU MOKET ObITh Pean30BaH Oe3 sIBHOU
pekypcun, a 3Ha4uuTt, 6osee apPEeKTUBHO.

PaccMoTpuM MeTOZIBI yIIydIeHus: mepebopa Ha MpUMepe 3alauil OTHICKAHUST BCEX MaK-
CUMAJIbHBIX HE3aBUCUMBIX MHOKECTB BEpINIUH. Mzies: HaumHaeM ¢ IMyCcTOTO MHOKECTBA 1
MIOTIOJTHSIEM €TO BEPITMHAMU C COXPAHEHUEM HE3aBUCUMOCTH (IIOKAa BO3MOXKHO).

[Iyctp S), — yKe TOTy4eHHOE MHOXKECTBO M3 k BepUIUH, () — MHOECTBO BEpIIUH,
KOTOPOE MOJKHO 106aBUTH K Sk, To ecTh Sy NT(Q)) = &. Cpenu Bepumn Qy, Gynem pasiu-
YaTh Te, KOTOPBIE YKe UCTOIb30BATHCH ST paciiuperust Sy (0603HAYNM MX MHOKECTBO
Q) ), ¥ Te, KOTOPBIE ellle He MCIOIb30BANUCh (Q;). Torga obias cxema HepeKypCUBHON
peanusaliy MOMCKa ¢ BO3BPaTaMu Oy/IET COCTOSITh U3 CJAEAYIONIUX TAaroB.

Iar suepen ot k x k + 1 cocrout B BEIOOPE BEPIIUHBL T € Q;::
Ski1:=Sk + x,
Qr1:=0% \ I (x),
Qiﬂ ‘= Q: \ ().
IIMar vasag ot k + 1 x k:
Sk 1= Sk+1 — T,
Qf :=Qf — =,
Qp:=Q +=x.
Ecau S, — makcumanbHoe, TO QZ =@. Ecom Q, # @, 10 S); ObLIO pacMpeno paHbie

U He SBJSETCS MaKCUMaJbHbIM. TakuMm 00pasoM, IIPOBEPKA MaKCUMAJIbHOCTH 3aLaéTCs
CJIEeTYIONNM yCJIOBUEM: Qz =Q, =9.

[Tepebop MOKHO YJIYUIIUTh, €CJHM 3AMETUTD CJEYIOIIEE.
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Iycrs z € Q) uT(z)NQ} = @. D1y BepiMHY & HUKOTA HE YAAIUTD U3 Q) , TaK KaK U3
@}, YIQISIOTCS TOIBKO BEPUINHBL, cMexHbIe ¢ Q. Taknm 06pasom, cyliecTBoBanue z, Ta-
Koro, ut0 z € @, uI'(z)NQ{ = @, ABIAETCS JOCTATOUHBIM YCJIOBUEM /151 BO3BPALLCHHUSL.

Kpowme toro, k < p— 1.
10.5.4. AnropnTMm nocTpoOeHUs He3aBUCUMbIX MHOXECTB

[TpuBenéuubiii anroput™ 10.4, obocHOBaHKE KOTOPOrO JaHO B IpeAbIAylIeM mnaparpade,
CTPOUT BCE MAKCUMAJIbHbIE HE3aBUCUMbIE MHOXKECTBA BEPIIIH 33[aHHOTO Tpada.

Aaropurm 10.4. [TocTpoenne MakCUMaJIbHBIX HE3aBUCUMBIX MHOXKECTB

Bxon: rpadp G(V, E), 3amaunbiii cruckamu cMmeskHoctn I'[v)].
BbIXOI.[: IT0CJIEA0OBATE/IbHOCTD MaKCUMAJIbHBIX HE3aBHMCUMbBIX MHOKECTB.
k:=0 // KOmuuecTBO 3JIEMEHTOB B TEKYIEM HE3aBICUMOM MHOKECTBE

S [k] =g // Slk] — He3aBuCHMOe MHOXeCTBO U3 k BepIIuH
Qlk]:= @ //Q~ [k] — BepuIuHbI, yKe MCIOJIb30BAHHBIE JJIsT paciiupenust S|[k]
[ |:=V // QT [k] — BepumHsbi, emé He UCTIONB30BaHHbIE [Is1 paciuupest S[k]

// 1ar Briepen
select v e QT[k] // pacmupsiiomas BeprnHa
X[k]:=v // 3amoMuHaeM PACIIMPSIONLYIO BEPITHHY
Slk+1]:=S[k]U{v} // pacliupeHHOe MHOECTBO
Q [k +1]:=Q [k]\T[v] // BepinHa v NCIIOJb30BaAHA /IS PACIIUPEHNS
QT lk+1]:=QT[k] \ (T[v] U {v}) // He MOryT GbITH HUCIOJIB30BAHDI JJIsI PACIIMPEHHSI
k:=k+1
M2 : // npoBepka
for v € Q™ [k] do
if T[u] N Q*[k] = o then goto M3 end if // moxxHO BO3BpaImarbcst
end for
if QT [k] = @ then
if Q7 [k] = @ then yield S[k| end if // muoXxecTBO S[k] MaKCUMaTBHO
goto M3 // MOXHO BO3BpallaThCs
else
goto M1 // MOXKHO W/ITH BIiepes
end if
M3 : // miar Haszan
k:=k—1
S[k]:=Slk+1] — X[k + 1]
Q7 [k]:=Q 7 [k] + X[k + 1] // Bepmuna v yke n06aBIATACH
QF [k i = QK] — X[k + 1]
if k=0& QT[k] = @ then
stop // nepeGop 3aBepiunén
else
goto M2 // mepexon Ha MMPOBEPKY
end if

Mpumep. Vssectnas sadaua o éocomu pepssax (paccTaBUTh Ha IIAXMATHOH Jocke 8
(depseil Tak, 4TOOBI OHU HE OWJIN JAPYT APyTa) SBJSIETCS 3a1adeil 06 OTHICKAHUK MAaKCHU-
MaJIbHBIX HE3aBUCUMBIX MHOKECTB. [lefICTBUTENBHO, IOCTATOUYHO TMPENCTABUTH JIOCKY B
Bujie rpada c 64 BepumHamMu (COOTBETCTBYIOIIUMY KJIETKAM JIOCKU), KOTOPbIE CMEKHBI,
€CJIM KJIETKUA HAXOJSITCS HAa OJHOM BEPTHKAJH, TOPU3OHTAIN WM JUATOHATIH.
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10.6. JloMUHuUpYIOLWME MHOXECTBa

3adaua o naumenvwem noxpoimuu (coxpaménno 3HIT) apisgercsa npumepom obmieil sKc-
TPEMaJIbHOM 3a/laud, K KOTOPOH MPSIMO WJIHM KOCBEHHO CBOSITCS MHOTHE TPaKTUYECKUe
3a/a4u. JTa 3a/lava SIBJISIETCST KJIACCHUYECKOH, XOpOIIO M3ydeHa M 4YacTO HUCIOJIb3yeT-
cs B KayecTBe TecTa JiJis CPaBHEHWS U OLEHKM Pa3/IM4YHbIX OOLIMX METOAOB PeIleHUs
TPYAOEMKUX 3a/1a4.

B sTOM paszenie Ha OCHOBE PAcCMOTPEHUS TOHSATHS AOMUHHUPYIONEro MEHOKecTBa SHII
opmynupyioTca u npuBogsaTcs cBenenus o cBsaszu 3HII ¢ apyrumu 3amavamu.

10.6.1. MMHMManbHOEe N HaMMeHbLUee AOMUHMPYIOLEee MHOXECTBO

MuoskectBo Bepima S C V tpada G(V, E) Ha3bIBaeTCSI QOMUHUPYIOUUM MHONICECMBOM
(unu enewne ycmouuusvin), ecan S UT(S) =V, To ecTp

VoeV (veSVIseS ((s,v) €E)).

OueBH/IHO, YTO MHOKECTBO S JTOMUHUPYET TOT/IA U TOJIBKO TOTZA, KOTJA
VogsS T(v)NnS # 9),
YTO PaBHOCUJIBHO yTBepskaeHuio Vv € V (s € S (d(v,s) < 1)).

ZIOMI/IHI/IPYIOH.[ee MHOKECTBO Ha3bIBACTCA MUHUMAIbHBLIM, €CJIN HUKAKOE €Tr0 IIOJMHOKE-
CTBO HE ABJAECTCA NOMUHUPYIOITUM. I[OMI/IHI/IpyIOH_[ee MHOKE€CTBO Ha3bIBaA€TCA HAUMEHb-
wum, eCcJan 41cJjio 3J1EMEHTOB B HEM HauMeHbIllee BO3MOKHOE.

Npumep. VssecrHas sadaua o namu ¢epssx (paccTaBUTh Ha MIaXMATHOM Jocke 5 dep-
3eil Tak, 4ToObI OHU OUJIM BCIO JIOCKY) SIBJSIETCS 3aMadeil 00 OTHICKAHUM HAUMEHBIITHX
JIOMUHUPYIONUX MHOKECTB.

10.6.2. JoMUHMPOBaAHUE U HE3AaBUCUMOCTb

ﬂOMI/IHI/IpOBaHI/Ie TECHO CBA3aHO C BepH.[HHHOfI HE3aBHUCHUMOCTbIO.

TEOPEMA. Hesasucumoe MHONCECMEO GEPULUN  SAGNACTNCS  MAKCUMALLHbIM — M020a
U MOIBKO M020a, K020a OHO SBNSLEMCL OOMUHUPYIOULUM.

JOKA3ATENbLCTBO.

[ =] Ilyctp MHOX)ecTBO BepmiH S C V' — mMakcumanbHOe HesaBucumoe. JJomyctnm (ot
IIPOTUBHOTO), YTO OHO He JoMuHupyioulee. Torga cyuecTsyeT Beplliuta v, HaXoAd1asca
Ha paccrostiuu 6oJbiire 1 OT BceX BEPIIMH MHOKeCTBA S. DTy BEPIIMHY MOXKHO H00aBUThH
K S ¢ coxpaHeHHeM He3aBUCUMOCTH, YTO IIPOTUBOPEYUT MAaKCUMAJIbHOCTH.

[ <] Ilyctp S — HesaBUCHMOe JOMMHUPYIOIIee MHOKecTBO. Jonmyctum (OT TPOTUBHO-
r0), 4YTO OHO He MakcuMasibHoe. Tora cyiiecTByeT BepiinHa v, He CMeKHast HA € O/THOM 13
BEPIITMH MHOXKECTBA S, TO €CTh HAXOASIIASACA Ha paccTossHuu Gouibiiie 1 0T BCex BepIvH
MHOsKecTBa S. ITO IIPOTUBOPEUUT TOMY, YTO MHOKECTBO S — JOMUHUPYIOIIEe. O

HesaBucumoe JOMUHUPYIOLIeEe MHOKECTBO BEPIIUH HAa3bIBaeTcs s0pom rpada.

Mpumep. B nonnom rpade K, kaxkaas u3 p BepIIUH SABJSAETCA AIPOM U IPYTHUX A1ep
HET.
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CNEACTBUE. w060t epagh umeem s0po.

Hoxka3zarensctBo. Cieyoniuii MpocToi aJirOPUTM, OCHOBAHHBIN HA JI0KA3aTETbCTBE MTPEJIbl-
NIYIIei TeOPEeMBbI, CTPOUT HEKOTOPOE SIAPO S.
S:=9@ // aapo
while V # & do
select v € V' // miobas HepaccMOTPEHHasT BePIIMHA
S:=5+wv // pacmmpsieM MHOXKeCTBO S
V:=V\I*(v) // ynansaem BepuIMHbI, KOTOPbIE HE MOTYT GBITh UCIOIBL30BAHBI JIJIS

pacIIMpeHust
end while O

[TonsTus He3aBUCUMOCTH, JOMUHUPOBAHUS U SIPA TIPUMEHUMBI Kak K rpadam, Tak U K
oprpacdam. MHoskecTBO y3710B .S oprpada Ha3bIBaeTCS HE3ABUCUMbIM, €CIIN

Voe S (I'(v)NS =), u nassBaercst domunupyrowum, ecmn Vo ¢ S (L'(v) NS # ).
HesaBucumoe JOMUHUPYIOIEE MHOKECTBO y3JI0B B oprpade Ha3bIBAETCS S0POM.

SAMEYAHUE

CymectByitor oprpadsl, He umeromniee sapa. Hanpumep, xontyp Cs He umeer snapa. bBosee Toro,
3a/1a4a BbIIEJIEHUS siipa B TPOU3BOJIBHOM oprpade okasbiBaetTcst NP-11oJiHO1.

10.6.3. 3apaya 0 HauMeHbLUEeM MOKPbITUU

Paccmorpum caenyronryio 3agady. [lycTb Kaskmoit BepiiHe comocTaBjieHa HeKOoTopas Iie-
Ha. TpeGyercsa BbIOpATh ZOMUHMPYIOLIEE MHOKECTBO ¢ HAMMEHBINEH CyMMapHOH LEHOIA.
Ira 3a71a4a Ha3bIBAETCA 3adaueit o naumenvuem noxpvimuu. 3HII asasgerca Becbma oOmiei
3a/aueil, K KOTOPOW CBOSTCS MHOTHE JIPYTHE 3a/1aUH.

3adaua o evibope nepesoduuros. OpraHusaIy HYKHO HAaHSATH [IEPEBOIYNKOB JIJIS TIEPEBO-
JIa C OTIPEIENIEHHOTO MHOKECTBA SA3BIKOB. Kax bl 13 UMEIOINXCS TEPEBOAYNKOB BIIAJICET
HEKOTOPBLIMU MHOCTPAHHBIME SI3BIKAMU U TPeGYeT ompefesiéHuyto 3apruiaty. Tpebyercst
OIPE/IE/TNTh, KAKKX MEPEBOAYUKOB CJIEAYeT HAHATh, YTOOBI CyMMa PAcXOJ0B Ha 3apIljia-
Ty Obljla MUHMMAJIbHOI. 3agaua o BeiOope nepeBoquukos ceoputcs Kk SHIT caepyiomum
obpazom. PaccmoTtpum ABYHOBbHBIN Tpad ¢ goasivmu Vi u Vs, rae mosst Vi COOTBETCTBY-
€T MHOJKECTBY I1€PeBOIYUKOB, a J0Jis1 Vo — MHOXKECTBY SI3bIKOB. Bepmunnl v1 € Vi u
v9 € Vo CMEXKHBI, €CJIU TIEPEBOUUK v1 BAAJCET I3BIKOM vo. TpebyeTcst HaliTH HauMeHbliee
JIOMUHUpYIOllee MHOXKECTBO Takoe, 4To S C V.

3adaua o paseosxe. TlocTaBIMKY HYKHO JOCTABUThH TOBAPBI CBOUM TOTpebuTessiM. Mme-
€TCST MHOYKECTBO BO3MOJKHBIX MApIIPYTOB, KAK/IbIl M3 KOTOPBIX MO3BOJSET OOCIYKUTH
OIIPENIEIEHHOE TIOAMHOKECTBO IOTpebuTeneil u TpebyeT olpeneaéHHbIX pacxonos. Tpe-
GyeTcst OmpeIeinTh, Kakue MapiipyThl CIeAyeT MCIOIb30BaTh, YTOOBI BCe MOTpeOUTEN
6L 0OCTYKEHBI, 2 CYMMa TPAHCTIOPTHBIX PACX0O/0B ObIIa MUHUMATBHON. 3aava o pas-
Boske cBoxutcs K 3HII anamornusbiM o6pasoM. 3aech Vi — MHOKECTBO MapIIpyTOB,
V3 — MHOXKeCTBO norpeburesieil U BepHUIMHLL v1 € Vi U V2 € Vo CMEXKHBI, €CJIA MAPIIPYT
v1 OOCITYKUBAET TIOTPEOUTEIS Vo.

10.6.4. Cea3b 3a4a4M O HAaMMEHbLUEM MOKPbITUN C APYrMMU
3apjavamu

3HII moxetr 6bITh chOPMYIUPOBAHA MHOTUMH PA3HBIME CIIOCOOAMH.
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MNpumep. Ilycrs umeercsa xoneunoe MHOxecTBO V' = {vi,...,v,} U ceMeiicTBO MOA-
MHOXeCTB 3T0ro MHOXecTBa B = {E4,..., E,}. Kaxzaomy nopmMHoxecTBy E; IIPUIICAH
Bec. Hafitu mokpoitue E' (E’ C E) nanmensinero Beca. Ha sipike rpadoB v; — 3T0
BepuHa, a F; — MHOKECTBO CMEKHOCTH BEPIIUHEL, TO ecTh F; = [ (v;).

SAMEYAHUE

U3 atoit hopMyIUpPOBKU TIPOUCXOIUT HA3BAHUE «337a4d O HAUMEHBIIEM TTIOKPBITUWY.

Ussectno, yto 3HII oTtHOCHUTCS K YnCay TPYMOEMKUX 33/1a4 U JIJIsT €€ PEelleHust puMe-
HAIOTCSI TIepebOPHbBIE AJTOPUTMbI ¢ TEMHU WJIH WHBIME YIy4YIIEHUSIMU.

Ha puc. 10.11 nmpuBeneHa cxema (3auMcTBOBaHHAas u3 KHUTH [13]), TOKa3bIBafoNast CBSI3b
3HII n mexotopwix apyrmx 3azad. Ha atoii cxeme cTpenka oT 3amaun A K 3amavye B
03HAYAET, YTO pelenne 3amaun A Bieder 3a coboil pernrenne 3amayu B.

3HM

HanmeHbluee noMuHUpyoLwee

MHOXECTBO BEepLUMH 3HI ¢ eanHNYHBIMKN BEcamMm

Haunbonbluee
HesaBucMOe
MHOXECTBO BEpLUWH

HaunGonbluas
Knuka

HanmeHbllee noMuHupytowee
MHOXEeCTBO pébep

Hanbonbluee He3aBucMmMoe
MHOXeCTBO pebep

Puc. 10.11. CBa3b pas3nuyHbIx 3aga4

10.7. Packpacka rpacdoB

3agaua packpanmBanus rpadoB, KOTOpas Ha MEPBbIH B3IV KAXKETCS IPOCTO IIPa3i-
HOIl TOJIOBOJIOMKOM, MMEET HEOXUAAHHO MINPOKOE TMPUMEHEHHEe B MPOTPAMMHUPOBAHKH,
0COGEHHO TIPU peleHnr (HyHTAMEHTATBHBIX TEOPETHUECKUX MPoGaeM (CM., HATTPUMED,
KkHury [5]).

10.7.1. OueHKU XpomMaTU4eCcKoro 4Ymcna

Packpackoii tpadba G HazbiBaeTcs Takoe MPUIKCHIBAHUE 1[BETOB (HATYPAJIbHBIX YKCEJ)
€TO BepIIMHAM, YTO HUKAKHUE JIBE€ CMEXHBIE BEPIIUHBI HE TIOJTYYaOT OMUHAKOBBIN ITBET.
Ecim 3amana nomycrumast packpacka rpada, UCrorb3yomias m BETOB, TO TOBOPSIT, UTO
rpad m-packpaiuBaembiii. HanmeHblllee BO3MOXKHOE KOJIUYECTBO I1[BETOB B PACKpaCKe
Ha3bIBAETCS XPOMAMUUECKUM uuciom 1 obozHavaercst x(G).

Mpumepsl

X(Fp) =1 X(Kp) =D X(Km,n) =2, X(C2n) =2, X(C2n+1) =3 X(T) =2, e T —
cB0GOJIHOE JIePEBO.
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OueBuIHO, UTO CYIIECTBYET m-packpacka rpada G uist moboro m B auanaszone x(G) <
< m < p. MHOKECTBO BEPIIUH, MOKPAIIEHHBIX B OJMH I[BET, HA3BIBAETCS 0OHOUBCTHHbIM
xaaccom. OMHOIBETHBIE KJIACCHI 0OPA3yIOT HE3aBUCUMBIE MHOJKECTBA BEPIIUH, TO €CTh
HUKaKHe /1B BEPIINHBI B OJHOIBETHOM KJIACCEe HE CMEKHBI.

Crocob sIBHOTO BBIPasKEHUST XPOMATHYECKOTO UHCJIA Yepe3 JIPyTHhe CTaHAapTHble MHBA-
puanTbl Tpacda HemsBecTeH. VI3BeCTHBI TOJBKO HEKOTOPbIE OIIEHKH, 4aCThb M3 KOTOPBIX
TIpuBe/ieHa HIDKeE.

TEOPEMA 1. x(G) <1+ A(G).

AOKA3ATENbCTBO. Mnaykumsa no p. baza: p = 1 = x(G) = 1 & A(G) = 0. Ilycts
VG (p(G) < p= x(G) < A(G) + 1). Paccmorpum rpad G, Takoii, uto p(G) = p. Torna
Vv e V (x(G—v) <AG—v)+1<A(G) +1). Ho d(v) < A(G), 3HaunT, x0T OBl
onun 1BeT B (A(G) + 1)-packpacke rpacda G — v cBobozen mist v. [TokpacuB BepuTUHY v
B aToT 1BeT, noayuaeMm (A(G) + 1)-packpacky rpada G. O

TEOPEMA 2. p/fu(G) < x(G) <p— Bo(G) + 1.

L OKASATENBLCTBO.

[p/Bo(G) < x(G)] Ilyers X(G) = nuV = V,U---UV,, tne V; — omgHOIBETHBIE
KJIACCHL. V; — HE3aBHCHMOE MHOJKECTBO BEpINHH, cienoBatesbho, |Vi| < Bo(G). meem
=211 |Vil <nBo(G) = p/Bo < x.

[ X(G)<p—Bo(G)+1]1 Hyctp SCV — manbopiiee HE3aBUCHMOE MHOKECTBO, |S| = Bo(G).
Torma x(G—S5) < |V =S| =p—p5o(G). U3 n-packpacku rpadha G — S MOXKHO IIOJYyIUTDb
(n+1)-packpacky rpada G, Tak Kak Bce BEpPIIHHbI U3 S MOXKHO MOKPACUTD B OJIUH HOBBIN
mBet. Crenosarensho, x(G) = x(G—S)+1<p—F + 1. O

10.7.2. XpomaTuyeckue 4ucna rpada n ero gonosiHeHus

Xpomarudeckue uncaa rpada G 1 ero gonoaHenus G CBA3aHbL: eciu B G CPaBHUTEIHHO
Masio pébep, To u x(G) bymer HeBennko, HO TorAa B G — MHOTO pébep u x(G) Gyzmer
GJIU3KO K p.

TEOPEMA. Ilycmv x:=x(G), X:=x(G). Tozoa

1 2
2yp<x+X<p+1, p<x><<<p;r>.

JOKA3ATENbCTBO.
n
[p<xx] lycrs x(G)=n, V1,...,V,, — onHousernsie kiaccol, p;: =|V;|. Torna > p;=p,
-t
" 3
ciefoBaresbio, max p; = p/n. Ho V; — He3aBucumbie MHOXKeCTBa B G, C/lel0OBATENBHO,
=1

V; — xauku B G. 3Hauut, Y > mréfcp,' > p/n. Umeem xx = n-p/n =np.
1=

[2yp < x +X] V3BectHO, 4TO Cpejiliee TeOMETPUYECKOE [BYX YHCEJ He HPEBOCXOUT
cpeanero apudmerndeckoro: (a + b)/2 > vab. Cnenosarenbho, x + X = 2/XX = 2,/p.

[x+Xx<p+1] Unayknusg o p. baza: p=1= x =1&x = 1. Ilyctb x + X < p
17st Beex rpados ¢ p — 1 BepmuHamu. Paccmorpum rpad G ¢ p BepUIMHAMYM U BEPITHHY

v € V. Tornma, oueBunno, x(G) < x(G—v)+1u x(G) < x(G—v)+ 1.
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Ecmn x(G) < x(G —v) + 1w x(G) < x(G —v)+ 1,10 X + X = X(G) + X(G) <

<x(G=v)+14+x(G—-v)+1<p+2<p+ 1. Crenosarensno, x +x <p + 1. [lycrs
tenepb X (G)=x(G —v)+1 u x(G)=x(G —v) + 1. Honoxum d: = d(v) B rpade G, Torna
d=p—d—1— crenenb Bepumnbl v B rpade G. Umeem d > x(G — v). [leiicTBurebHo,
X(G) = x(G—v)+1, u ecu 661 d < x(G—v), TO BEPHUIUHY v MOKHO GBLJIO OBI TIOKPACUTH

B Jo6oi u3 cBoboaHbIX X (G — v) — d 1BeToB U noxyunuth X (G — v)-packpacky rpada G.

Ananornuyno, d =p—d —1 > x(G — v). Takum o6pasom,

X+X=xX(G)+x(G)=x(G-v)+1+x(G-v)+1<d+1+p-—d—-1+1=p+1

[ XX < ((p+1)/2)?1 Umeem 20/ XX <x +X<p+ 1= ((p+1)/2)° =¥ a

10.7.3. TOYHbIA anropuTM pacKkpaluMBaHUS

[Tockosbky TouHas opMmya Jjs XPOMATUYECKOTO YMC/Ia HeM3BeCTHa, 3ajlada HaXoK/e-
HUg HausIydlei packpacku rpada oKa3blBaeTCs, Kak U CJIe[0BaJIO OKUIATD, TPyAHOPelIae-
MOT.

PaccMoTpuM crenyioliyio cxeMy peKypcUBHOU mpoliieypsl P:

1. Boibpath B rpade G HEKOTOPOE MaKCUMAJIBHOE HE3aBUCUMOE MHOKECTBO BEPIIUH S.
2. TlokpacuTb BepIIMHBI MHOKECTBA S B OUepPETHOU ITBET.
3. Ilpumenuts nponenypy P x rpady G — S.

Ha miceBokozie mporeaypa P MOKeT ObITh 3amucaHa CJAeAyIomuM 00pa3oM.
Bxox: rpad G(V, E), Homep cBOOOIHOTO IIBETA 7.
Boeixoa: packpacka, 3agannas maccuoM C[V], — HOMepa 11BETOB, TIPUITICAHHbBIE BEPIIU-
HaM.
if V = & then return end if // packpacka 3akonueHa
S':=Selectmax(G) //S — MakCHMaJIbHOE HE3ABUCUMOE MHOXKECTBO
C[S]:=1¢ // packpamuBaeMm BepIIUHBI MHOXKeCTBA S B IBET %
P(G—S,i+1) // peKypcUBHBIil BbI30B

SAMEYAHMUE

Oynkims Selectmax MokeT ObITH peay30BaHa, HAIIPUMeEDP, Ha ocHOBe ajiroputma 10.5.4.

TEOPEMA. Ecuuzpagp G — k-packpawusaemolii, mo Cyuecmsyem maxas nocie0osameio-
HOCMb 6b160P08 MHoNcecmea S na waze 1 npoyedypvl P, umo npumenenue npouedypvl P x
epaghy G nocmpoum ne 6onee wem k-packpacky epaga G.

DOKA3ATENBCTBO. IlycTh mMeercst HekoTOpas k-packpacka rpada G(V, E). Ilepectpoum
eé B Takyio He GoJiee ueM k-pacKkpacky, KOTopast MOKeT ObITh MOJIydeHa Tpoteaypoi P.
IIycts V4 C V' — MHOXeCTBO BepIIMH B JaHHOW k-packpacke, MOKPAIIEHHBIX B I[BET
1. MuOecTBO V] — He3aBUCHMOE, HO, MOJKET OBITh, HE MaKCHMajibHOE. PaccMoTpum
MHOKecTBO V7', Takoe, uto Vi U Vi’ — MakcuMasbHOe He3aBHCHMOE MHOKECTBO (MOKeT
okaszatbes, uto Vi’ = ). Bepmunbl uz Vi’ me cMmexubl ¢ Vi, 3Ha4UT, BepmuHbl 13 Vi’
MOKHO Tepekpacuth B 1Ber 1. ITycrb mamee Vo C V'\ (Vi1UV)') — MHOKECTBO BEpILUH,
MOKpAIIEHHbIX B I[BET 2. AHAJOTMYHO PACCMOTPUM MHOKeCTBO Vo', Takoe, uto Vo U Vy' —
MakcumasbHoe Hezasucumoe B G\ (V; U Vy'), mokpacum Bepumubr Vo U Vo' B mser 2 u
T. 1. Becero B McxomHol packpacke ObUIO k He3aBUCHMMBIX MHOxecTB. IIpu mepekpacke
UX YUCJIO He BO3PACTET (HO MOXKET yMeHbIIUTbCs, ecau X (G) < k). Ha kakmom mare
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AJITOPUTMA pacCMaTPUBAECTCA OAHO M3 MHOKECTB, CJ€0BATEJIbHO, ITPOIECC 3aKOHYUTCA.
(]

10.7.4. MpubANXEHHbIE aNropuTMbl pacKkpaluMBaHNA

B npeapiayiem naparpade HEKOTOPBIN aJIrOPUTM TOUHOIO PACKPaIIXBaHus ObLI IIOCTPO-
€H Ha OCHOBE aJITOPUTMA BBIAEJIEHNST MAKCUMATbHBIX HE3aBUCUMbBIX MHOKECTB BEpIIINH,
KOTOPbII uMeeT repebopHblil Xxapakrep. Takum 06pa3oM, MPEAJIOKEHHbIH aJrOPUTM TOY-
HOT'O pacKpalluBaHUs TaKKe MMeeT IepeOopHbIiil xapakrep. MoKHO II0Ka3aTh, YTO 9TO HE
CIIyJaifHO U 33j1aya MOCTPOEHUSI MUHUMAJIBHOIN pacKpacku sipjsietcss N P-TIOJIHOI.

[Tpu mpaktuyeckom perieHun N P-NONHBIX 33/[a4 1[€JeCO00Pa3HO paccMaTpuBaTh npu-
OudICEHbIe ANTOPUTMBI, KOTOPbIE He BCETa HAXOJSIT TOYHOe pelieHue 3amaun (MHOT/IA
OHU HaXOJISIT TOJBKO TPUOJMIKEHHE K HEMY, ¥ MBI HE MOJKEM 3HATh TOTO 3apaHee), HO
3aTO JIOCTATOYHO 3(D(PEKTUBHBI.

31ech noHaTre NPUOIMKEHHOTO aAropuTMa MMeeT 0ojiee HMIMPOKUNA CMBICI 10 CPaB-
HEHMIO C TeM, KOTOPBIH OOBIYHO IOAPA3yMEBAETCS B BBIYMCIMTEIbHON MaTeMaTHUKe U
MIPU TTPOBEJIEHUN YNCJIEHHBIX PACUETOB HA KOMITbIOTEpE. B BbIUMCIUTENBHON MaTEMATUKe
npUOIMKEHHBIA aJITOPUTM, HAIPUMED, YUCIEHHOE PelleHue ypaBHEeHUs, HAXOAUT IIPU-
GumrKeHne K KOPHIO ¢ 3alaHHOI TOYHOCTBIO: « &= §. YBeJn4nBas YUC/I0 UTEPALUi, MOKHO
YMEHBIIIATH 0.

ITpubausKEHHbIE AJITOPUTMbI PELIeHNs IepeOOPHBIX 3a/1a4 HAXOAAT PELIeHUE ¢ TOH TOYHO-
CTBIO, C KAKOH YMEIOT — IOTIOJTHUTEIbHbIe BEIYMCIEHUS He yiaydmaroT pentenus. [loatomy
OpUOIMKEHHBIE AJITOPUTMBI PENIEHUsT TIePeBOPHBIX 3a/1a4 XapaKTepU3YIOTCsT ABYMsT Tapa-
MeTPaMU: HaCKOJIbKO JJaJIeKO HalfjieHHOe pellleHre MOJKET OTCTOATh OT TOUHOTO pellleHus,
U HACKOJIbKO MEHBIIME TPYI03aTPAThl 10 CPABHEHHUIO C IMOJHBIM 1epPebOPOM TIPH 3TOM
TpebyIOTCS.

PaccMOTpUM CIIeYIONTHIT @iz0pumm nocied08amenvHoz0 packpautu6anusl.

Asroputm 10.5. AJITOpHUTM 1T0CJIEI0OBATEIBHOTO PACKPAIIMBAHHUS

Bxox: rpad G.
Beixoa: packpacka rpada — maccus C' : array [1..p] of 1..p.
for v € V do
C[v]:=0 // Bce BepUIMHBI HE PACKPAIIEHDI
end for
for v € V do
A:={1,...,p} // Bce uBeTa
for v € T+ (v) do
A:=A\{Clu]} // 3auATBIE NI BEePIINHBI v 1[BETA
end for
Clv]:=min A // MUHUMAJBHBINH CBOOOMHBIH 1IBET
end for

SAMEYAHMUE

TakuM 06pa3oM, KPacUTh BEPIIMHBI HEOOXOAUMO IIOCIEA0BATENBHO, BBIOUPAs CPey JOMYCTUMBIX
11BETOB MUHUMAJIbHBIH.
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OBOCHOBAHME. B 0CHOBHOM IMKJIe paccCMaTPUBAIOTCS BCE BEPIIMHBI, U Kax/l1as U3 HUX
MOTYy9aeT JOTYCTUMYIO packpacky. Takum 06pa3om, mpoIeaypa CTPOUT AOMYCTUMYIO pac-
KPaCKYy.

Viyuwennoiii anzopumm nociedosamenviozo pacKpauluéanius TakKe CTPOUT JOMYCTUMYIO
packpacky, TTpUMeHsI TaKylo 3BPUCTHKY: HAUMHATH PACKpaIINBaTh CJelyeT C BEPIIUH
HanbOJIbILEil CTelleHH, TOCKOJIbKY €CJIM UX PacKpalluBaTh B KOHIIE IIpolecca, To Oojee
BEPOSATHO, UTO /I HUX He Halmércss cBOOOLHOIO LBeTa U MPUIETCSA UCIIONb30BaTh €Il
OJIMH IIBET.

Asroputm 10.6. YrydimeHHBIH aJTOPUTM MTOCTIEI0BATEIBHOTO PACKPANTUBAHMS

Bxox: rpad G.

Boixoa: packpacka rpada — maccus C : array [1..p] of 1..p.
Sort(V) // ynopsiiouuTh BEPUIMHBI 110 HEBO3PACTAHHUIO CTENEHU
c:=1 // mepBsiii 1iBET
for v € V do

Clv]:=0 // Bce He pacKpalleHbl
end for
while V # @ do
for v € V do
for u € I'*(v) do
if Cu] = c then
next for v // BeplIuHY v HEJIb3S MOKPACUTH B IBET C
end if
end for
Clv]:=c¢ // Kpacum BepIIUHY v B I[BET ¢
V:=V\{v} //uynansem eé us pacCMOTpPeHUsI
end for
c:=c+1 // cnenyiommuii BeT
end while

OBOCHOBAHME. 3aMeTHM, YTO /IaHHBIN aJITOPUTM OTJANYAETCS OT MPEeABIAYIIero TeM, YTO
OCHOBHOW TIWKJ WAET He TI0 BEPIIMHAM, a IO I[BeTaM: CHadaja BCE, YTO MOKHO, KPacuM
B 1[BeT 1, 3aTeM B OCTaBIIEMCSI KPaCUM BCE, YTO MOXKHO, B I[BeT 2 U T. . B ocTajsbHOM
AJITOPUTMbI aHAJIOTUYHbI, ¥ JaHHBIH aJrOPUTM 3aKaHYMBAeT CBOK PaGOTy IOCTPOEHHEM
JIOTTyCTUMOM PAaCKpPacKu 10 TeM Ke MPUINHAM, 9TO ¥ TPeIBIYIITHH. O

OTCTYMJIEHUE
YIIydIeHHbli aTOPUTM HOCJIEA0BATEIHHOTO PACKPAIINBAHIS HECKOIBKO CJIOJKHEE MepBOTO ajro-
PUTMa U OCHOBAH HAa OCTPOYMHOI1 aBpucTUKe. MOKHO ObLIO Obl OKUAATH, YTO OH JACT CYLIECTBEHHO
Jrydinue pe3ysasratel. OHAKO MPsiMble BBIYUCIUTEIbHBIC S9KCIIEPUMEHTBI TOKA3bIBAIOT, YTO 3TH aJl-
FOPUTMBI TIOYTH BO BCEX CJIydasix paboTaioT OAMHAKOBO Xopouro (wiu 1ioxo). Takum o6pasom,
ITPOTPAMMUCTCKUE «XUTPOCTU» JTATIEKO HE BCEr/la AAaloT MPAKTUYECKH 3HAUNMbIE PEe3YJIbTaTbl.

10.8. MnaHnapHoCTb

OO6cyxeHne MIAHAPHOCTH B 3TOM PA3JieJie TI03BOJISIET PEIIUTh BTOPYIO MCTOPUYECKYIO
3ajlauy U3 MePEYrCAeHHbIX B 1. 7.1.1, a Tak/Ke MOATOTABIMBAET PE3YJIHTATH, HEOOXOIMMBbIE
JUISL JIOKa3aTeJbCTBA TEOPEMbI O IISATU KpacKax.
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10.8.1. Yknapka rpacdos

Ipad yxradvieaemcs Ha HEKOTOPOI TIOBEPXHOCTH, €CJIM €r0 MOKHO HAPUCOBATh Ha HTOi
MOBEPXHOCTH TaK, 4ToObI pébpa rpada mpu 9TOM He nepecekanuch. Ipad HasbiBaeTcs
NAAHAPHBIM, €CTT €T0 MOYKHO YJIOKUThH Ha 1iockocTw. Ilnockui rpad — aro rpad, yxke
YJIO5KEHHBIN Ha MJIOCKOCTH.

O6uactb, orpaHnyeHHast pebpaMu B IUIOCKOM Tpade, HasbIBaeTcs zpanvio. IpaHb He co-
NepXKUT Apyrux rpaneit. Yucao rpameii mwiockoro rpada G obosuavaercs f(G).

SAMEYAHUE

Buernss yacth mI0CcKoCTH Tak:xke o6pa3yCT rpaHb.

Mpumep. Ha puc. 10.12 nokazansr AnarpamMmel iiaHapuoro rpada Ky 1 iBe ero yKia-
KU Ha MJIOCKOCTH. JTOT rpad mMeeT 4 TpaHu.

Puc. 10.12. lMnaHapHbI rpad v ero yknagka

OTCTYIMJIEHUE
Tounoe orpejie/yiecHne HEKOTOPBIX HOHHTI/IfI, HCIIOJIb3YEMbBIX B 3TOM pasziejie, B 4aCTHOCTH, TaKUX
HOHHTHﬁ, KaK «IIOBEPXHOCTb», <<O6]IaCTI)>>, «I'paHulla», BBIXOJAUT [1AJE€KO 3da PaMKU 3TOT'O y‘IE6HI/IKa
" CTaHAapTHOI'O KypcCa ,ZlHCerTHOfI MaTteMaTHKWA. MbI TloJlaraemMcst Ha TEOMETPUYECKYIO NHTYUIHUIO
qyuTaTead U He ZlaéM HHUKaKHUX onpe[[eﬂelmﬁ. ﬂJIH IIOHUMaHHA HpOCTeﬁIHPIX paccymaelmix’[ 9TOTO
paszaesia 10CTaTOYHO He(bOpM'rl]IbeIX WHTYUTUBHBIX Hpe[[CTaBJIeHPIfI. O[[HaKO YUTaTEJIIO0 CleAyeT
VMETb B BUY, UTO IIpU PEHIEHUUN CJIOKHDBIX IPAKTUYECKUX 3a/la4d, HallpuMep u3 BBIYMCJINTEBHON
TeoOMETPpUHN, NHTYUTUBHBIX HpeILCTaBJIeHI/Ifl MOJKET OKa3aTbCA HEAOCTATOYHO.

10.8.2. dunepoBa xapakrepucTuka

Jlnst TpachoB, yIOKEHHBIX Ha HEKOTOPON MOBEPXHOCTH, CHPABEILINBO ONpeeeHHOE CO-
OTHOIIIEHUE MEKIY YUCJIOM BeplnuH, pébep u rpaHeil rpadoB, KOTOPbIE YKJIA[bIBAIOTCS
Ha 3TOI TTOBEPXHOCTH.

TEOPEMA (dopmyna diinepa). /s c6s131020 nianapmozo papa cnpaseduso ciedyouee
coomnowenue:p —q+ f = 2.

SAMEYAHUE
Yucesio B IPaBOil YaCTH ATOTO COOTHOIIEHVSI HA3BIBAETCS IUAEPOBOL XAPAKMEPUCTIUKOL TIOBEPXHO-
CTH.
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DokA3ATENbCTBO. Uuaykiusa mo ¢g. baza: ¢ = 0 = p = 1 & f = 1. Ilycth Teopema
BepHa 115 Beex rpadoB ¢ g pébpamu: p — ¢ + f = 2. JlobaBum emte oxno pebpo. Eciu
nobassieMoe pedpo coefrnHseT CyNIeCTBYIOIUE BEPIINHBI, TO JIEFKO BUAETD, 4TO ¢ = q+1,
p=p fl=f+1lup —¢d+f =p—q—1+f+1=p—q+ f =2 Ecmu gobasisemoe
pebpo CoeMHsIET CYIIECTBYONIYIO BEPIIMHY ¢ HOBOM, To p' =p+1,¢ =q+1, f'=fn
p—qd+f =p+l—gq-—14+r=p—q+f=2. O

CNEACTBUE 1. Ecau G — ces3uwiil naanapuulii zpag (p > 3), mo g < 3p — 6.

DokA3ATENbCTBO. Kaskzas rpanb orpaHndeHa 1o KpailHeil Mepe TpeMst pebpamu, Kaskaoe
peGpo orpannuuBaer He GoJiee ABYX rpaeii, orciozna 3f < 2g. imeem

2=p-—q+f<p—q+3 = 3p-3¢+2¢>6 = ¢<3p-—6. O

CNEACTBUE 2. Ipadpv K5 u K3 3 He nianapHol.

D OKASATENbLCTBO.

[Ks He nnanapen] Umeem p = 5, ¢ = p(p — 1)/2 = 10. Ecim K5 nuamapen, To 10
npeablynieMy ciaegctsuio ¢ =10 < 3p—6 =35 — 6 =9 — nporuBopeuue.

[K3,3 He nnaHapeH ] Wmeem p = 6, ¢ = 9. B aTOM rpade HET TPEYrOJTHHUKOB, 3HAYUT,
ecJiu 9TOT rpad TIaHapeH, TO B €ro IUIOCKOHN YKJIa/IKe Kax/as TpaHb OrpaHuvYeHa He MeHee
4yeM 4eThIPbMs pebpamu U, cilegoBaTebho, 4f < 2q wmm 2f < g. Ilo dopmyne Iitnepa
6—9+f=2, orkyna f=5. Umeem 2f=2-5=10<¢=9 — nporuBopeune.

SAMEYAHUE
Onepanust nodpaséuenust pebpa x = (u,v) COCTOUT B 3aMeHe ero AByMs pébpamu, (u,w) u (w,v),
rie w — HoBas BepuiuHa. /[Ba rpacda Ha3bIBAIOTCS 20MEOMOPQHLIMU, €CJIM OHH MOTYT OBbITh IO-
JIydeHbI M3 ofHoro rpada moxpasbmenuem pébep. Ipad mmamapeH Torma M TOJMBKO TOTAA, KOTAA
OH He cofepkuT noarpados, romeoMopdubix K5 umn Ks 3. JlokasaTelbcTBO HOCTATOYHOCTH 9TOTO
yTBepxkaeHus (meopemvt Kypamoseckozo) BHIXOIUT 3a paMKHU JaHHOTO Kypca.

CNEACTBUE 3. B.iro6om nianaphom zpagpe cyuecmsyem sepuuna, cmeneis KOmopou He
bovuie 5.

AokazaTENbCTBO.  OT mporusHoro. Ilycts Vo € V' (d(v) > 6). Torna
6p< > d(v) =2¢=3p<gq,
veV

HO ¢ < 3p — 6. MimeeMm 3p < 3p — 6 — nmpoTuBOpeydne. O

OTCTYNJIEHUE
[lnsa cnydas mHOTOTpaHHUKOB dopMyry Jinepa BoiBen /lexapt. [leiicTBuTensHO, Kapkac MHOTO-
rPaHHUKA — 3TO [JIOCKUIL rpad, u 0O6paTHO, CBsI3HOMY I10cKoMy rpady (1ipu f > 3) cOOTBETCTBYET
MHOTOTPAaHHUK.
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10.8.3. Teopema 0 NATU KpacKax

TEOPEMA. Bcakuil nianapHulii 2pag Mox*CHO pacKkpacums nsamoro KPAcKamu.

[OKA3ATENLCTBO. /l0CTaTOYHO paccMaTpuBaTh CBSI3HBIE TPAMBI, TOTOMY YTO KOMIOHEH-
n
n
TBI MOJKHO PACKpaIIMBaTh HE3aBUCHUMO: X ( U Gl-) = max x (G;). Unaykius no p. baza:
i=1 i=1

ecmu p < 5, 70 x < p < 5. [lycTh Teopema BepHa /17151 BCEX CBI3HBIX IIJIAHAPHBIX TPadoB ¢
p BepmmHamu. PacemotpuM rpad G ¢ p+ 1 Bepmunamu. [1o TpetbeMy ciieictBuio K ¢op-
myse ditepa v € V' (d(v) < 5). llo nnpyknnonHomy npeamnosnoxenuio x (G — v) < 5.
Hysxuo packpacuts Bepuuny v. Eciu d(v) < 5, To B 5-packpacke rpada G — v CyniecTBy-
er 1Bet, cBoOoAHbIN s BepiuHbl v. Ecom d(v) = 5 u ana T (v) ucnonn3osansl He Bee
AT 1[BETOB, TO B H-packpacke rpada G — v CyLIeCTBYeT LBET, CBOOOHBIN J1JIsi BEPIIMHBI
v. Ocrazicst cayyvaii, korna d(v) = 5 u Bce ISATh I[BETOB uUCHOJb30Banbl. [lycte G —
npaBUIIbHBIN ToArpad rpada G — v, MOPOXKAEHHBIN BCEMH BEPITUHAMU, TOKPANIEHHBIMU
B 11BeTa 1 min 3 B 5-packpacke rpada G — v. Ecim vy ¥ v IpuHajIeRaT pa3HbIM KOM-
TTOHEHTaM CBsI3HOCTU Tpada G113, TO B TONM KOMIOHEHTE, B KOTOPOI HAXOAUTCS BEPIIMHA
vy, Ipou3sBenieM 1epekpacky 1 <> 3. Ilpu aTom nosyuurcst 5-packpacka rpada G — v, HO
1Bet 1 6yaer cBoOoMeH /it BEPIIMHBI v. B IIPOTUBHOM cily4ae cymiecTByeT IpocTast 1ellb,
COeIMHAIONIAs U1 U v3 U COCTOSIINAs U3 BEPIINH, TIOKpalleHHbIX B 11BeTa 1 u 3. Torma Bep-
IITUHBI V9 U vy TPUHAJJIEKAT PA3HBIM KOMIIOHEHTAM CBI3HOCTH mogarpada Gay (Tak Kak
rpad G — muaHapHbiin). [lepekpacuM BepHiMHBI 2 <> 4 B TOW KOMIIOHEHTE CBSI3HOCTU
rpada Ga4, KOTOPOH MPUHAAIEKUT Vg, W TTOIYIUM H-packpacky rpada G — v, B KOTOpon
1BeT 2 cBobozeH s BepumHbl v (eM. puc. 10.13). O

S ———

Puc. 10.13. K gnokaszaTtenbCTBy TEOPEMbI O NSATU Kpackax
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MeTtao603Ha4yeHus
Ob6osnauenne | CmbICa IIpumep
Def Def
= Ilo onpenenenuio ects | || =
(= [TonokuM paBHBIM c:=(a+0b)/2
= PaBno 1=1,2x2=4

YucnoBble MHOXecCTBa

Ob6osnauenue | Hazpanue IIpumepsr
N Harypanpnabie uncaa | 1,2,3
Z Ilenpre umcaa 0,1,-1,2,-2
Q Paronasbheie uncaa | 4, 1,353 2 718281828
R BemtecrBennble yncaa | 1,1.5,v/2, 7, e
CoBOKyNHOCTH
O6osnauenne [Ipumenenue [Ipumepsnt
{a1,...,a,} HeynopsijoueHnoe MHOXKeCTBO pasind- | {1,2,3}
HBIX HJIEMEHTOB
(at,...,ap) Ynopsimouennast mocaenosarensuocts | (0,1,0,1)
OJTHOPOTHBIX HJIEMEHTOB
(A; B,C) YropsimouenHas mociaenoBaTeapHocTh | (R; 4+, %)
Pa3HOPOJHBIX AJIEMEHTOB
(a1,...,an) Yuopsiiouennast nocJseoBaresbHocts | (@ — 01,0 — 10)
COCTaBHBIX DTEMEHTOB
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Onepauun ¢ MHOXeCTBaMm

O6osHaueHme [IpouTenue [Ipumepnt

ac A IJIEMEHT a TIPUHAJIEKUT 1€{1,2,3}
MHOKeCTBY A

ag A DJieMenT a He npuHasnexut | 4 ¢ {1,2,3},v/2 ¢ Q
MHOKeCTBY A

ACB MuoxecTtBo A ABisieTcs {2,3} € {1,2,3}
HOMHOKECTBOM MHOKECTBA
B

AUB Ob6bemunenne MmaoskectB A u | {1,2} U {2,3} = {1,2,3}
B

ANB [Tepeceuenne muoxects A u | {1,2} N{2,3} = {2}
B

A\ B Pasnocts MuOkectB A u B | {1,2}\ {2,3} = {1}

AAB CuMMeTpruecKast pasHOCTh {1,2} A {2,3} ={1,3}
MHOXecTB A n B

AxB [Tpssmoe mpousBesieHme {1,2} x {2,3} =
muoxectB A u B ={(1,2),(1,3),(2,2),(2,3)}

1) ITycroe MHOKECTBO {}

|A] MoutHocte MHOXKecTBA A {1,2}] =2

Jlornueckue o603Ha4YEeHMNA

O6o3HaueHe HaszBanue [Ipourtenue

—-P Orpunanve He P

PvaQ JIM3bIOHKITUS P um Q

P&Q Konpionkius Pu@

P=qQ NMmmmkarmsa Ecmm P, 0 Q

YV x)) KBaHTOp BCEOOITHOCTH [lis Bcex x BoimosHeHo P(x)

KsanTop cyiecrBoBanus

CymecTByer z,
TaKOI, 4TO BbIIOJHEHO P(x)

OTHOLWIEeHud
Ob6o3HauyeHNe HaszBanue
RoS Komno3suiiust orHomeHnn
R" CreneHb OTHOLIECHUS

VAWAYPN IIIH

ManI/II_[a OTHOIIIEHUA

OTHoOIIIeHNEe 9KBUBAJIEHTHOCTU

OTHollleHne nmopAaaka

OTHollleHne CTpororo JIMHEITHOTO ImopAaaKa
OTHollleHne HECTpOororo JIMTHEITHOTO TmopAaaka
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Yka3aTeslb OCHOBHbIX 0603Ha4YeHu

DyYyHKUUN N oToOpaxeHns

Ob6oznavenue [Ipourtenue [Ipumevanue

f:A—B Oyuknus f us A B B fCAXB

b= f(a) b siByisieTcst 3HaUeHueM QyHK- | a — b
mu f A apTyMeHTa

feyg Cyneprosuius dywxumii fu | (f o g)(x) = f(g(x))
g

! Ob6patnas pyHkuug K f ffl:B—= A

Dom f MHO0kecTBO OTIpe/iesieH st Va€Dom f (3be B (b= f(a)))
pyuxknum f: A — B

Im f MHosxecTBO 3HaUeHU VobeImf 3ac A (b= f(a)))

pysxmum f: A — B

CtaHpapTHble PYyHKLMN

Ob6oznauenue [Ipourtenue [Ipumevanue

[x] Ilesas yacTp yncia Ve eR ([z] <x)

loga.x Jlorapudm 1o ocHoBaHWIO a | logz:= 10?;2 z; Inz:=log, x
mdivn Henonnoe yactnoe m = (mdivn)*n+ mmodn
mmodn Oocratox OT jeeHus m = (mdivn) *n+ mmodn
n! DakTopuan

n
nl:=1T]1
i=1

MpynnoBbie onepauun

Ob6o3Hauenue

[Ipourtenue

n

> ai

i=1

n

[T a:

i=1
min(aq, ...

aan)

max(a,...,an,)

CyMMa 3J1eMeHTOB aq, . . ., dy

HpOI/IBBelleHI/IG 9JIEMEHTOB

at,...,0n
MuHuManIbHBI W3 JJIeMeH-
TOB a1,...,0n

MaxkcuMaibHBII W3 2JIeMeH-
TOB @1,...,0n

[Ipnmevanne
n

a; =a1+...+ay
i=1
n
Hai:alx-nxan

i=1
min(a,b) < a & min(a,b) < b

max(a,b) > a & max(a,b) > b
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A
ABTOMaTHYECKOE I0KA3aTeNbCTBO TeopeM (automatic
theorem proving), 244
Asromopdusm (automorphism), 108, 339
Anexsarrocts (adequacy), 208
nMemyKTuKH, 241
Asbyka Mopse (Morse alphabet), 302
Axcuoma (axiom), 21
BoiGopa (of choice), 93
noruueckas (logical axiom), 206
merpukn (of a metric, 314
peryisipoctu (of regularity), 24
cummerpun (of symmetry, 314
cobersennast (proper axiom), 206
roxzaectsa (of identity, 314
dopmazbroit Teopuu (of formal theory), 206
Akcromarusupyemocts (axiomatizability), 208, 227
roneunas (finite), 227
AusreGpa (algebra), 27, 105
Jlungenbayma—Tapckoro
(Lindenbaum—Tara), 165
GysieBa (boolean algebra), 149
6yneBbix ynxuuii (of boolean functions), 164
BbicKasbiBaHuii (propositional algebra), 201
KoHeuHo-mopoxienHas (finitely generated
algebra), 106
muoroocHoBHas (multi-based algebra), 105
noamuoxects (of subsets), 35, 105
TepmoB cBoGonHas (free algebra of terms), 107
yuuBepcanbhas (universal algebra), 105
Asropurm (algorithm), 229
Beanmana—@opaa (Bellman—Ford) , 391
Jleiikerpor (Dijkstra), 392
Esxmuaa (Euclid), 128
Kuyra—Benaukca (Knuth—Bendix), 114
Kpackana (Joseph Kruskal), 442
Jlemniena—3usa (Lempel-Ziv), 325
ITpuma (Robert Clay Prim), 443
Yopurasna (Stephen Warshall), 64
®ano (Robert Mario Fano), 305
Xadppmena (David Albert Huffman), 308
BOCCTAHOBJIEHHISI YIIOPSIIOYEHHOTO Op/iepeBa Mo
koxy (ordered directed tree recovery), 412
BCTaBKHM y3J1a B IepeBo copTupoBku (node
insertion in sorting tree), 422

Bcioy oTsmyaiomuiicst (everywhere
different), 237
BBIZIEJIEHNST KOMIIOHEHT CHJIBHOMN CBSI3HOCTH
(strong connectivity component), 386
BBIYKC/IEHNS 3HAYCHNSA (DYHKIUU IO JIEPEBY
pemenwuii (evaluation of function on the base of
decision tree), 190
BBIYKCJIEHNST HOMEPA KOPTEXKa B YCTAHOBJIEHHOM
nopsizke (evaluation of tuple's number in
established order), 178
BBIUHC/IEHNsT 00beINHEHTsT ciustHneM (union by
merge), 48
BBIUHCJICHNS TIEPECEUCHUS] CIIMSHUEM
(intersection by merge), 50
BbIYMTaHKs UTEpPaTOpoB (substraction of
iterators), 51
reHepaluy BCex MOAMHOKeCTB (generation of all
subsets), 42
reHepalni epecTaHoBoK (generation of
permutations), 264
reHepanuy moAMHOKeCTB (generation of
subsets), 275
nenennst BorantanneM (of division by
subtraction), 126
nerepmunuposannbiii (determined), 235
skaaubiil (greedy), 104, 152
nnrepnperanuu (interpretation), 160, 161, 237
smuHeitnbii (linear), 152
MeToa pesoioimii (resolution method), 251
HaXOXK/IEHHsT MAKCHMATbHOTO MOTOKa (maximal
flow), 383
neaddexrusnbiii (inefficient), 462
HopMautbHblii Mapkosa(Markov normal), 229
o6xoma 6unapuoro nepesa (binary tree
traverse), 417
o0beIHeHNsT TN3BIOHKTHBIX UTEPATOPOB (union
of disjunctive iterators), 51
OTIPe/IE/IEHNST PACCTOSIHUIT OT MCTOYHUKA
(distances from source), 391
nepecedenust ureparopos (intersection of
iterators), 51
nepeuncsonuii (enumeration), 231
noucka (search)
6unapuoro (binary), 420
B ry6uny (depth first), 356
B JiepeBe copTHpoBKH (in sorting tree), 421


https://www.tracker-software.com/product/pdf-xchange-editor
https://www.tracker-software.com/product/pdf-xchange-editor

MpeaoMeTHbIl ykasaTtenb

481

B mmpuny (breadth first), 356
¢ BosBpatamu (backtracking), 462
MOCJIEIOBATEIBHOTO packpainBanus (sequential
coloring), 471
HOCJIE/L0BATEJLHOTO PACKPAIINBAHMSI
(yayumenusiit) (improved sequential
coloring), 472
nocrpoenuss CIITH®D (construction of perfect
DNF), 179
nocrpoenns koga Ilpodepa (Priifer's code), 409
MOCTPOEHUS KOZIA YIIOPSZIOUEHHOTO OpJiepeBa
(ordered directed tree code), 411
MOCTPOEHNST Kpardaiiiero octosa (shortest
spanning tree), 441
MOCTPOEHUST MAKCUMATbHBIX HE3aBHCHMbIX
muOokecTB (maximal independent sets), 465
nocrpoenus sitneposa nukaa (of Euler
cycle), 453
npubsmKEnHbIA (approximate), 471
npumennmbiii (applicable), 236
poBepKH BroUeHus canstaneM (checking
inclusion by merge), 48
MPOBEPKH TIPABUILHOCTH CKOOOUHON CTPYKTYPbI
(checking parenthesis structure accuracy), 414
paBHOCWIBHBIH (equivalent), 237
pacmakoBku Koza ITpiodepa (unpacking Priifer's
code), 410
cmusinust (merge), 47
ToroJIornyeckoii copruposku (topological
sorting), 87
yaJleHust y3/ia u3 JaepeBa copTupoBku (removal
of node from sorting tree), 424
yHUBepcaiabHbIii (universal), 238
yuudukarun (unification), 210
yCoBHO paBHbIii (conventionally equal), 236
abdexruubiii (efficient), 462
Andasur (alphabet), 26
dopmazbroit Teopuu (of formal theory), 206
Apryment (argument), 230
dyukiuu (of function), 70
Apucdmernka (arithmetic), 27, 125, 242
soicuras (higher), 125
nsonynas (binary), 124
moxyJsiprast (modular), 136
Apucdmernyeckuii nosmrom (arithmetic
polynom, 181
AcconuaTuBHOCTDH (associativity)
obbveaunenus (of union), 36
nepeceuenus (of intersection), 36
Atom (atom), 220, 242

b

Basuc (base), 160
BekTOpHOrO TpocTpanctia (of vector space), 140
marpouga (of matroid), 151
npocrparcTBa kKouukiaos (of cocyclic space), 450
npocrpancTsa 1ukioB (of cycle space), 450

Becnopsaox (disorder), 289

Burpad (bigraph), 347

Buekius (bijection), 70

bunom Hprorona (binomial theorem), 271

Bur (bit), 37
yérnoctu (parity), 311
Burosast mkana (bit scale), 37
ommnbok (of errors), 321
Baok (block)
rpada (of graph), 367
kxoxa (code block), 311
pasbuenus (of partition), 34, 281
TpuBHaIbHbIA (trivial), 368
Bpar yana (sibling node), 405
Byxksa (letter), 26
Byunean (boolean), 35
Baxrpexunr (backtracking), 462

B
Basentnocts (valence)
sepunnbl (of vertex), 340
Bexkrop (vector), 26, 76, 139
nsonunbiii (binary), 37
mukandeckuii (cyclic), 448
BekTopHoe npoctpancTBO (vector space), 138
6eckoneunomepnoe (infinite-dimensional), 141
rkoneunomepnoe (finite-dimensional), 141
Besmmunna nortoxka (value of flow), 381
Beposrthocts (probability), 258
noamuoxectsa (of subset), 258
Bepmna (vertex)
sucsiyas (dangling), 340
rpada (of graph), 335
noctuskumast (accessible), 364
usoyposantas (isolated), 340
konrnesas (leaf), 340
mokpsIBaoas (covering), 457
paszgenstiomas (separate), 367
cBstzanHast (connected), 342
nentpaibHas (central), 343
Bersb opaepesa (branch of directed tree), 405
Bxumiouenue (inclusion)
muoskectB (of sets), 27
myssruMHOKecTB (of multisets), 100
Bmectumocts otHomenus (arity of relation), 57
Bcerony onpezenénHoe PoaoLKeHIe (cvcrywhcrc
defined continuation), 239
Bxoxknenne (occurrence), 26
onpenensontee (defining), 18
nepemenHoit (variable)
cBoboanoe (free), 220
ceazannoe (bound), 220
Boisogumocts (inference), 207
Herocpezcrennas (direct), 207
Boinosrenue anropurma (execution of
algorithm), 229
Boimosnmocts (satisfiability)
cucrembl OyneBsix yukimit (of Boolean
functions system), 170
dopmyast (of formula), 207, 222
Boipasumocts (expressibility), 242
Boipeska us maccuBa (slice of array), 435
BoickaspiBanue (proposition)
kouTpaaukropHoe (contradictory), 204
KoHTpapHoe (contrary), 204
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mpoctoe (atomic), 199
cybOkonTpaphoe (subcontrary), 204
yrauBepcanbtoe (universal), 203
aK3ucTeHIManpHoe (existential), 203
Boicora (height)
nepesa (of tree), 405
muoskectBa (of set), 86
Boruuranue (subtraction)
marpuir (of matrix), 62

r
Tamma tmapa (cypher gamma), 329
Teonesnueckas nens (geodesic line), 342
Tuneprpad (hypergraph), 337
Tunepayra (hyperedge), 337
Tunepoprpad, 337
Tunoresa (hypothesis), 207
Tomomopdusm (homomorphism), 80, 108
I'panuna (bound)
Bepxuss (upper), 88, 146
nanmenbiias (least), 146
nwkasist (low), 88, 146
nHanbosbuias (greatest), 146
I'panb (bound)
rpaga (of graph), 473
pemérku (of lattice)
Bepxusas (upper), 144
mkasis (low), 144
Tpad (graph), 335
n-cBa3ublii (n-connected), 371
Tepma (Herz), 386
anmkimaeckuii (acyclic), 341, 399
ramusibronos (Hamilton), 454
reoziesnyeckuii (geodesic), 342
romeomopdubiii (homeomorphic), 474
nsyposbubiii (bipartite), 347
nsycsasubiii (biconnected), 372
JipeBovMcIeHHblii (tree-numerical), 399
nunuaennmii (of incidences), 362
HarpykeHHbil (weighted), 337
Hecsssublii (disconnected), 342
srosiHe (totally), 342
HymeposanHbiii (numbered), 337, 453
opuentupoBanubiii (directed), 337
rtanapHbiii (planar), 473
mnockuii (flat), 473
nosbii (complete), 347
nsynosbubii (bipartite), 347
nosyraMuIbroHoB (semi-Hamilton), 454
nosyaitnepos (semi-Euler), 451
nomeuennsiii (labeled), 337
nycroit (empty), 347
pébepuniit (line), 352
perysspubiii (regular), 340
¢ nerasvmu (with loops), 337
cBasHblii (connected), 342
cybrmkamyecknii (subeyclic), 399
TpuBMATBHBIA (trivial), 347
uéTHbll (even), 347
sitnepos (Euler), 451

I'paduk (graph)

ornomrenus (of relation), 55

Ipynma (group), 117

A

abesnesa (abelian), 118, 226

nennmast (divisible), 227

usbbrtounas (excees), 189
KoMMyTaTuBHas (commutative), 118
MakcuMasbHas (maximum), 187
nepecranoBok (of permutations), 119
nepecranoBok (of substitutions), 120
nepuozanueckast (periodic), 227
nopsizka n (n-order), 226
cuMMerpudeckas (symmetric), 119, 120

JlBonunoe npeacrasaenue (binary

representation), 40

JBoiictBennocts (duality), 87

Henyxruxa, 240

[leiictBue (operation), 119

JleiicTBre Tpymnibl Ha MHOXKecTBe (operation of

group on set), 119

Jlexkoauposanue (decoding), 298
Jenumocts (divisibility), 126
Jenurens (divisor), 126

HeTpUBHAIbHbINA (non-trivial), 126
uyust (of zero), 123
sessrit (left), 123
npassiii (right), 123
o6uuit (common), 127
nanGospiunii (greatest), 127
cobersennbiii (proper), 126
TpuBHaIbHbIA (trivial), 126

[lepeso (tree), 399

m-uunoe (m-ary), 408
ABJI-nepeBo (AVL-tree), 428
N/NJIN (and/or), 364
6unapnoe (binary), 408
nosimoe (full), 427
soiozia (of derivation), 249
BeipoBHenHoe (aligned tree), 426
msouunoe (binary), 408
sanosHennoe (thick), 427
urposoe (game), 364
kopresoe (rooted), 403
kparyaiiiux myreii (of shortest paths), 390
opuentuposannoe (directed), 403
orpe3koB (segment), 435
noxaposHennoe (balanced), 428
npommtoe (threaded), 416
pemtennii (decision), 189
cbanancuposanmoe 1o Becy (weight
balanced), 428
cbamancuposannoe mo Beicote (height
balanced), 428
cBoboanoe (free), 399
cemanTiyeckoe (semantic), 189
coptupoBki (sorting), 418, 419
ynopsimouentoe (ordered), 405
yropsitounBanus (sorting), 418

Jemudpanus (decoding), 328
Jemudposanue (decoding), 328
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Jluaronans (diagonal)
npsimoro nipoussezierust (of direct product), 56
Jluarpamma (diagram)
Beitua (Veitch), 183
Benna (Venn), 34
Xacce (Hasse), 67
6unapnas pemrennii (binary of solutions), 190
rpaga (of graph), 336
KoMMyTaTuBHas (commutative), 109
Jluamerp (diameter)
rpaga (of graph), 343
Jluseprentus (divergence), 381
NusbiorkT (clause), 245
pesosbBUpyeMbiit (resolvable), 246
poauTesbekuit (parent), 246
Jlusbionkius (disjunction), 37
marpuil (of matrix), 62
JluckpumuHaHTHBIH anaaus (discriminant
analysis), 100
Jlucrannus pepakruposanus (edit distance), 314
MuctpubytusHocts (distributivity)
o6beIHEHNsT OTHOCUTENBHO Tepecedenust (of
union with respect to intersection), 36
TiepeceveH st OTHOCUTENBHO obbenHenust (of
intersection with respect to union), 36
Jucrmuimaa nmén (naming convention), 129
Jumna (length)
MmapuipyTa (of route), 342
nabopa (of tuple), 53
nocaenoBatebrocTr (of sequence), 86
ciosa (of word), 26
mukaa (of cycle), 60, 260, 341
Ilobasnenue (adding)
Bepiunbl (of vertex), 349
pebpa (of edge), 350
JlokasarenbeTBo (proof), 240
o (part), 347
Jlononrenue (complement), 145
rpada (of graph), 336, 349
muoskectBa (of set), 33
neuérroe (fuzzy), 102
JlocToBepHOCTD AeKoanpoBanus (accuracy of
decoding), 313
[yra (arc), 337
Bec (weight), 388
mmna (length), 388
Hacoiennas (saturated), 381

E

Enunnna (identity)
monouzia (of monoid), 116
pemérku (of lattice), 144

3
3arosoBok anroputma (algorithm header), 230
3amava (problem)
NP-nonunas (NP-complete), 455
[reitnepa (Jacob Steiner), 444
kombuHaTopHas (combinatorial), 253
kommuBosizképa (of travelling salesman), 455
MUHUMUBAIKUN IU3bIOHKTUBHON (opmbl (of
minimum disjunctive form), 176

o BocbMu (epssix (of eight queens), 465
o0 BbIOOpe mepeBopunKoB (translator choice), 467
o kénurcbeprekux Mocrax (of Konigsberg
bridges), 334
o HauMmenbreM nokpbitun (of least
covering), 466, 467
o natu depssx (five queens), 466
o passoske (of transshipment), 467
o cBaxbbax (marriage), 376
o Tpéx momax u Tpéx kosoanax (of three houses
and three utilities), 334
o0 ueThipéx kpackax (of four colours), 334
nepeGopnas (of search), 276
coptuposku (of sorting), 263
3aksmouenue npasuia Boioaa (conclusion of
inference rule), 207
3akonbl e Moprana (de Morgan laws), 36
3amena GyksanbHas (literal replacement), 182
3amena nepeMennbix (substitution of variables), 116
3ambikanue (closure), 63, 192
muoskecta (of set), 106
orunomrenust (of relation), 64
dopmyust (of formula), 223
3anuce (notation)
npeduxcuas (prefix), 70
3amucp (record), 418
3aummdposka (enciphering), 328
3Besfa (star), 459
3uavenue (value)
ucrtunHoctroe (truth value), 199
dynkium (of function), 70

n
Wpemnorentrocts (idempotency)
obwvennnenus (of union), 36
nepeceuenust (of intersection), 36
Wsrpad (subgraph), 339
Wsmenbyenne pazduenust (refinement of
partition), 281
Msomopdusm (isomorphism), 80, 108
anrebp (of algebras), 109, 165
rpacos (of graphs), 338
muoskectB (of sets), 28
Briosie yropsinouenubix (well-ordered), 93
sneiino ynopsinodenusix (linear ordered), 92
VzomopdHocTs (isomorphism)
pébepuas (edge), 353
Wmmkanra (implicant), 187
WNuBapuant (invariant)
rpada (of graph), 338
WNusepcus (inversion), 263
marpuisl (of matrix), 62
Nusepruposanue (invertion), 37
WusomotusHocTh (involutivity)
nonoarenus (of complement), 36
Wupukarop (indicator), 25
Wurepnperarus (interpretation)
ucuucyenus: npeaukatos (of predicate
calculus), 222
dopmanbroii Teopun (of formal theory), 207
dopmyust (of formula), 200
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Wurepnperaius (interpretation) npeacrasienus (of

representation), 389
Nudukchas opma 3anucu (infix notation), 56
Nudumym (infimum), 88
Wunuaentrocts (incidence), 336
Wupeknus (injection), 70
Uckmouaromiee nin (exclusive or), 37
Uckycerennstii nutesekt (artificial intelligence)
cumBosmueckuit (symbolic), 364
Ucnpasienne omunbok (error correction), 311
Wcruna (truth), 240
Wcrunnocthoe 3uadenue (truth value), 95, 155
Wcrounnk (source), 349
Wcuncnenne (calculus)
BBICKasbIBaHuil (propositions calculus), 209
npemrkatos (predicates calculus), 220
soiciero nopsiaka (higher order), 222
nepsoro nopsiaka (first order), 220, 222
npukazanoe (applied), 222
¢ pasenctsoM (with equality), 226
yucroe (pure), 220, 222
WUreparop (iterator), 50

K
Kanas (channel)
JBOMYHBIN cumMerpuyrbid (binary
symmetric), 313
cBs3u (communication)
¢ momexamu (noisy), 310
Kapxkac (skeleton), 440
Kapra (map), 334
Kapra Kapuo (Karnaugh map), 183
Ksaapant (quadrant), 95
Ksasunopsiok (quasi—order), 82
KsanTop (quantifier)
Bceobmuoct (universal), 203, 220
cymecrBoBanus (existential), 203, 220
CYIIECTBOBAHUS M €MHCTBEHHOCTH (existential
and uniqueness), 204
Kiace (class), 22
apudmernyecknx muoxects (of arithmetic
sets), 243
BbrueroB (residue)

o Moxymio m (modulo m), 134
samknyThii (closed), 193
onHorBeTHbIN (unicolored), 469
nosbiii (complete), 194
IIpe/ICTaBUTEbHBIN (Tepresentative), 237
tostepantHoctu (of tolerance), 79
sxBuBasieHTHocTH (of equivalence), 75

Kiaccudurarop (classifier), 94, 100
nepapxudeckuii (hierarchical), 101
HernosHblii (incomplete), 95
YHUBEPCANbHBI secaTndynbIil (universal

decimal), 101
(acernsrit (faceted), 101

Kimka (clique), 347

Kimiou (key)

ACCOIMATUBHON MaMSITH
(content-addressable), 418
mudpa (of encryption), 328

Kox (code)
IIpopepa (Priifer), 409
Xammunra (Hamming), 321
6unapusiii (binary), 40
6unapubiii [pest (binary Frank Gray), 44
neBbiit 3epkasnbubiii (left mirror), 45
neouunbiii (binary), 37
mHoectBa (of set), 38
coobenust (of message), 298
sneMenTapibiii (elementary), 299
Kopnepeso (cotree), 447
Konuposanue (coding), 298
m-ndHoe (m-ary), 298
cucremarnyeckoe (systematic), 320
angasuraoe (alphabetic), 299
6esusbbitounoe (breakeven), 317
nBonuHo-gecatnunoe (binary coded
decimal), 300
nsouunoe (binary), 298
niuna (length), 304
onHosuavyHoe (unique), 299
onrumanbHoe (optimal), 304
no6yksentoe (alphabetic), 299
moMexoycroitunBoe (antinoise), 310
pasHomeproe (uniform), 304
¢ ucnpasjenueM omubok (error correction), 310
¢ MUHUMAaJIbHON n36bITouHoCThIO (Optimal), 304
camokoppekrupyorieecs (self-correcting), 310
nera (price), 304
Komosoe cioso (codeword), 299
Kosumusus (collision), 420
Kommmueaprocts (collinearity), 76
Koo (ring), 122
KoMMyTaTuBHOe (commutative), 123
¢ enunuiein (with identity), 123
nesbix yucen (of integer numbers), 105
Komb6unaropuka (combinatorics), 252
KomGunaropusrit anaams (combinatorial
analysis), 252
KommenTapuii (comment), 129
KommyTartusHOCTh (commutativity)
o6bemuHenns (of union), 36
nepeceyenus (of intersection), 36
Kommakrhast rpymia staeek (compact group of
cells), 187
Komnosnurus (composition)
ornomenuii (of relations), 57
nojcranoBok (of substitutions), 116
KommonenTa (component)
casnoctu (of connectivity), 342
cuabHON cBstarocTu (of strong connectivity), 386
Konpencanus oprpacda (condensation of
digraph), 386
Kownen nenu (circuit end), 341
KoncranTa (constant), 242
npeametHast (object), 220
Koncruryeta equnmis! (unit constutuent), 169
Konctpyktususm (constructivism), 24
Komnrekcr (context), 464
Kontyp (contour), 342
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Kondurypanus kombunaropras (combinatorial
configuration), 253
Kowpionknus (conjunction), 37
nomycrumast (admissible), 176
MakcuMasibas (maximal), 176
Koopaunarsr (coordinates), 140
[lexapross (Cartesian), 298
Kopemns (root)
opaepesa (of directed tree), 403
ypasrenust (of equation), 90
Kopresx (tuple), 53, 57
Kouuxkan (cocycle), 449
Koaddunument (coefficient)
G6unomuanbubiii (binomial), 271
pacummpennbiii (extended), 277
MyJBTHHOMUAMBbHBIN (multinomial), 279
cxarust (of compression), 324
Kparnoe (multiple), 126
obutee (common), 129
nanmenbiiee (least), 129
Kpunrorpagus (cryptography), 328
Kpumnrocroiikocts (cryptostability), 328
Kpona opzepesa (tree top), 405

J
Jlec (forest), 399
Jluneiinas kombunanus (linear combination), 140
Jluct oprepesa (leaf of directed tree), 405
Jlurepan (literal), 221

KOHTpapHbIii (contrary), 246
Jlornueckas casska (logical connective), 199
Jlornueckmii kBagpar (logical square), 204
Jlornueckoe orpunanue (logical negation), 37
Jlornueckoe cioxenne (logical addition), 37
Jloruueckoe ymuoxenue (logical multiplication), 37

M
Makxcrepm (maxterm), 170
Mapupyrt (route), 341
samknyThiii (closed), 341
otkpbIThiil (opened), 341
Maccus (array)
ayr (of arcs), 356
pé6ep (of edges), 356
Maremaruyeckoe oxuganue (expectation), 259
Marpura (matrix)
noposkzaiommas (generating)), 319
nposepounas (control), 320
6yneBa (boolean), 62
uHimaeHuii (incidence), 355
nepecranoBouHast (permutable), 121
noncranoBku (of substitutions), 121
npeamectsoBanus (precedence), 389
cmeskrocTr (adjacency), 354
cmesknoctu (of adjacency)
pe6ép (of edges), 352
Matpoun (matroid), 150
pas6uenuii (of partitions), 154
cBoboausbiii (free), 153
tpancsepcaneil (of transversals), 154
Mamina (machine)
ITocra (of Post), 229

Toiopunra (of Turing), 229
Mammnnoe cioBo (machine word), 37
Meaunana (median)
muoskectBa (of set), 305
Metateopema (metatheorem), 207
Meton (method), 50
akcuomaruueckuit (axiomatic), 21
BKJTIOYCHNN W MCKITIOYEHN
(inclusion-exclusions-), 286
pesosmoruii (of resolutions), 244, 245
Mertpuxka (metric), 314
Munrepm (minterm), 169
MmuozxecTBo (set), 21
akcuom (of axiom)
nesapucumoe (independent), 208
apudmeruueckoe (arithmetic), 243
6eckoneunoe (infinite), 23, 29
sepinuH (of vertex)
BHelHe ycToitunBoe (outer stable), 466
BHyTpeHHe ycroitunsoe (internally
stable), 458
nomunupyomuiee (dominating), 466
nesasucumoe (independent), 458
paszensontee (dividing), 373
BrosiHe ynopsiaouentoe (well-ordered), 92
3asucumoe (dependent), 150
sazannoe (defined by)
repevrcjaeHneM a1eMeHToB (enumeration), 23
MOPOKAAIONIEH MpoIleaypoll (generating
procedure), 23
XapPaKTEPUCTUIECKIM TIPEINKATOM
(characteristic predicate), 23
samkuyToe (closed), 105
usomopdHoe (isomorphic), 81
nunuaentHoctu (of incidence), 336
uctun (of truths), 240
ucrun apudmerukn (of truths of arithmetic), 243
koneunoe (finite), 23, 29
sneiino 3apucumoe (linearly dependent), 140
smueiino Hesasucumoe (linearly
independent), 140
smuHeitHo nosHoe (completely ordered), 89
MUHUMasbHOe (minimal), 466
naumMenbiree (least), 466
nesasucumoe (independent), 150
MakcumasbpHoe (maximal), 150
Hecyitee (support), 105
HecuéTHOe (non—enumerable, 30
neuérkoe (fuzzy), 97
obpasyronux (of generators), 140
nepeunciaumoe (enumerable), 231
nometok (of labels), 337
nopoxaaioiiee (generating), 140
mycroe (empty), 22
pétep (of edges)
nesapucnumoe (independent), 375, 458
paszesstionee (separate), 373
paspesos (of cuts)
nesasucumoe (independent), 450
emeskroctu (of adjacency), 336
comnpskéntoe (conjugate), 243
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cuérnoe (enumerable), 29
yas08 (of nodes)
npomunupyioniee (dominating), 467
nesapucumoe (independent), 467
yHuBepcanbHoe (universal), 23
ynopsinouentoe (ordered)
muneitno (linearly), 84
yactuyro (partially), 84
yposus (level), 79
ukaoB (of cycles)
nesasucumoe (independent), 450
Mogenb (model), 105
muoxkecTBa opmya (of set of formulas), 208, 223
dopmanbroii Teopuu (of formal theory), 208
Mouysb (module), 143
Mownouz (monoid), 116
Monomopdusm (monomorphism), 108
Mocr (bridge), 367
Momnrrocts (power)
mHokecTBa (of set), 32
Momnocts (power, cardinal number)
koxuposanust (of coding), 316
muoskectBa (of set), 28
myasTuMHOKecTBa (of multiset), 25, 100
Myasrurpad (multigraph), 337
MysbsrumuoKecTBO (multiset), 25

H
Habop (tuple), 53
HaznmuoxxectBo (superset), 27
cobersennoe (proper), 27
Hanpassnennsiii otpesok (directed line segment), 76
Hauasno caosa (prefix), 26
HemnporuopeunBocTh (consistency)
nenryKTuKH, 241
cemanTuueckas (semantic), 208
dopmansras (formal), 208
Hepasencrso (inequality)
Kommm—Bymnsikosekoro (Cauchy—Schwarz), 460
Kpadpra—MaxMumiana (Kraft—MacMillan), 301
TpeyrosbauKa (triangle), 314
Hocwurens (carrier), 27
Hocwurens (support), 105
unreprnperaiuu (of interpretation), 222
myssruMHOKecTBa (of multiset), 25
Hyun (identity)
rpymst (of group), 118
Hymnb (zero)
pemérku (of lattice), 144
Hyub-sekrop (nill vector), 139
Hywmeparust MHOKecTBa (numbering of set), 33

o
Obnactb
onpezenenns (domain)
ornomrenus (of relation), 56
npubbITUsT (target range)
dyuxkuu (of function), 70
neiictBrst KBanTopa (scope of quantifier), 221
sHadenuii (codomain, value range)
orHomenus (of relation), 56
dynxkuu (of function), 70

unrepnperanuu (interpretation domain), 207
onpenesenust (domain)
dynkium (of function), 70
oTIpaBJieHus (source range)
ornomrenus (of relation), 55
dyukiuu (of function), 70
npubbiThs (target range)
oruomrenust (of relation), 55
nesocraoctu (integral domain), 124
O6muapyskenue omunbok (diagnosis), 311
O6pa3 (image), 71
O6dyckanus (obfuscation), 423
O6xox nepesa (traverse of tree)
BHyTpeHHuii (inorder), 416
nudukcnsiii (inorder), 416
KkoHI1eBoil (postorder), 416
sesbiit (preorder), 416
nocrdukcHbiii (postorder), 416
npasbiii (postorder), 416
npsiMoit (preorder), 407, 416
cummerpuunblii (inorder), 416
O6bemunenne (union)
rpados (of graphs)
nusbionkTHoe (disjunctive), 349
muosxkects (of sets), 33
musbionkTHoe (disjunctive), 54
myssriMHOKecTB (of multisets), 100
Heuérroe (fuzzy), 102
pasmeuenHoe (marked), 54, 55
Oxonuanue ciosa (postfix), 26
Oxpecrrocts (neighborhood)
4 (9), 315
Bepuibl (of vertex), 336
Merpuyeckas (metric), 314
Omnepatop (statement)
Bo3Bpata (return), 74
CTpYKTypHOTO Tiepexojia (structural go to), 51
Onmeparust (operation), 27
n-apHas (n-ary), 104
n-mectHas (n-ary), 104
accormatuBHas (associative), 107
BapuaprymenTHasi, 163
BHernHss (outermost), 160
riasHas (principal), 160
rpymmoBas (group), 34, 163
mactpubytusnas (distributive), 107
nobasiuenust anementa (of element adding), 24
uzemnorentHas (idempotent), 107
KomMMyTaTuBHas (commutative), 107
koneunomectHas (finitude), 105
konkarernanuu (of concatenation), 26, 110
kpartas (multiple), 163
nepsuyHas (primary), 50
noapas6uenus (of subdivision), 474
cest3biBanus (of linking)
kBantopoM Beeobmuoctu (linking with
universal quantifier), 203
KBaHTOPOM CyIecTBoBaHus (with existential
quantifier), 203
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KBAaHTOPOM CYIIECTBOBAHUS U
enuncrBennoctr (with existential and
uniqueness quantifier), 204

cpasuenus (of comparison), 27
cuerienust (of concatenation), 26
ynanenus snementa (of element removal), 24
Onposepskenre MeTooM pesosrormii (refutation
with resolution method), 248
Opb6uTa (orbit), 119, 261
Oprpad (digraph), 337
AHTUCHUMMETPUYHBIA (antisymmetric), 348
B3Bemennbiil (weighted), 388
nanpasiennbrii (directed), 348

Opaepeso (directed tree), 403

Oproronanusanus (orthogonalization), 182

OproroHanpHast cucreMa 0yIeBbIX GYHKI[NT

(orthogonal system of Boolean functions), 169

Ocnabnenue (relaxation), 389

Ocnosa (base), 105

Ocnosanue (base), 136

cucreMbl cuncaenus (number system), 41

Ocrarok (remainder), 126

Ocros (skeleton), 440

kparyaiimmii (shortest), 440
Ocb (axis)
gucjaoBasi (numeric), 85

Orer yana (node parent), 405

OrtkapsBanue (laying off), 344

Ortnomenue (relation)

n-apuoe (n-ary), 57
n-MectHoe (n-ary), 57
anmkimeckoe (acyclic), 60
antupeduexcusnoe (antireflexive), 58
aHTHCHMMeTpuvHOe (antisymmetric), 58
6unapnoe (binary), 55
nennmoctr (of divisibility), 127
nonoaauTebHoe (complement), 56
uzomopguoctu (of isomorfism, 81
nuneiinoe (linear), 59
Ha MHO)KecTBe (on set), 56
obparnoe (converse), 56
onnosHavnoe (single-value), 70
nepenucbiBanust (of rewriting), 112
nosiHoe (complete), 59
nopsinka (of order), 83
AHTHJIEKCHKOTrpaduIecKoro
(antilexicographical), 264
nexcukorpaduueckoro (lexicographical), 263
sneiinoro (linear), 83
Hectpororo (non-strict), 83
crpororo (strict), 83
vactuuHoro (partial), 83
npexnopsiaka (of preorder), 82
paBeHcTBa (equality), 76
pasromorHoctu (of equivalence), 28
penykiuu (of reduction), 112
pediexcusHoe (reflexive), 58
cuMMeTpuyHOe (symmentic), 58
roxzaectsernoe (identical), 56
TpansutuBHOE (transitive), 59
yHuBepcaiabhoe (universal), 56

dynkimonanproe (functional), 70
yactuunoe (partial), 59
sxsuBasienTHOCTH (of equivalence), 75
Otrobpaskenue (map)
HarypasibHoe (natural), 78
Orcryn (tabbing), 129
Ouepenp ¢ npuoputeToM, 434

II
ITamars acconmartushas (content-addressable
memory), 418
ITapanokc Kanropa (Cantor paradox), 36
IMapanokc Paccena (Bertrand Russell's paradox), 24
[Tapametp (parameter), 242
ITapocoueranue (matching), 375, 458
Heycroitunoe (unstable), 377
cosepinentoe (perfect), 376
ycroituusoe (stable), 377
ITepemennas (variable)
HecyiectBenHas (inessential), 156
npeamernas (object), 220
npornosunnoraibHas (propositional), 199, 209
ces3annast (bounded), 221
cymecrBenHas (essential), 156
¢duxrusHas (inessential), 156
[TepenuceiBanue (rewriting), 112
3a oxuH miar (one step rewriting), 112
ITepeceuenue (intersection), 26
muoskects (of sets), 33
myssTuMHOKecTB (of multisets), 100
Heuérroe (fuzzy), 102
ITepectanoBka (permutation), 119
Crupaunra (of Stirling), 266
obparnas (inverse), 120
toxzaectBennas (identity), 120
mukanyeckas (cyclic), 261
ITepuon (period), 74
Ierast (loop), 60, 260, 337
ITnoruocts (density), 347
TTo6ounbiii addexr (side-effect), 161
[orsomenne (absorbancy), 36, 107
IMopanre6pa (subalgebra), 105
IToarpad (subgraph), 339
ocToBHBIH (spanning), 339, 440
npaBuibHbIl (regular), 339
cobcTBenHslit (proper), 339
ITomnepeso (subtree), 404
IToamuoxectso (subset), 27
paspermoe (solvable), 234
cobersennoe (proper), 27
IMoxcranoska (substitution), 116, 120
MMondopmyna (subformula), 160
TTouck (search)
6unapnbiii (binary), 420
B ray6uny (depth first), 357
B mupuny (breadth first), 357
nsonunbiii (binary), 420
nosinorekcrosbiii (full text), 325
Tokasatesn anementa (index of element), 25
ITokpsitre (covering), 34
BepimHHOe (vertex), 457
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pébeproe (edge), 458
tynukosoe (deadlock), 189
TToxne (field), 124
Tanya (Galois), 141
BentectecTBeHHbIX uncesn (of real numbers), 105
koneutroe (finite), 141
paronanbHbix ynce (of rational numbers), 105
TMosunoM (polynom)
Kerankuna (of Zhegalkin), 195
IMosHoTa (completeness)
nMemyKTuKH, 241
dopmanbroii Teopun (of formal theory), 208
Tosusrit mepebop (exhaustive search), 455
[Mosyrpynna (semigroup), 110
cBoboxnas (free), 111
mukandeckast (cyclic), 110
[Tosrypaspenmimocts ¢hopMaTbHON TEOPUHT
(semisolveability of formal theory), 208
IMonypemeéTka (semilattice), 147
orpannyennas (bounded), 148
[Tomycremenn
3axoza (in-degree), 340
ncxona (out-degree), 340
TMoabckas 3anuck (polish notation), 416
oGparnast (reverse), 417
[TomexoycroitanBocTh (noise-immunity), 299
IMopsinok (order)
rpymis (of group), 117
no caoxennio (additive), 142
ycranosneHnbiit (established), 156
IMocaenoBarenbHOCTD (Sequence), 25
Bo3pacraromiast (increasing), 86
CTPOrO MOHOTOHHO (strict monotone), 86
rpacosas (graph), 343
3aKJTIOYNTENBHO TIeprofindeckas (eventially
periodic), 74
koneuHas (finite), 53
ocrarounas (residual), 344
nepuoanydeckas (periodic), 74
crenennas (degree)
rpacda (of graph), 343
IMoctduxke (postfix), 26
Tocwurka mpasuma BeiBogaa (hypothesis of rule), 207
[Morenmuan (potential), 397
IMorok (flow), 381
IToromok yana (descendant node), 405
IIpaBuso (rule)
BBegeHus nMiuimkaiuu (introduction of
implication), 213
BeiBozia (inference)
npoussozHoe (derived), 213
dopmasbnoii eopun (of formal theory), 206
nBoitnoro Bpamenus (double rotation), 429
samennl (of replacement), 163
oraenenus (of detachment), 209
noncranosku (of substitution), 163
npoussenenus (of product), 253
mpocroro Bpaienus (single rotation), 429
pesouroruu (resolution), 246
ceuenns (cut), 215

CKJIEMBAHMUs1/PACIIETI/IEHIST
(clutching/splitting), 172

cnoxenus (of addition), 253

cymmbl (of sum), 253

tpansuTuBHOCTH (of transitivity), 215

ymHoskenust (of multiplication), 253
IIpenukar (predicate), 95, 220

n-apHblit (n-ary), 220

n-MecTHBIH (n-ary), 202, 220

onmHOMecTHBIN (unary), 202

xapakrepuctuyeckuii (characteristic), 23
[pennoxenue (clause), 245
IIpenobpabotka (preprocessing), 397, 435
Ipemox yana (descendant node), 405
[TpencraBienue (representation)

anropurma (of algorithm), 237

MuHUMasbHOe (minimal), 65

mHoectBa (of set), 231

dynkinm (of function), 230
IIpencrasienus yncen (representation of

numbers), 41
IIpeobpasosanue (transformation), 70

Ha/l MHOKecTBOM (on set), 116

sKkBuBajicHTHOE (equivalent), 172
[Ipeduxc (prefix), 26
ITpusenenue nopobubix (collecting terms), 172
ITpusnak (attribute)

nenumoctu (of divisibility), 126
IMpunian (principle)

Mupuxae (Dirichlet), 33, 254

nsoiictBernoctu (of duality), 167

nuaykiuu (of induction), 93
ITpoGema (problem)

asroputT™Mmdeckn Hepaspemmmast (algorithmically

unsolvable), 112
[Tporpamma (program), 237

ocratouynas (residual), 237
Ipoposskenue dynkimu (extension of function), 70
[Tpoexrus (projection)

KaHoHHMuecKast (canonical), 78
ITpoekuus anroputMa (algorithm projection), 237
ITpoussenenue (product)

nekaproso (Cartesian), 53

nepecranoBok (of permutations), 120

npsimoe (direct), 53

ckanspHoe (scalar), 122
IIpooGpas (preimage), 71
ITpomyckHas crocobHOCTH (capacity)

nyru (of arc), 380

kanasa (of chanal), 313

paspesa (of cut), 381
IIpoctpanctBo (space)

BekTopHOe (vector), 139

noucka (search), 276
IIporackuBanue otpuitanuii (dragging of

negations), 172, 245
ITporusopeune (contradiction), 200
Iporokosn BeinosHeHus (execution log), 235
IIpsimast cymma muoxkects (direct sum of sets), 54
Ipsamoii noctyn (direct access), 421
ITcesnorpad (pseudograph), 337
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IyTob (path), 342
kparyaiimmii (shortest), 388

P
Pasencrso (equality)
muoskectB (of sets), 28
myssTuMHOKecTB (of multisets), 100
ynopsinodennsix map (of ordered couples), 52
Paauyc (radius)
rpada (of graph), 343
Pas6uenue (separation), 34
Pasnenenue cBsizanubIX nepemernbix (splitting of
bounded variables), 245
Pasznoxenne (resolution)
dyukuu (of function), 78
PasMepHOCTh BEKTOPHOTO TipocTpancTBa (dimension
of vector space), 141
Pasmuoskenue (duplication)
Bepinbl (of vertex), 350
Pasnocrs (difference)
asnrebpanveckast (algebraic)
neuyérrux MHOKecTB (of fuzzy sets), 103
muoxecTB (of sets), 33
cumMeTrpryeckas (symmetric), 33
Paspes (cut), 373, 445
npasmibhbIil (regular), 445
npoctoii (simple), 446
dbyunamentanbubiii (fundamental), 449
Paspemmmocts (solveability)
kaacca opmya (formulas class), 170
dopmanbroii Teopun (of formal theory), 208
Paspsin (bit), 37
nudopmarmonnsiii (of data, 320
kouTposbHbiii (of check), 317, 320
nposepounsiii (of check), 320
Panr (rank)
konbionkiuu (of conjunction), 175
kouukandeckuii (cocyclomatic), 449
mukanyeckuii (cyclomatic), 447
Packpacka rpacda (coloring of graph), 468
Packpoitue ckobok (removal of brackets), 172
PacniosnaBanue 06pasos (pattern recognition), 100
Pacripezeneane BepostHocTu (probability
distribution), 258
pasHoMeproe (uniform), 258
Paccrostaue (distance), 314, 342
Eskaunosoe (Euclid), 314
JleBenmreitna (Lowenstein), 314
Xammunra (Hamming), 315
konoBoe (code), 315
Pacmupenue (expansion), 142
Pacmndposka (deciphering), 328
PacumngpossiBanue (deciphering), 328
Pacmemenue (splitting), 172
nepemernbix (variables), 172
Peamusaius (realization), 161, 230, 237, 344
PeGpo (edge)
rpada (of graph), 335
kparuoe (multiple), 337
nokpsiBatwoiiee (covering), 457
Penykims (reduction), 64

TpaH3uTHBHas (transitive), 65
PesosibBenTa (resolvent), 246
Pesyabrar (result), 230
Pexopn nytu (path record), 392
Pexyppentnocts (recurrence), 46
Penakcanus (relaxation), 389
Pemérka (lattice), 144

nucrpubytusHas (distributive), 144

orpanunyennas (bounded), 144

nosHast (complete), 147

¢ pononnenuem (with complement), 145
Pemero (sieve)

Iparocena (of Eratosthenes), 131
Pomurens y3mna (parent node), 405

C
CgoiictBo (property), 50, 289
Yépua—Poccepa (of Church—Rosser), 113
CasizannocTb y370B (connectivity of nodes)
oxHoCcTOpoHHsIsT (one-way), 385
cusbHas (strong), 385
cnabas (weak), 385
Casska sornyeckast (logical connective), 209
Cssi3HOCTD (connectivity)
BepmmHHas (vertex), 371
oxHocTopoHHsisi (one-way), 385
péGepras (edge), 371
cunbHast (strong), 385
cnabas (weak), 385
CemanTtuka (semantics), 238
Cenmeiicto (family)
musbionkraoe (disjunct), 34
muoskects (of sets), 22
PaBHOMOIIHBIX OAMHOKeCTB (of equipotent
sets), 35
Cerpb (network), 349
Cxkatue (compression), 324
agantusHoe (adaptive), 325
¢ norepsimu (lossy), 313
Curnatypa (signature), 105
dbopmanbroit Teopun (of formal theory), 206
Cumsox (symbol), 26
Cunzpom (syndrome), 321
Cunrakcuc (syntax), 238
Cucrema (system)
BBIYETOB 1O MOAYJI0 m (group of integers
modulo m), 134
HaMMeHbIINX HeoTpuiareabHbix (least
non-negative), 134
npusenénnas (reduced), 135
o6pasyromux (generator set), 106
ocraTounbix Kaaccos (of residue classes), 136
nozcranoBok tepMoB (of rewriting rules), 174
MOICTaHOBOK TepMoB (of term
substitutions), 112, 174
kongmoasnTHag (confluent), 113
ocraHoBouHas (stopping), 113
TepMuHUpYyIomas (terminating), 113
npasm neperucbiBanmst (of rewriting rules), 112
pasmmunbix npescrasuresneii (of different
representatives), 376
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paspesos (of cuts)
dynnamenranpuas (fundamental), 449
cuucaenus (number), 41
k-6unomuainbioii (k-binomial), 280
6unomuanbras (binomial), 41
octaTounbix kaaccos (of residual classes), 41
nozuironHas (positional), 41
cmenrannas (mixed), 41
(axropuanpuas (factorial), 41
(pubonayunena (Fibonacci), 41
ko (of cycles)
(ynnamenrtanbhas (fundamental), 447
Cucremaruka (systematics), 100
CkaJisap (scalar), 139, 144
Ckaensanue (clutching), 172
Ckonemusanus (skolemising), 246
Curencrsue norndeckoe (logical consequence), 201,
208, 224
CuoBaps (dictionary), 325
Cioso (word), 26, 324
mammnHoe (machine), 38
mycroe (empty), 26
Caoxenne o moxymio 2 (addition modulo 2), 37
Cioxnoctb (complexity)
BpeMeHHAas (time), 252
eMKoCTHAsT (space), 252
o BpeMenu (time), 252
o mamsTu (space), 252
Cuyuaii (case)
ayammit (best), 252
xyamuii (worst), 252
Coyyaiinast Bemmunna (random value), 259
Cwmexnoctb (adjacency)
BepimH (vertex), 336
pétep (edge), 336
Cwmermannbie Bbrancaenust (mixed
computations), 161
Cogepennsiii onHounen (perfect monomial), 169
Conepxatbes (be contained), 27
Coenunenne (join)
rpacos of graphs), 349
Coxkparenne (reduction), 64
TpaHsuTHBHOE (transitive), 65
Coobuienne (message), 298
mudposanmoe (coded), 328
CooTBeTCTBHE B3aMMHO-0/[HO3HaYHOe (one-to-one
correspondence), 28
Cootnomrenne (relationship)
onpenessioniee (defining), 111
Copruposka (sorting), 263
6picTpas (fast), 266
nyssippkoM (bubble), 263
dopmyast (formula), 173
Cocras (compound)
myssTuMHOKecTBa (of multiset), 25
nocaenosarensrocTu (of sequence), 278
Crcok (list)
emeskroctu (of adjacency), 355
anemenToB (of elements), 47
Cpasnumocts (congruence), 133
CpaBHUMOCTB TI0 MofyJiio (parity), 133

Cpennss crenenb (average degree), 460
Crenennb (degree)
Bepunbl (of vertex), 340
MakcumasbHast (maximal), 340
MuHUMasIbHas (minimal), 340
muokecTBa (of set), 54
orunomrenus (of relation), 60
dynkium (of function), 73
Cruib iporpammuposanust (coding standard), 129
Crok (sink), 349
Crparerus (strategy)
metozia pesosmonuii (of resolution method), 251
Crparerus Metozia pesosnionuii (strategy of
resolution method)
HenosiHast (incomplete), 251
nosHas (complete), 251
Crpykrypa anrebpanueckas (algebraic
structure), 105
Crsarusanue (shrinkage)
noarpacda (of subgraph)
npaBusibHOTO (proper), 350
Cy6¢dakropuan (subfactorial), 289
Cy:xnenune (proposition), 243
Cyxenne (reduction), 142
Cyxenue dyukiuu (restriction of function), 70
Cymma (sum)
anrebpandeckas (algebraic)
neuérrux MHOKecTB (of fuzzy sets), 103
Cynepnosuiust (superposition), 72
Cynpemym (supremum), 88
Cxema (scheme)
akcuombl (of axiom), 206, 209
koupoBanust (coding), 299
npasuia BeiBojia (of inference rule), 209
npedurcHas (prefix), 300
pasnenumas (separable), 300
Cxema Topuepa (Horner's method), 178
Coin y3ua (child node), 405
Croppeknus(surjection), 70

T

Tabauma (table)
ucrunnoctu (of truth values), 155
konoB (of codes), 299
nozcranoBku (of substitution)), 260
paccranosku (hash), 419
xamt (hash), 419

Tasrosorus (tautology), 200, 208

Taitnomuces (cryptogram), 328

Ter (tag), 55

Tesuc Toropunra—Yépua (Turing—Church

thesis), 229

Teno anropurMma (algorithm body), 230

Teopema (theorem), 240
Ténenst (Kurt Friedrich Godel), 228
Kyparosckoro (Kazimierz Kuratowski), 474
Mapkosa—ITocra (Markov—Post), 111
Menrepa (Karl Menger), 374
ITocra (Emil Leon Post), 195
Dopra—Dankepcona (Ford—Fulkerson), 382
Xoura (Philip Hall), 376
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KkuTaiickas 06 ocrarkax (chinese theorem of
remainders, 135
opmanbshoit Teopun (of formal theory), 207
Teopus (theory)
HauBHas aaroputmoB (naive of algorithms), 229
BepositiocTu (of probability), 258
rpymm (group), 226
nudopmarmn (of information), 313
kareropuii (of categories), 110
HaMBHas JoKaszarejbeTsa (naive of proof), 240
nosypaspernMas (semisolvable), 248
pasenctBa (of equality), 225
dopmanbras (formal), 206
dopmanbroit apupmernkn (formal
arithmetic), 225
aucen (of numbers), 125
aneMenTaphas (elementary), 125
Tepm (term), 107, 112, 220, 242
MUHUMaJIBHBIHA (minimal), 169
nepeznyiposanubiii (unreducted), 113
penyiposannbiii (reducted), 113
cBOGOMHBIN 1715t TTepeMeHHOM B dopmyite (free for
variable in formula), 221
Tun (type), 26, 105, 231
TosepanTtrocTs (tolerance), 79
Touxka (point)
Ireitnepa (Steiner), 444
nenonsukhas (fixed), 90, 260
naumenbinag (least), 91
noasukHas (movable), 260
courenenns (junction), 367
Tpaextopus (trajectory), 119
Tpancsepcaib (transversal), 376
vactuuHas (partial), 154
Tpancnosunus (transposition), 260
Tparcronuposanue MaTpuiibl (transposition of
matrix), 62
Tpeyrosbauk (triangle), 60
Besnna (Eric Temple Bell), 284
ITackans (Blaise Paskal), 273
pacumpennbiii (extended), 277
TpynoémkocTb anropurMa B cpeineM (complexity of
algorithm on average), 268
Typuup (tournament), 348

y
Vnanenue (removal)
sepinubl (of vertex), 349
nyseit (of zeros), 172
pebpa (of edge), 349
Vzea (node), 337
Vrmanka rpada (graph flattering), 473
Vnyumenue mepebopa (improvement of exhaustive
search), 464
Yumuosxkenune (multiplication)
asnrebpanveckoe (algebraic)
neuétrux MHOKecTB (of fuzzy sets), 103
BekTopa Ha ckaysip (of vector on scalar), 139
marpuir (of matrix), 62
Yuap (unar), 110
Yuusepcym (universe), 23, 24

Vuuduxarop (unifier), 210
nan6oJsiee obuwmii (most common), 210
o6mmii (common), 210
Vmakoska (packing), 324
VYuopsimouennas napa (ordered couple), 52
VYpogens yana (level of node), 405

(0]
®Daxrop-rpad (quotient graph), 386
®Daxropuan (factorial)
nsoitnoit (double), 265
®Daxropusaiusa (factorization), 78
dynkiuu (of function), 78
®dakropmuoxkectso (factor set), 78
®opma (form)
musbionkTuBHas (disjunctive), 172, 174
HopMasbHast (normal), 113, 170
HopMasibHast cokparénnas (normal reduced)
nusbionkTuBHas (disjunctive), 176
coBepIlleHHast HopMasbHast (perfect normal)
nusbionkTuBHas (disjunctive), 170
KOHBIOHKTHBHAs (conjunctive), 171
Dopwma zanucu (notation)
nndukcHas (infix), 104
nocrdukcHast (postfix), 104
npedukcuas (prefix), 104
®Dopmanuzanusa (formalization), 206
®Dopmanusyemocts (formalizability), 208
®opmyira (formula), 159, 160, 242
Buwue (Binet), 295
Kommn (Augustin Louis Cauchy), 273
Aiinepa (Leonard Euler), 473
aTomapHasi (atomic), 220
GecksanTopHast (quantifier-free), 225
B npeaBapéHHoil hopme (prenex form), 225
BKJIIOYEHUH U NCKITIOYCHUI
(inclusion-exclusion), 287
BoinosiHuMast (satisfiable), 200
samkuyTas (closed), 221
ucTuHHAA (true), 222
aoxaas (false), 222
HeBbImosTHUMas (unsatisfiable), 200
obmesnaunmas (valid), 200, 208, 223
oproronanbHas (orthogonal), 182
oTKpbITas (open), 223
porosuinonaibias (propositional), 199
nportuBopeunBas (contradictory), 208
nyctast (empty), 245
paBHOcusbHas (equivalent), 162
yuudunupyemas (unificated), 210
dbopmanbroii Teopun (of formal theory), 206
anemenTapast (elementary), 242
DyukiponanbHo skBuBaieHTHbie (functionally
equivalent), 230
Oyukunonansubii cumsoa (functional symbol), 220
n-apubiit (n-ary), 220
n-MecTHbIH (n-ary), 220
Oyuxnus (function), 70
k-suaunoit toruku (k-valued logic), 158
n aprymenToB (n arguments), 70
n-mectHas (n-ary), 70
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BoruncanMas (computable), 230
Aitnepa (Euler), 136
ajurusHas (additive), 137
asre6psl soruku (of boolean algebra), 155
apudmernueckas (arithmetic)
BrosiHe (totally), 137
6uextusHas (bijective), 70
GyneBa (boolean), 155
BecoBast (weight), 152
B3aNMHO-0/{HO3Ha4YHas1 (one-to-one), 71
Bo3pacramonias (increasing)
MOHOTOHHO (monotone), 89
CTPOr0 MOHOTOHHO (strict monotone), 89
nsoiictBernnast (dual), 165
mucrpubytusHas (distributive), 148
n3BJIeYeHust JokasanHoro (of extraction
proven), 240
nuaynuposannas (inducted), 78
unbekTuBHas(injective), 70
sneiinast (linear), 193
Makoputaphas (majority), 166
MOHOTOHHas (monotone), 89, 193
crporo (strict), 89
myabsTuimkatusHas (multiplicative), 137
BrosiHe (totally), 137
HerpepbiBHast 1o Ckotty (Scott-continuous), 90
obparnas (inverse), 71
orosxkaectiienus (identification), 78
nepexoza kK obpasam (image function), 72
nepexozia K mpoobpasam (preimage function), 72
npousBozsimas (course-of-value), 293
camozsoiictBennas (self—dual), 193
camozsolicteennas (self-daul), 166
cuMMeTpryeckas (symmetric), 168
coxpanstiomas 0 (keeping 0), 193
coxpanstiontast 1 (keeping 1), 193
ciopbekTuBHasA(surjective), 70
totasibHas (total), 70
y6biBatomas (decreasing)
MOHOTOHHO (monotone), 89
CTPOr0 MOHOTOHHO (strict monotone), 89
yHuBepcanbtas (universal), 238
xapakTepuctdeckas (characteristic), 94
6unapuas (binary), 94
muoxecTBa (of set), 94
MmyssTuMHOKecTBa (of multiset), 100
HEOTPUIIATEJILHO IleslouncaeHHas (integer
non-negative), 94
neuérkas (fuzzy), 94, 97
ornomrenus (of relation), 95
xam (hash), 420
yactuunas (partial), 70

Xapakrepucruka kanana (channel
characteristic), 311
Xapakrepucruka(characteristic)
nosist (of field), 143

Xopna (chord), 447

IT
Ilentp rpada (center of graph), 343

ITenouka (chain), 86
muoskects (of sets), 255
nosHast (complete), 255
Ilenouka (string), 26
Iens (circuit), 341
ayrmenTasnbHas (augmenting), 382
BepIINHHO-HeNepeceKaommasics (pairwise
vertex-independent), 373
ramussronBa (hamilton), 454
npocras (simple), 341
pébepHo-Henepecekaioniasics (pairwise
edge-independent ), 373
sitneposa (euler), 451
[Tuxa (cycle), 60, 260, 341
ramussronos (hamilton), 454
npocroit (simple), 341, 445
TpuBHMaAIbHbIA (trivial), 260
dbynpamenTtanbubiii (fundamental), 447
sitnepos (euler), 451
[udpa (digit), 41
[Tudposas noanucs (digital signature), 332
[Tudpsr (numerals)
puMckue (roman), 298

q
Yacrnoe (quotient), 126
HenosHoe (partial), 126
Yacrrsni caydaii (instance)
HaGopa dopmyr (set of formulas), 210
HaGopos Gopmy (set of formulas)
cosmectrbiii (shared), 210
coBmectHbIN (shared), 210
dbopmyust (formula), 209
Yactb rpada (section of graph), 339
Yucma (numbers)
B3anMHO mpocTbie (coprime), 128
Yucno (number)
Bemna (Eric Temple Bell), 284
Karanana (Catalan), 295
Crupaunra (of Stirling)
nepsoro poza (of first kind), 282
sroporo poxa (of second kind), 281
®ubonawun (Fibonacci), 294

BepuHHOro MokpsiTust (of vertex covering), 457

BepuinHHOe Hesapucumoctu (of vertex
independence), 458

Bermecrsennoe (real), 22

rapmonnueckoe (harmonic), 269
06o6ménnoe (generalized), 269

nuBepcuit (of inversions), 263

kiakoBoe (clique), 347

kouukaoMarudeckoe (cocyclomatic), 449

HarypasibHoe (natural), 21, 106

nepecranoBok (of permutations), 255

mpoctoe (prime), 21, 130

neesgocayyaiinoe (pseudorandom), 329

pé6eproro nokpeitust (of edge covering), 458

pébeproe Hesasucumoct (of edge

independence), 458
pasmemtenuii (of partial permutations), 254
6e3 nosropenuii (without repetitions), 254
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cosepurennoe (perfect), 127
cocraBHoe (composite), 130
coueranuii (of combinations), 256

¢ nosroperusimu (of complete

combinations), 257

Tpeyrosbhoe (triangle), 30
xpoMaruueckoe (chromatic), 468
mukaomMatdeckoe (cyclomatic), 447
yétnoe (even), 109

m
[Mlap (ball), 314
[udp (cipher), 328
Hanéxublii (robust), 328
packpsbitue (decoding), 328
¢ oTKpBITHIM KouoM (public key), 330
CUMMETPHUYHBII (symmetric), 329
[MTIudposanue (enciphering), 328
[MTudposka (coded message), 328
[lIkana Gurosas (bit scale), 38

9

Ispucrnyeckuii (heuristic), 461

Aitneposa xapakrepucruka (Euler
characteristic), 473

AxsuBaneHTHoCTD Jorndeckas (logical
equivalence), 201, 224

Aksemmuisip Kiacca (instance of class), 351

IKOHOMHUYHOCTD cucTeMbl curciaenns (radix
efficiency), 41

IKcreHTpucuTeT (eccentricity)

sepumas! (of vertex), 343

Anexrponnas noanuch (digital signature), 332
Anement (element)

MakcuMasibHbiil (maximal), 87

MUHUMaJIBHBIHA (minimal), 86

muoskectBa (of set), 21

nanbonbuinii (greatest), 87

nanmenbnii (least), 86

Heiitpanbhbiii (neutral), 116, 118

aganTusnbii (additive), 138
MyJIbTUILIMKaTHBHBIE (multiplicative), 138

obparubiii (inverse), 117

omnopubiii (reference), 266

MIPUHAIE)KHOCTh MHOKecTBY (membership), 22
Inmmvunanust (elimination)

nmrumkanmu (of implication), 245

kBaHTOpa BeeobuHocTu (of universal

quantifier), 246
kBaHTopa cyniecrBoBanus (of existential
quantifier), 246

konbionkiuu (of conjunction), 246

oneparu (of operation), 172
Auaomopdusm (endomorphism), 108
Auumopdusm (epimorphism), 108

a
Snpo (kernel), 188
rpada (of graph), 466
oprpada (of digraph), 467
orunomenust (of relation), 61
SIspik (language), 26
dopmazbroit Teopun (of formal theory), 206
SApyc (tier), 343
nepesa (of tree), 405
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U3JATE/IbCKUIN IOM «MUTEP» npepnaraet
npodeccMoHanbHylo, NONYAAPHYIO M AETCKYI0 Pa3BUBAIOLLYIO INTEpaTypy

3aKa3aTb KHUIM ONTOM MOXXHO B HalUMNX npepcraBuUTE/1IbCTBAX

poCCuH1

CaHkT-TetepOypr: M. «Bbiboprckas», b. CamMncoHnesckuii np., 4. 29a
Ten./dakc: (812) 703-73-83, 703-73-72; e-mail: sales@piter.com

MockBa: M. «3N1eKTp03aBoACKas», CemeHoBcKas Hab., . 2/1, cTp. 1, 6 3Tax
Ten./dakc: (495) 234-38-15; e-mail: sales@msk.piter.com

BopoHex: Ten.: 8 951 861-72-70; e-mail: hitsenko@piter.com

ExatepuHOypr: yn. Tonenosa, 4. 43a; Ten./dakc: (343) 378-98-41, 378-98-42;
e-mail: office@ekat.piter.com; skype: ekat. manager2

HwxHuit HoBropoga: Ten.: 8 930 712-75-13; e-mail: yashny@yandex.ru; skype: yashny1

PocToB-Ha-[loHy: yni. YnbaHOBCKaq, f. 26
Ten./dakc: (863) 269-91-22, 269-91-30; e-mail: piter-ug@rostov.piter.com

Camapa: yn. Monogoreapaeiickas, a. 33a, opuc 223
Ten./dakc: (846) 277-89-79, 277-89-66; e-mail: pitvolga@mail.ru,
pitvolga@samara-ttk.ru

BEJIAPYCb
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N3dATEAbBCKNA AdOM

BZONTEP”

WWW PITER.COM

BAWA YHUKAJIbHAA KHUTA

XoTuTe n3gatb cBOIO KHM2y? OHA CTAHeT ngeaabHbIM M0GapKoM /sl ApTHepoB

1 gpy3e#i, OTIMYHBIM MHCTPYMEHTOM g/l POgBIXKeHus Balle2o bpeHga, npe3eHToM
g5 NamATHbIX cobbITUi! Mbl CMOXeM OCyLLeCcTBUTb BaLum Jobble, gaxe camble
CMeJible 1 CI0XKHbIe, Ugen 1 MPOeKTbI.

Mbl NPEAJNATAEM:

e W3[aTb Bally KHUTY

e W3[aHNe KHUMN A5 MCMO/b30BAHNSA B MAPKETUHIOBbIX AKTUBHOCTAX
o KHWUIV Kak KOpPNopaTVBHble NOAAPKM

e peKnamy B KHUrax

* U13JaHWe KOpPNOpaTUBHO H1MOANOTEKM

Mouemy Hago BbIGPATH MMEHHO HAC:

M3gartensctBy «utep» b6osnee 20 aeT. Haw onbIT — 2apaHTHs BbICOKO20 KAYeCTBd.

MbI npegnazaem:

o ycnyrv no 06paboTke v opaboTKe Ballero Tekcra

o COBPeMeHHbIN Ay3aiiH oT npodeccroHanos

BbICOKMI1 YpOBEHb NONTPAGUUECKOro NCMOHEHNS!

e MPOMaXy Ballen KHUIM BO BCEX KHWKHbBIX Mara3uHax CTpaHbl

0O6ecneynm npogsunxexHune Bawuesi KHU2U:

o peknamon B npoduabHbix CMU 1 MecTax npofax
e peLeH3namMN B BegyLWMX KHKHbIX U30aHUAX
o MHTEPHET-NOLAEPXKKON PEeKNAMHON KaMNAHUN

Mbi nmeem cobCTBeHHYI0 ceTb gucTpubyLmm Mo Beeki Poccuu, a Takxke Ha YKkpauHe
1 B benapycu. COTpygH14aeM ¢ KpyrnHenwmnmm KHKHbIMU MA2a3MHaMu.

13gatenbcTBO «[1UTep» ABASETCS MOCTOSHHBIM Y4ACTHUKOM MHOMX KOH(epeHLmii
1 CeMMHApPOB, KOTOPble MPegqgoCcTasAioT LWMPOKYIO BO3MOXHOCTb Peann3aumnm KHie.

MbI 06513aTes1bHO npociaegmm, yToObI BALLIA KHM2A NOCTOSIHHO MMeAdch B HAMYMN
B MA2a3unHax 1 6biaa BbIIOKEHd HA CaMbIX BMGHbIX MeCTax.

Obecrieqnm MHGMUBNGYaNbHbIA MOGXOg K KAOXKJOMY KNMEHTY, SKCKNIO3UBHbINA gU3aViH,
N06o TUPaxX.

Kpome T020, npegnazaem BAaMm BblnyCTUTb SN@KTPOHHYIO KHMR2Y. Mbl pa3mMecTim
ee B KpYMHeMLLInX MHTepHeT-Maz2a3nHax. Kumea byget ceepctaHa B popmate ePub
wm PDF — cambix nonyasipHbIX U HAgexHbIX popmMaTax Ha Ce20gHSILLIHMI geHb.

CBAXKMTEeCb C HAOMM NMPSAMO ceiyac:

CaHkT-TetepOypr - AHHa TuToBa, (812) 703-73-73, titova@piter.com
MockBa - Cepeeii KnebaHos, (495) 234-38-15, klebanov@piter.com
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